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Applications 
Example:  Denoting the three terms of 2∇  in spherical polar by 2 2 2, ,r θ φ∇ ∇ ∇ in an obvious 

way, evaluate 2
r u∇  etc. for the two functions given below and verify that, in each case, although 

the individual are not necessarily zero their sum 2u∇  is zero. Identify the corresponding values of 
A  and m. 

 
Answer: 
In both cases we write ( ), ,u r θ φ as ( ) ( ) ( )R r Rθ φΘ Φ ≡ ΘΦ with 

2
2 2 2 2

2 2 2 2 2

1 1 1( ), sin ,
sin sinr r

r r r r rθ φθ
θ θ θ θ φ

∂ ∂ ∂ ∂ ∂⎛ ⎞∇ = ∇ = ∇ =⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠
 

 
Thus, although 2

ru∇  and 2uθ∇  are not individually zero, their sum is. From ( )2 1 6r u u u∇ = + =A A , 

we deduce that 2=A  and from 2 0uφ∇ = that m = 0. 

 
Hence 
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Here each individual term is non-zero, but their sum is zero. Further, ( )1 2+ =A A and so 1=A , 

and from 2
2 sin

uu
rφ θ

∇ = − ) it follows that 2 1m = . In fact, from the part ie φ  in u , 1m = . 
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Associated Legendre Polynom ials  
When Helmholtz’s equation is separated in spherical polar coordinates, one of the separated ODE’s 
is the associated Legendre equation 
Differential equation 

2 2
2

2 2(1 ) 2 ( 1) ( ) 0
(1 )

m
n

d d mx x n n P x
dx dx x

⎡ ⎤⎧ ⎫
− − + + − =⎨ ⎬⎢ ⎥−⎩ ⎭⎣ ⎦

 

Definition  
2 / 2( ) (1 ) ( );                             0,1, 2,3,

                                                                                0,1, 2, ,

m
m m

n nm

dP x x P x n
dx

m n

= − =

=

"

"
  

( )
( )

0

!
!

( ) 0              if  

( ) ( )

( ) ( 1) ( )

( ) ( 1) ( )

n n

m m m
n n

m n m m
n n
m

n

x x
n m

x x
n m

x x

P x m n

P P

P P

P P

−

+

−
+

= >

=

= −

− = −

 

Generating function 

( )
2 / 2

1/ 22 01

(1 )( , ) (2 1)!! ( ),             1, 1
2

m m
n m

nm
n

x hg x h m h P x h x
xh h

∞

+
=

−
= − = < ≤ +

− +
∑  

Recurrence relations 
( )1 1

2 1 1
1 1

(2 1) ( ) ( ) ( ) 1 ( );

(2 1) 1 ( ) ( ) ( )( );

m m m
n n n

m m m
n n n

n xP x n m P x n m P x

n x P x P x P x x

− +

+ +
− −

+ = + + − +

+ − = −
  

Orthogonality relation  
1

1

2 ( 1)( ) ( )
2 1 ( 1)

m m
n n

n mP x P x dx
n n m

δ
−

Γ + +
=

+ Γ − +∫ A A 

H.W. Check the following table 
  

( )m
nP x  n m 

21 sinx θ− =  1  1  
23 1 3cos sinx x θ θ− =  2  1  

( )2 23 1 3sinx θ− =  2  2  

( ) ( )2 2 23 35 1 1 5cos 1 sin
2 2

x x θ θ− − = −
3  1 
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,Spherical Harmonic Function ( , )mY θ ϕA  
Definition 

( )

,

1/ 2

*
, ,

( , ) ( )
2

2 1 ( )!( 1) (cos ) ;        0
4 ( )!

( , ) ( 1) ( , );

im

m

m m im

m
m m

eY

m P e m
m

Y Y

ϕ

ϕ

θ ϕ θ
π

θ
π

θ ϕ θ ϕ−

= Θ

+⎡ ⎤−
= − ≥⎢ ⎥+⎣ ⎦
= −

A

A

A A

A A
A

  

where 0,1,2, ; , 1, ,m= = − − + +A " A A " A , and  

( ) 1/ 2
2 1 ( )!( ) (cos )

2 ( )!
mm P

m
θ θ

+⎡ ⎤−
Θ = ⎢ ⎥+⎣ ⎦

A

A A
A

 

is the normalized angular function. An asterisk * indicates complex conjugation. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
D ifferential equation  

2

,2 2

1 1sin ( 1) ( , ) 0
sin sin mYθ θ ϕ

θ θ θ θ ϕ
⎡ ⎤∂ ∂ ∂⎛ ⎞ + + + =⎢ ⎜ ⎟ ⎥∂ ∂ ∂⎝ ⎠⎣ ⎦

AA A 

 
Orthogonality relation  

2
* *
, ', ' , ', ' ' '

0 0

' sin ( , ) ( , ) ( , ) ( , )m m m m mmm m d d Y Y Y Y d
π π

ϕ θ θ θ ϕ θ ϕ θ ϕ θ ϕ δ δ= = Ω =∫ ∫ ∫A A A A AAA A 

Also 
2

,

2 1( , )
4m

m
Y θ ϕ

π=−

+
=∑

A

A
A

A  

 

l m ( , )lmY θ ϕ  

0 0   
1
4π

 

1 0   
3 cos

4
θ

π
 

1 1±  
3 sin

8
ie ϕθ

π
±∓  

2 0   ( )25 3cos 1
16

θ
π

−  

2 1±  
15 cos sin
8

ie ϕθ θ
π

±∓  

2 2±    2 215 sin
32

ie ϕθ
π

±  
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Recurrence relations  

       

1/ 2

, 1,

1/ 2

1,

( 1 )( 1 )cos ( , ) ( , )
(2 1)(2 3)

( )( ) ( , );
(2 1)(2 1)

m m

m

m mY Y

m m Y

θ θ ϕ θ ϕ

θ ϕ

+

−

⎡ ⎤+ + + −
= ⎢ ⎥+ +⎣ ⎦

⎡ ⎤+ −
+ ⎢ ⎥+ −⎣ ⎦

A A

A

A A
A A

A A
A A

      

 

1/ 2

, 1, 1

1/ 2

1, 1

( 1 )( 2 )sin ( , ) ( , )
(2 1)(2 3)

( )( 1) ( , )
(2 1)(2 1)

m m

i
m

m mY Y

m m Y e ϕ

θ θ ϕ θ ϕ

θ ϕ

+ −

− −

⎡ ⎤+ − + −
= ⎢ ⎥+ +⎣ ⎦
⎧ ⎫⎡ ⎤+ + −⎪ ⎪+ ⎨ ⎬⎢ ⎥+ −⎣ ⎦⎪ ⎪⎩ ⎭

A A

A

A A
A A

A A
A A

 

 
The statement of completeness is that any function ( , )f θ ϕ can be represented as a sum over 
spherical harmonics: 
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Angular Momentum Operators 
 

X Y Z

x y z

x y z
p p p

= × =
e e e

L r p  

 
Use the spherical coordinates to prove the following expressions: 
 

2
2 2 2 2 2

2 2

ˆ sin cot cos

ˆ cos cot sin

1 1ˆ ˆ ˆ ˆ ˆsin ,                  
sin sin

x

y

x y z z

L i y z i
z y

L i z x i
x z

L L L L L i

ϕ θ φ
θ ϕ

ϕ θ φ
θ ϕ

θ
θ θ θ θ ϕ φ

⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂
= − − = +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠⎝ ⎠

⎛ ⎞∂ ∂ ∂ ∂⎛ ⎞= − − = − +⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
⎡ ⎤∂ ∂ ∂ ∂⎛ ⎞= + + = − + = −⎢ ⎜ ⎟ ⎥∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦

= =

= =

= =

 

 
2 2

,

,

( 1) ( 1)

cos
sin

ˆ ˆ( , ) , ( 1) , ;
ˆ ( , ) , ,
ˆ , , , 1

ˆ ˆ ˆ

m

z m

i
x y

m m

i

L Y L m m

L Y m m m m

L m C m m

L L iL e ϕ ∂ θ ∂
∂θ θ ∂φ

θ ϕ

θ ϕ

± ±

±
±

+ − ±

±

= = +

= =

= = ±

⎡ ⎤≡ ± = ± ⎢ ⎥⎣ ⎦

A

A

A A

A A A A

A A

A A A  

 
       

Example:                         ,0
2 1 (cos )

4l l
l PY θ
π
+=  

 
Example:  

( )

3

2
2 2

3

2
3,0

1 1 7( cos (5cos 3)
2 4

1 7 1 7(5 3) 5 3
4 4

7 7cos ) (5cos 3cos )
4 4

z z z z r
r r r

Y P θ θ θ
π

π π

θ θ
π π

−

= − = −

= = − =
 

Example:  

1,1

sin (cos sin ) sin

8
3

ix iy r i r e

r Y

ϕψ θ ϕ ϕ θ

π

= + = + =

= −
  

Example:  

                   ( ) 1,1 1, 1 2,1 2, 1
1 8 1 8 1 8 1 8sin sin cos cos
2 3 2 3 2 15 2 15

Y Y Y Y
i i

π π π πθ ϕ θ ϕ − −+ = − − − +  

m
P 

L =  r x p 

Z 

X 
r Y 

0 



Prof. Dr. I. Nasser                                                       Phys 571   T_121                                                          16-Sep-13 
spherical_coordi_Phys571_T131 

 8

   ( ) 1,1 2,1
8 8sin 1 cos
3 15

ie Y Yϕ π πθ θ− = − − Example:              

          2
2,0

163 cos
5

Yπ π θ π− = − Example:                  

Example:                            1,1 1, 1
2 2sin cos
3 3

Y Yπ πθ ϕ −= − +   

 
Homework: Establish the following equations 

1,1 1, 1 2,2 2, 2
2 2( ) sin cos ( )
3 3

x yi Y Y ii i Y Y
r r

π πθ ϕ − −⎡ ⎤ ⎡ ⎤= = − + = −⎣ ⎦ ⎣ ⎦  

2 2 2 2
2,1 2, 1 2,2 2, 2

2 8( ) ( )
15 15

iii x z r Y Y iv x y r Y Yπ π
− −⎡ ⎤ ⎡ ⎤= − + − = +⎣ ⎦ ⎣ ⎦  

2
2

2,2 2, 2 2,2 2, 2
2 8( ) ( ) sin cos 2
15 15

rv x y Y Y vi Y Y
i

π πθ ϕ− −⎡ ⎤ ⎡ ⎤= − − = +⎣ ⎦ ⎣ ⎦  

 
Example: for l = 1; find the matrix form of   2ˆ ˆ, and zL L< > < >  
Answer: 

( )
'

11 | 10 | 1 1 |

2 2 2 2

| 11

| 10

| 1 1

ˆ ˆ' | | ( 1) ' | 2
1 0 0
0 1 0
0 0 1l l

L l L l l l l l
δ

< < < −

>

>

− >

⎛ ⎞
⎜ ⎟= < > = + < > = ⎜ ⎟
⎜ ⎟
⎝ ⎠

= =��	�

 

 

2

2 2 2

2 2 2

2 2 2

ˆ 2 ;

ˆ ˆ ˆ11| |11 11| |10 11| |1 1 1 0 0
ˆ ˆ ˆ10| |11 10| |10 10| |1 1 0 1 0

0 0 1ˆ ˆ ˆ1 1| |11 1 1| |10 1 1| |1 1
L

L L L
L L L
L L L

⎛ ⎞
⎛ ⎞⎜ ⎟
⎜ ⎟⎜ ⎟

< >= = ⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎜ ⎟

⎝ ⎠

< > < > < − >
< > < > < − >
< − > < − > < − − >

 

ˆ
1 0 0
0 0 0
0 0 1

zL

⎛ ⎞
⎜ ⎟

< >= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠−

 

Example:  Is the following function the eigenfunction of 2L̂ ? of ˆ
zL ? 

                                     2 2 2
2,2 2, 2

8
15

x y r Y Yπ
−⎡ ⎤− = +⎣ ⎦  

It is an eigen function of 2L̂ , not ˆ
zL   

Prove that:   ( )2 2 2ˆ cos sin 2 cos sin 2 i
zL i e ϕϕ ϕ ϕ ϕ− + = =
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H. W. Multipole expansion: It easy to extend this expansion to 
the general one as: 

( ) ( )

( ) ( )

2
0

2
0

' '

' '

1 1 1 ' ( cos ),                       '
| r r' |

1 2 cos

1 1 ( cos ),                     '
' '

' 1 2 cos

r r
r r

r r
r r

r P x r r
r r

r

r P x r r
r r

r

θ
θ

θ
θ

∞

=

∞

=

⎛ ⎞= = = >⎜ ⎟− ⎝ ⎠+ −

⎛ ⎞= = = >⎜ ⎟
⎝ ⎠+ −

∑

∑

A

A
A

A

A
A

G G

 
Answer:  

2 2

1 1 ,        cos
| r r ' | 2 ' 'r rr r

µ γ
µ

= =
− − +
G G  

Where γ  is the angle between the two vectors rG  and 'rG . 

Case I: 'r r>  
1 1
2 22

2 2

2 2

2 3

2

0 1 22 3

1 1 2 ' ' 1 ' '1 1 2
| r r ' |

1 1 ' ' 3 ' '1 2 2
2 8

1 ' ' 3 1
2

1 ' '( ) ( ) ( )

r r r r
r r r r r r

r r r r
r r r r r

r r
r r r

r rP P P
r r r

µ µ

µ µ

µµ

µ µ µ

− −⎧ ⎫ ⎧ ⎫⎪ ⎪⎛ ⎞ ⎛ ⎞= − + = − −⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟− ⎝ ⎠ ⎝ ⎠⎩ ⎭⎪ ⎪⎩ ⎭
⎧ ⎫⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + − + − +⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
⎛ ⎞−

= + + +⎜ ⎟
⎝ ⎠

= + + +

G G

"

"

"

 

 

0

1 1 ' ( )
| r r ' |

r P
r r

µ
∞

=

⎛ ⎞= ⎜ ⎟− ⎝ ⎠
∑

A

A
A

G G  

Case I: 'r r<  

0

1 1 ( )
| r r ' | ' '

r P
r r

µ
∞

=

⎛ ⎞= ⎜ ⎟− ⎝ ⎠
∑

A

A
A

G G  

In general, we can write (see Jackson 3.38): 

1
0

1 ( ),
| r r' |

r P
r

µ
∞

<
+

= <

=
− ∑

A

AA
A

G G : 

 
In spherical coordinates, we can define the two vectors rG  and 'rG  such as: 


