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Green’s function
Eigenfunctions Expansion
(Exercise 9.7.5, Jackson 3.9)

In this section we will obtain an expression for the Green's function of the inhomogeneous equation:
LX)y (x)-4y(x)=f(x) (1)

in terms of the eigenfunctions ¢, (X ) of the homogeneous equation:

L(x)d,(X)=4,4,(X). )

which have the same boundary conditionsas Y (X ).
To solve (1), we expand Yy (X )and f (X) in eigen functions of the operator L in (1), and one
obtains:

y (x) = .4, (x), (3a)

fx)=24d.4,(x) = d, =(4]f) (3b)
n
for some choice of the constants C, and d o - Substituting (3a, 3b) into Eq. (1) gives

ZC LX), (x)— /120¢(X) Zd &, (X)

Iy (X)
= Yc, (4, -4)g,(x)=2d, ¢ (x) @)

To determine the coefficients C, we multiply Eq. (4) by one of the eigenfunctions, Y . (X )say, and integrate
use the orthogonality of the eigenfunctions, this gives:

o ) g, =)

"TA -4 A -2
Substituting for C, into Eq. (3a) gives

f
y ()= Z“XW' ) “X)I«ﬁ(x')f(x')dx

b
=[G x ) f (x dx
a
where
X g, (X
G (XA =G (x x )= 3 S IAC) ®)
~ 1 -
Notice the symmetric property of the function: G (X,X ") in the argument X and X '. Furthermore,
G (X,X ") only depends on the eigenfunctions of the corresponding homogeneous equation, i.e. on the

boundary conditions and L. It is independent of f (X ) and so can be computed once and for all, and then
applied to any f (x) just by doing the integral:

y(X)= TG(X,X Nf (x Hdx '
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Example: A string of length / is vibrating with frequency @. The equation and boundary
conditions are:
d°u dux)
dx ’

Determine the Green’s function.
Solution:

+ku(x)=0, u(0)=u(r)=0, k:CQ

X
Start with the eigenvalue equation: ¢ ( ) =1 ¢ (X), A =-n’ and using the boundary
X

conditions @, (0)=4¢,(¢) =0, we have:

n
The eigenvalues A, = —(77[), n=12,3,---

2 . (nxX
Normalized eigenfunction: U, = \/%Sln( 72 j

The Green’s function

sin(nﬂx jsin(nﬂx ')
G(X’Xv)zzun(x')un(x):zz ! !

n ﬂn—ﬂ f n k2_(nﬂ'j2
4

Example, Find the solution of the differential equation:
d’y (x)

dx ?
in the interval 0 <X < 7, with the boundary conditions y (0) =Yy (7) =0.

=f (x), f (x)=sin(2x) (A)

n

d’g, (x
Answer: Start with the eigenvalue equation: % =, ¢,(X), A =-n?andusing the

boundary conditions @, (0) =¢, (7) =0, we have:

B (X)= —sm(nx), n=12.3,- (B)
and
2 & sin(nx )sin(nx )
G(Xx,x")=—
(x,x ) 7[; )
Then:

y (X) :TG 0GX O (x ) =2 Tism(nx DSIN(X) Gin(2x Ydx
ﬂ- 0

n=1

= gi sm(nx i fsm(nx "sin(2x ")dx '= _27sin@x) —lsm(x )cos(X ) = —lsin(2x )
7T he T2 - 2 4

V4
Eén 2



Prof. Dr. I. Nasser Phys 571, T131 19-Nov-13
Green function I T131.doc

This is because of the orthogonality of the SIN(NX )in the interval from 0 to m only the N =2 term
contributes and the integral for this case is 7 /2,

solution =DSolwve[{v''[x] == 8in[2x], ¥[Q] =90, v[=x] == 0}, v[x]. =]

1
{{}r[x] - ey Cas[x] Sin[x]}}

in agreement with Eq. (C).

2
Example, Find the solution of the differential equation % + % y (X)) =sin(2x)
X
Answer:
y(X)= IG (X, X Of (x )dx '= J'z sin(nx ;Sln(nx ) o n(2x ")dx ', /In :%_ n2
7T n=l n

:Eism(nX)J‘sm(nX "sin(2x "dx ' —zzw - 8 —sin(X )cos(x ) = —isin(ZX)
poa Z_ T 5 15

Eb‘n,z

Because of the orthogonality of the sin(NX ) in the interval from 0 to & only the n = 2 term contributes, and

the integral for this case is % .

M= solution =
Dsolve[{y' '[x] +1 /4 y[x] ==8in[2x], ¥v[0] == 0, ¥[x] =0},
¥lx], x] Ff FullSimplify

Out[3]= {{}r[x] —>—la—5 Cas[x] Sin[:{]}}

H. W. Do example 10.5.1 in Arfken.
H. W. Find the solution of the differential equation:

d-y(x X
LI Ly o=t o), JOR
in the interval 0 < x <z, with the boundary conditions Yy (0) =Yy (7) =0.

Answer:
a- The differential equation recipe gives: Yy (X)=2X —2zsin(X /2)
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DE =¥y''[x] + %y[x]_x,rz::n
X ¥[H]

-— +

2
5011 = DSolve[{DE, y[0] == 0, y[7] == 0}, ¥, x]
{{Y_,mnctinn[{x}; -2 (_x,,;rsm[%”]}}

Plot[¥[x] 7. sol1[[1]1], {x, 0, 7x}, Frame — True, FrameLahel — {x, ¥}]

+ ¥ [®] ==

b- Direct and Green function gives: Y (X ) = 2X — 2z sin(X /2)

c- Eigenfunction gives: y (X ) = Z(_I)M w

1 2.
n=1 —-N
) )
Note:
o0 . =
. 1 sinnx [, . P
ylr) = — E S r o sinna dr
w = — 1~
n=>0 4 /O
b
S " ' cosng' 1™ Teosnx' |, T 008 nw sinnz’' 1™ ¢
T sinnr dr' = |———| + dr' = — + = —(-1)"—.
Jo n o Jo m n n? |, n
{_l)rul .
f[x ,m] := Sum[——— Sin[nx], {n, 1, m, 1}]
- = n[%—nzl

Do[Plot[f[x, m], {x, 0, x}, Frame — True, FrameLabhel — {x, ¥},
PlotRange — All, PlotPoints — 20, PlotRange — All], {m, 30, 30, 53]
|J ]

Example: For the D.E.
y'"xX)+yx)=*f (x) such that y(0)=y(x/2)=0,
calculate G (x,x ') and solve for y (x). Plot both functions.

Answer:
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Gx x')={ A(X "sin(x ) (0<x <x")
’ B (X ")cos(x) X'<x £7/2)
dG (x,x ") A(X cos(x) (0<x <x")
dx ={—B(x )sin(x ) (x'<x <7/2)
G (x.x ,):{ —cos(x )sin(x ) 0<x <x")
’ —sin(x ")cos(x ) (X'<X <7/2)

/2

y (X) =—cos(x )jsin(x Nf (x Ydx '—sin(x ) I cos(x "Hf (x dx'
For the functions: X

1- ese(x) =y (x)=—x cos(x ) +sin(x )n[sinx)] -x Cos[x FLog[Sin[x]] Sinfx]]

2 1. 2 ) 3

. -— Cos[®]” 3in[x] - — Co=[x] Sin[x]
2- an(2x) =y(x)= 3 3
1

Cos[x] Log[Cos(x]] - — (w-2%) 3in[x]
3- SﬂC(X) =y (xj]: 2

-Coz[=x] (-xCos[=x] +3in[=]) - % Jin[x] (m-ZCos[x] - 2x 3in[=])

4- x =y(x)=

Note that:

1- Using the Green’s function may seem to be a complicated way to proceed, especially for certain choices
of f (X ). However, you should realize that the “elementary” derivation of the solution may not be so
simple in other cases, and you should note that the Green’s function applies to all possible choices of the
function on the RHS, f (X ). Furthermore, we will see in the next section that one can often get a closed

form expression for G, rather than an infinite series. It is then much easier to find a closed form
expression for the solution.

2- The orthogonal function expansion method can easily be extended to two and three dimensions.
For example if {u . (X )} ; {V . (X )} and {W . (X )} denote the complete functions in the x, y, and z

directions respectively, then the three dimensional Green’s function can be written as:

L(nax Y. (nax"Y . (mzy ). (mzxy') . (fxz )\ . ({xZ'
s1n( jsm( jsm( b jsm( b )sm( c )sm( . j
G(X,X)=—4r Y a a

n,m,l h,m,/
Wh nz : mrz : 174 :
ere 3  _ (24 p a2l 21 an =
o)) (2] o))
d® d® d®
—uy(r) = —aqui(x), —vmlz) = —Fmvm(y), and wn(z) = —ynwnlz).
ﬂr,_{'z {[ ; ' I![ :I (EILI'E m, :I m 'i'n..l'r. (1!1:2 n,l: ; mn ﬁ-[ ;
See Eq. 3.167 in Jackson for an example. In Jackson, he used
52 ¢ I v i 2
Br2 Glr, ') = —4nd(xz — 2'). i_.guﬂ-('r) = —agup(z),

and
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Example: A hollow, grounded, conducting cube with sides of length a has a charge density

. (ﬂ'X ) (ﬂy j (72'2 J
p = p, sin sin sin
a a a

placed within its interior (0 <x<a,0<y<a,0<z<a).
a. Using the method of eigenfunction expansion, show that the Green’s function

. (nzx Y. (nax"\ . (mzy ). (mzay"'"\ . (fzxz )\ . ({nz'
39 S a S a Sin T Sin a sSin a Sin a
G(f,f')Z(E) 2

o n>+m?+/¢°
b. Find the electrostatic potential V (X,Yy,Z ) inside the cube.

Solution:

a- The eigenfunctionis: ¥ (X)= ic sm(a X )sm (ﬂ y )sm(y( )

2 2 2
n m l
And the eigenvalues are: 4, . , = —{aﬁ +ﬂrﬁ + 7//2} =— (—ﬂj + (Tﬂ-] +[—ﬂj
o ' a C

G(X,X"=-4r Z Won O, (X

n,m,l n,m,g

2
T
Here, a=h =C =a, then gnm/:_{aj+ﬁrf] +yf}:—(—j {n2+m2+£2},and
PR : a

(nyzxj . (nzzx ') . (m;zyj . (mﬁy ') . (fﬂ'Zj . (f;zz ’]
2 sin sin Sin sin si| —— |S1In
G(x**)——47z( j( jz a a a a a a

—(n2+m2+£2)

b- Inside the cube:

1 vl VRVl '
v (x,y,z)=Fjp(x )G (X,X )d 7
oV
Ijjdx 'dy 'dz 'sin(ﬁx jsin(ﬁy jsin(ﬁz j
0 000 a a a

. (n;zxj. (nnx') . (mﬂyj. (mny'} . (Ezzj. (é;rz 'j
Sin| —— |SIn sin Sin Sin| —— (SIn
a a a a a a
x2.
n,m,l

(n2+m2+£2)

V(XyZ)—

From orthogonality, the only non-vanishing integrals are for n=m =/=1

\Y (x,y,z):ﬂ 1 sin nzx sin mzy sin frz dx 'dy 'dz 'sin’ = sin’ v sin’ zz
2
dr ag, \ 3 a a 00% a a a

(a/2)
2
:la—zﬁsin(nﬁx ]sin(mﬂ-y Jsin(ﬁﬂ.z )
3nt g, a a a




