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Solution of inhomogeneous ordinary differential equations using
Green's functions G (x,x )

Historical Introduction: Green's functions are auxiliary functions in the solution of linear
partial differential equations. Green's function is named for the self-taught English mathematician
George Green (1793 — 1841), who investigated electricity and magnetism in a thoroughly
mathematical fashion. In 1828 Green published a privately printed booklet, introducing what is now
called the Green function. This was ignored until William Thomson (Lord Kelvin) discovered it,
recognized its great value and had it published nine years after Green's death. Bernhard Riemann
gave it the name "Green function”

For example, in electrodynamics, we are concerned with finding solutions to the Poisson equation:

VZD(T) = _p(0) (N
&

o]

and the Laplace equation:
Vd(T) =0 (I
In fact, the Laplace equation is the “homogeneous” version of the Poisson equation.
The Green’s function allows us to determine the electrostatic potential from volume and surface
integrals:
1
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This general form can be used in 1, 2, or 3 dimensions. In general, the Green’s function must be
constructed to satisfy the appropriate boundary conditions. In some cases, it may be difficult or
inconvenient to find a Green’s function that generates a solution with the correct boundary
conditions. In these situations, we can still use Eq. (111) to obtain a solution to the Poisson equation
(1) and then add the appropriate linear combinations of solutions to the Laplace’s equation (Il) to
adjust the boundary values. Here, we are going to discussed one method of constructing Green’s
functions that works for one-dimensional systems. Next, we discuss another method that is
generalizable for higher dimensional systems.

$(r) =

1- Homogeneous Equation

Start with the second order linear homogeneous differential equations (Eigen value equations),
which can be written as an eigenvalue problem of the form:

L)y, (x)=E,y,(x) (1)
where L is an operator involving derivatives w.r.t. x, E, is an eigenvalue and y, A is an

eigenfunction (which satisfies some specified boundary conditions). The general case that we are
interested in is called a “Sturm-Liouville®” problem, for which one can show that the eigenvalues
are real, and the eigenfunctions are orthonormal, i.e.

(m[n) =y )y, (x)dx =4, e

where a and b are the upper and lower limits of the region where we are solving the problem, and

we have also “normalized” the solutions.
The general Sturm-Liouville problem, see Arfeken, has a “weight function” w(x) multiplying the eigenvalue on the
RHS of Eq. (1) and the same weight function multiplies the integrand shown in the LHS of the orthogonality and
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normalization condition, Eq. (2). Furthermore the eigenfunctions may be complex, in which case one must take the
complex conjugate of either yn or ym in in Eq. (2). Here, to keep the notation simple, we will just consider examples
with w(x) = 1 and real eigenfunctions.

Example, Find the solution of the differential equation:

d?y (x) 1. \_

2 +4y(><)—/1y(><)
dy(x) (, 1 3)
:>dx—2_(/1 JV(X)

n2

in the interval 0 < x < 7z, with the boundary conditions y (0) =y (x) =0.

Answer: This corresponds to
2

L=ac @

This is just the simple harmonic oscillator equation, and so the solutions are cos(nx )and
Sin(nx). The boundary condition y (0)=0 eliminates cos(nx )and the condition y () =0
gives n a positive integer. (Note: For n = 0 the solution vanishes and taking n < 0 just gives the
same solution as that for the corresponding positive value of n because Sin(—nx ) = —Sin(nx )).
Hence we only need consider positive integer n.) The normalized eigenfunctions are therefore:

yn(x)z\/zsin(nx), n=123,-- (5)
T

and the eigenvalues in Eq. (3) are:
A = 1w
4
since the equation satisfied by y (x) is y "(x) +n?y (x) =0.

(6)
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Dirac delta function
Definitions

1. Definition as limit. The Dirac delta function can be thought of as a rectangular pulse that grows
narrower and narrower while simultaneously growing larger and larger.

A height = 1/b
(so total area = 1)
rect(x, b) = X
) widfh = b .
v

3(x) = lim(b—0) rect(x, b)

Note that the integral of the delta function is the area under the curve, and has been held constant at
1 throughout the limit process.

Té(x):l

Shifting the origin. Just as a parabola can be shifted away from the origin by writing y = (X — Xo)?
instead of just y = x?, any function can be shifted by plugging in x — Xo in place of its usual argument
X.

AX - Xo) =

<

v

Xo

v

Shifting the position of the peak doesn’t affect the total area if the integral is taken from —oo to oo,

Té(x— X,) =1

Disclaimer: Mathematicians will object that the Dirac delta function defined this way (or any other
way, for that matter) is not a real function. That is true, but physicists recognize that for all practical
purposes you really can just think of the delta function as a very large peak.
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2. Definition as derivative of step function. The step function,
also called the “Heaviside step function” is usually defined like 1

this:
9()():{(1), |-f X >0

A
v

if x <0

It’s a function whose only feature is a step up from 0 to 1, at
the origin:

What’s the derivative of this function? Well, the slope is zero for x < 0 and the slope is zero for
x> 0. What about right at the origin? The slope is infinite! So the derivative of this function is a
function which is zero everywhere except at the origin, where it’s infinite—and the integral of the

derivative function from —oo to o must be 1 because &(x )is the anti-derivative and has a value of 1

at x = oo and a value of 0 at x = —oo (think Fundamental Theorem of Calculus).

Example: Prove thatj—e =5(x ), where 6(x ) is the step function, see the figure.
X

1 if x>0
O(x)= _
0, if x<0
Answer:

jfu) dx—foqean -jea)——dx

=u@j§m—u@(u@4@»

0

=f (0 :)Tf(x)&(x)dx = 3—X€:§(x)

An infinite peak at the origin whose integral is 1? Sound familiar? Therefore &x) can also be
defined as the derivative of the step function.
Note that one of the uses of step function is to write r (the larger of rand r') as:

r=ré(r—r’)+r'o(r'-r).
Similarly, r< (the smaller of r and r ") as:

r.=ré(r'-=r)+r'é(r-r’
Then
%(g):a%[re(r—r')ﬂ'e(r —1)] ;

=0(r—r")+rs(r—r)-r's(r'-r) =6(r-r")
Where r' is treated as a constant. Also
0 —(r ):—[rH(r —r)+r'6(r—r]

or
=0(r'=r)—ré(r—r)—r's(r'=r)=0(r'-r)
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Where r' is treated as a constant

It can be proved that g (r, r ) =sinkr_coskr, is a solution of the differential equation:

2 2d . 1 .
|:d7+?d—r+k2:|g (r,l’ )=—r—25(r—r )

by direct substitution.

3. Definition as Fourier transform. We’ve seen that taking the Fourier transform of a function gives
you the frequency components of the function. What about taking the Fourier transform of a pure
sine or cosine wave oscillating at ax? There is only one frequency component, so the Fourier
transform must be a single, very large peak at ay (or possibly two peaks, one at ay and one at —ay).
A delta function!

4. Definition as density. What’s the density of a 1 kg point mass located at the origin? Well, it’s a
function that must be zero everywhere except at the origin—and it must be infinitely large at the
origin because for a mass that truly occupies only a single point, the mass must have been infinitely
compressed. How about the integral? The integral of the density must give you the mass, which is 1
kg. A function that is zero everywhere except at the origin, and has an integral equal to 1? Sounds
like the delta function again!

More precisely, this would be a three-dimensional analog to the regular delta function &Xx), because
the density must be integrated over three dimensions in order to give the mass. This is sometimes
written &r) oras &3(r):

53(r) = 8x) &y) &2)

Properties

1. Integral. One of the most important properties of the delta function has already been mentioned:
it integrates to 1.

2. Sifting property. When a delta function &(x — xo) multiplies another function f(x), the product
must be zero everywhere except at the location of the infinite peak, xo. At that location, the product
is infinite like the delta function, but it might be a larger or smaller infinity (now you see why
mathematicians don’t like physicists), depending on whether the value of f(x) at that point is larger
or smaller than 1. In other words, the area of the product function is not necessarily 1 any more, it is
modified by the value of f(x) at the infinite peak. This is called the “sifting property” of the delta
function:

T&(x— Xo) F(x)dx = f(X,)

Mathematicians may call the delta function a “functional”, because it is really only well-defined
inside integrals like this, in terms of what it does to other functions. (A “functional” is something
that operates on functions, rather than a “function” which is something that operates on variables.)



Prof. Dr. I. Nasser Phys 571, T131 9-Nov-13

Green function_|_T131.doc

3. Symmetry. A few other properties can be readily seen from the definition of the delta function:
a. A—Xx) = Ax) (Note that &x) behaves as if it were an even function)

b. X = Xo) = A—X + Xo)

4. Linear systems. If a physical system has linear responses and if its response to delta functions
(“impulses”) is known, then in theory the output of this system can be determined for almost any
input, no matter how complex. This rather amazing property of linear systems is a result of the
following: almost any arbitrary function can be decomposed into (or “sampled by”) a linear
combination of delta functions, each weighted appropriately, and each of which produces its own
impulse response. Thus, by application of the superposition principle, the overall response to the
arbitrary input can be found by adding up all of the individual impulse responses.

More Properties
1- o*(x)=0(x) itisareal function

2- Jé(x —X,)dx =1 It is normalized
3- S(x-a)=0, x=a J.dxé(x—a):l

4- Tf (x)o(x)dx =f (0 )
5 f x)o(x —a)=f (a)o(x —a)
6- Idx f (x)[x C?—X5(x)}=:fdx f (x)o(x)=f (0

1

7 S(ax)==5(x)
4]
djx| _
B — 5 =26(0)
d 1
9 - (6(x))=-—5(x)

Closure property: Consider a complete orthonormal set of function ¢,(x ), ¢,(x ), - then for
any complete function f (x ) = Zan @, (X)

Where
a, = [ (x )y (x dx
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f o)=Y [ [f 00 o, (x)

= [ (x '){anﬁ(x ')%(X)}d VX (X =x )= ¢, (x Vg, (x)

S(x-x")
For
X)=——e"m""
@, (X) Ton
Then
1 & .
Slx =x ") =— elm(w—co)
(x-x)=5, 2
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Inhomogeneous Equations

Theorem: the solution of the innomogeneous equation L (X ) y (X)) =Tf (X) is given by:
f(x):¢0+je(x,x')f (x)d
where ¢, is the solution of the equation:
L(x) ¢,(x)=0
and is the solution of the equation:
LX)G(x,x")=0(x =x")

The definition of the above equation is not unique. Some books are used &(x —x ") and others are
used —4z5(x —x ).

Proof:
Start with the equation:

f(x)=¢o+je(x,x')f (xd
One finds:

L (x)f (x):L(x)¢o+J'[L(x)G (x,x )]f (x )d x
=0+j[5(x,x ) (x Y
—f (x)

Green’s functions, the topic of this handout, appear when we consider the inhomogeneous equation

analogous to Eqg. (1)
L(x)y(x)=f (x) (7)

where I:(x) is a linear, self-adjoint differential operator, Y (X )is the unknown function, and f(x)

is a known non-homogeneous term. For a discussion of the concept of self-adjoint and non self-
adjoint differential operators please refer, for example, to the text by “Arfeken”. Operationally, we
can write a solution to equation (1) as

y (x) =L (x)

where L™'(x)is the inverse of the differential operator I:(x ). Since I:(x) is a differential operator,
it is reasonable to expect its inverse to be an integral operator. We expect the usual properties of
inverses to hold,

LL ' =L"L =1
where | is the identity operator. More specifically, we define the inverse operator as

Lf (x):IG(x,x')f (xd X

where the kernel G (x,x ") is the Green's Function associated with the differential operator L. Note
that G (x,x ") is a two-point function which depends on x and x'. To complete the idea of the

inverse operator L, we introduce the Dirac delta function as the identity operator I.
Recall the properties of the Dirac delta function &5(x)are:
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f(x):T5(x—x')f (x Ndx T5(x dx ‘=1

The Green's function G (x,x ") then satisfies

LX)G(X,x)=0o(x —x") 8)
Important note: The definition in equation (8) is not unique. Some books are used 5(x —x )
and others are used —47z5(x —x ).
The solution to equation (7) can then be written directly in terms of the Green's function as

y(x)=[G(x,x)f (x)d 9)
To prove that equation (9) is indeed a solution t(;O;quation (7), simply substitute as follows:
L(x)y () =L(x) [GO,x)f (x)d X= [ LG (x,x )f (x )d X

) (10)
=[S0 =x)f (x)d %=t (x)

Note that we have used the linearity of the differential and inverse operators in addition to equations
(4), (5), and (6) to arrive at the final answer.

We emphasize that the same Green’s function applies for any f (x ), and so it only has to be calculated once
for a given differential operator L and boundary conditions.

Comment: The green’s function G (X ,X ') represents the
response of the system to a unit impulse at X =X ".
G (x,x ) is the field at the observer’s point I' caused by a unit

source at the source point I'", then the field at r caused by a source
distribution is the integral of over the whole range of occupied by
the source.

3- A simple example Origin
Example, Find the solution of the differential equation:
d’y (x)
d T o2
in the interval 0 < x <z, with the boundary condltlons y(0)=y(x)=0.

Ei:::() t) =T

Observation point

Seurce point

+— y (x) =sin(2x) (A)

Solution:
1% method: The general solution of this equation is:

y(x)= Acos()+Bsin%) —%sin(Zx) B)

compler(r;entary so!lutlon of the equation particular solution of _the equation
dy(zx)+ y (x)=0 Im(e* )
D2+1
4
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~ |m(e 2ix )

Note: The particular solution is given as: y, = sin2x) __ 4

= ——sin(2x)
D’+; (2i)y+; 15

Using the above boundary conditions, one finds A =B =0, and

4
y (x) :—ESIH(ZX) ©)
See the plotting of this solution
/ﬁh
1 w.z zf -,

DE = ¥''[x] + I ¥[x] - Sin[2 x] == 0; o1 ;f'll \\l‘
g0l1=DSolve[{DE,y[0]== O,y [~A]==0} ,v.x]; . i . N
Plot[y[x]/.s011[[11],{x.0, n}] L oo

a1t K

0.2 \"\ ./"/

u.E // ; -

.') \'\
4 0l J)"I \\
Plot[-— Sin[2x], {x, 0, 7}] , v A
15 ] 1 14 ! L3 3
5 7
0.1 \\' I.I'l
0.2 \"\ l/,-“'f

H.W. check that (C) sactisfies (A).

2" method: Closed form expression for the Green's function

In many useful cases, one can obtain a closed form expression for the Green's function by starting with the
defining equation, Eqg. (8). We will illustrate this for the example in the previous section for which Eq. (8) is

G"(x,x')+%G(x,x'):5(x—x') (11)
Remember that X ' is fixed (and lies between 0 and m) while X is a variable, and the derivatives are with
respect to X . We solve this equation separately in the two regions
I- 0<x <x',and
- x'<x<r.
In each region separately the equation is G+ (1/4)G = 0, for which the solutions are
G(x,x)=A(x") cos(%) +B(x ')sin(%) (12)

Where the constants A and B will depend on X '. Since y (0) =0, we require G (0,x ') =0 and so, for the
solution in the region 0<x <x', the cosine is eliminated. Similarly G(z, x) = 0 and so, for the region
X '<X <, thesine is eliminated. Hence the solution is:

G()(1)('):{6,EB(x')sin(x/2) (0<x <x) w3
G, =A(x )cos(x /2) (x'<x <7)
G| G||
a=0 | b=rx
X

10
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Now: How do we determine the two coefficients A and B? The answer will be as follows:
I- We can get one relation between them by requiring that the solution is continuous at X =X ', i.e. the
limitas X — X "from below is equal to the limit as X — X 'from above. This gives:

B(x")sin(x 72)=A(x") cos(x /2) (14)
|- The second relation between A and B is obtained by integrating Eq. (11) from x —>x '—& to x '+ ¢, and
taking the limit £ — 0, which gives:

ds

1] T e Tt x'+e
. ( 1 1= ~y i . o ™o
lim + 1 lim Gla, ') dr = lim S —x ) dr

e—0 | dir P e—0 for e—0 for
I —E (15)
SO
. [dG dG
lim| — —— +0=1 16
g—>0[dx . dx x'g} ( )
Where
_B(X) X .
4G (x.x) G, = 5 cos(2) (0<x <x " 17
d . Ax . ,
X G, =— (; )sm(XE) (x'<x <7)
Hence ngx—x) has a discontinuityof 1at X =X ', i.e.
X
G, -G =1 = —%sin(%)—%cos(%)zl (18)
Solving Egs. (14) and (18) gives
B(x")=-2 c_os(x 12) (19)
A(x ) =-2sin(x 12)
Substituting into Eq. (3) gives
-2 cos(x—)sin(i) (0<x <x
G(x,x")= , 2 (20)
-2sin() cos(XE) (x'<x <7)

A sketch of the solution is shown in the figure below. The discontinuity in slope at X =X ' (I took
X '=@=3r14)isclearly seen.

I
4

In[@]:= i 2=
n[0]= glx ] :=‘I'I']|ich[llsx<co, —2Cus[%]wSin[;], oKX=, —2Sin[%] wCus[;]]

In[13]= Plot[g[x], {x, 0, @}, Frame — True]

0

-0.1

-0

-0.32

-0.4

-0.5

-0.6

-0.7

11
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Frm
4

In[@]:= & ==

o X . X
n[16]:= gl _] :=If[x<¢r, -2 Cus[;]*ﬁln[i], —25111[5] tCDS[E]]

In(17]:= Plot[gg[x], {x, 0, }, Frame — True]

i

-0.1

-0z

It is instructive to rewrite Eq. (20) in terms of x _, the smaller of X and X ', and x_, the larger of X and
X '. One has

G (x,x)=-2cos(x_/2)sin(x_/2) (21)
Irrespective of which is larger, which shows that G is symmetric under interchange of X and X '.

We now apply the closed form expression for G in Eq. (20) to solve our simple example, Eq. (A),
with the function:

y (x) =-2cos(x /2) j sin(¢/2)f (£)d ¢ —2sin(x /2) j cos(¢/2)f (£)d ¢
0 X
with f (¢) =sin(2¢) , and using formulae for sines and cosines of sums of angles and integrating gives:

. sin(3ax/2) dn (G /2) cos(3x/2)  cos(bx/2)
y(z) = —zm.ﬁu,-'z;l(” “— 3"‘"' L T -’)—zsinu:,.-':z)( "““;' Sl ")
] o

: 4
= -2 (l‘il'll Q.,r) +2 (£ sin?xa-) = ——sinir,
3 5 15

where we again used formulae for sums and differences of angles. This result is in agreement with Eq. (C).

f[t ] := Sin[2t]
u .

¥r = —ZEGS[KIZ]I Sin[tsf2] £[t] dt - ZSin[xIZ]I Coz[t F2] £[t] dt 77 Simplify
0 u

g
-— LCoz[x] 5in(x
1c [*1] [®]

4- Summary

We have shown how to solve linear, inhomogeneous, ordinary differential equations by using Green’s
functions. These can be represented in terms of eigenfunctions, see next section, and in many cases can
alternatively be evaluated in closed form, see Sec. 6. The advantage of the Green’s function approach is that
the Green’s function only needs to be computed once for a given differential operator L and boundary
conditions, and this result can then be used to solve for any function f (x ) on the RHS of Eq. (9) by using Eq.
(20). The advantages of Green’s functions may not be readily apparent from the simple examples presented
here. However, they are used in many advanced applications in physics.

We can summarize the properties of the one-dimensional Green’s function as follows:

12
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1- G(x,&) issymmetric under interchange of X and &.
2- Both G, (x,&)and G, (x, &) satisfy the homogeneous equation
LG, (x,&)=0d(x - &), asx<¢é
LG, (x,&)=8(x —&), £<x <b
3- G, (x,¢) satisfies the boundary condition at x =a . Similarly G, (x,&) satisfies the boundary

condition at x =b .
4- G (x,&) isacontinuous function of x , i.e. Iirr;GI (x,&) = Iirr;G,, (x,€).

5- w is a discontinuous and the discontinuity is given by.
X
dG,|  dG,| 1
dx |x:§ dx |x:§

6- Generates a superposition principle for the solution under general forcing functions:

y(x)= TG(X,X')f (xd x

13
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Green's Functions for self-adjoint operator,
Sturm-Liouville equation
Arfken, 10.5, page 663
H.W. Problems 10.5. 1,2,3,10,11
For the self-adjoint operator, Sturm-Liouville equation is defined as:

d d
L:d_x(p(X)d_Xj—i_q(X)’ (1)

Define the Green’s equation by the equation:
{:—X[p(m;—x}q(x)}ca (x,8)=—5(x ~ &) @

where p(x), q(x) and G (x,&) are continuous functions in the interval [a,b].
Integrating both sides of equation (2) from&—& to £+ &, one obtains:

E+e Ete
J< ( () x2) 5)}1“ J a6 (c,20x =1 ©

§—£
E+e

If we now let ¢ — 0, the integral j q(x)G (x,&)x vanishes because q(x) and G (x,&) are

é-¢
continuous functions of x. Then equation (3) reduces to:
dG (x,&) T
[ (x) ( é)} =-1 (4)
dx e
or
dG(x,§)| _dG(x,§)| _ 1 )
dx ., dx [, Pp()

Where it is implied thate — 0.
Since there is a discontinuity in the derivative of the Green’s function at x =&, it is convenient to

consider the two intervals a<x <& and & <x <b separately and write the Green’s function in the
following form:
c,u(x), asx <&

G(X’(’g):{czv(x), E<x <b (6)

We can summarize the following properties of the one-dimensional Green’s function.
1- Both G,(x,¢)and G, (x, &) satisfy the homogeneous equation

LG, (x,<), asx<¢
LG, (x,$), E<x <b
2- G,(x,¢&) satisfies the boundary condition at x =a . Similarly G, (x,¢&) satisfies the boundary

condition at x =b .
3- G(x,&) isacontinuous function of x , i.e. Iin;Gl(x &)= Iin;G2(x &)

4- dGéX ) is a discontinuous and the discontinuity is given by.
X
dG,|  dG,| 1
ax | | p@ 7
X x=¢& X x=& p (g)

14
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These properties can be used for the explicit construction of the Green’s function. Let u(x) be a
solution of Lu(x)=0 satisfying the boundary condition atx =a . Similarly, Let v (x) be a solution
of Lv (x)=0 satisfying the boundary condition at x =b . Following the definition of the Green’s
function it follows that:

_feu(x), as<x<¢
G(X’é)_{czv(x), E<x <b ®)
Since G (x,¢) is a continuous function of x =&, we have
cyv (&)—-cu(s)=0 9)
and equation (7) implies
1
ey '(&)—cu'(é)=—-—
9 9 o) (10)

Equations (9) and (10) can be solved to obtain c, and c, . A non-trivial solution exists only if the

determinant
b (&) ~u(9)
(&) —u'(¢)
The left hand side of (11) is the Wronskain of v (¢) and u (&), W (§)=u v'=u'v .w (&) will be
non-zero if v (£) and u (&) are linearly independent. If this condition is satisfied, from (9) and (10),
we get:

#0 (11)

_ V()
TN @ (12
Similarly,
__u()
T ThEw @ =
Using: A =W (&)p (&), we have
C, :_\/'(A_é:) ' (14)
C, :_U(A_f) (15)
And (8) will be
_\M’ asx < é
G(x,&)= A (16)
U@V K) £ ox <b
A , <

15
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. d d .
H.W. : From equation (1), LY = dx p(x)d_x +q(x) |Y =0, check the following:

d d
Lu ={&(p(x)&j+q(x)}u =0

=S>pxu"+u'p'x)+qxu=0 = u"+u'm+wu -0

p(x) p(X)
d d
Lv :|:d—x(p(X)d—Xj+q(X):|V =0

=S>pXN"+v'p'(X)+q(x)V =0 :>v"+v'pl(x)+q(x)v

p(x) p(x)
1-W (x)=uv'-u'v aw (X)_uv —u'v = p'(x)
dx p(x)
2-W (x)=u %+uv = W(x):uz(uv zu\/j: 2d_(v_j
u dx \u
HW.
1- Forthe D.E.

y'"(x)-yx)="Ff(x)
such thaty (0) =y (¥) =0, calculate G (X,X ).

2- Construct the Green function for the differential equation :
y"(x)+3y'(x) =F(x)
Subject to the boundary conditions: y (0) =y (1) =0

3- For the boundary value problem
y"(x)+ @’y (x)=f (x),
where f (x) is a known function and y satisfies the boundary conditionsy (0) =y (¢) =0,
calculate the Green’s function.
4- Forthe D.E.
y "(x)-y(x)=x
such that Y (0) =Yy (¢) =0. calculate G (x,x ).

16
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Green’s function step by step with example

Example: For the non-homogeneous differential equation.

2
dX—ZY(X):_e_aX (A)

L(x)

suchthaty (0) =y '(1)=0,
a- Calculate G (X,X ).  b- Solve for Y (X) using partb. c- Check your answer by solving
(A) directly.

Answer:

To find the solution, using the Green’s function, of the non-homogeneous differential

equation:

L)y (x)=F (x), @)

with the given boundary conditions, we have to do the following:

It is the most important step to have the general solution of the homogeneous equation:
L(x)y (x)=0. For example: the solution of homogeneous equation of (1)

2

dx 2

yx)=0 =
y(x)=cx +d 2)

Use the general solution in (2) as a general solution of L (x )G (x,&) =0, with the constants
defined in the two regions. For example:

G (x,&)=cx +d, asx <¢
G(X"f)_{e,, (X, &) =c,x +d,, £<x <b )

Define the non-homogeneous equation L (X )G (x,&) =5(x — &)
Use the
I- boundary conditions given in the equation, y (0)=0 and y'(d)=0, to have
d,=0, and c,=0,then

Cc,X 0<x <)
G(x,&)=1"

x.$) {dz (E<x <) )

ii-  Use the continuity of the Green’s functions G, (x,&) =G, (x,&) to have ¢, =d, ,
and
. dG,| dG, |
iii-  Use the discontinuity - =1 to have ¢, ~0=1 =¢, =1. From step
dx |X:§ dx |X:§

(i)onehas d,=¢

17
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iv-  Finally, we have the target Green’s function in the for:

G, (x,8)=¢ (E<x <]
Finally, calculate the integral

y(x)=j'G (t,%)f (t)dt :]GI t,%)f (t)dt +TG” t,%)f (t)dt

()

to have, using f (x)=—e", then
e ™ e y 1
a’ a a’

Y(X)='1[G (t,x)f (t)dt :].tea‘dt +xj.ealdt =—

c- With simple integration, one finds:

—ax —ax

y"(x):—e‘ax:y'(x):eTer - y(x):-e612 +bx +C |

—a

1 e
Use the boundary conditionsy (0) =y '(1) =0, one finds C =a_2' b=- 7 Then
g™ e 1
y(X)=—- X +—
a a a

18
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Arfeken method
Example: For the D.E.

y"(x)+e™ =0
suchthaty (0) =y ') =0,
a- Solvefor Y (X). b-Calculate G(X,x"). c- Solvefor Y (X) using part b.

—ax —ax

e e
a- y'(x)=—-"=y'x)==—+b = y(Xx)=—--5+bx+c,
a a
1 -a
Use the boundary conditionsy (0) =y '(1) =0, one finds ¢ Za—z, b= _ea , Then
g™ e 1
y(x)=- 7 3 x+a—2

b- For the equation Yy "(X)=0 = y(x)=cx +d then G"(x)=0 = G(x)=cx +d

G(x,x'):{clx +d, (0<x <x)
c,Xx +d, (x'<x 1)
Withthe B.C. y(0 90 = d,=0, y' =0 = ¢c¢,=0, then,
G(x,x‘):{clx =cu(x)= u(x)=x (0<x <x')’
d,=dy(x) = v(x)=1 (x'<x <£1)

The Wronskain at any convenient point gives:
W (x)=uv'-vu'=x x0-1(1)=-1

POO=1 = AW () p()=-1, & =" =1 g, 220D ang the Green's
function in the form:
Gx x)= —X (0<x <x"
B (x '<x <1)
Using f (x)=—e"", then
h f p g™ g7 1
y () =—=[G (x,x )f (x )dx '= [te *dt +x [e*dt =——-———x +=
0 0 X a a a

an = Dfoluel{y ' "[#] o -, ' [1] = 0, ¢[0] == 0% {¥[x]}, x] /7 Expandall

- -2y

= L
bb:j tIE"':IIIt+:H:j & *Fdt /7 Expandfll
[+]

P Pl
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Green’s function for Bessel’ function

(Afken 10.5.8, 10.5.3)
For reading

Find the Green’ function for the equation:

dy d
x 2 dxy d—i+(k2x2—n2)y —f (x)

with the boundary conditions y (0) =finite, y(a)=0.
Butting the above equation in Sturm-Liouville in the form:

d ( dyj+(k X_n;)y:f(x)

dx \ dx X
where P (X)=X .The Green’ function G (x,&) in the form:

2
d—(x aG, j+(k 2 NG =—5(x —&)
dx dx X
With the general solution ¢,J,, (kx)+¢,N  (kx). Hence:
G(x.x)= dJ, (kx)+d,N , (kx) (0<x <¢&)
e, (kx)+c,N | (kx) (£ <x <a)
With the boundary conditions y (0) =finite =d, =0 andu(x)=J,(kx).With y(@)=0, we
J, (ka
have ¢,J,(ka)+c,N (ka)=0 = c,=- Nnn((ka)) ¢, and
V(X):Jn(kx)Nn(ka)—\]n(ka)Nn(kx).
N, (ka)

With knowing the u(x ) and v (x ), we have to evaluate the Wronskian W (£)=u v'-u'v . To
do so, we can choose any convenient point such as x — 0.

lim3, (kx) > — (k;j , yrrgNn(kx)_)_M(ijn

T kx
H.W. Prove that

PE=¢ = A=W (5)p(§)=——%(ﬂ%j§
Hence
73, (N, (ka) 3, (k&N (k&) | e
Gox)= jJ (kXN (k:)n—(lf]a)(ka)N (kx) - | ’
200N LD S ION.00,, k) (€ <x <a)

20
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Green’s Function in Free Space

Example: Solve VG (r,r")y=-06(r —r") using the Fourier’s transformation.
Answer: Start with the Fourier transformation in one dimension:

G(x):ij'e‘kXG(k)dk = vze(x)zij(ik)zeikxe(k)dg

In three dimensions:

1
(27)

1

G(r) =
(r) (27)

3 3

Te””G(k)dk = VG(r)= T(ik)ze‘k'rG(k)dk

For a continuous function in three dimensions, one finds:

T e [ R.(r—r')d 3k

—00

3

S(r—r)= 27)

Thus V°G (r,r") =—-5(r —r") will be:

VG (r)+5(r—r')=(21)3 T(ik)ze”"rG(k)d k+(21)3 Te‘”f‘f”d% =0
T) —» T) 2y
This implies:
(271z)3 T{(—|<2)c;(k)+e-i “rle'd%k =0

Consequently,

—-ikr
= —kG(K)+e " =0 = |G(K)=12

k2
Thus:
1 ¢ 1 ¢ oiere "
G(r-r)= e'*'G (k)d k = elkr d k
i kR
- lsjezdk*’ R=r-r
(22)

H.W. Do the integration with the notations:
dk=k?dkdQ=k?dk sindd@d¢ and k-R =kr cos@, one finds:
Answer:

G(r-r)= 12 Ism(kr) ‘= 1 _ 1
2Ry Kk 47zR  Ax|r-r|
N
—brtiqlr
[*Help: prove the standard integral |1:J'e dr= 24” y
r b°+q
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+ikr

H.W. Prove that the Green’s function G (r) =

is the solution of the scalar wave equation:

(V2 £k ?)G (r) =—47z5(r) (1)

Proof: We have two cases:
ikr
Case l: r =0 , we have to prove that (V2 +k 2)((9 jzo
r

ikr ikr 2 ikr
Start with V? (e—] = id—(rz d—(e—)J = —k—e"‘r, = (VZ +k 2)(6‘—} =0,

r r r
Case Il: r =0 , we have to prove that I(Vz +k Z)G (r)d’r = —47TJ.5(r)d r =—4rn

In this case let us construct the solution of a scalar wave equation in any volume V of free space

having an arbitrary small radius & and having an arbitrary source p(r), then

a)

VG (r)d°r = [V (VG (r)d°r = [vG(r)ds

sphere of radius & using the Green's identity (A)

~d(e" )., - ke ke

:J.rd_r( : j-rr dQ=4r| ik se™* —e™ |

b)
g ikr g ikr s 14
k?[G(rd®r =k*[=—r?drdQ=4z|| =— | ——[e"dr

r ik ik 0 (B)

=4z -ik se™* +e* 1]
From the final results of equations A and B, one finds

j(v2+k2)G (r)dr = -4z

22
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Applications of Green’s function
The Born Approximation
(9.7.1, 2)
Exercise: 9.7.18: Integral scattering equation for stationary states
The time independent Schrodinger equation in the form:

W, hk ?
——V 4V (r) |¥Y(r) =EY¥Y(r), E= >0
2u 21
could be changed to the non-homogeneous equation:
2
[V2+k2]®(r) =U (N¥(), U (r) :—h‘jv (r)

We claim that the solutions may be written in the form:
W(r) =g, (r)+ [G (r,r)U (r)w(r)d°r,

where @, (') is a solution of the homogeneous equation:

| V2 +k? ] (r) =0,
and G(r) is a solution of
(V2 +k?[G(r,r)=5%r-1),
H. W. Proof the claim:
+ik |r—r’|
Exercise: 9.7.16: The solutions of (Vz +k 2)G (r,ry=6(r,r)are G*(r,r') = _Le :
Az |r—r'|
These are two linearly independent solutions of a second order differential equation. One is
representing the outgoing wave, € T “and the other the incoming wave, € T \We will be interest
in outgoing wave.
The Born approximation
W(r) =g ()+[G(r,r)U (r)d°r | g (r)+[G(r,r U (r)e, (r )=+,
with d°r = r’drd Q = r?dr sin@d &d ¢ . This procedure can be repeated and yields the Born
expansion. The Born approximation is the first term in the Born expansion.
' ) l +ik |r—r]
W)= g, (1) + [G(r,r)U (1), (r)d°r =e™ —— [
Az |r—r'|
This yields an integral expression for the scattering amplitude f (9,¢) I

U (r\¥(r)d’r,

Exercise: Simplify the first Born approximation in the case that r >>r".
Answer: In the following figure, one finds:

- = | _’IZ 1/2
I 2 . r-r r
|F T |=\/r2+r 2_2F-T =r(1—2 +—j

For P N (@)
—>rl-—— |=r——-r'=r-r-r,
r—oo r

r

)

23
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From the above two equations we have:
pkIF=r1 gk (r=F) _eikre—ik(f-r“') B ikr .

r r r

Then
1 —i kg -r] T v 1 eikr
W(r) =g, (r)+———[e U (r g, (r)d°r'  —
A r
The term in curly bracket is called the “Scattering amplitude f; (6,¢) ”,
l —iky -F T v 1 1
fB(9’¢):__je “TU (r)e (r )d3r =——<¢ U |gp >
Adr Adr
Using ¢ (r')=e™", then
1 N
fo(0.9)=———[e'"U(r)d®",  q=k -k
A
7 = momentum transfer . In case of elastic collision: K; =K

g P=(k; —k; )" =k +k? —2kk, cos® =2k *(1-cos6) = 4k *sin*(4/ 2)

Incident

H.W. For central potential, use the relation g -r'=qr'cosé@’' to derive the relation:

21 Ry (e yein o Yrtdr
fo(0)= o7 !v (r)sin of )r'dr

Answer:
/Ll igr' ) ]
fB(9)=—WJe 9 V (r )dar
© 2 1 0
/’l v 12 [ ] iqr'cosé’ [ 2/’1 N a; ) ] ]
=— V (r)r*“dr'|d e dco 8'=——5-|\V (r)sinor )r'dr
2”hz!() j«pj qhzg() o)
2z 2sin(qr)
qr'
] e—briiq]’ 47[
H.W. Do exercise 9.7.19 for Yukawa potential. You may need I1=I , dr =57 s
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—brtiqlr
e 4
|1 :I—dr :ﬁ;
r b°+q
C s ol 87b
|2: ebrilqErdrz_ 1_ > —
. ob (b +q9°)
+iqlr
- e A iy
l, = —dr =—-e*"
lr-rt q
-2b(r+1y) —2b(rl+r2) 2
Y- T
O Y | L
’ I, b
—2b(r+ry) 2
cre oz
IG:I ——dr,dr, r,=lr,-r |
’ r, 8t
piat T
|7 = ﬁdt =—e @
i+ T
) 2 1
Is :Ue—brﬂwrdr‘ =— s
b +w
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