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Green’s Function in Free Space 

Example: Solve 2 ( , ') ( ')G δ∇ = − −r r r r  using the Fourier’s transformation.  
Answer:    
Start with the Fourier transformation in one dimension: 

2 21 1( ) ( ) ( ) ( ) ( )
2 2

ikx ikx
x xf x e f k dk f x ik e f k dk

π π

∞ ∞

−∞ −∞

= ⇒ ∇ = −∫ ∫  

In three dimensions: 

( ) ( )
2 2

3 3

1 1( ) ( ) ( ) ( ) ( )
2 2

i if e f d f ik e f d
π π

∞ ∞
⋅ ⋅

−∞ −∞

= ⇒ ∇ = −∫ ∫k r k rr k k r k k  

 
For a continuous function in three dimensions, one finds: 

( )
( )

( )k. ' 3
3

1
2

ie d kδ
π

∞
−

−∞

− = ∫ r rr r'  

Thus 2 ( , ') ( ')G δ∇ = − −r r r r  will be (change G with F: 

( ) ( )
( )k. '2 2 3

3 3

1 1( ) ( ') ( ) ( ) 0
2 2

iif ik e f d e d kδ
π π

∞ ∞
−⋅

−∞ −∞

∇ + − = − + =∫ ∫ r rk rr r r k k  

This implies: 
 

( )
{ }2 3

3

1 ( ) ( ) 0
2

i ik f e e d k
π

∞
− ⋅ ⋅

−∞

− + =∫ k r' k rk  

Consequently, 

2
2( ) 0 ( )

i
i ek f e f

k

− ⋅
− ⋅⇒ − + = ⇒ =

k r'
k r'k k   

Thus: 

( )
( ) ( )

( )

. .
3 3 2

3 2

1 1( )
2 2

1 *,                                           
2

i
i i

i

eG e f d e d
k

e d
k

π π

π

− ⋅

⋅

− = =

=

∫ ∫

∫

k r'
k r k r

k R

r r' k k k

k R = r - r'
 

H.W. Do the integration with the notations: 
 2 2 sind k dkd k dk d dθ θ φΩ =k =   and coskr θ⋅k R = , one finds: 
Answer: 

( ) 2
0

/ 2

1 sin( ) 1 1=
2 4 4

krG dk
R k R

π

π π π

∞

− = =∫r r'
r - r'

 

[*Help: prove the standard integral 1 2 2

4br ieI d
r b q

πτ
− ±

= =
+∫

iq r

]
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Prove that the Green’s function ( )
ikreG

r

±

=r  is the solution of the scalar wave equation: 

( )2 2 ( ) 4 ( )k G πδ∇ ± = −r r                                              (1) 

Proof: We have two cases: 

Case I:  0r ≠   , we have to prove that ( )2 2 0
ikrek
r

⎛ ⎞
∇ + =⎜ ⎟

⎝ ⎠
 

Start with 
2

2 2
2

1 ( ) ,
ikr ikr

ikre d d e kr e
r r dr dr r r

⎛ ⎞ ⎛ ⎞
∇ = = −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 ( )2 2 0,

ikrek
r

⎛ ⎞
⇒ ∇ + =⎜ ⎟

⎝ ⎠
 

Case II:  0r =   , we have to prove that ( )2 2 3 3( ) 4 ( ) 4k G d r d rπ δ π∇ + = − = −∫ ∫r r  

In this case let us construct the solution of a scalar wave equation in any volume V of free 

space having an arbitrary small radius ξ  and having an arbitrary source ( )ρ r , then 

a) 

( )2 3 3

using the Green's identitysphere of radius 

2

( ) ( ) ( ) s

ˆ ˆr r

4

ikr

ik ik

G d r G d r G d

d e r d
dr r

ik e e

ξ

ξ ξπ ξ

∇ = ∇ ⋅ ∇ = ∇ ⋅

⎛ ⎞
= ⋅ Ω⎜ ⎟

⎝ ⎠
⎡ ⎤= −⎣ ⎦

∫ ∫ ∫

∫

r r r

       (A) 

b) 

2 3 2 2

00

( )

14

4 1

ikr

ikr
ikr

ik ik

ek G d r k r drd
r

e e dr
ik ik

ik e e

ξ ξ

ξ ξ

π

π ξ

= Ω

⎡ ⎤⎛ ⎞⎢ ⎥= −⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤= − + −⎣ ⎦

∫ ∫

∫

r

                    (B) 

From the final results of equations A and B, one finds  

( )2 2 3( ) 4k G d r π∇ + = −∫ r  
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Fourier transformation 

Example:  Find the Fourier transformation of the function ( )
ref r

r

−
= .{Hint: use the spherical 

coordinates where sin2d r d d drτ θ θ ϕ= ]  

. Solution: 
( )3/ 2

1( ) ( ) , sin
2

r r i
2e ef f d d r d d dr

r r
τ τ θ θ ϕ

π

− − + ⋅
= ⇒ = =∫

q r
r q  

( ) ( )

( ) ( )

2 1
2 cos

1
0 0 1

2

0 0

0 0
2 2

cos

22

2 2 1 1 4

br i br
iqr

iqr iqr br
iq b r iq b r

iq b r iq b r

e eI d d r dr d e
r r

e e er dr dr e e
iqr r iq

e e

iq iq b iq b iq iq b iq b b q

π
θφ θ

ππ

π π π

∞− + −

−

∞ ∞− −
− − +

∞ ∞− − +

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
⎡ ⎤− ⎡ ⎤= = −⎢ ⎥ ⎣ ⎦⎣ ⎦

⎡ ⎤
⎡ ⎤⎢ ⎥= + = − + =⎢ ⎥⎢ ⎥− + − + +⎣ ⎦⎢ ⎥⎣ ⎦

∫ ∫ ∫ ∫

∫ ∫

iq r

r

 

( ) ( )3/ 2 3/ 2 2 2
1 1 4 2 1( )

1 12 2

r ief d
r q q

πτ
ππ π

− + ⋅
∴ = = =∫

+ +

q r
q  

Example: Find the Fourier transformation of the function ( ) brf e −=r . [Hint: 

1 2 2

4 ]
br ieI d

r b q
πτ

− ±

= =
+∫

iq r

 , 

( )

( ) ( ) ( )

3/ 2

3 / 2 3 / 2 2 2 3/ 2 2 2 2

1( ) ( )
2

1 1 4 1 8
( )2 2 2

r br i

br i

f e f e d

e bd
b r b b q b q

τ
π

π πτ
π π π

− − + ⋅

− ±

= ⇒ = ∫

⎡ ⎤−∂ −∂
= = =⎢ ⎥∫

∂ ∂ + +⎢ ⎥⎣ ⎦

q rr q

iq r  

H.W. Calculate the following integrals: 

( )

2

2

1
2 2 2 2

r-r'

3 1 20

2

8 ;
( )

4lim
|r-r'| |r-r'|

i

br i

ii
i i i

b

eI d
k R

I bI e d
b b q

e eI d e d e I e
q

π

πτ

π

− ±

±±
± ± ±

→

= =

∂
= = − =

∂ +

= = = =

∫

∫

∫ ∫

i

i

ii
i i i

k R

q r

qq r
q r' q r' q r'

k

r r

 

Example: Calculate the Fourier transformation of the Gaussian function  
2

( ) xf x e −= . 
Answer:    

22 22
2

/ 4 / 4
21( )

2 2 2

ikk kx
x ikx e eg k e dx e dx

π

π π

⎛ ⎞∞ ∞− −− +⎜ ⎟− − ⎝ ⎠

−∞ −∞

= = =∫ ∫  

Note that: The Fourier transform of a Gaussian functions is a Gaussian function. 
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Prove that if 
2

( ) xf x Ne α−= , then 
( )2 / 4( )

2
kNg k e α

α
−= , and vice versa. 
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Integrals in D dimensions 
In polar coordinates the D-dimensional volume element reads: 
 

( )1 2 3
1 1 2 2 1sin sinD D D D

D D D Dd x r dr d d d dθ θ θ θ θ ϕ− − −
− − − −= =  

10 2 , 0 2 , 1k kθ π θ π≤ ≤ ≤ ≤ ≠  
Very often the integrand is independent of the angles; then one needs only the surface area of the D-
dimensional sphere: 

1D D
Dd x S r dr−=  

This is easily found by evaluating in two different ways the integral 
2 2 2 2
1 2

2

( ) / 2

1

0

1
2 2

D
D

x x xD x D

D r
D D

J d x e dx e

DJ S r e dr S

π− + + + −

∞
− −

⎡ ⎤= = =⎣ ⎦

⎛ ⎞= = Γ⎜ ⎟
⎝ ⎠

∫ ∫

∫
 

Whence 

( )
/ 22
/ 2

D

DS
D
π

=
Γ

 

Examples: 
 

D  DS  
1 2 
2 2π  
3 4π  
4 22π  

The volume is given by: 
/ 2

1

0 1
2

R D
D D

DV S R dR R
D
π−= =
⎛ ⎞Γ +⎜ ⎟
⎝ ⎠

∫  

Examples: 
 

D  V 
1 2 R 
2 π R2

 
3 4 π R3

3  
4 π2 R4

2  

As a rule, the integration measure is ( )/ 2 DDd x π , and it proves useful to define: 

( ) ( ) ( )/ 2
2

2 4 / 2
D

D D D
SK

Dπ π
= =

Γ
.  In particular 4 2

1
8

K
π

=  
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Volume of  a Hypersphere 
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Standard Integrals 

1 2 1 2

1 2

1 2 2

1
2 2 2 2

4 2

2 ( ) 2 ( ) 2

5 5
1 2

2 ( ) 2

6 125
12

7 2

4 ;

8 ;
( )

4

5 ,       
8

br i

br i

i
i

b r r b r r

1 2 1 2

b r r

1 2 2 1

i t

eI d
r b q

I bI e d
b b q

eI d e
q

e eI d d d d
r r b

eI d d r -
r b

eI
t

ω

π

π

π

π

π

− ±

− ±

±
±

− + − +

− +

= =
+

∂
= = − =

∂ +

= =

= = =

= = =

=

∫

∫

∫

∫∫ ∫∫

∫∫

i

i

i
i

q r

q r

q r
q r'

r

r

r
| r - r' |

r r r r

r r | r r |

2

2

8 2 2

1br i r

dt e

I e dr
b

ωτ

ω

π
τ τ

ω

∞
−

−∞

− +

=
+

= =
+

∫

∫
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Notes: 

1- 3( ) ( ) ( ) 'f f d rδ= −∫r r r' r'  

2- ( )G r  is the solution of the equation: ( )2 2 ( ) ( )k G δ∇ ± =r r  

 

 

 


