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=
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pij
are

th
e
total,

elastic
an
d
p
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p
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pij ,

n
+
1q
�
an
d
�
.
N
ew

ton
iterative

sch
em

e
is
u
sed

to
solve

for
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b
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b
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b
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m
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ro
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p
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b
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k
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+
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p
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an
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+
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p
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� �
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l �
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b
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p
r
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+
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Figure 1: (a) Meridian trace of yield, ultimate or potential surface. (b) Change of the

deviatoric trace of yield surface changes along the mean stress axes. (c) Yield and/or po-

tential surface in principal stress space. (d) Cone hardening function. (e) Cap hardening

function.

later that in our case, function to be minimized will be the energy norm of the vector of

residuals rij (Eq. 3).

The minimization problem is de�ned as (eg. Dennis and Schnabel [3].):

min
x�2Rn

f(x�) : R
n �! R (11)

The basic idea of a global method for minimization is to take the step that lead downhill

for the function f(x�). One chooses a direction p� from the current point xc� in which

f(x�) decreases initially and a new point x+� in this direction from xc� is such that f(x
+

� ) <

f(xc�). Such a direction p� is called a descent direction. From the mathematical point of

view, p� is a descent direction from xc� if the directional derivative of f(x�) at x
c
� in the

direction p� is negative:
@f (xc�)

@x�
p� < 0 (12)
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If (12) holds, then it is guaranteed that for a small positive �, f(xc� + �p�) < f(xc�). The

idea of line search algorithm can be described as follows:

� At iteration k do:

{ calculate a descent direction pk�,

{ set xk+1�  � (xk� + �kpk�) for some �k that makes xk+1� an acceptable next

iterate.

Figure (2) shows the basic concept: select xk+1� by considering the half of a one{

dimensional cross section of f(x�) in which f(x�) decreases initially from xk� .

Quadratic
approximation

slope

=0

p
* < 0

xf(
*
k )

x*d
d

xf(
*
k+ p

*
k )ζ

ζζ

Figure 2: A cross section of f(x�) from xk� in the direction pk�.

The term \line search" refers to the procedure of choosing the acceptable �k. The so

called \exact line search" accounts for �nding the exact solution of the one{dimensional

minimization problem, i.e. �nding the exact �k so that f(xk� + �kpk�) attains minimum.

This was the preferred approach to the problem until mid 1960s. More careful compu-

tational testing has led to the use of \slack line search" which has a weak acceptance

criteria for �k as a more computationally eÆcient procedure. The common procedure

now is to try the full Newton step �rst (with �k = 1) and then, if �k = 1 fails to satisfy

criterion, to reduce �k in a systematic way, along the direction de�ned by that step.

Systematic reduction of �k along the descent direction can be achieved by applying

the line search techniques through backtracking algorithm:

Given � 2 (0; 1
2
):

�k = 1;

7
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p
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b
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Figure 5: (a) Yield surface values F for erratic and corrected iterations (one step of 0.5%

shear deformation). (b) Dissection of failed iteration.

iterative step by the line search algorithm, converges successfully.

6 Summary

In this paper we have presented a globally convergent modi�cation of Newton's method

for integrating constitutive equations in elasto{plasticity of geomaterials. The method

has been developed in rigorous mathematical framework and implemented in experi-

mental �nite element program FEI. The practical use of method was illustrated in details.

The application of line search techniques in numerical modeling of elasto{plasticity of

geomaterials should provide for robust following of equilibrium path on both, global,

�nite element and local, constitutive levels.
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