Prof. Dr. I. Nasser Phys530, T142 3-Oct-17
Black_body_radiation

Black Body Radiation

Incident light

The amount of heat radiation emitted by a body depends on three things:

I- the surface area of the body,
I1- the type of surface, and
I11- the temperature of the body.

Ideal model for the black body

Comments and laws of black body radiation:

Electromagnetic radiation in thermal equilibrium A
inside an enclosure. T2 T2> T
Black surfaces are the best emitters and absorbers of
radiation at a given temperature.

The distribution of the energy flux over the

wavelength spectrum does not depend on the nature Ex.
of the body but does depend on its temperature.

The maxima of the curves tend towards short

wavelengths at higher temperature.

The area between any curve and the wave length axis

gives the total energy emitted by the body at that

temperature (oT *) Stefan's law. > A

The curves at lower temperature lie completely
inside those of higher temperature.
Stefan's law: The total energy flux, ¢, (total energy emitted by a black body per unit area of surface per

second) is proportional to the fourth power of the body's absolute temperature (T ), ¢ =oT *, where

Rayleigh-Jeans

Planck

o =5.67x10"® is the Stefan's constant.

m* K*
Wien's displacement law: A T =2.9x10° mK. A, is the wavelength at which most energy is
emitted, that is the peak of the curve. Energy emitted at this wavelength is proportional to T °.

Let us consider the electromagnetic radiation (or in quantum-mechanical language, the assembly of

photons) which exists in thermal equilibrium inside an enclosure of volume V whose walls are maintained
at absolute temperature T . In this situation photons are continuously absorbed and remitted by the walls; it

is,

of course, by virtue of these mechanisms that the radiation inside the container depends on the

temperature of the walls. The total number of modes (density of quantum states) lying in the momentum
range P to p+dp is:

g(p)dp= (%) Arp?’dp x2 polarization states

:(%]SHpZ dp

where the factor of “2” is to take into account the fact that light has two independent directions of polarization.
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Using p = h_v and d p :de , then in the frequency range v to v +dv we have:
c Cc

g(v)dv = (%j&r vidy.
where ¢ is the speed of light. Then the Bose-Einstein distribution for photon is:
2
dn(v) = n(v)dy = 39 87{!) vidv

a+ﬁg -1 C3 ea+ﬁe -1
where &£=hv. The requirement that the Lagrangian multiplier « =0 simply means dropping the condition
oN =Z§ni =0, for the fixed number of particles. Photons differ from other bosons in that their total number

IS not conserved.
The number of photons in a given frequency interval is plotted in the figure,
where x= gBhv. Note that the peak in the number of photons per unit frequency

occurs at x =1.59, i.e. at a frequency of v=1.59/([)’h). This can be easily be
deduced by maximizing n(v).

If dn(v) multiplied by the energy of photon &=hyv, the result is the energy per unit
volume, i.e. the energy density in the form:

87 vidv _8zh vidv
S A - |

u(v)dv=hrx— , Planck’s law

kg T

By using the dimensionless parameter 7= #hv, i.e. the ratio of photon energy to the thermal energy, one can

have:
2 4 3
u@)dv = hv><87zv dv L (kBTj 747 '

™1 2\ )er-1
Comments f \
I- For small frequencies, long wavelength (7 <<1, = hv <<k;T) we [ N e
have (e”™ 1)~ ghv and TS
u()dv = 8”ksBT vady, Rayleigh-Jeans law
ii- For high frequencies, short wavelength (77 >>1, = hv >> k,T) we have
h .
u(w)dv = 8z — v ™dv, Wien's law
c®
du d 7%
ili-  maximize using — = 7 77 =0 wehave &7 -3-ne" =
dn dn ne’—

By solving the above equation within an approximation n=phv, =constant. This implies that

—M& = constant, i.e. A, T =constant. This is the Wien displacement law.
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By using the following equation:

2
T

o

43
L)y = hg(kBTj n'dn

Hence the internal energy per unit volume is:

u = Ch (kT YR A
__QU(a),T)da)— 23( , Me” dn

\ C -1
4 4 51, 4
. (—kBT j T |=bT*, b= 37K _7 55107 gmK¢
2 n )15 15¢°h

This statement is called Stefan-Boltzmann's law. Consequently
u
C, = (5—) =4pbT?
aT )\,

H.W.: Prove that in case no restrain on n_, i.e. An =0, the partition function is:

= 1
thoton = H 1— eﬂgi

i=1

Then,
1 s
F=-=bVT",
3
SzﬂbVT3,
3 ,
U=F+TS=bVT*,
polpreoiyY
3 3V

Example: The radiation pressure, the mean radiation pressure could be calculated as

I5=<P>=Zﬁ5(—gf;)

S

i .
y+np+nz) = CF"5, where Cis a constant. Then

P=§ ’_7:':_% i]=%§|ﬁ:": = ﬂL'r_':%E
3 3 | 3l 3

I

The radiation pressure is thus very simple related to the mean enérgy density of the radiation. It is different than

for the Ideal gas where P :%U .
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u=aT*, U=bT¥,
ouU

=| — | =4bTY,
“ (8ij

j 4Q j C,dT _4bvjTT Kl _4bvj0TT2dT =gbVT3

U=aT%V, S:% vT?

4

F=U-TS=aT% -T §aVT3 :—%aT“V

U=aT%, S =%aVT3, F =—%aT4V

p——| & —laﬂ:lﬁ -
EY 3 3\v) 3

Example: calculate the total electromagnetic energy inside an oven of volume 1.0 m® heated to a temperature of
400 F

Solution: use the equation U =bVT*,  b=7.55x10" Jm>K™
400-32

4
U=bVvT* :7.55><10_16><(1)><( +273j =3.9x10° )

Example: Show that the thermal energy of the air in the oven is a factor of approximately 10*° larger than the
electromagnetic energy.
Solution:

Thermal energy = 3 RT = (1000) x8.314x10° x ( 400-32 | 273)
2 22.4 18

=1.77x10°J
which is 10 times larger than the value of (b)
Example: The radiation pressure at the surface of the sun (T =6000 °C) is

P zle 4= 8 . (kBT )4 ZSLO 7
3 45(ch) 45()
A standard result in kinetic theory is that the energy flux, ¢, through a hole of unit area is:
p-tcY
4 V

where T is the mean speed of the particles. And so the total energy flux (i.e. the energy emitted per unit area
per unit time by a blackbody) is
2 5

1
0T = Zh?’(k T) =oT*
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This is known as Stefan’s law, and o =5.67x107® zN < is Stefan’s constant.

Useful Integral and summation:

C —nx l

Ze :1 e

n=0 -
© 1/2 0 3 4 © 4 % 4
[ 26127 [—ax="", [ =2
. e ce*-1 15 0(x_1) 15
T x e feiamg L T _en 1 ‘_4]_"_4
;:[ffr ¥ 1 -1;4;1 g "y §H4 I:||J g+ EE e Iﬁ( 90 15

.
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ey,
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Example: Assume that the radiation from the Sun can be regarded as blackbody radiation. The radiant energy
per wavelength interval has a maximum at 480 nm.

(a) Estimate the temperature of the Sun.

(b) Calculate the total radiant power emitted by the Sun. (The radius of the Sun is approximately 7x10% m.)

2.90x10°m-K  2.90x10° m-K

Q) AmaxT =2.90x10°m-K, so T = -
) e Ao 4.80x107m

T =6.04 x10° K = 6040 K

b) P=oT*'A=0T"47R* = (5.67x10° W-m?K™)(6040 K)*47(7.0x10% m)?
P =4.65x10° W
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Helmholtz Free Energy

As long as we don’t want any detailed information about the microstates of a system, we can determine
its properties from the thermodynamic potentials instead of from the partition function. In particular we can use
the Helmholtz free energy.

o0

: 1
USIHg: thotons = Hl_e—_ﬁ““l , then
i=1

F=-kTInZ

photons

=k T Z In(l—e 7 ) =k,T j ple)Inl—-e ) de
states, r=1 levels, i=1
a)z
2

Using p(w)dw =V = dw, we have
7" C

Oova)z -pho
F—kBT_([WH‘I(l—e )da)
Letting X=fhw, dX=phdw,we get

V (kT ) T N Vo(kTY 2
F:kBT?(%j Ilen(l—e )dx:kBTz—(Lj X ——
0

7éc 7°cd h 45

72,2

45

Entropy

Pressure

Internal energy
U=F-TS=bVvT*
Pressure: the pressure can then be rewritten

p_1Y
3V
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Show that for an ideal boson gas P =« u, where P is the pressure, u the energy density and « a constant. What
isa?

Answer

Using results in section 7.H.1d., we have

& ViV AV 1 V4
<E>=Zk:5k<”k>=;eﬁgt_ = 3Idp pz%pz[ﬁT

z (27Z'h) 0 e 2m zj_z

)73
X, we have,

Using p:ﬂ/2kaT X =
e AV 1 (2dma) i . 2 hZ\/_
U=(E)= 3 Zm( J Jaxx exp(x*)-z Id ex

(27h) p -z
8Vh2«/_ svrzzﬁ 1
KD ()= 2(jgm(>
_yvn'z (2)
= m/lf Os/2
U 3nx
= U=—="50s>
V. mA

Comparing with

1 2h°
P= kBT Egs/z (Z) =m—ﬂggs,2 (Z)

we have

P:gu
3

Consider the photons in equilibrium inside a cubic box with volume V = L* and temperature T at the walls. The
photon energies are 7@ = hck,, where ki is the wavevector of the ith standing wave. Compute pressure P of this

photon gas.
Answer

The allowed photon states are standing waves that vanish at the walls. Thus,

k_—(n n,n,)  with n,=12-- for j=xyz
so that
A Lo [ 2
w=Cck = i Q/nx+ny+nz 3)
and

3 3
= (Ej [ d% :(Lj [d
k 7 Ky ky .k, >0 27
Since there are 2 transverse modes for each k, the sum over modes is
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ZZf(k,a)a( j > [d%f (k)

a=1,2 k a=1,2
When f is independent of polarization, we have

331 (K) =221 ()~ 2(%)3jd3kf(k)

a=1,2 k
Since u'=0, the grand partition function is

z,(T)= Tr[exp( )} (HZ Jexp[—ﬂkzﬁ;nkha)k]

k,a n,=0

:H_iexp(—ﬂnkha’k)} :HL—EXP : }

ka | ne=0 K,a (_ﬂhwk)

- 2
1
_H_l—exp(—ﬂha)k)}
which gives a grand potential
Q(TV, u)==kTInZ,(T) = kBTZIn[l—exp(—ﬂh@)] )

1)

= 2k T( ]dekln[l exp(—pha,) |
Using

[d% (k) =4z [ dk k*F (K) :‘l—fjdwwzf(%j

we have

Q= rk T( Lj Tda)a)zln[l—exp(—ﬂha))] (2a)

7C
Now,

I :Tda)a)zln[l—exp(—ﬂha))] :éjgda)3 In| 1—exp(—pho) ]

1, _ _ 00_100 3:Bh9Xp(_ﬂha))
=Zo In[1-exp( ﬂha))]o 3 ! do o T exp(_fha) (2b)

The 1% term involves the function

f(x)=xIn(1-e™)

In particular

f(oo)=Lm[x(‘e_“%e_z“'”ﬂzo

where we've used

In(1+x):x—%x2+---

and, by repeated application of the L'Hospital rule,
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. f(x . f!
lim ():Ilm—
X—a g(x) x—>ag
to get
. oL X" ™ nl
limx"e™ =lim— =lim =lim—=0
X—00 X—)ooe X—00 e X—)we
Also

-t 5075 | o]0
- i@g{xmm xln(l—i(—)n anlj}

:Iim{xlnx+xln(1—£x+£x2—---j}
x—0 2 3|

-1

. . Inx . X .
=lim(xinx) ~lim 5 =-lim e =-linx=0
Hence, (2b) becomes
% hexp(—pfh “ -
I:_ljda)a)s'g eXp( fho) __ ! 3j.dx X2 _E — (2¢)
37 1—exp(—pho) 3(B1) 1-e
Now,

< 1 1
=nly ———— =n! — =nlg(n+1
Z m+1) 1 - 1 ( )
where ¢'is the Reimann zeta function Thus, (2¢) becomes

__ 1 _ 3l 1 g
= Y@ =@

__ 1 3(”_4) - 7t
3(pn)’ |90 45(pn)’
Hence, eq(2a) is
Q:szT(Lj | =—nk,T [Lj 7 ! :_(kBT)“[Lj z
7C 7C ) 45(Bh) hc) 45

The pressure is
3 2
p-_2 =(kBT)4(ij LA ¥ (6)

\Y nc) 45 3
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3 2
where o =k, [hij 71T—5 is the Stefan- Boltzmann constant.
c

Photons Sec 7.4

a. Photon gas

Consider electromagnetic radiation inside a box. We may regard the electromagnetic field as a superposition of
standing waves that fit between the walls of the box. The system, then, consists of these standing waves, rather
than literal atoms oscillating back and forth. The energy of a standing wave of a particular frequency, f, is

» _inf
quantized E, =ihf . Therefore, the sum over states for a single frequencyis Z =>e ¥ = 1 - The
=0 1-e ¥
average energy associated with that frequency is
CE(t)oe L 2 _ N
zolkT) &,

This expression is known as the Planck Distribution. Since each quantum of EM energy is hf, the average
number of photons of frequency f is
1
Mot = 7 —
e —1
In effect, we are treating the system as a gas composed of photons.

b. Total energy

We have the average energy of photons of frequency f in the box. The total energy contained in the box is
obtained by summing over the allowed frequencies. The frequencies are restricted by the finite volume of the
box. For instance, along the x-axis, the frequencies of standing waves that will fit in the length Ly are

f = ;XC . The corresponding energies are E, =hf, = nz{lc . Of course, the same applies to the y- and z-

n)(
X X

axes. In three dimensions, E, = E‘/nx2 +n+n’ . (Let’s say the box is a cube of side L.) The total energy of

2L
_ hC 2 2 2 1
Uu=2 E Z‘/nx+ny+nZ g

oMy N, ekt _1.
We are adding up the points in a spherical volume of radius n=/n’ + n§ +n? . Since the number of photons in
the box is very, very large at any but very low temperatures, the sum can go over to an integral.

the photons in the box is

* % % o 3
U :jnzw%dnjsinmﬁjdqﬁ=zm %dn
0 L eﬁ -1 0 0 2L 0 @2LkT _1

Now let us change variables from n to En.

" C
10

3
E :@,Whence dn =2 4E and n° = 2—En :
2L h
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U3 u_ BnI EE dE
L V hc 0 KT 1
u 8z (k1)

VvV 15(hc

We can now compute also the heat capacity and entropy of the photon gas.
8715k L
= T
15 hc

-
S(T) = (r)olT'—327Z T} K
45 he

c. Black body spectrum

3
What we have here is the energy per unit volume per unit energy, u(g) = % E , also called the spectrum

ekT -1
of the photons. It’s named the Planck spectrum, after the fellow who first worked it out, Max Planck.

u(g)

0 2 4 6 8 10 12
E/KT

Notice that % oc T*, and that the spectrum peaks at E =2.82kT . These “Laws” had been obtained empirically,

and called Stefan-Boltzmann’s “Law” and Wein’s Displacement “Law.”

d. Black body radiation

Of course, the experimentalists were measuring the spectra of radiation from various material bodies at various
temperatures. Perhaps we should verify that the radiation emitted by a material object is the same as the
spectrum of photon energies in the oven. So, consider an oven at temperature T, and imagine a small hole in
one side. What is the spectrum of photons that escape through that hole? Well, the spectrum of the escaping
photons must be the same as the photon gas in the oven, since all photons travel at the same speed, c. By a
similar token, the energy emitted through the hole is proportional to T*.

11
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]
>

NNE
:

Finally, we might consider a perfectly absorbing material object exchanging energy by radiation with the hole
in the oven. In equilibrium (at the same T as the oven), the material object (the black body) must radiate the
same power and spectrum as the hole, else they would be violating the Second “Law” of thermodynamics.
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