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Applications
Example: Denoting the three terms of V' in spherical polar by V;, V;, V’in an obvious

way, evaluate Vf U etc. for the two functions given below and verify that, in each case, although

the individual are not necessarily zero their sum VU is zero. Identify the corresponding values of
¢ and m.
20 _
(@) u(r, 6, ¢) = (Ar2 + g) dcos’6 — 1
r- 2

(b) u(r. 0, ¢) = (Ar + %)sinﬂcxpiqﬁ.
Answer:
In both cases we write u (r,6,¢)as R(r)0(0)@(4) =RO®D with

2
szizﬁ(rza_), Vo= zl- L lsing 2, sz%a—z
ror or resind oo 00 r<sin“é o¢g

, B\ 3cos?H —1
@u(r8,9)=\Ar'+ 5 | ——F—.
r 2

B 68 6
Vzk‘:_—‘ d 2Ar3__3 O =64+ — (.-)2__?_,
r 2 ar r? 3 r2

r

N R 1 3 2 R [—65in® cos®# + 3sin* 6
2 = ——— — (=3sin” 6) = —
Veu rtsiné 39( sin” ) cos ) r’-( sinf )
R 6u
= 7(—900529 +3)=-—,
r r=
Viu = 0.

Thus, although VZu and Viu are not individually zero, their sum is. From V?u=¢(¢+1)u =6u,

we deduce that ¢ = 2 and from V; U =0thatm=0.
(b) u(r, 99 ¢) = (A!" + ';BZ") sin @ (:'k'a.

B 2A 2B 2
V=12 (42 -2\ o0 = — 4 = (~)¢=-f,‘—,
r r r ré r?

r2or
Rd 1 3 R® [ —sin?6 4 cos? 6
Vi = — —(sinf cos 8) = —
o4 = T Ging 39{ ) r? ( sind )
_u N cos?0 u
T r2 7 gin26 2’
RO 3% . u
Vl — o i - _ .
o= (2sinZg a¢? (™) r2sin? g

Hence
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20w  costO u u u cos?h — 1
TRl L LAY § P ol ani B
r2 rr  sin?20 r? rlsin?f 2

Here each individual term is non-zero, but their sum is zero. Further, K(E +1) =2andso /=1,

u

— 9) it follows that m2 =1. In fact, from the part e’ inu, m =1.
r2sin

and from v; u=-—
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Associated Legendre Polynomials

When Helmholtz’s equation is separated in spherical polar coordinates, one of the separated ODE’s
is the associated Legendre equation
Differential equation
d? d m?

1-x?)—-2X —+sn(n+1)——— |[P"(x) =0

A-x*) -2 { (n+1) (1_X2)}} 7 (x)
Definition

Pn"‘(x):(l—xz)m’zdd—mPn(x); n=0123/---
X
m=0,12,---,n
Py(x)=P, (x)

P (x) = (- U Mpn gy
(n+m)!
P (—x)=(-1)""P"(x)
P"(x)=0 if m>n
Generating function
(1—X 2)m/2hm
(1-2xh +h2)"™
Recurrence relations
(2n+1)xP" (x) = (n+m)P,", (x)+(n—m +1) P, (x);
2n +)V1-x2P" (x) =P (x) = P (x )(X);
Orthogonality relation
[P (x)P" (x)dx =

H.W. Check the following table

g(x,h)y=2m -

=Y h"P" (x), h|<1, |x|<+1
n=0

2 I'(n+m+1)
2n+1T(n-m+1) "

P"(x)
J1-x? =siné

3xv1-x?2 =3cosHsin

3(1—x ?)=3sin’ 0

g(Sx 2 —1)\/1—x 2 :g(Scos2 e—l)sin 0

Rl N k| e 3
w| N N R D
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Spherical Harmonic FunctionY , (8,¢)
Definition

eim(p

J2r

:(_1)“[(2£+1)(£_m)!} P"(cos@®)e™; m=>0
4z (f+m)!

Y ¢,-m 0,0) =(-D"Y Zm (0, 9);
where ¢=0,1,2,---; m=—-¢,—¢+1,---,+¢,and

@(0){(2“1) (¢ —m)!

Y, n(0,0)=06(0)

1/2
} P, (cosd)

2  (L+m)!
is the normalized angular function. An asterisk * indicates complex conjugation.
' m Yin (0, )
1
0 0 A
1 0 3 cosé
T
_ |3 i
1 +1 | F,/]—sinde"?
8x
S 2
2 0 — (3cos 0—1)
167
2 +1 ¢1/E cos@singe*'?
87
2 +2 /£ sin?@ e*?
32

Differential equation
1 0(. ,0 1 &
———|sinfd— |+ +0(0+1 0,0)=0
Linaae( aej g og? )}Yf,m( )

Orthogonality relation

27 T
(tmle'm)=[de[singdoY ) (0.9)Y ., 0.0) =Y, 0.0)Y,, (0.9)dQ=5,5,,
Also 0 0
: * 2041
2V n(0.0) = 4;
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Recurrence relations

(€+1+m)(€+1—m)} Y. (00)
(20+1)(20+3)

(£+m)(f—m) 1/2 |
{(25+1)(2€—1)} Y 1m0, 9);
({+1-m)({+2-m) 1/2
(20+1)(20+3) } Y ama(0,9)

cosdY, . (0,9) {

sindY ,  (0,9) :{

(L+m)(l+m=1) vz (p
i { (20+1)(20-1) } Y, ina(0,0) e

The statement of completeness is that any function f (&, ¢) can be represented as a sum over
spherical harmonics:

oo £
FO.0)=2 > femYen(6,9) (2.5.8)

=0 m=—¥¢

for some coefficients fs,,. By virtue of Eq. (2.5.7), these can in fact be calculated
as

Equation (2.5.8) means that the spherical harmonics form a complete set of basis
functions on the sphere.

It is interesting to see what happens when Eq. (2.5.9) is substituted into Eq. (2.5.8).
To avoid confusion we change the variables of integration to #" and ¢:

fle,¢) = ZZ}gm L@ ff r'}h r,-"?j::lffﬂj
f f(6, ¢/ [ZZM; LYo (0, 0)| d€Y.

m

The quantity within the large square brackets is such that when it is multiplied
by f(#',¢") and integrated over the primed angles. it returns f(#,¢). This must
therefore be a product of two d-functions, one for ¢ and the other for ¢. More
precisely stated,

o0 £ p .\ ) .
56 — 0/)6(d — &
S V(0 ) Yen(6.0) = O -0)le=¢) (2.5.10)

sind
=0 m=—F
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where the factor of 1/sin# was inserted to compensate for the factor of sin#’ in
dQ) (the §-function is enforcing the condition 8" = 8). Equation (2.5.10) is known
as the completeness relation for the spherical harmonics. This iz analogous to a
well-known identity,

f(i_eih’) ( 1_9“”) dk = d(z — 2'),
v 2T v 2T

in which the integral over dk replaces the discrete summation over £ and m; the
basis funetions (27)~1/2¢%#* are then analogous to the spherical harmonics.




Prof. Dr. I. Nasser Phys 571 T_ 121 16-Sep-13

spherical_coordi_Phys571 T131

Angular Momentum Operators

A
Z
eX eY eZ
L=rxp=(x y Z
L= rxp A
P. Py P,
0
Use the spherical coordinates to prove the following expressions: N
X P
- m
L, =—ih yi—zi =in sm(pi+cot¢9cos¢
oz oy o0 dp
L =—ih(z i—x aj:ih —cos;oi+cot6?sin¢i
Y oXx o1 00 o
~, ~, ~, ~, i 2 ~
2 =2 412 412 = _la(sin¢9aj+_1za2 , L o——in
| sin@ 00 060 ) sin“6 op o¢p

2Y, n0,0)= L2 6,m) = (0 +1)|¢,m);
LY on(@.9)=m|6,m)=m]|¢,m)
'—A¢|5’m>zci|f,m>=\/£(€+1)—m(m J_r1)|€,m J_r1>

[ =0, =il =xetie| L4070
ad  sin@ oy
21 +1
Example: Y o= e P, (cos9)
Example:
7 7 7
Y30 =4/-—Ps(cosO) = ——(5cos 0— 3c036?)—— —cosé(5cosf —3)
A A 4\
\f (5——3)— \FZ( ?-3r?)
Example:
W =X +iy=rsin49(005¢+isingp):rsinHeW
8z
=— /—rY
3 11
Example:

i . 1 [8x 1 [8x 1 8x 1 8x
S|n9(sm(p+cosec05¢):—5 /?Yl,l_ﬁv/?Yl,—l_E /EY“JFE /EYH
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Example: sing(1-cosf)e = ,/ Yo ,/

Example: Jr =37 cos? 9——7z\/7Y

Example: sin@cosgp = ,/ w/z?ﬂ.Yl,—l

Homework: Establish the following equations

X 2 . . |27
(i) ==sinfcosp=,|— (Y, +Y, ] (i) X=l,f—[Yz,z—Yz,_z]
r 3 r 3
2r . 87
(iii) xz=r? /1— [—szl +Y2,,1] (iv) x*-y*= rzxf—[Yz,z +Y2,72]
5 15
r’ |2z

Sy 87
V) xy== E[_Ym Y, ] Vi) smzecosZ(p:‘/E[Yz’2 +Y,, |

Example: for | = 1; find the matrix form of < L2 >, and < I_AZ >

Answer:
<11]<10|<1-1]|
1 0 0)u>
(I:z):<l'|l:2|l>:I(I+1)h2<l'|l>:2h2 0 1 Ofjw0>
%/_/
p 0 0 1)1-1>

<1112)11> <11|C2)10> <11|C2)1-1>

100
<(?>=| <10|L2]11> <10|L2|10> <10|L2]|1-1> |-2/0 1 O;
<1-1|2|11> <1-1|2|10> <1-1|2)1-1>| (0 01

100

<(>=[00 0

00 -1

Example: Is the following function the eigenfunction of L2? of L, ?

x2-y2=r E[Y“ +Y,, |
It is an eigen function of L2, not I_AZ

Provethat: L, (0052 @ —sin’ ¢+ 2i cos psin (p) = 2ne*"
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H. W. Multipole expansion: It easy to extend this expansion to
the general one as:

ﬁl_" - = - ( jpﬂ( = 0),
Ir=rl r\/1+(rr')2—2(rr')cose ”ZO: A "

= 1 :%i( J P,(x =cosé), r

-

=l

=l

\

(1) <2l Jesa T

Answer:

1 _ ! L =CO0Sy '
[F-F'| Jr2—2m p+r?’
Where y is the angle between the two vectors T and F'.

Casel: F >r'
] N\ 2 _% 1 ] 7%
|[T-T7"| r r r r r r
1 1 f 2 ' 2
_1) ir_(z _r_j+§(r_j (zﬂ_r_] .
r 2r r gLr r
1 r' r?(3u°-1
T ?E 2 j
1 12
——P(ﬂ)+ P(ﬂ)+ 7P, (1) +--
1 1& !
BEN ( jP(m
|T-7" régr
Casel: r<r'

In spherical coordinates, we can define the two vectors T and r' such as:



