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Green’s function 
Eigenfunctions Expansion 

(Exercise 9.7.5,  Jackson 3.9) 
In this section we will obtain an expression for the Green's function of the inhomogeneous equation: 

( ) ( ) ( ) ( )L x y x y x f xλ− =                                                                 (1) 
in terms of the eigenfunctions ( )n xφ of the homogeneous equation: 

( ) ( ) ( )n n nL x x xφ λ φ= .                                                                    (2) 

which have the same boundary conditions as ( )y x .  
To solve (1), we expand ( )y x and ( )f x  in eigen functions of the operator L in (1), and one 

obtains:  

( ) ( ),                                                  (3a)

( ) ( ),                           (3b)

n n
n

n n n n
n

y x c x

f x d x d f

φ

φ φ

=

= ⇒ =

∑

∑
 

for some choice of the constants nc  and nd . Substituting (3a, 3b) into Eq. (1) gives 

( )

( ) ( ) ( ) ( )
n n

n n n n n n
n n nx

c L x x c x d x
λ φ

φ λ φ φ− =∑ ∑ ∑��	�
  

( ) ( ) ( )n n n n n
n n

c x d xλ λ φ φ⇒ − =∑ ∑                                           (4) 

To determine the coefficients nc we multiply Eq. (4) by one of the eigenfunctions, ( )my x say, and integrate 
use the orthogonality of the eigenfunctions, this gives: 

( )nn
n n n

n n

fdc d f
φ

φ
λ λ λ λ

= = =
− −

∵  

Substituting for nc  into Eq. (3a) gives 

( ) ( )( ) ( ') ( ') '

( , ', ) ( ') '

b
n n n

n
n nn n a

b

a

x f xy x x f x dx

G x x f x dx

φ φ φ φ
λ λ λ λ

λ

= =
− −

=

∑ ∑ ∫

∫
 

where 
( ') ( )( , ', ) ( , ') n n

n n

x xG x x G x x φ φλ
λ λ

≡ =
−∑                                                        (5) 

Notice the symmetric property of the function: ( , ')G x x  in the argument x  and 'x . Furthermore, 
( , ')G x x  only depends on the eigenfunctions of the corresponding homogeneous equation, i.e. on the 

boundary conditions and L. It is independent of ( )f x  and so can be computed once and for all, and then 
applied to any ( )f x  just by doing the integral: 

( ) ( , ') ( ') 'y x G x x f x dx
∞

−∞

= ∫  
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Example: A string of length A  is vibrating with frequency ω . The equation and boundary 
conditions are:  

2
2

2

( ) ( ) 0,             (0) ( ) 0,d u x k u x u u k
dx c

ω
+ = = = =A  

Determine the Green’s function. 
Solution:  

Start with the eigenvalue equation: 
2

2
2

( ) ( ),n
n n n

d x x n
dx
φ λ φ λ= = −  and using the boundary 

conditions (0) ( ) 0n nφ φ= =A , we have: 

The eigenvalues , 1,2,3,n
n nπλ ⎛ ⎞= − =⎜ ⎟

⎝ ⎠
"

A
 

Normalized eigenfunction: 
2 sinn

n xu π⎛ ⎞= ⎜ ⎟
⎝ ⎠A A

 

The Green’s function 

2
2

'sin sin
( ') ( ) 2( , ') n n

n nn

n x n x
u x u xG x x

nk

π π

λ λ π

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠= =

− ⎛ ⎞− ⎜ ⎟
⎝ ⎠

∑ ∑ A A
A

A

 

 
Example, Find the solution of the differential equation: 

2

2

( ) ( ),                        ( ) sin(2 )d y x f x f x x
dx

= =                   (A) 

in the interval 0 x π≤ ≤ , with the boundary conditions (0) ( ) 0y y π= = . 

Answer: Start with the eigenvalue equation: 
2

2
2

( ) ( ),n
n n n

d x x n
dx
φ λ φ λ= = −  and using the 

boundary conditions (0) ( ) 0n nφ φ π= = , we have: 

( )2( ) sin ,                      1,2,3,n x nx nφ
π

= = "                     (B) 

and 

1

2 sin( ')sin( )( , ')
n n

nx nxG x x
π λ

∞

=

= ∑  

Then: 

,2

2
10 0

2 2
1 0

2

2 sin( ')sin( )( ) ( , ') ( ') ' sin(2 ') '

2 sin( ) 2 sin(2 ) 1 1sin( ')sin(2 ') ' sin( )cos( ) sin(2 )
2 2 2 4

n

n

n

nx nxy x G x x f x dx x dx
n

nx xnx x dx x x x
n

π π

π

π δ

π

π
π π

∞

=

∞

=

= =
−

= = = − = −
− −

∑∫ ∫

∑ ∫
����	���
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This is because of the orthogonality of the sin( )nx in the interval from 0 to π only the 2n = term 

contributes and the integral for this case is / 2π . 

 
in agreement with Eq. (C). 

Example, Find the solution of the differential equation 
2

2

( ) 1 ( ) sin(2 )
4

d y x y x x
dx

+ =  

Answer:  

,2

2

10 0

2 2
1 0

2

1 1
4 4

2 sin( ')sin( ) 1( ) ( , ') ( ') ' sin(2 ') ',
4

2 sin( ) 2 sin(2 ) 8 4sin( ')sin(2 ') ' sin( )cos( ) sin(2 )
2 15 152

n

n
n n

n

nx nxy x G x x f x dx x dx n

nx xnx x dx x x x
n

π π

π

π δ

λ
π λ

π
π π

∞

=

∞

=

= = = −

= = = − = −
− −

∑∫ ∫

∑ ∫
����	���


 

Because of the orthogonality of the sin( )nx  in the interval from 0 to π only the n = 2 term contributes, and 

the integral for this case is 2
π .  

 
H. W. Do example 10.5.1 in Arfken. 
H. W. Find the solution of the differential equation: 

2

2

( ) 1 ( ) ( ),                 ( )
4 2

d y x xy x f x f x
dx

+ = =  

in the interval 0 ≤ x ≤ π, with the boundary conditions (0) ( ) 0y y π= = .  
Answer:  

a- The differential equation recipe gives: ( ) 2 2 sin( / 2)y x x xπ= −  
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b- Direct and Green function gives: ( ) 2 2 sin( / 2)y x x xπ= −  
 

c- Eigenfunction gives: 1

2
1

1
)

4

sin( )( ) ( 1)
(

n

n

nxy x
n n

∞
+

= −
= −∑ . 

Note: 

 , 

 

 
 
Example:  For the D.E.  

''( ) ( ) ( )y x y x f x+ =                  such that                 (0) ( / 2) 0y y π= = , 
calculate ( , ')G x x  and solve for ( )y x . Plot both functions. 
Answer:  
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( ')sin( )             (0 ')
( , ')

( ')cos( )             ( ' / 2)
A x x x x

G x x
B x x x x π

≤ <⎧
= ⎨ < ≤⎩

 

( ')cos( )             (0 ')( , ')
( ')sin( )             ( ' / 2)

A x x x xdG x x
B x x x xdx π

≤ <⎧
= ⎨− < ≤⎩

 

cos( ')sin( )             (0 ')
( , ')

sin( ')cos( )             ( ' / 2)
x x x x

G x x
x x x x π

− ≤ <⎧
= ⎨− < ≤⎩

 

/ 2

0

( ) cos( ) sin( ') ( ') ' sin( ) cos( ') ( ') '
x

x

y x x x f x dx x x f x dx
π

= − −∫ ∫  

For the functions: 

 
 
Note that:  
1- Using the Green’s function may seem to be a complicated way to proceed, especially for certain choices 

of ( )f x . However, you should realize that the “elementary” derivation of the solution may not be so 
simple in other cases, and you should note that the Green’s function applies to all possible choices of the 
function on the RHS, ( )f x . Furthermore, we will see in the next section that one can often get a closed 
form expression for G, rather than an infinite series. It is then much easier to find a closed form 
expression for the solution. 

2- The orthogonal function expansion method can easily be extended to two and three dimensions. 
For example if { }( )nu x ;{ }( )nv x and { }( )nw x denote the complete functions in the x, y, and z 
directions respectively, then the three dimensional Green’s function can be written as: 

, , , ,

' ' 'sin sin sin sin sin sin
( , ') 4

n m l n m

n x n x m y m y z z
a a b b c cG x x

π π π π π π

π
λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠= − ∑

A

A A
G G  

 

   Where { }
2 2 2

2 2 2
, ,n m n m

n m
a b c
π π πλ α β γ

⎧ ⎫⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + + = − + +⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭

A A
A  

 
See Eq. 3.167 in Jackson for an example. In Jackson, he used 

 and    
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Example: A hollow, grounded, conducting cube with sides of length a has a charge density 

sin sin sino
x y z

a a a
π π πρ ρ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

placed within its interior ( 0 < x < a , 0 < y < a , 0 < z < a ). 
a. Using the method of eigenfunction expansion, show that the Green’s function 

2 2 2
, ,

' ' 'sin sin sin sin sin sin
32( , ')

n m l

n x n x m y m y z z
a a a a a aG x x

a n m

π π π π π π

π

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠= ⎜ ⎟ + +⎝ ⎠

∑
A A

G G
A

 

b. Find the electrostatic potential ( , , )V x y z  inside the cube. 
 
Solution: 

a-  The eigenfunction is: ( ) ( ) ( ), ,
8( ) sin sin sinn m n mx x y z

abc
α β γΨ =A A

G
 

And the eigenvalues are: { }
2 2 2

2 2 2
, ,n m n m

n m
a b c
π π πλ α β γ

⎧ ⎫⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + + = − + +⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭

A A
A

 

, , , ,

, , , ,

( ) ( ')
( , ') 4 n m n m

n m l n m

x x
G x x π

λ
Ψ Ψ

= − ∑ A A

A

G G
G G

 

Here, a b c a= = ≡ , then { } { }
2

2 2 2 2 2 2
, ,n m n m n m

a
πλ α β γ ⎛ ⎞= − + + = − + +⎜ ⎟
⎝ ⎠

A A A , and 

( )
2

3 2 2 2
, ,

' ' 'sin sin sin sin sin sin
8( , ') 4

n m l

n x n x m y m y z z
a a a a a a aG x x

a n m

π π π π π π

π
π

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠= − ⎜ ⎟ ⎜ ⎟ − + +⎝ ⎠ ⎝ ⎠

∑
A A

G G
A

 

 
b- Inside the cube: 

 
1( , , ) ( ') ( , ') '

4 o V

V x y z x G x x dρ τ
πε

= ∫
G G G

 

( )

2
0 0 0

2 2 2
, ,

32 ' ' '( , , ) ' ' 'sin sin sin
4

' ' 'sin sin sin sin sin sin

a a a
o

o

n m l

x y zV x y z dx dy dz
a a a a

n x n x m y m y z z
a a a a a a

n m

ρ π π π
π ε

π π π π π π

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠×

+ +

∫ ∫ ∫

∑
A A

A

 

From orthogonality, the only non-vanishing integrals are for 1n m= = =A  

( )3

2 2 2
2

0 0 0

/ 2

2

2

32 1 ' ' '( , , ) sin sin sin ' ' 'sin sin sin
4 3

1 sin sin sin
3

a a a
o

o

a

o

o

n x m y z x y zV x y z dx dy dz
a a a a a a a

a n x m y z
a a a

ρ π π π π π π
π ε

ρ π π π
π ε

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∫ ∫ ∫
A
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