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Linear Variational Approximation  
Let us do the variational method using a linear combination of the wave functions in the form: 

                     
1

N

n n
n

c fφ
=

=∑                                             (7-48) 

Where the nc  are the variational parameters and nf  the are arbitrary known functions. For 

simplicity we will assume 2N = , nc  and nf  are real. 
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Hydrogen molecule ion ( )2H+  
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Example: For the Hydrogen molecule ion ( )2H+ , see the figure: 
 
 
 
 
 
 
 
 
 
 

A coordinate system for the Hydrogen molecule ion ( )2H+  

work out the lowest energy states of the Hydrogen molecule ion ( )2H+ . Use the trial linear 
combination function in the form: 

1 1 2 2 ;  = +a aϕ ψ ψ                                                             (1) 
Where 

1
ir

i eψ
π

−=  

And neglect the motion of the nucleus. Write your comments in the states.  
[Hint: Write the electronic Hamiltonian Ĥ , solve the secular determinant using the abbreviations 

, ,ij ijH S  where i and j  take the values 1 and 2. and then calculate the integrals using the 
elliptical coordinate system. 
Answer: 
The Hamiltonian is given by (neglect the K.E. operator for the protons): 

2

1 2

1 1 1 1ˆ
2

= − ∇ − − +eH
r r R                                                      (2) 

Define the integrals: 
ˆ| | ;

S | S
ij i j ji

ij i j ji

H H Hψ ψ

ψ ψ

= < > =

= < > =
 

Then the secular determinant will be: 
( ) ( )
( ) ( )

11 12

21 22

S
0

S
− −

=
− −

H E H E
H E H E

                                                 (3) 

which we used the standards integrals and: 
11 1 1 22

12 1 2 21

11 1 1 22

12 1 2 21

ˆ| | ;
ˆ| | ;

| 1;
S | S

= < > =

= < > =
= < >= =
= < > = =

H H H

H H H
S S

S

ψ ψ

ψ ψ
ψ ψ
ψ ψ
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From (3), one finds: 

( )11 12 S− = ± −H E H E                                           (4) 
And we get the roots of the lowest energy states: 

11 12

11 12

1 S

1 S

+

−

+
=

+
−

=
−

H HE

H HE
                                                         (5) 

To calculate the eigen functions, we use the equation: 
1 11 2 12( ) ( S ) 0− + − =a H E a H E                                                   (6) 

that gives (for the root +E ) 2 1=a a  and: 
1 1 2( )aϕ ψ ψ+ = +  

And for the root −E , we have 2 1= −a a and: 
1 1 2( )aϕ ψ ψ− = −  

H.W.  
a- Use | 1ϕ ϕ+ +< > =  to proof 1

1
2 2S

a =
+

 

b- Use | 1ϕ ϕ− −< > =  to proof 1
1

2 2S
=

−
a  

Summary: 
11 12 1 2

11 12 1 2

,               (bonding orbital)
1 S 2 2S

,               (antibonding orbital)
1 S 2 2S

+ +

− −

+ +
= =

+ +
− −

= =
− −

H HE

H HE

ψ ψϕ

ψ ψϕ
 

Mathematical preliminarily 
Use the H-wave equation: 

21 1 1( ) ( ),               1, 2
2 2i i i

i

r r i
r

ψ ψ
⎛ ⎞
− ∇ − = − =⎜ ⎟
⎝ ⎠

  

Then 

11
1
2

H J= − +  

Where J  is the Coulomb integral: 
 

1 1
2

1 1| |=< − + >J
r R

ψ ψ  

And 

12
S
2

H K= − +  

Where K  is the exchange integral: 
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1 2
1

1 1| |K
r R

ψ ψ=< − + >  

Then 
11 12 1 ;
1 S 2 1 S

1 S

±

± + −

± ±
= = − +

± ±
±

∆ = − =
±

H H J KE

J KE E E
  

H.W. Use the Elliptic coordinate system to proof the following integrals: 
 

2
21 SS (1 ) ; (1 ) ; (1 )

3
− − −= + + = + = − +R R RRR e J e K R e

R R
  

H.W. Plot and discuss the following figure: 
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Types of Molecular Orbitals 
 
Bonding Orbitals 
For the linear combination of only two atomic orbitals, the bonding orbital is constructed from 
adding the wavefunctions together. 

( ) ( )MO AO AOA Bψ = ψ +ψ  
Thus, the probability density of the bonding orbital can be written as  

( ) ( ) ( ) ( )2 22
MO AO AO AO AO

2 2

A B 2 A B

A B 2AB

ψ = ψ + ψ + ψ ψ

= + +
 

The 2AB term is the constructive interference of the overlap of the atomic orbitals. 
 - The interference results in an increase of electron density between the nuclei. 
 - Thus, the nuclei have greater attraction to each other, via their mutual attraction to the 

increased electron density. 
 

1s 1s 1sσ  
 

2pπ
2px 2px

 
Aside:  S ABd= τ∫  is called overlap integral. 
 
Antibonding Orbitals 
 
For the linear combination of only two atomic orbitals, the antibonding orbital is constructed 
from subtracting the wavefunctions together. 
 

( ) ( )MO AO AOA Bψ = ψ −ψ  
 

Thus, the probability density of the bonding orbital can be written as  
 

( ) ( ) ( ) ( )2 22
MO AO AO AO AO

2 2

A B 2 A B

A B 2AB

ψ = ψ + ψ − ψ ψ

= + −
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The -2AB term is the destructive interference of the overlap of the atomic orbitals. 
 - The interference results in a decrease of electron density between the nuclei and increase of 

electron density away from the nuclei. 
 - Thus, the nuclei are drawn away from each other. 
 

1s 1s 1sσ∗  
 

2px 2px

2pπ∗  
 

The energy increase of the antibonding orbital is slightly higher than the energy decrease of the 

bonding orbital.  1E
1 S± ∝ ±

  (S is the overlap integral) 

 

Example: Let 1S
4

=  

1 1 1 4E 1 51 S 51
4 4

+ ∝ = = =
+ +

  1 1 1 4E 1 31 S 31
4 4

− ∝ = = =
− −
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Evaluation of two-center integrals 
 
The overlap integral and other integrals that arise in two-center problems like H2 , such as: 
 

,               
− −

ℑ = =∫
A Bpr qr

A B
A B

e e d d d d
r r

τ τ τ τ                                      [A9.1] 

are called two-center integrals. Two-center integrals are most easily evaluated by using a 
coordinate system called confocal elliptic coordinates.  
 

 
In this coordinate system (See Figure), there are two fixed points, separated by a distance R. A 
point P is given by the three coordinates: 

( )

( )

,                  1

,               1 1

+
= ≤ ≤ ∞

−
= − ≤ ≤ +

A B

A B

r r
R

r r
R

ξ ξ

η ξ
                                     [A9.2] 

and the azimuthal angle φ  0 2φ π≤ ≤ , which is the angle that the ( ), ,A Br r R  triangle makes 

about the interfocal axis (take it z-axis). Note: ( )
2

= +A
Rr ξ η  and ( )

2
= −B

Rr ξ η , 

2 2
2

4
− = A Br r

R
ξ η . The volume integral is given by:  

( )
3

2 2

8
= −A B

Rd d d d dτ τ ξ η ξ η φ                                                   [A9.3] 

So that: 
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Elliptic coordinates 
 

Calculate the integral 
2

1 2 1 2
12

1( , )= ∫I r r d d
r

ψ τ τ , where 1 2

3
( )

1 2( , ) − += Z r rZr r eψ
π

 using the 

elliptic coordinate. 
 
The elliptic coordinates is defined by the variables: 
 

1 2 1 2 12,      ,      = + = − =s r r t r r u r ; 

2 2 2
1 2

, 0 ;
( )

− ≤ ≤ ≤ ≤ ≤ ∞

= −

u t u u s
d d s t u ds dt duτ τ π  

Then for the wave function: 1 2

3
( )

1 2( , ) − += Z r rZr r eψ
π

, we can have: 

23 2 2
2 2 2

1 2 1 2
12 0 0

1( , ) ( )

5
8

∞
−

−

⎛ ⎞ −
= = ⎜ ⎟

⎝ ⎠

=

∫ ∫ ∫ ∫
s u

Zs

u

Z s tI r r d d ds du e dt
r u

Z

ψ τ τ π
π

 


