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Atomic Units

Helium-like atoms
The general Hamiltonian of the He-like ions is defined by the

equation:
2 2 2 2 2
Z Z
W Mg 2o Ze o
2m, 2m 7 7, 7,

e

Fio-

To avoid dealing with constant factors in the lengthy calculations
and to make equations and integrals more clearly legible, it is
common in theoretical atomic, molecular physics and quantum
chemistry to use so-called atomic units. They are obtained by  Ze=2e
defining i=1,m,=1,e=1,k=1/4ns, =1(a.u) (The units in the

electron’s world.) and the above equation will be

N
2 2 non n

Note that in equating i=1,m,=1,e=1,k=1/4rs, =1the dimensions of these quantities are

ignored. Hence, equations written in atomic units are not dimensionally correct in the usual sense.
The atomic unit of length, 1 Bohr, equals the radius of the lowest Bohr orbit in the hydrogen atom.
In SI units,

hZ
a, = >~ 0.05 nm.
kme
h2
a, = ~=1 (atomic units)
kme

The atomic unit of energy, 1 Hartree, is defined to be twice the ionization energy of the hydrogen
atom (=—F ,, for the electron in the lowest Bohr orbit with n = 1). In SI units,

pot—m~27.2 eV, n=1
ke* : :
E="2=1 (atomic units)
aO
k’me>  me> (9.1091x10'kg)(1.6021x10™* C)*

= = =4.3595x107"%]
B (4me, )R (1.1126x107°C2T . m™)*(1.0545x10  .s)?

1 Hartree (1 H)=4.3595x10"° ] =272 eV=2 Ry
1 Hartree = 2625 kJmol”

1 Hartree =

Use EZhV:h%ZhCV,then

1 Hartree 436x107"%]

= — ——=2.195x10"m" =2.195x10°cm’"
he (6.626x1071.5)(3.0x10° m/s)

Vv =
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Appendix i1

Fable A11.3 Conversicn factors

1A fangstrom) = 0. 1lnm = 10 '%m = 10" *cm
1 fm {fermtometer or Fermi) = 10 *nm = 107 % m
Alin Ay x & ¢in cm™ ") = 10® (from A& = 1}
gp = 5.29177 x 10 V'm =0.529177 &
a3 = 2.B0028 = 1072 p?
mag = B.79735 = 102! m?
1Hz=1s !
1 electron mass (m) = G.511 003 MeV /e?
1 proton mass (M) = 938,280 MeV /7
lamu. = 1/12M,; = 1.66057 x 10727 kg = 931.502 MeV /c?
1] =107crg = .239 cal = 6.24146 =< 10'% eV
leal=4.184 ] = 2.611 x 107 eV
1eV = 160219 < 107 = 160219 < 107 "% erg
1 MeV = 16021910 "] =1.60219 < 10 ®erg
1 eV corresponds to:
a frequency of 2.41797 x 10" Hz (from & = k)
awavelength of 1.23985 = 10" %m = 12398.5 Adfrom E = he/A)
awave number of 8.06548 = 10°m ™! = 8085.48 cm ™ " (from E = ke &)
a temnperature of 1.16045 x 10* K (frem E = 2T
1cm ™! corresponds to
an energy of 1.23985 = 10~ % eV
a freguency of 2,99792 = i0'" Hz
1 atomic unit of energy = 27.2116 eV corresponds to
a frequency of 6.57968 = 10" Hz
a wavelength of 4. 55633 = 10 3m = 455.633 A
a wave number of 2.19475 %« 10°m '= 219475 cm ™!
a temperature of 3.15777 = 10° K
1 a.m.u. correspands to an energy of 931.502 MeV = 1. 49244 > 10~ ']
kT = 861735 x 10 %eVat T = 1K
Be = 1.23985 x 107%eV x m = 12398.5 eV x A
fic = 197329 % 10 " eV X m = 197329 eV x A

AE(IneV) X Ar{ins) = 6.58218 x 107 1%eV > s{from AEAr = A)
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ONE-ELECTRON ATOM IN SPHERICAL POLAR COORDINATES

Hydrogenic atoms are atoms with nucleus (H', Fe’*", Pb*",..-) and one electron. The hydrogenic
atom has an analytic solution. i.e., the solution is exact, no approximations are needed.

Coulomb Potential

From Coulomb’s law, the potential energy between any two charges, q; and qa, is

v(r)=kd% o
I, 4re,

- 112 1s the distance between the two charges
- g9 1s the permittivity of free space

For a hydrogenic atom, the potential energy can be written as

2
V(r)=kZ
r
- r is the distance of the electron from the nucleus.
- Z is the charge of the nucleus

- ¢ is the fundamental unit of charge (i.e., the charge of ¢")

Center of Mass and Relative Coordinates
Hydrogenic atoms have two particles; therefore, the Hamiltonian can be written as

=2 —=2
g=D P2 L y(T)
2m, 2m,
At this point we note that the potential energy does not depend on where the total system is in
space. However, the potential energy does depend on the position of the particles relative to each
other.

The simplest coordinate system one could choose is based on the Cartesian coordinates of each
particle, so that, IC is a function of Xy, y1, Zi, X2, Y2, Z2. This simple coordinate system can be
transformed into a system described by center-of-mass coordinates and relative coordinates.

N
N
N
=
N
N
-
XN
<

Thus the Hamiltonian can be rearranged in terms of the center-of-mass and relative coordinates.

=2 =2
Y = pCM +pre1 +V(f2)
2M 2p
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. I 1 1
where M =m, +m, and p is the reduced mass of the system = M or —=—+—. Note
m+m, p m m,
for the hydrogen atom
I 1 1 1 1 4
—=—F—-= - + = pn=548281x10"" amu
u m, m, 5.48580x10" amu 1.00727amu

Schrédinger Equation

The Coulombic potential is radially symmetric, that is, the value of the electric field coming from
the nucleus depends only on how far away from the nucleus we are. The value has no dependence
on the orientation, i.e., the angular variables. Thus using a radially symmetric coordinate system
such as the polar spherical coordinates system would be sensible.

The kinetic energy operator in polar spherical coordinates is

~ R |10(,0 1 0 0 1 0’
T= - = r— |+ sin 0 — ‘—2—2
2u [r*or\ or) r’sin® 00 00) 1 sin” 0 0

Note the relationship between the kinetic operator in polar spherical coordinates and the 3-D
angular momentum operator.

- —h2 15( a] 1 a(. aj 1 &
T= +————| sin0— [+—— —
r’or\ or) r’sin0 00 00) 1’sin’0 o’
2 2 2
=_h 1 8( gj-‘r% .1 i(sinei]jt _12 6_2 h 1 5( aj— zlz[l:z]
2u [P or or) r’|sin0 00 00) sin” 0 0 r’or\ or) Rhr
-n* |1 a[z aj 2
= r _ =
2u [P or) wi’

Recall that the coulombic potential is V(r) =-k

Ze’
r
Thus, the Hamiltonian and the Schrédinger equation can be written as

A:fm:‘hz 10,0y L] 2
r’ or\ or) hr’ r

o —h2 I:z\y Ze’
e

To solve this partial differential equation, we will use the separation of variables technique.
Let y(r,6,0)=R(r)©(6)®(¢), then
Ze

L2 ZRi00)0(6) |- R (0(0)0(0) K2R (o(0)0(6) -0

r

Allow the differential operators to operate.

_hz {@(9)@(4»)&(;M}maw}—{kz—eﬁE}R(r)®<e)®<¢)=o

2u 1’ or or n'r’ r
Recall that [’©(0) @ (¢) = 1*((¢ +1)©(0) D (¢), then
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i {®<9>§><¢>é(rz 8R_<r>j_Rm@(e)cp(m“—j”}—{kﬁ+E}R<r>®<e>®<¢>=o

2u r or or r r
Now divide the equation by y(r,8,0) =R (r)©(8)®(¢)

_hz{ 1 ig(zaR(r)J E(EH)} W28 o

( ’0 or r’ r

32 2 2

. r) h£(€+l) 2 ey
2pr 6r r

Radial Equation
Thus the radial equation for a hydrogenic atom is

2 2 2
_hzg(rzaR(r)j {h (e | ze —E}R(r)=0
2ur” or or 2ur? r

The equation can be related to a differential equation called the associate Laguerre equation.
The solutions to the generalized Laguerre equation depend on two quantum numbers, # and / .

22?2 [(n—-v-1 ein pare 2zr
Rnl (7") Z—(Tj m ,0’ Zr/ 3,:-/1 (,0) P = .
3/2 |
:Kzzj 1 OV e 2R (<(n—-1),20+2, p)
n QL+D)!\ 21 (n—L-1)!

The L7} (p) is the associate Laguerre polynomials. F is the (confluent) hypergeometric function:

_ o a(a+1) 2
F(a,ﬂ,x)—lJrﬂ‘l!x +ﬂ(ﬂ+1)2!x +

In general the hydrogenic wavefunction is a product of the radial wavefunction and the spherical

harmonic. |n£m> =¥, (r,9,¢) :lPM(”)Yzm (‘9>¢) =R, (r)Y/ (‘9’¢)

|ntm)=%, (r.0.4)=— ng<r)Yf”(9,¢)=Rn,<r>Y/”(9,¢)

** Another useful function:
a(a+1)---(a+v—1)ﬂ(ﬁ+1)---(ﬁ+v—1) ,
F =
(a’ﬂay’x) ZV: 7/._.(7/_'_1/_1)‘/! X
is the hypergeometric function.
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Laguerre Differential equation
Differential equation

[x ;’i—z—(l—x)%+n}Ln(x)=O

Definition

L (x)=e" d

n

Orthogonality relation

feL, ()L, (v )dx =(T(n+1))' S,

noL(x) " L,(x)

0 1 2 x2—4x+2
1| —x +1] 3| x> +9x° —18x + 6

Associated Laguerre Polynomials

Differential equation
2
{x%—(m+l—x)%+(n—m)}[fj(x) =0

Definition

m

L =4

L (x)=L,(x); L'(x)=0 if m>n

[2,(0] mn=0,1,2,3,

nomo Li(x) || m L (x)
111 -1 311 | 3x*+18x —18
2|1 | 2x—-4|3 | 2 —6x +18

2 2 2 313 -6

(ex"), n=0,1,2,3,

February 1, 2012
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A Table of Radial Wavefunctions, R,

n [ orbit R,
2(2)" e
1 0 Is (2)
1 Zr. _,
) 0 2s T(Z)m (I-—)e e
5/2 —Zr/2

1 2p \/’(Z)
0 | 3s [( z)"” (1——Zr+22—7(2 )Zje—m

Sy 3p 27[(2)3/2(2 —g(z )Zje_m

7/2 2 —Zr/3

2 | 3d 81\/_()

6(2): (19214471 +24(2r)" +(2r) )e ™

0 43

1 2 2.3 ~Zr/4
4 | 4p 256\/1_( )2 (80r—20Zr’ + Z°r* e

7
ZE 12 2_Z3 ~Zr/4
2 | 4d | sgrs@r(iar-zr)e

z
3 4| 76835

It is helpful for dealing with these functions to have some idea of their form which are shown in the
figures below.
0.6

0.5 A

0.4 4

0.3 A

Rt (r)

0.2

0.1 A

0

-0.1

ra

Figure 1: Radial part of the wavefunction R, ,(r)forn=1,1=0;n=2,1=0, 1.
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0.6

Pui(r/ao)

10 15 20

r/a 0

Rm,(lf)‘2 for the hydrogen atom with

Figure 2: Radial extent of the probability density P, ()= CnJr2
n=1,2,3and /=0.

0.15
n=3,/1=1

—~ 0.1
3
< 0.05 -

0 A

0 5 10 15 20
ra

Figure 1: Radial extent of the probability density P,,(r)=C, r* ‘Rn’l(r)‘2 for the hydrogen atom with

n=3,and/=0,1, 2.
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Plots of Radial Wave functions
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FIG. 164 Polar plots of [ P™cos A1, (Slater, 1960)
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It should be noted that

i)

vi)

vii)

viii)

Y

aim are orthonormal wave function, due to the fact:

2r

[R..(OR, ,(rydr [ [V, (0.0)Y,,(0.9)sin0d0dp =1
0 00

é‘n,n'é‘/,l' 51,1'6m,m'

s-wavefunctions are non-zero at nucleus. p, d, f, ... are zero at nucleus (for point
nucleus).
orbitals with larger n extend further from the nucleus,

P,(r)=r ZRfI is the probability that the electron be found in the spherical shell
between r and r+dr.
Y, (0,0) dQ~| P (cos)* d Q) is the probability that the electron be found at

(6, p) of the elementdQ) . The probability does not depend on ¢ since we have

spherically symmetric potential.
The probability density for finding an electron at the nucleus tends to zero in all cases.

Im

Remember thatR , (r) depends upon .
The radial nodes: where L' (x)=0, there are n—/—1 nodes in the radial wavefunction.

o0

Mean values of power is <’”k > = J.’”Hanze (r)dr
0

1
<nl [ >=—[3n* =31 +1)],
nl|rin 22[” (/ +1)]

2

n
<nl|r*|nl >= Y [5n° +1-31(] +1)],
<nl |l|nl >=£2

r n

k Name

1 | Dipole

2 | Quadrupole
3 | Octupole

-1 | Coulomb

10
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ATOMIC ORBITALS

Recall that the principal quantum number () describes the energy level (i.e., distance from nucleus) of the

electron; the angular momentum quantum number ( /), the shape of the orbital, and; the magnetic quantum
number (m), the x-, y-, and z-coordinate orientation of the orbital.

1. Shapes of the orbitals: (q.v., below figure)
A. When | =0, the only choice for m is 0. In other words, there is only one possible orientation for the
orbital. What shape is the same in all three coordinates? A sphere! It is called the s-shaped orbital.

B. When ¢ =1, there are three choices for m (-1, 0, +1). This means that there are three possible

orientations for the orbital. Each orbital has looks like a small sphere is each of the upper and lower
hemispheres. It is called the p-shaped orbital.

C. When / =2, there are five choices for m (-2, —1, 0, +1, +2). This means that there are five possible
orientations for the orbital. It is called the d-shaped orbital.

D. The last remaining ground-state shaped orbital is called the f~shaped orbital. There are seven
possible orientations for it and a few ideas of what it looks like.

- =
y
the one s-shaped orbital

¥ ¥
Q» X 496 X =  three p-shaped orbitals

>

N

Q

:}- the five d-shaped orbital

—

{hitp fiwrwrw. chemieseite. defallgemein'as png)

z
y
X
z
Yy
X
z
y
X
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Introduction to Electronic Spectra

Spectrum is measured by observing how light interacts with matter, creating excitations and de-
excitations.
For electronic spectra,

- the values the energy levels are of secondary importance

- the difference in energy levels is of primary importance

Energy of a hydrogenic atom
po_ Zwe' 1 _ o1
"To3nein’ o M on?

This is exactly Bohr's result!!!

By substituting the values for all of the physical constants, we can write this energy in the more convenient
form of

Z? 77 Z?
E =———Ry=——au.=——-+(13.6 eV
n’ Y 2n® n’ ( )

n

Spectral lines for a hydrogenic atom

2 2
AE = Z_(iz_%] n>>1 7 Z_3
2 n, n; High Rydberg states n
Selection rules for hydrogenic atoms — the allowed changes in quantum numbers
—1i.e., allowed transitions between energy levels.
Change of the principal quantum number
An=%1,+2 43 ...
Change of the azimuthal quantum number
Al =+1
Change of the magnetic quantum number
Am, =0,%1
The A?Z=+1 selection rule implies that the 2s «<— 1s transition is a forbidden transition
Energy level diagram of a hydrogenic atom

4s 4p 4d 4f
2s 2p
1s

12



Prof. Dr. I. Nasser atomic and molecular physics -551 February 1, 2012
Hydrogenic_Atom_t112.doc

Note: For a hydrogenic atom, the energy levels depend only on the principal quantum number. For
a multi-electron atom (i.e., two or more electrons), the energy levels depend on both the principal
quantum number and the azimuthal quantum number.

Degeneracy of atomic orbitals

Degeneracy of p orbitals: The wavefunctions for p orbitals are in terms of the spherical harmonics
Y™ (8,9) are:

Y! (6,9) = (iy cosB, Y/ (6,9)= (iJz sinfe ., Y,'(6,0)= (ijz sinfe ™

47 81 81

Note that: Y; (9, (I)) and Y, (6,¢) are complex functions and we are not able to visualize a

complex orbital. However, since Y; (9, (I)) and Y, (0,¢) are degenerate, any linear combination of

them is also a solution to the Schrédinger equation. We can make real wavefunction by taking the
following linear combinations

1

1 1
3 2 o 3\
=—(Y'+Y")=| = | sin0(e"* +e™ :(_j ino
P, \/5( L +Y, ) (1611} sin (e e ) = sinBcos

1 1
= 3 )2 : . 3 )
=—(Y'=Y")==| — | sin0(e®—e™)=| — | sinBsin
P, = (V)= o f i ) 2 J sinosing
There is no substantial difference between the Yll (9, ¢) and Y, (6,¢) and the p, (9, ¢) and

P, (6,(1)) orbitals. Choosing one set over another is matter of convenience.

State Spherical Harmonics

/2
0 1Y
S Y, K_
3

1
p Y/ (6,9)= (%)2 cos 0, Y (6,0) = (gjz sin O e**

1
Y, (6,¢)= (%jz (3 cos’ 9—1) . Y5 (0,0)= gy sin O cos O™

1
Y2 (0)| 3o | sin* 0™

T

After linear combination of d-state, we have:
1

1 =
dzz(9,¢):Y§’(6,¢):(ﬁj (3cos26—1), d, ——2(Y2+Y2 )_(4_nj sinOcos Ocosd
1 1
_ _1 1 —1 _ 15 E . . _ 1 2 ) _ 15 E )
d,, —E(Y2 -Y, )—(4—TJ sinBcosOsin¢, d. —E(Y2 +Y, )— Ton sin” Ocos 2¢

13
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1
— 15 )
d =—(Y*-Y;?)=| — | sin*0Osin2

Xy (2( 2 2 ) [167Cj d)

14
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TABLE 16.3

Hydrogen Afom Wave Functions®

atomic and molecular physics -551

4 1
@ %

f EnergyJ
1 ! " Notation " M Wave fanction {R¥) (n)

Degeneracy

P T ]
10 (] 1s (—) = o TR -zt 1
I N
S 3iT Z?
2 0 0 (i L (2 zr) Zni2a & 4
a) (T do g
1 ] 2p (E il " 2ei2an oo B
i g, \.l"3_2ﬁ &y
ZNE ] Z
1 +1 2ps, (— _?J_ g Zn2ugin fl o7
dp 8
zZ 32 Ze
30 4] 3s (— [27_ 3_.,.2( )] - Zri3ag L 9
fq 8]\, I g 9
7
e ETREE
I,
Z 32 ) )
1 +1 kK (a—) e [ ( )]e'z'”"“smﬂei'“’
o ST
32 1 7 2
2 0 3d, (E) ‘T(J) ¢~ P03 cos? § — 1)
4y} 81.6x \as
otz .
2 +1 ad, £ — 21N o-zridas i D cos§ eX'®
4 ] 81\."11'( g
2
2 +2 3d,. 2—’ ! (Z—r) e~ Bridmgin? f o= 2
3o ‘162\.-";1 g
7z LN 1 Zr 7z Z;
4 0 0 45 (,) _[192—144—+24( ) (r):l Tt e 16
ds/  1536.n % ag 16
ZN¥: 1 [3[  Zr 3
i H 4 — —— 80— =20 — Zridag
B (ao) zsanﬁ[ " ( ) ( )]e oon
FAGEE 5 Zr . Zn?
1 +1 4 2y _~_ {Zlsge=-20 it ~Zridan gip § gt ®
= Ras (ao) 2560\!'2::[ & (ao) +(aﬂ) :‘e smoe
Zh¥: 1 zZr2 Zry? )
2 0 4d,, (—) [12(——) —(-—) ]e'z"“““[S cos® f — 1}
a0/ 3062./m o do
Zyt 1 3 Zy
2 +1 4d — 12 ~Zridngin @ e
3 +1 (af,) 5362 l: ( ) ( ):l sin@cosfde
ZNE 4 3 Zr
04 ol s PR BUSIN 2% oo X @~ Eridangi ig + Yig
2w (3 L ke - - (&) Jormcnee
Zvr 1 (Zr
3 0 4fy (—) —ﬁ_(—r) e~ Fi%eS eos? f — Jcosl)
“q 3072 5w Ndo
} Z 1 poZridan z +i
3 Fl 4, a_ PTPT Sn sin#{Scos?f — L)e™®
1]
Az |
3 +2 af, o ( ) W72 ‘/_’( g~ % gin? (i oos B e 1@
0
2 z
3 +3 4., (— ( r) g~ Zritsogind ¢t Ve
S 6144\/5 dg

2 A{] the wave functions are written with a positive phase factor.
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x =rsinfcos@,
y =rsinfsin @,

z =rcosé,

|r |:\/)62+y2+z2
@=tan™' x 7y

p=tan"' =

atomic and molecular physics -551

Appendix I

Spherical Coordinates

Z

A

______________________________________ P(r,0.0)
z=r1cosd r
0
y =1 sind sing %
i .
x =1 sinf cosp

z Ox
Y

X

0={0.7). p={027}. r={0.}.

dr=r*drdQ,

H.W. Prove the following:

0 _ord _x9d
ox oxor ror
——

x/r

February 1, 2012

0* 0 (x 8) 1 x*)o x*o°
—_—— | —— | = — = — —+——,
ox*  ox\ r or ror)or r*ort

O X ginfoosp | 20_cosOcose | Op_ sinp | Ox
ox r ox r ox rsin @ op
a—r:L:sinesingD 06 _cosfsing 99 _ CO'SQJ al_x
o r oy r oy rsiné op
a—r:COSQ %:—Slne a—q)zo a—Z:O
0z 0z r oz op
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H.W. Prove that the Laplace's equation in spherical coordinates is given by:

1 02 | G ov 1 ov
V¥ (r,0,4)=—— 7 +

8.9 = o V) g 59(“ 59} 72 sin 0 0g°

_1a ,or 1 0 ( 8Vj 1 oV
pl ro——»+ siné@ +t—— ==
or or’ r’sinf 00 060 ) r’sin” 6@ 0¢
2
H.W. Prove that: _8_( V)— L2 rza—V)
ror’ “or " or

Coulomb Potential Energy:

Vi) = -k 28, =t
r

Time-independent Schrodinger Equation:

2

h
-ZVZ\I!(F,G,(?) HV(n)y(r.0,0) = Ey(r,0,9)

Transform Laplacian from rectangular to spherical polar coordinates:

Use the chain rule,

O _odr M I

Ox Orodx O00Ix JIpox
0 _ddr o I

—_——t——t—
é’y 51’ oy A8y oply
ﬁ dor 0d I

Oz Oroz 000z Op oz

to find:

, Lo ,0 0 1 0’
Vie—s— —/)+ (sme

P2 or" o r’sin® o0 20’ 2 sin’0 00

Assume that the eigenfunction is separable:

ly(1,0,0) = R(1O0)D(9)|

Substituting (3)&(4) into (2) gives:

1 o] 0 OR RO 0 . 00 RO 0| EROD
] — s1n
P2ore ar’ Psin0oes 98’ rsin’0 o0°
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** Note that all of the derivatives are now ordinary derivatives so we can replace 0 by d.

. -2u7*sin’0 ,
Multiply (5) by 7 ROD and rearrange terms to obtain:
14°0 sinzﬁd sinf d | do. 2u ,

0 | in’0 -E 6
Odf R dr dr) 0 20"l ) sV (-E) - ©

Notice that the LHS only involves functions of ¢ while the RHS only involves functions of » and 6 . Thus,
both sides must equal a constant which we'll call C.

1. FINDING ®(¢)

Setting the LHS of (6) equal to this constant C gives:

1d*°® d’®
—=C > >=CD (7)
Odo do
A solution to (7) is
ORES ®)
The periodicity of ¢ requires that ®(¢p) = ®(¢+27). Now a sin or cos function has this periodicity so let
C=-m; €))
which gives:
D(§) =™ (10)
This function now has the correct periodicity. Note that the condition that ®(0)=d(2r) gives
l — eiZT[mn (1 1)
Eq. (11) is only satisfied if
m,=0,t1,£1,--- (12)

Thus, m, can only have certain values, i.e. it is a quantum number.

2. FINDING ©(0)

Eq. (6) can now be written as

2 smt9d 5 sin@d,. doe 2,u 2. 2
-m; = — sin@ : v (r-F 0 13
" ' dr) o a0l ) T U (D= Edrisin (13)

Dividing by sin’0 and rearranging terms gives:
m¢ 1 d,. do_ 1 d

2#
(S0 g)= ri(E -V 14
sin’0 Osingdo dg) Rdr ) ( () (14)
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Notice that the LHS only involves functions of © while the RHS only involves functions of . Thus, both
sides must equal a constant which we'll call £(¢/+1).

Setting the LHS of this equation equal to this constant gives an equation for ®(0):

2
1 d . .d©
-— (sin0—) + e
®sin 0 dO d0”  in20
By making a change of variables using z = cos0 , Eq. (15) is transformed into a differential equation called
the associated Legendre's equation:

— (L +1) (15)

%[(l—zz)cjl—f)}+{é(f+l)— m”z}G):O (16)

-z
A series solution is found for this equation involving polynomials of z. These polynomials are called
associated Legendre functions.

The requirement that ® remain finite (i.e. does not blow up) leads to integer values of ¢ and certain
restrictions on m, as follows:

(=0,1,2,--+; 17)
and for a given allowed value of /,

m,=—l,—(+1,---,+/ (18)
Thus, we have another quantum number ¢ which dictates possible values for the original quantum number

mg.

We can write the associated Legendre functions with the quantum number subscripts as polynomials of z, or
to be of more use, as polynomials of cos6 in the form ®,,, (cos0). The first few polynomials are given

below:
Q=1 ©,0=cos0 0.1 = (1-cos’0)"?
®,0= 1-3c0s’0 Oy = (1—00526)”20056 ®y.r= 1-c0s%0

——————————————— The Spherical Harmonic Functions

It is customary to multiply the ®(¢) and @(0) functions to form the so-called spherical harmonic functions
which can be written as:

Y (0,0) = 01, (0) D, (9) (19)

The first few spherical harmonics are given below:
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! mo| Y (6,9)
0 0 /4

cosd

H
o
=5

F sin@ e*'?

+1 |+ 8
5

—(3cos?6-1

0 1671'( )

15 . +i

2 +1 | F4|o— cos@sinfe™”
- 8

(9]

1 ) +2i
—— sin"fe™"?
2 | \32¢2
Spherical Harmonics:

Combining the Angular Eigenfunctions together, One gets the Spherical Harmonics:

20+1) (0 — !
Y " (0.) =| 1) {( +1)E=m)

An(l+m)!

Y, "0, 8)=(=1)"Y," (0, ) 0=0,1,2,--; m,=—l,—=l+1,--,+0
which have the characteristic: Y, (0,#)=(=1)"Y," (0,4) and are normalized such that

1/2
} P" (cos@)e™’;  m >0

20 mm’

2z T
(tm,|0'm",)= [dp[sin0dOY " (6,9)Y " (0,0)=6,,5
0 0
dQ=solid angle differential dQ =sin0d 0d ¢ j dQ=4r
SZ

The closure relation for Spherical Harmonics:
0 /
> DY, "(O8)Y (0, ) =5(¢— ) (cos O —cos O
=0 m=-I
The closure relation implies that the ¥ ," are complete, i.e. we can represent any function on the
sphere as
0 4
f@O.9=2 > a,¥ /(69
(=0 m,=—1
Since the radial Eigenfunctions are given by U (r)=Ar' +Br """ then ®(r,0,¢) can be
decomposed as
0 4
O(r,0,9)=2. > (4,7 +B,, r )Y/ (©0,9)
=0 m,=—(

Recurrence relations

Twsremye+1-my " Crm)t—m)]" ,
cosen,,,,(e,m—[ S } YM,,,,(9,¢)+[(2£+1)(2£_D} Y, (0.0

. [r1=mye+2-m)]"” Crm)lam—1)]" v
SIHQYZ,;71(93¢)_|: Q20+1)(20+3) :| Y(+1,m—l(9’¢))+{|: (2£+1)(2£_1):| Y(—l,m-l(ga(l’)}e
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3 Finding R(r) and the quantized energies
Setting the RHS of Eq. (14) equal to the constant ¢(/+1) gives:

Ld 2R 2N B vy = e+ 20
Rar'" a’ w0V @)
We define two new variables, with equation (1):
-2uE uZe
2
= d = 21
O @1
Using these substitutions and multiplying Eq. (20) by R / # gives:
1d ,dR 2 £(0+1
= rz—)+{-B2+ﬂ-¥}R=0 (22)
redr dr r r

By making a change of variables using » = 2Bp and dividing by 4p? this Eq. (22) becomes:

1 d(zd_R)_l_ l Y L(L+1) R=0 ’3
pzdppdp 7 p' o (23)
We are looking for solutions to Eq. (23) in the form:
R(p)=F(p)e™* (24)
Substituting this function into Eq. (23) gives:
dA°F (2 dF -1 (0 +1
- +(—-1j—4{y—-(—2)}F=O (25)
dp- \p Jdp [ p P

Again, a series solution is found involving polynomials. The requirement that F(p) does not blow up as
p — oo demands that y be an integer (which we’ll call ») that obeys:

y=n=/l+1,0+2,0+3,- (26)

Note that this third quantum number n dictates the allowed values of the quantum number /¢ since for a given

n, then ¢ can only have values of

0=0,1,2,,n—1 27)

And remember that the value of a particular ¢ dictates the possible values of m, via Eq. (18).
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2L d-1+m3)
(261} (24+3)

e |
<< riam (6\>‘ﬂ =

< 204%+ e‘};,"”"“l)
wﬁ%

- (244)(i€+3f_
wtes

<\Qr0,q)>( = 5olnf(6,c1J \leﬁd) ‘IL/

. n L g ¥
5{"-‘(‘/’?4*"9’&”@: %(/’)J /I)..l)

hﬁzf@s’le’/z"‘\*ce :CE‘(\{I)]—#YJ)-I\Y

22X Gnp ':/ff_ff YARRS
S /o

_ 2 At 8 G2 G
. 9 (226 cend) (6 5-€)
- 2 (B)(F) - Zx

L v i § Cao 2

6l 3Bl = 3¢l = (ol6 - 9B = 1(asB - F

(_f,f:m;zec.,‘@) (L) - 25 ol @

.1
. L (-’(l-l-:)z) = /2«-;16 (@le(p{' Co—;?(v) = P~ B
PL

Z 1 1- t
iaca-1s 2( %) ~-;‘,—,(?<1+9L) :,‘ir-—,(zz-x 5%)
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