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Linear Variational Approximation
Let us do the variational method using a linear combination of the wave functions in the form:

|#)=>"c,|f.) (7-48)

Where the C, are the variational parameters and ‘f n> the are arbitrary known functions. For
simplicity we will assume N =2, ¢ and ‘fn> are real.
Consider
¢ =cfy + e fs
Then
[0Addr = [(eif + .Sy + cofo) e

= & [fffde + cie, (LB + ey (LA d+ 6 [ LB

= c3H, + cyc3Hy 5 + 0 Hyy + €3H {(7-49)
where
by = [ (50
Because H is Hermitian, H;; = H ,, and so Eq. 7-49 becomes
[#Agdr = GH,; + 2¢10,H,; + Hy, (7-51)
Similarly, we have
[@2dr = ISy, + 20:6,8,5 + 35y, (7-52)
where
Sy =Sx= [0b;dr (7-53)

The quantities H;; and S, are called matrix elements. By substituting Eqs. 7-51
and 7-52 into Eq. 7-29, we find

eiHy + 2¢c,H; + ciH,,;

Ele,,¢0) =
te1, €2) C%Su + 2¢,0,8,; + 3822

{7-54)

where we emphasize here that E is a function of the variational parameters ¢,
and ¢;.

Before differentiating E(c,, ¢,) in Eq. 7-54 with respect to ¢, and c,, it is
convenient to write Eq. 7-54 in the form

E(cy, €)(c3Syy + 20165815 + ¢38,5) = oiHyy + 2¢i00H,, + ¢3H,, (7-55)

If we differentiate Eq. 7-35 with respect to ¢, we find

-

'E
(201511+2C2312)E+—;c (C%Su+201C2512+C5522):201H11+2‘52H12 (7-56)
Cy
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Because we are minimizing E, 8E/dc, = ( and so Eq, 7-56 becomes
cy(Hyy — ESyy} + ¢(Hyp — ESyy) =0 (7-57)

Similarly, by differentiating Eic,, ¢,) with respect to ¢, instead of ¢,, we find
that
ci{Hyz — ESp3) + c3(Hy; — ES;,) = 0 (7-38)

Equations 7-57 and 7-58 constitute a pair of linear algebraic equations for
¢, and e,. According to the theory of linear algebraic equations, there is a
nontrivial solution, that is, a solution that is not simply ¢, = ¢, = 0,1fand only
if the determinant of the coefficients vanishes or if and only if

Hll_ESII HIZ_Eslz
Hy, — E§,; H,, — E§y,

~0 (7-59)

This determinant is called a secular determinant. When this 2 x 2 determinant
is expanded, we obtain a quadratic equation in E, called the secular equation.
The quadratic secular equation gives two values for E, and we take the smaller
of the two solutions as our approximation for the ground-state energy.

if we use a linear combination of N functions instead of using a linear
combination of two functions as we have done so far, we obtain an N x N
secular determinant instead of a 2 x 2 secular determinant:

Hy, — ESyy Hy — ESyy - Hyy — ESyy
Hy, — ES,, sz — ES;; -+ Hy; — ESy | =0 (7-61)
Hyy — ES |y Hyy — ES;y - Hyy — ESyy

The secular equation associated with this secular determinant is an Nth-order
polynomial in E. We choose the smallest root of the Nth-order secular equa-
tion as an approximation to the energy. The determination of the smallest
root must usually be done graphically or numerically for values of N larger
than two. This is actually a standard numerical problem and there are a
number of packaged computer routines that do this.
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Hydrogen molecule ion(H;)
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Fig. 5~4. Even and odd molecular orbitals in HF .
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FIg 5-5. Probability density for cven and odd molecular orbitals in Hi. (a) Dis-
tribution along the lines joining the protons; (b) and (¢) distribution in a plane containing
the two protons,



Prof. Dr. I. Nasser atomic and molecular physics -551 (T-112) March 1, 2012
Hydrogey_ion_molecule_variationa.doc

Example: For the Hydrogen molecule ion(Hj ), see the figure:

e

A coordinate system for the Hydrogen molecule ion(Hg)

work out the lowest energy states of the Hydrogen molecule ion(H;). Use the trial linear
combination function in the form:

=y, ta,y,, 1)
Where

v, = e
i \/;

And neglect the motion of the nucleus. Write your comments in the states.
[Hint: Write the electronic Hamiltonian H , solve the secular determinant using the abbreviations
H;,S;, where I and j take the values 1 and 2. and then calculate the integrals using the

elliptical coordinate system.

Answer:
The Hamiltonian is given by (neglect the K.E. operator for the protons):

|—i :_EVS_E_i_Fi (2)
2 r r, R
Define the integrals:

H, =<y, |H |'//j >=H;

ij
S =<y, |l//j >=3;
Then the secular determinant will be:
(H,-E) (H,-ES)
(H,,—ES) (H,-E)
which we used the standards integrals and:
H11:<W1|ﬁ |y, >=H,,;

=0 3)

Hy,=<w|H |y,>=H,;
Su=<wy |y, >=5, =1
S, =<y, |y, >=5, =S
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From (3), one finds:
H,-E :i(le—E S)
And we get the roots of the lowest energy states:

E :H11+H12
i 1+S
E :H11_H12
- 1-S

To calculate the eigen functions, we use the equation:
a(H,,-E)+a,(H,-SE)=0
that gives (for the root E, ) a, =a, and:

9. =a(y, +y,)
And for the root E _, we have a, = —a, and:

March 1, 2012

(4)

()

(6)

Q= a:l.(l//l _V/z)
H.W.
1
a- Use < >=1 to proof a, =
Q. |(9+ p a m
1
b- Use < >=1 to proof a, =
o |lo p a m
Summary:
g =HutHy vty (bonding orbital)
* 1+S TJ2+28
H,-H W, -y . . .
E =311 12 5, ="1 72 antibonding orbital
) s ® e ( g )

Mathematical preliminarily

Use the H-wave equation:
1 1

2 2

Then
1
Where J is the Coulomb integral:

J =< |—£+i| >
v, r, R L4

And
Hy,=->+K

Where K is the exchange integral:

(——Viz—r—jl//i (r):_ll//i (r), =12
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1 1
K=<y, |——+— >
vil-—t v

1

Then
e :HﬂiHu:_1+JiK_
- 1+S 2 1+S°’
+
AE+=E+—E,=J—K
- 1+S

H.W. Use the Elliptic coordinate system to proof the following integrals:

RZ -R 1 —2R . S -R
S:(1+R +?)e , \] :(1+E)e ’ K :E—(l‘i—R)e

H.W. Plot and discuss the following figure:

0.10 - AE.
E/au

AE.

0.00
ool \_/_r

-0,10 | | | 1 1 |

R/a,

Figure 9-6. The energy as a function of internuclear separation for the H; molecular ion

that are presented in Figure 9-6. The energy AE, describes a stable molecular
species whose dissociation energy is 0.065 au = 1,77 eV and whose equilibrium
bond length is 2.49 au = 0.132 nm, compared to the experimental values of
0.102 au = 2.78 ¢V and 2.00 au = 0.106 nm, respectively. If we simply use
ls orbitals with the exponent as a variational parameter, then we obtain a
dissociation energy of 0.083 au = 2.25eV and a bond length of 2.00 au =
0.106 nm.

Although we could obtain increasingly better values of the energy and
bond length of H;, we are primarily interested in the corresponding wave
functions.
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Types of Molecular Orbitals

Bonding Orbitals
For the linear combination of only two atomic orbitals, the bonding orbital is constructed from
adding the wavefunctions together.
Yo =Wao (A)+Wao (B)
Thus, the probability density of the bonding orbital can be written as
2 2 2
|\|f|v|o| = |\VAO (A)| +|‘VAO (B)| +2 0 (A)\VAO (B)
=A’+B*+2AB

The 2AB term is the constructive interference of the overlap of the atomic orbitals.

- The interference results in an increase of electron density between the nuclei.

- Thus, the nuclei have greater attraction to each other, via their mutual attraction to the
increased electron density.

-
1s 1s 1sc
2p, 2p,

2pn

Aside: S= IAB dt is called overlap integral.

Antibonding Orbitals

For the linear combination of only two atomic orbitals, the antibonding orbital is constructed
from subtracting the wavefunctions together.

WYmo = Vao (A)_‘VAO (B)

Thus, the probability density of the bonding orbital can be written as

|\|’Mo|2 = ‘WAO (A)‘z +‘\VAO (B)‘z AN (A)\lon (B)
=A’+B*-2AB
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The -2AB term is the destructive interference of the overlap of the atomic orbitals.
- The interference results in a decrease of electron density between the nuclei and increase of
electron density away from the nuclei.
- Thus, the nuclei are drawn away from each other.

“J/
am-e9
1s 1s

lso*

z
2p, 2p,

The energy increase of the antibonding orbital is slightly higher than the energy decrease of the

2pm*

bonding orbital. E, < % (S is the overlap integral)

Example: Let S= %
1 1

E c—= =

+ =ﬂ E
1+S 1+ 5

1
_x_
1-S
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Evaluation of two-center integrals

The overlap integral and other integrals that arise in two-center problems like H, , such as:

e—PfA e—qra
J=|——dr, dz=dr,d z, [A9.1]
I"A r.B
are called two-center integrals. Two-center integrals are most easily evaluated by using a
coordinate system called confocal elliptic coordinates.

P-
7] = constant ——,

S = constant —=

<o

Elliptic coordinates.

In this coordinate system (See Figure), there are two fixed points, separated by a distance R. A
point P is given by the three coordinates:

(ry+rg)
é::T, 1S§SOO

C [A9.2]
nz(“R—B), —1<&E<+1

and the azimuthal angle ¢ 0<g¢ <2z, which is the angle that the (ry,ry,R) triangle makes

about the interfocal axis (take it z-axis). Note: FAZ%(§+77) and rB:%(g—n),

& -n? :4;\_?3. The volume integral is given by:
R3 2 2
dz,d 7, =?(§ -n*)d&dnd ¢ [A9.3]
So that:
R = 1 2
..?'=TJI dg[_i d‘nJ;) dqb e"'-'*'g"bl'i [A9.4]
where
R
4=+
. [A9.5]
b= S0 —
(-9
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The integral [A9.4] is now elementary and is given by
7R

—_ E e—a(eb - e—b)
47 1
"Ry - (€797 — 78R [A9.6]

The other relevant integrals are obtained by differentiating the above result
with respect to p and ¢. That is,

g " PraeTars b
o= [T 2
dq

Fa
4 R 5 Zq 3
= R_[pz = e R 4+ m (e PR — e"""’R)J [A2.7]
and
. - J
L=Ie Phe @i gy = — — K
ap
= 2 —qR ~pR 4p -pR —gR
R(pZ = g7 |Rpe™™ +qe7?5)+ m(ef’ —e ) [A9.8)
In the particular case p = g, we have
297
I S [A9.9]
W
K= 230+ pR)e " [AS.10]
and
T 1
L= P (1 t PR+ gpzﬂz)e"’“ [A9.11]

10
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Elliptic coordinates

1

Calculate the integral | = ﬂl//(rl, rz)‘2 —dzdz,, where w(r,r,) =
r12

elliptic coordinate.

The elliptic coordinates is defined by the variables:
S=n+r,, t=r-r, U=I,;
—U <t <u, O0<Lu<s<m;
drdz,=7°(s’ —t*)udsdtdu

=Z (r+rp)

: Z°
Then for the wave function: y(I,,r,) =—=¢ , We can have:
T

March 1, 2012

Z 3
Z e 2(5"2) ysing the
T

2 1 2 Z3 2 Y r 275 Sz_tz
| = [l (r.n)] =drdr,=7°| = [ds[du [e™?*( )dt
r12 7 0 0 -u u
8

11



