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Figure 1: Error introduced by using the small strain instead of Lagrangian strain tensor.

plastic analysis of solids was conducted in the Lagrangian form1. Large deformation principle

of virtual work based formulation for large strain elastic{plastic analysis of solids in the

Lagrangian form was proposed by Hibbitt et al. [16]. The Eulerian form of the solution

to the problem was proposed by McMeeking and Rice [32]. The disadvantage with this

approach was in the necessary use of incrementally objective integration algorithms that

may be computationally expensive. Hypoelastic based techniques, aimed at problems with

small elastic strains were also proposed by many others, (see for example Saran and Runesson

[42]). A number of problems encountered with di�erent stress rates were noted by Nagtegaal

and de Jong [34], Koji�c and Bathe [21] and Szab�o and Balla [52].

On the other hand, hyperelastic based techniques have been developed recently for purely

deviatoric plasticity, for example by Simo and Ortiz [47], [45], Bathe et al. [2], Simo [43],

[44], Eterovic and Bathe [12], Peri�c et al. [39] and Cuitino and Ortiz [10]. Most of the

multiplicative split techniques are based on the earlier works of Hill [17], Bilby et al. [3]

Kr�oner [23], Lee and Liu [26], Fox [14] and Lee [25].

Simo and Ortiz [47] where the �rst to propose a computational approach entirely based on

the multiplicative decomposition of the deformation gradient. Their stress update algorithm,

however, used the cutting plane scheme that has been shown by de Borst and Feenstra [11]

to yield erroneous results for some yield criteria. Bathe et al. [2] have used the multiplicative

decomposition with logarithmic stored energy function and an exponential approximation of

the 
ow rule for non{linear analysis of metals. Eterovic and Bathe [12] included kinematic

1Hypoelasticity is presented in spatial format. Virtual work is normally stated in the material format.
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Ê
k
l (�

u
i ;u

i )
d
V
+ Z



c

�
Ê
ij (Æu

i ;u
i )
S
ij
d
V(1
1
)

H
ere

w
e
h
av
e
u
sed

d
S
ij
=
1
=
2
L
ij
k
l d
C
k
l
=
L
ij
k
l Ê
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û
i
is
th
e
a
p
p
rox

im
a
tio

n
d
isp

la
cem

en
t
�
eld

u
i ,
H

I
a
re

F
E
M

sh
a
p
e
fu
n
ctio

n
s
a
n
d
�u
I
i

a
re

n
o
d
a
l
d
isp

la
cem

en
ts.

W
ith

th
is
a
p
p
rox

im
a
tio

n
,
w
e
h
av
e:

�
1W

(Æu
i ;�

u
i ;u

(k
)

i
)
=

Z


c

(H
I
;j Æ

�u
I
i )
L
ij
k
l
(H

Q
;k �

�u
Q
l )
d
V

+
Z


c

(H
I
;j Æ

�u
I
i )
L
ij
k
l
(H

J
;k
�u
J
s )
(H

Q
;s �

�u
Q
l )
d
V

+
Z


c

(H
I
;r Æ

�u
I
i )
(H

J
;j �u

J
r )
L
ij
k
l
(H

J
;k
�u
J
s )
(H

Q
;s �

�u
Q
l )
d
V

+
Z


c

(H
I
;r Æ

�u
I
i )
(H

J
;j �u

J
r )
L
ij
k
l
(H

Q
;k �

�u
Q
l )
d
V

(2
1
)

�
2W

(Æu
i ;�

u
i ;u

(k
)

i
)
= Z



c

(H
I
;l Æ
�u
I
i )
(H

Q
;j �

�u
Q
l )
S
ij d
V

(2
2
)

W
in
t(Æu

i ;
n
+
1

0
u
(k
)

i
)
= Z



c

(H
I
;j Æ

�u
I
i )
S
ij d
V
+ Z



c

(H
I
;r Æ

�u
I
i )

(H
J
;j �u

J
r )
S
ij d
V

(2
3
)

W
e
x
t(Æu

i )
=

� Z


c

�
0
(H

I Æ
�u
I
i )
b
i
d
V
� Z

@


c

(H
I Æ
�u
I
i )
t
i
d
S

(2
4
)

U
p
o
n
n
o
tin

g
th
a
t
v
irtu

a
l
n
o
d
a
l
d
isp

la
cem

en
ts
Æu

I
i
a
re

a
n
y
n
o
n
{
zero

,
co
n
tin

u
o
u
s
d
isp

la
ce-

m
en
ts,

a
n
d
sin

ce
th
ey

o
ccu

r
in
a
ll
ex
p
ressio

n
s
fo
r
lin

ea
rized

v
irtu

a
l
w
o
rk
,
th
ey

ca
n
b
e
fa
cto

red

o
u
t
a
n
d
a
fter

so
m
e
rea

ren
g
em

en
t
ca
n
b
e
w
ritten

a
s
(w
h
ile

rem
em

b
erin

g
th
a
t
�

1W
+
�

1W
+

W
e
x
t
+
W

in
t
=
0
):

�Z


c

H
I
;j L

ij
k
l H

Q
;k d
V
+ Z



c

H
I
;j L

ij
k
l H

J
;k
�u
J
s H

Q
;s d
V
+

+
Z


c

H
I
;r H

J
;j �u

J
r
L
ij
k
l H

J
;k
�u
J
s H

Q
;s d
V

+
Z


c

H
I
;r H

J
;j �u

J
r
L
ij
k
l H

Q
;k d
V
+ Z



c

H
I
;l H

Q
;j S

ij d
V �

�
�u
Q
l

+
Z


c

(H
I
;j )

S
ij d
V
+ Z



c

(H
I
;r )

(H
J
;j �u

J
r )

S
ij d
V

=
Z


c

�
0
(H

I )
b
i
d
V
+ Z

@


c

(H
I )

t
i
d
S

(2
5
)

T
h
e
g
lo
b
a
l
a
lg
o
rith

m
ic
ta
n
g
en
t
sti�

n
ess

m
a
trix

(ten
so
r)

is
g
iv
en

a
s

K
t
=

@
(�
W
(Æu

i ;�
u
i ;u

(k
)

i
))

@
(�
u
i )

=
Z


c

H
I
;j L

ij
k
l H

Q
;k d
V
+ Z



c

H
I
;j L

ij
k
l H

J
;k
�u
J
s H

Q
;s d
V

+
Z


c

H
I
;r H

J
;j �u

J
r
L
ij
k
l H

J
;k
�u
J
s H

Q
;s d
V

+
Z


c

H
I
;r H

J
;j �u

J
r
L
ij
k
l H

Q
;k d
V
+ Z



c

H
I
;l H

Q
;j S

ij d
V

(2
6
)

9



UCD-CGM report

T
h
e
g
lo
b
a
l
a
lg
o
rith

m
ic
ta
n
g
en
t
sti�

n
ess

m
a
trix

co
n
ta
in
s
b
o
th

th
e
lin

ea
r
stra

in
in
crem

en
ta
l

sti�
n
ess

m
a
trix

a
n
d
th
e
n
o
n
lin

ea
r
g
eo
m
etric

a
n
d
in
itia

l
stress

in
crem

en
ta
l
sti�

n
ess

m
a
trix

.

T
h
e
v
ecto

r
o
f
ex
tern

a
lly

a
p
p
lied

lo
a
d
is
th
en

R
= Z



c

�
0
(H

I )
b
i
d
V
+ Z

@


c

(H
I )

t
i
d
S

(2
7
)

w
h
ile

th
e
lo
a
d
v
ecto

r
fro

m
elem

en
t
stresses

is
g
iv
en

a
s

F
= Z



c

(H
I
;j )

S
ij d
V
+ Z



c

(H
I
;r )

(H
J
;j �u

J
r )
S
ij d
V

(2
8
)

It
is
im

p
o
rta

n
t
to

n
o
te

th
a
t
th
e
a
lg
o
rith

m
ic
ta
n
g
en
t
sti�

n
ess

ten
so
r,
v
ecto

r
o
f
ex
tern

a
lly

a
p
p
lied

lo
a
d
s,
a
n
d
th
e
v
ecto

r
o
f
elem

en
t
stresses

a
re

seco
n
d
a
n
d
fo
u
rth

o
rd
er

ten
so
r.

C
o
n
-

v
ersio

n
fro

m
ten

so
rs

to
m
a
trices

a
n
d
v
ecto

rs
is

p
erfo

rm
ed

b
y
th
e
a
ssem

b
ly

fu
n
ctio

n
s.

It

is
a
lso

im
p
o
rta

n
t
to

n
o
te

th
a
t
th
e
ten

so
r
o
f
u
n
k
n
ow

n
d
isp

la
cem

en
ts

�
�u
Q
l
is


a
tten

ed
to

a
o
n
e
d
im

en
sio

n
a
l
v
ecto

r
(�
u
i )
th
ro
u
g
h
p
ro
p
er

im
p
lem

en
ta
tio

n
.
T
h
e
itera

tiv
e
ch
a
n
g
e
in

d
isp

la
cem

en
t
v
ecto

r
�
u
i
is
o
b
ta
in
ed

b
y
settin

g
th
e
lin

ea
rized

v
irtu

a
l
w
o
rk

to
zero

W
(Æu

i ;u
(k
+
1
)

i
)
=
0
)

W
(Æu

i ;u
(k
)

i
)
=
�
�
W
(Æu

i ;�
u
i ;u

(k
)

i
)

(2
9
)

In
p
a
rticu

la
r,
th
e
ch
o
ice

o
f
th
e
u
n
d
efo

rm
ed

co
n
�
g
u
ra
tio

n


0
fo
r
a
co
m
p
u
ta
tio

n
a
l
d
o
m
a
in

(

c
=


0 )

y
ield

s
th
e
T
o
ta
l
L
a
g
ra
n
g
ia
n
(T
L
)
fo
rm

u
la
tio

n
.
T
h
e
itera

tiv
e
d
isp

la
cem

en
t
�
u
i
is

o
b
ta
in
ed

fro
m

th
e
eq
u
a
tio

n

W
(Æu

i ;
n
+
1u

(k
)

i
)
=
�
�
W
(Æu

i ;�
u
i ;
n
+
1u

(k
)

i
)

(3
0
)

w
h
ere

W
(Æu

i ;
n
+
1u

(k
)

i
)

=
Z


c

Ê
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elastoplastic computations, the work by Lee and Liu [26], Fox [14] and Lee [25] generated

an early interest in multiplicative decomposition.

The appropriateness of multiplicative decomposition technique for soils may be justi�ed

from the particulate nature of the material. From the micromechanical point of view, plastic

deformation in soils arises from slipping, crushing, yielding and plastic bending4 of granules or

platelets comprising the assembly5. It can certainly be argued that deformations in soils are

predominantly plastic, however, reversible deformations could develop from the elasticity of

individual soil grains, and could be relatively large, when particles are locked in high density

specimens.

Fp

Fe
Reference

Configuration
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d X

Ω0

Intermediate 

Configuration
dx

Ω

dx

Current

Configuration

x

Ω

Fe

-1

Fp
-1

σ x
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X ux

Figure 2: Multiplicative decomposition of deformation gradient: schematics.

The reasoning behind multiplicative decomposition is a rather simple one. If an in�nites-

imal neighborhood of a body xi; xi + dxi in an inelastically deformed body is cut{out and

unloaded to an unstressed con�guration, it would be mapped into x̂i; x̂i+dx̂i. The transfor-

mation would be comprised of a rigid body displacement6 and purely elastic unloading. The

elastic unloading is �ctitious, since in materials with a strong Baushinger's e�ect unloading

will lead to loading in another stress direction, and if there are residual stresses, the body

must be cut{out in small pieces, and then every piece relieved of stresses. The unstressed

4For plate like clay particles.

5See also Borja and Alarc�on [5] and Lambe and Whitman [24].

6Translation and rotation.
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was wrapped around the end platen and created a ring in the horizontal plane (parallel to end

platen) which was sti�er than the unstretched membrane surrounding the specimen. The

last row of nodes was thus supported by sti�er equivalent membrane elements. The material

parameters for the B Material Model for all three con�ning pressures12 were kept the same

except for the Young's modulus. This consistency in material parameters is important, since

all three specimens contained the same Ottawa F-75 sand at 85% relative density.
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Figure 5: Mechanics of granular materials responses, initial con�nement (p0 = 0:05kPa) test

(a) load{deformation and (b) volume{deformation experiments and numerical results.
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Figure 6: Mechanics of granular materials responses, initial con�nement (p0 = 0:52kPa) test

(a) load{deformation and (b) volume{deformation experiments and numerical results.

12E = 300:0; 360:0; 700:0 kN=m2; � = 0:2 ; pc = 1000:0 kN=m2 ; pt = 0:0 kN=m2 ; n = 0:2 ; a = 5:0 ; b

= 0:707 ; �init = 2:5 ; b1 = 1:0 ; dhard = 5000:0 ; ehard = 0:5 ; �res = 0:15 ; �peak = 1:75 ; �start = 0:25 ; l

= 1:0 ; ccone = 0:030 ; r = 1:00 ; ccap = 0:30 ; pc;0 = 1000:0 kN=m2 ; as = 100:0 ; bs = 0:707)
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Figure 7: Mechanics of granular materials responses, initial con�nement (p0 = 1:30kPa) test

(a) load{deformation and (b) volume{deformation experiments and numerical results.

Figures 5(a), 6(a) and 7(a) show comparison of numerical modeling with the test data

for load{displacement. Following observations are made. The initial (elastic) sti�ness is

higher in the actual experiments. The peak strength is modeled quite accurately, while the

post{peak behavior is slightly sti�er in the numerical experiment. The residual sti�ness is

softer in the numerical model than observed in the MGM tests. This can be explained by

the sti�er specimen ends in a physical test. In other words, the latex membrane wrapped

around the end platens (the end platens are 30% wider than the specimen) usually sticks to

the end platen after some radial displacements and then acts as a full restraint. The friction

between end platens and the sand specimen can also add to the whole specimen sti�ness,

however, the end platens were made of highly polished tungsten{carbide, which has a very

low friction angle with quartz sand (3Æ), and we have thus decided to neglect the in
uence

of end platen friction on the overall response. It is of interest to note that the maximum

mobilized friction angle is in the range of 70Æ and the dilatancy angles observed in the early

parts of the experiments are 30Æ, which is unusually high.

Figures 5(b), 6(b) and 7(b) shows comparison of volumetric{displacement data for exper-

iments and numerical modeling. In modeling the lowest con�nement (p0 = 0:05kPa) level

we correctly predict complete lack of volumetric compression. Numerical predictions for two

other con�nements (p0 = 0:52kPa, p0 = 1:20kPa) shows small amount of initial volume

compression which was not observed in experiments. Figure 8 shows a typical specimen be-

fore and after the test. The latex ring formed by wrapping of membrane around end platens

is visible on both specimen ends.
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(a) load{deformation and (b) volume{deformation numerical predictions. In
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membrane on the overall response.
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Figure 12: Uniform and bulging deformed shape of a specimen.

stress and strains is lost (for anisotropic and cyclic response). A detailed constitutive formu-

lation has been presented. Moreover, the return algorithm was outlined with implementation

details. The developed formulation and implementation were used to simulate large defor-

mation tests on sand performed under very low con�nement. To this end, a consistent set
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