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Gram-Schmidt procedure (10.3 Page 641)

To construct an orthonormalize vectors from un-orthonormalize vectors.
The first two steps of the Gram—Schmidt process

The sequence Vi, ..., V, is the required system of orthogonal vectors, and the normalized

vectors V,,V,,---,v, form an orthonormal set. The calculation of the sequence Vv,

ey VK IS

known as Gram-Schmidt orthogonalization, while the calculation of the sequence

V., V,,++, v, is known as Gram-Schmidt orthonormalization as the vectors are normalized.

To check that these formulas yield an orthogonal sequence, first compute <v;, Vo> by
substituting the above formula for v,: we get zero. Then use this to compute « vy, V3 » again

by substituting the formula for vs: we get zero. 5:\
Geometrically, this method proceeds as follows: to compute Vi, it
projects U; orthogonally onto the subspace V generated by v, ..., 0,
Vi-1, which is the same as the subspace generated by uj, ..., Uj-;. 2,
The vector v;j is then defined to be the difference between u; and
this projection, guaranteed to be orthogonal to all of the vectors in Ur=v
the subspace V.
B
Step 1: Let Vi = Ui, >
Step 2: Graphically,
v2 = —(|uz cos ), =1 —(|us cos9)v,
W
Where (|u2|cos 0)1, is the projection of us on u,.
S
‘A]l
With the definition:
A Vl - = i -
= - = = |- = |- - ur-uz  vi-u
Vi==T7>and w-u=[wlju COS@Z‘VI‘ Us|cosd = |us|cosf=——r =
Vi Vi Vi
Then:
V2 =U2 — 5 Vi,
M
In general:
- - GO Un-Vm -
Vn =Un — o Ym,
m=I HVm
And in Dirac’s notation:
n-1
RYR SEUHAZY
Vo) =[us) 7| V)
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Example: LetV =R’ with the Euclidian inner product. Apply Gram-Schmidt algorithm to

1 1 1
orthogonalize the basis U, =| -1, u,=/0]|, and u;=|1 |.
1 1 2
Ans
1 1
v =u, =] -1, V=1 -1 1)[-1]=3
1 1
1
(1 0 1)]-1 { { { {
(us|v,) ! I
vomu, =Sl o | Ao -2 a2
” 1” 1 1 1 1 1
1 1
(11 2)-1 (112)12
1 1 3 1
o JSufv) o (usfvs) _ Ul 1 AR
S A ™Y Y R (Y I
! 2 2 1 3 1
1 1 1 -1
B I DR 1Y S
3 6 2
2 1 1 1
1 . 1 -1
You can verify that -1 E 2 2 0 forms an orthogonal basis forV =R”.
1 1 1

Normalize the vectors in the orthogonal basis we have:
1

V[ =A%(1 -1 1)[-1]|=1 = A= \F
1

1
‘g2l oo Y 2]|= 6)=1 B:\/E.

1
[ =c2 21 0 )

Do
2

- (55 BEEHE9)

J ——1:>C\/_
6

37 373 3 2772
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Example 10.3.1 (page 644): Legendre Polynomials by GS Orthogonalization.

Consider the set:

fo)=1L f,)=x, f,(x)=x",

f3(X):

X3

Which form a basis for the space of all real polynomials of degree <3 on the
interval —1<X <1. This means that any polynomial p(X) in this space can be written as:

p(Xx)=a,+aXx +ax’ +a,x’
a- Use the inner product:

<fi‘fj>:jfi*(x)fj(xﬂx

And the Gram-Schmidt procedure to form the corresponding set of orthogonal polynomials

on the interval —1<x <1.

b- Verify that the new set forms a mutually orthogonal set.
c- Calculate the normalized set.

Answer:

a_

P (X)) =T, () =1,

{f.Ip,)

)=t 00t Pal
[N

(f.lpy) =

2 0°
[P

jxdx =0
-1

) = pl(x):fl(x)=x
|p0|2=<p0|p0>=J-1dX=2
bl
p f,|p f,lp f,|p
p,(x) =, ()~ iE |°>p0—<2|;> = 2—<2|—2°>p0—<2|;> ;
pof [Py [Pl [P
1 ) 1
<f2|p0>=IX2dX=§, p0|2=<p0|p0>=J‘1dX=2
-1 1 -1 1
<f2|p1>:fx3dx:0 = pz(x):xz—g
2 71 1 2
|p1| =<pl|p1>=J-X2dX :5
f f f f f
.00 =F () (f, |p0>p0 { |p1>p1 <3||ozz>p2:x3_<3||020>|00_<3||f21>p1 (fs]p,)
[P o[ [P [Pl [Py [P
<f3\po>:'lfx3dx=0
<f3\p1>=jx4dx=3,\p1\2=<p1\p1>=szd><=f
- 51 - . = ps(x):x3—%x:x3—§x
p2 :jx3(x2—l)dx=0 (2/3)
2 pz‘pz I(X de—*
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c- The normalized set

Px)_ 1 PX) _ X 3

pO(X)= |p0| E’ pl(x):W \/m: EX,
p,(¥) (Xz_;j 5
=P = 2(3x* -1
P20 p,|  f8/45 \/;( X -1)
.3
p,(X) g _ij \F53 .
Ps0)= | V8175 §( x*=3x),
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Example: LetV =R’ with the Euclidian inner product. Apply Gram-Schmidt algorithm to

2 1 3
orthogonalize the basis U, =| —1|, U,=| 0 |, and U;=| 7
0 -1 -1
Ans:
2
v, =|-1],
0
2
1 0 1) -1
( ) 0 2 2 1
u, v
v2=u2—< 2|21>v1_ 0 > Y R I D A
v -1 o) (1) *lo) °lss
(2 -1 0)|-1
0
2 1
G 7 -1)|-1 7 -2
2 5
ol (U)o _ Ol 1 -
3_u3 2 Vl 2 V2_ 2 1 1
ME T T N 1
(2 -1 0) -1 —(1 2 -5)|-| 2
5
0 -5
3 2 1/5 8
=| 7 _@ -1 _w 2/5 :l 16
5 (30/25) 3
-1 0 -5/5 8

The normalization could be calculated as follows:
2

V[ =A%(2 -1 0)|-1|=1 = A:\E.

0

1
2=|3211 2 1 2 :Bzi =1 B=\/§.
WIRSEIERS 55001 = 8=

-5
8

||v3||2=C2§(8 16 8) % 16 =Czé(??)=1 = C=2.
8
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2- Q)

Given that |f_ )=1,

f)=x,

To produce a set of orthoginal polynomials using G.S process:

|W2>:|f1>—<§\llvvll|—|vflll>>|wl> But <Wl|f1>:j;x dx =0 = |w,)=|f,)=x

SR T L1 LYW LETLEY TR <W2|f2>:jlx3 dx = 0

1 1 3
<W1|f3>=JX3dX=O & <W3|f3>:j(x5—x?j dx =0
-1

= |w,)=x —%x

1 2 2
<W2‘f3>=:[X4 dx -3 & <W2‘Wz>=sz dx =3

.. The set of orthogonal polynomials:

{\wl>:1 ,

b)
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1 11
<W1‘W2>=J.1X dx =5—5=0

(98]

1 1 1111
A

-1

1 3 1 3 1 3
b= [0 o -3-oiog

-1

1 1 11 1 1
<W2|W3>:I x3—§dex: ————— +E:0

-1

0 3 1 1 1
R | e

-1

1
<W3|W4>=I XS—%X3+lx) dx =0

-1

= )2
R s R L
gy e
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= W),
s
f—

8
f—

45
2) dx _ 4 =

175

w,),
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w 4> are orthogonal

Normalized set




