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Green’s Function in Free Space

Example: Solve V°G (r,r") =—5(r —r") using the Fourier’s transformation.
Answer:
Start with the Fourier transformation in one dimension:

f (x):ijei“f (k)ydk, = Vv (x):ij(—ik)ze“f (k )dk
2r * 2r °,
In three dimensions:

f()=— [e" T (dk = V()=

(27[)3 h

1

(2r)

T (—ik )%e'"f (k)d k

For a continuous function in three dimensions, one finds:

K ik(r-r)y3
(27[)3 _Iw e d°k

Thus V°G (r,r") =—-o(r —r") will be (change G with F:

s(r—r')=

A (r)+5(r—r')=(21)3 [ (k)™ "t (kyd k+(21 - fe™ 0 ™d %k =0
T) _» e
This implies:
(21)3 {2 (k) +e ' fe'*d%k =0
T —0
Consequently,
= kA (K)re T =0 = f(k):e;:r
Thus:
. 1 ¢ ikr 1 i€ "
G(r-r)= e “'f (K)Jd k= e d k
( ) (272_)3_ ( ) (272_)3.'. k2
aikR
= 13 ezdk*’ R=r-r
(22)" &

H.W. Do the integration with the notations:
dk =k’dkdQ=k*dk sindd@d ¢ and k -R = kr cosé, one finds:
Answer:

G(r-r)= l2 Ism(kr)dk 11
27°R ¢k 4zR Ax|r-r|
72
* ' . e—bririq-r 472_
[ Help: prove the standard integral Ilzj' dr=—-1
r b°+q
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+ikr

Prove that the Green’s function G (r) =

is the solution of the scalar wave equation:

(V2 £k?)G (r) =—475(r) (1)

Proof: We have two cases:

ikr
Case I: r =0 , we have to prove that (V2+k2)(e ]:0
r

ikr ikr 2 ikr

Start with V2 £ :izd— rzd—(e—) =—k—e"“, = (V2+k2) £ =0,
r redr dr r r r

Case Il: r=0 , we have to prove that I(V2+k2)G (r)d°r :—4ﬂj§(r)d3r =—4r

In this case let us construct the solution of a scalar wave equation in any volume V of free

space having an arbitrary small radius & and having an arbitrary source p(r), then

a)

[ vGmdr=[v-(VG(r))dr = [vG(r)-ds
sphere of radius & using the Green's identity

ikr
:j?d—(e—]-? r2d Qo (A)
dr{ r

= 47| ik & —e™ |

b)

k?[G(r)d®r =k*

ikr
=4r [e j
ik

= 4x| —ik fe ¢ +e¢ —1}

5

—ij:e‘“dr (B)
ik |

0

From the final results of equations A and B, one finds

j(v2 +k?)G (r)d°r = -4z
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Fourier transformation
o
Example: Find the Fourier transformation of the function f (r) = - {Hint: use the spherical

coordinates where d 7 =1 sin@d 6d dr |

- e_r 1 e—r+i qr
. Solution: f (")=T:> f(a)= i 375 ;

dz, dr=r?sin@dodedr
(27)

e—br+iq.r 27 0 1 - e—br
|1=I dr:J‘d¢J.r2dr Id Cosgelqrcose c
r 0 0 -1 r
=27T]2r2dr el _pg-lar e—br =2_7Z_°°dr[e(iq_b)r _e—(iq+b)ri|
0 iqr roiqsy
iq-b)r|” ~(ig+b)r |

27 e 0, ° " 0 2r| 1 1 Az
“ g + =—— + -

iq | iq-b iq +b ig|ig—b ig+b | b%+q?

—r+iqr
1) = 13/2 fe dz= l3/2 4ﬁz :\/z : 2
(27) r (27)™ 7 1+q 7 1+q

Example: Find the Fourier transformation of the function f (r) = e " [Hint:

e—briiq-r 472,
=] r dr=b2+q2],

f(r)=e " =f (q):ﬁje_b”i ary
T

1 =9 Je‘bfiiq'fdr 1 9 41 87b
(27[)3/2 ab r (272_)3/2 ab b2+q2 (272_)3/2 (b2+q2)2
H.W. Calculate the following integrals:
eik‘R 272_2
= otk =
i ol 87b
| — e—brirlq-rd :__1:—;
-~ T i qr)
+iqer o Fige(rr) o o
I3=je dr =e™9" .[e dr =™ Iimll:4—7:ei'°"r
Ir-r’ [r-r’ b-0 g

_y2
Example: Calculate the Fourier transformation of the Gaussian function f (X ) =e
Answer:

ik

Xk gy =—e_k2/4 we ( ZJdx €

.
oK)= e 7o) N

R — e ——

Jz
Note that: The Fourier transform of a Gaussian functions is a Gaussian function.
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—a 2 N _k?2 o
Prove that if T (X)=Ne ™™ then 9(K) = Te e ), and vice versa.
a
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Integrals in D dimensions

In polar coordinates the D-dimensional volume element reads:

d°x =r®"drsin®?*¢, d6, ,sin°*6, ,d6, ,---(d6,=dg)
0<6,<2rx, 0<6, <27, k=#1

Very often the integrand is independent of the angles; then one needs only the surface area of the D-
dimensional sphere:

d®x =S, r°"dr
This is easily found by evaluating in two different ways the integral

D
J =[dPx g i) :de exz] S

J=S Djr D rdr :%SDF(%)

0
Whence
27Z_D /2
S, =———
r(D/2)
Examples:
D [s,
1 2
2 | 2
3 |4r
4 272_2
The volume is given by:
s 12

R
V =[S,R°7R = RP
0

m

Examples:

D |V

1 2R

2 n R?

3 4R

3

4 7% R*

2

D
As a rule, the integration measure is d b X /(272') , and it proves useful to define:

Ky = So = 2 .InparticuIarK4=i

(2e) (4r)"T(D/2) a°
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Volume of a Hypersphere
Consider the integral

oo
I=/ exp[—(z] + =3 + - - - + 22)]dz, dzy - - - de,,
oo

a0 n
=U exp(-*"?z)dx] = x"/2, (1)

For the n-dimensional sphere of volume V,,, the surface area can be written as
15, . Therefore, we also have

I=f exp(—r?)r"~1S,dr
1]

1 > 1 n
_1 -2 _ L n
. 25'“_/; exp(—1)t dt anr(g)j (2
where we have used ( 4). we ~t .y 3
From ( 1)and ( 2) ~u=-& so At = (4 )
nf2
Sz 2, e ( 3)
"\2
R . ,n.nf‘z
Vo [ SR UR=—E R ( 4

)

[(ry, ) = //E@HE@FZF(@I?@)

q1 J g2

— //e"“flﬂe@'rzﬁ(fi'1 +@)G(J)
q1 v g2

q

For a positive integer n, (n — 1)! = ['(n).

U
_—
m
%
=
|
W
-
_I_
(T
o

e VT (2.46)

in 3-dimensions. For the last step — which is not shown here — we refere the reader
to the calculation of the propagator in electro-dynamics, i.e Jackson. From this
result we read of
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Standard Integrals

—brtiqger
e Ar
|1:_[ ar =——;
r be+q
| [e-orsiar gy :_8I1 _ 8zb
2 1
. ob  (b*+9?)°
+iqer
r € A7 igor
|4 = —Idr :—26in '
lr-r| q
—2b(r+ry) —2b(r+ry) 2
~r€ € T
|, = [[=——dr,dr, = [[~——dr,dr, ==
; I r b
1 2
—2b (r,+ry) 2
cre Y4
I = j—drldr2 =— r,=r,-r|
5! 12 2 1
’ r, 8b
n aiat i
|, = | 7——=dt=—e"""
Sttt T
. 2 1
Ig :‘je—brﬂ a)rdr‘ =— 5
b+ w
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Notes:

- (r)=[f (r=r)s(r)d’r:

2- G (Ir) is the solution of the equation: (VZ +k Z)G (r)=0o(r)

. \ e e
- A .f.__j &ovr)- (/iL”a} Av) dr, - i}
_._ukl- -(QM_W -//i(.-L? - . e e -

: AV kEY ) = () ,ym _
..... @ s;t}),ym___L e __M._+ .j_ui_’;r__b.l\ G L% 1) UAT,) ) e
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