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1.2 Abstract in English

An elegant result due to Erdos and Turan states that the sequence of Lagrange
interpolants to a continuous function f at the zeros of orthogonal polynomials over an
interval [¢,d] converges to f'in L, norm. We have extended this result in the sense that the
sequences of similar nature interpolate f at a finite number of pre-assigned points lying
outside (c,d). This work is carried out by fixing a finite number of nodes x;, i = 1,2,....,k,
outside [c,d], each with multiplicity m,, We used W(x):ﬁ(x —x,)" to construct

i1

orthogonal O-interpolants (OZI) and then determined their simple zeros by the approach
of Golub. The Lagrange interpolants or Hermite interpolants based on the simple zeros
are appended with the product of W(x) and the OZI. It is shown that the sequence of
resulting polynomials converged to f as well as interpolated it at the fixed nodes in the
sense of Hermite. We have investigated the behavior of these sequences by considering
different parameters. A method of computing these polynomials is also devised and a

comparative study is presented for Runge function on [ 5,5].



2. Introduction

Interpolating polynomials play a vital role in the numerical solution of several scientific
and engineering problems. Nevertheless, they require a carefully designed algorithm to

avoid excessive accumulation of round-off errors.

Another drawback, the interpolating polynomials suffer from, is that they lack the

convergence property in general. This phenomenon appears particularly in case of

defined on

several functions having a singularity, e.g., the Runge function f(x)= .
X

[-5,5]. For this example, the sequence of interpolating polynomials does not converge to
fwhen constructed at the uniformly distributed points on [-5,5], e.g. see [8] and 21]. The
convergence characteristic of interpolating polynomials, however, changes if the nodes
are the zeros of orthogonal polynomials. Erdos and Turan noticed this particular
phenomenon in 1937 [15]. They constructed a sequence of polynomial interpolants to a
given continuous function f'in the sense of Lagrange where the nodes were the zeros of
orthogonal polynomials over an interval [@,b] and showed that such a sequence converges

to fin L,- norm over [a,b].

2.1. Theme of the project

In some applications, we may require the members of an approximating sequence to
interpolate a given function f at a finite number of pre-assigned points. These points may
lie inside the interval of convergence or in its outer part where f'is defined. It is known
that the sequences of best least squares or uniform polynomial approximants to an

f €Clc,d] converges to f. Some modifications of these sequences exist in the literature

in which additional interpolating nodes within [c,d]| are incorporated in each member of
the sequence and yet its convergence to f'is preserved on [c,d], e.g. see, [1], [3], [13] and
[17]. On the other hand, if we take up the case of Erdos-Turan type of polynomials as
discussed above, we find that these polynomials interpolate f at the zeros of orthogonal

polynomials over [c,d] and that the sequence of such polynomials converges to f in the



least squares sense over [c,d] [15]. These zeros by default lie within (c,d) [24]. A natural
question that may be asked is as follows: Can we modify these polynomials by inducting
additional nodes, simple or multiple, outside the interval (c,d) in such a way that each
polynomial interpolates f at these nodes without affecting the convergence of the
sequence to f over [¢,d]? Our project by and large addresses this aspect of approximating
polynomials. More precisely, we consider the following problem and determine its

solution along with its computational procedure:

Problem A: Let f:[a,b]— R . Consider an interval [c,d]c[a,b] with K a finite subset

of [a,b] \ (¢,d). Construct a sequence of polynomials p, such that

1) p, interpolates f at the zeros of orthogonal polynomials on [c,d ]
2) {pn} is Lo-convergent over [c,d ].

3) Each p, interpolates f'in the sense of Lagrange or Hermite at the points of K.

We also extend our work by considering the points in K as multiple nodes. In
computational part (cf Chapter 7) we shall see that the approximation by the suggested

polynomials is improved outside the interval of convergence, i.e., [c,d].

2.2. Literature survey

There is a wide range of literature on the theoretical and computational aspects of
polynomials interpolating in the sense of Lagrange or Hermite and their applications in
physical, engineering and business problems. Gander [16] considered several
representations of interpolating polynomials, for example, Lagrange, Newton, Hermite
etc, where each one is characterized by some basis functions. He investigate the
transformations between the basis functions which map a specific representation to
another and showed that for this purpose the LU- and the QR-decomposition of the
Vandermonde matrix play a crucial role. The choice of nodes in the interpolation process
plays an important role. A variety of problems and approaches related to these topics may
be seen in every text on approximation theory. The article “A Chronology of

Interpolation: From Ancient Astronomy to Modern Signal and Image Processing” [20]



and the monograph “Orthogonal Polynomials: Computation and Approximation” [17] are

worth seeing in this regard.

Although a significant literature exists on interpolation at orthogonal zeros where
convergence has also been discussed, the problem of interpolation beyond the interval of
convergence has not been discussed thoroughly to the best of our knowledge. A
remarkable application of this phenomenon may be observed in Gauss-Radau and Gauss-
Lobbato rules [22], [19] where end points of the interval of integration are included
among the nodes of these quadrature rules. In various other directions on interpolation at
the zeros of orthogonal polynomials and their convergence, a lot of work is carried out by

the researchers. The convergence and boundedness of the extended Lagrange

interpolating operator with additional nodes were studied in the space L, of Sobolev

type in [7] by Capobianco and Russo. In [11], Demelin and Lubinski investigated mean
convergence of Lagrange interpolation at the zeros of orthogonal polynomials p,(W?, x)
for Erdos weights W = ¢22. and provided necessary and sufficient condition for mean
convergence of Lagrange interpolants for these weights. Demelin et a/ further discussed
the mean convergence of Lagrange interpolation for fast decaying even and smooth
exponential weights on the line [12]. A lot of literature exists alone on the convergence of
Lagrange interpolation as well. Criscuolo ef al/ has discussed Point-wise simultaneous
convergence of extended Lagrange interpolation with additional knots in [9]. Criscuolo et
al also discussed convergence of extended Lagrange interpolation [10]. We also find a
significant work on the side of applications and computational procedures related to
interpolation polynomials. For example, in [24], Streltosy proposed the theory of function
interpolation, based on the use of Chebyshev and Legendre orthogonal polynomials on a
discrete point set. He provided effective method of solving Fredholm linear integral
equations of the first and second kind and showed that Legendre polynomials are more
preferable than Chebyshev polynomials of the first kind for solving Fredholm equations.
In [14], Deun and Bultheel provide an interpolation algorithm for orthogonal rational

functions.



In the proposed project, we plan to study Problem A via interpolating orthogonal
polynomials. This type of polynomials appears in our earlier work on constrained least
squares approximation [1], [3] and extension of Gauss quadrature rules [2], [4]. We plan
to discuss this problem initially by including the end point of [c,d] as interpolating nodes
and then extend our result to the nodes lying outside [c¢,d]. In addition, we intend to
explore the possibility of considering these nodes with multiple order. We shall also
design some algorithm for the computation of our proposed interpolants. For this, we
plan to use a modified form of 3-term recurrence relation [23] for the computation of
interpolating orthogonal polynomials. In order to determine the zeros of these orthogonal
polynomials, we shall compute eigenvalues of the Jacobi matrix related to
abovementioned 3-term recurrence relation. This technique, originally proposed by
Galoub and Welsch, is considered very effective and stable in the evaluation of zeros of

orthogonal polynomials [18].

2.3. Organization of report

The distribution of material in this report is as follows:

We provided a review of some fundamentals of approximation theory that mainly deal
with interpolation, orthogonal polynomials, L,-approximation, and the Erdos-Turan
Theorem in the next chapter. A review of the notions of 0-interpolants and orthogonal 0-
interpolants is given in Chapter 4. Here, the sequences of orthogonal 0-interpolants and
their convergence are also discussed. The material provided in rest of the chapters is a
core of the report. The Erdos-Turan type result by considering additional interpolation
only at the end points of [c,d], the interval of convergence, is discussed in Chapter 5. We
referred it to as Problem I. It is followed by Problem II where a finite number of simple
additional nodes are considered outside the interval of convergence. In Chapter 6, we
carried out an extension of Problems I and II for multiple nodes lying outside the interval
(c,d) and established convergence result. Chapter 7 deals with the computational aspects
for determining the required interpolating polynomial. We also explained the measure of
various errors between the function and the polynomial. In Chapter 8, we devised

algorithm for computing the polynomials. The computational procedure is applied to

10



specific functions in the MATLAB environment and simulation results are given along

with corresponding graphs. Some concluding remarks are given in Chapter 9.

11



3. Some Fundamentals Relevant to Erdds-Turan Theorem

We discuss some basic concepts of approximation theory in the context of ErdGs-Turan
Theorem in this chapter. These concepts or their modifications will be required in our
main work. The material discussed here may be found in the standard texts and current
literature on approximation theory and numerical analysis [4], [5], [6], [15], [18], [21],
[23].

3.1 Nomenclature

We list some standard notations frequently used in current and later chapters:

a) o(x) = non-negative weight function continuous on [c,d |
d
b) (£28)y 1y, = |/ () (X )0(x )

d) 7, = Class of all polynomials of degree < n 3.1)
e) Clc,d] = Class of all continuous real valued functions on [c,d ]
f)L,(.U,g) = nthdegree Lagrange interpolant to a function g at

the set U consisting of (n +1) distinct points

3.2 Interpolation problem
The polynomial interpolation problem is to determine a polynomial p of minimal degree

where p or its derivative(s) assumes the given values at a finite number of points. In fact,
it deals with finite data: {(x,. V)il = O,l,...,k} where the second coordinates y;’s may
be related to a real wvalued function f wunder consideration, i.e.,
eithery, =f (x,) ory, =f Y’ (x,). We classify the interpolation problem into two types:

Type I: Lagrange interpolation problem when all the first coordinates x;’s in the data are
distinct.
Type II: Hermite interpolation problem when at least one of the first coordinates x;’s in

the data is repeated.

12



3.3 Lagrange interpolation problem (solution)

In this case, the first coordinates x;’s of (k + 1) data points are distinct. We set

A z{xo,xl,...,xk}. (3.2)
The resultant polynomial p is of degree k and is denoted by L, (., 4, 1) (cf (3.1)-f). Thus,
we have

L, (x,,A.f)=f(x,),i=0,12,...k.

Note that L, (.,4,f") € z, . It is uniquely determined by k +1 interpolation conditions.

Some explicit representations of L, (.,4,f )are as follows:

a. Set
w,x)=]]x - (3.3)
then
_ W, (x)

L,(x,4,f)= ;f(a)(x — W (@) (34
b. Set

1(x) f[(x_x") = 0,12,...k (3.5)
x)=||—>=.,i=0,1.2,....k, )
l z ( i_xj)
then
Lk(x,A,f)=Z,f(xi)li(x)- (3.6)

The k£ + 1 polynomials /,’s defined in (3.5) are known as the fundamental polynomials of
the Lagrange interpolant at the nodes x ,,x,,x,,...,x, . It may be noted that
l,er,,i=0,1,.k,andthat /(x;)=5,. From (3.3)-(3.6), we note that

W,(x)

li(X):(x _xi)WA,(xi)

(3.7)

13



c. If we denote the divided difference' [8], [21] of order j by f [x¢5%,,...,x ;] then based

on the Newton’s interpolation formula [8], [21], we have another representation:

Ly AL ) =f 81 X Dot T 06 =) (3.8)

3.4 Hermite interpolation problem (solution)

Here we discuss the case when one or more x;’s in the data {(xi V)il = 0,1,...,k} are
not distinct. In particular, we consider a situation when an x; appears m; times with m, >1
in the data. In such a case, we need the interpolation polynomial p to
satisfy p")(x . )=f (x,), j =0,1,2,...m, —1. In order to determine the desired
interpolant, we identify each of the distinct x;’s and re-label them as follows: if » is the
number of distinct x;’s, we set U = {ul,u paeesll, } where each u ; correspond to one of the

distinct first coordinates repeating m,-times in the data. The resulting polynomial p is of

k
degree S(r) — 1 with S (r) = ij , and will be denoted by H . ,,(,U.f).

J=l

Thus, we have H{) | @, ,U.f)=f V@), i =0,1,2,...k;/ =0,1,2,...,m, —1. Here we

say that H,, ,, interpolates fat u;’s in the sense of Hermite.

Remark 3.1. The Hermite interpolants may be computed by Newton’s interpolation
formula (cf (3.8)). Here, one has to take care of divided difference of repeated nodes’

[21].

' Note that for the points X 05X 5o X , , the O-order divided difference f [x;]is defined as
fIx,19f (x,), i = 0,1,....k; and the m"-order divided difference is by the recursive formula

X s X 19eees X - X o X 5eeis X
f[x()ax];---:xm]:f[ 02712 m—l] f[ 157 2% m],m=1,2,...,j
xO_xm

2 xy =X, =..=x, =t then £ [x ,X 00X 1=f [usttyeu]=f @)/ k!
%’_/

k +1 times

14



3.5 Existence and uniqueness of best approximants [21]

I. Best approximant. Let 4 < B and (B,

||) be anormed linear space’. Let be B. We

say that ¢ € 4 is a best approximant of b from 4 if Ha* —bH < ||a —-b||, Vae 4.

ii. Existence of best approximant. Let 4 be a finite dimensional linear space in a

normed linear space (B, ||) . Then for every b € B, there exists an element of 4 that is a

best approximant of b from A4 .

iii. Unigueness of best approximant. Let 4 be a convex set in a normed linear space

(B,

||) whose norm is strictly convex. Then for every b € B, there is at most one best

approximant of b from 4.
iv. Application of convexity and strict convexity. Every linear space is convex. Also,

L,-norm on Cla,b] is strictly convex.

3.6 Lp-approximation problem

An Lr-approximation problem over r for an f €Cla,b] with respect to a weight

function, say @ , may be posed as follows:

min|f - p (3.9)

Pem, @

The problem (3.9) has a unique solution, say p, , since 7, is a finite dimensional linear

space and the norm || ||, on C[a,b] is strictly convex (See ii and iii, section 3.5).

3.7 Mean squared convergence

Let p, be a solution of the problem given by (3.9). If f € C[a,b] then
imlp: ], 0 c10

This result is a consequence of the Weierstrass approximation theorem with the following

heuristic argument:

() {

0
n=

. . . . .
p,—f Hw} isa decreasing sequence of nonnegative numbers since 7, C 7, ,, .

> The norm || . || is a real-valued function defined on B which satisfies the following properties:
(i)”x || > 0 unless x = 0; (i1) ||/1x || = |/1|||x || where A is a scalar; (iii) ||x +y || < ||x ||+||y || .

15



(ii) We can have p~ e 7, for some N such that H p-f ” < ¢&. Then

lpi=7], <" =7]. <.

(ii1) (3.10) is an outcome of (i) and (ii).

3.8 Orthogonal polynomials and their role in Ly-approximation

We say that two polynomials p and g are orthogonal with respect to a weight function @
b
over an interval [a,b] if < p,q)w = I p(x)g(x)w(x )dx =0. Orthogonal polynomials are

mutually linearly independent and they play a vital role in the computation of L,-
approximants p, . In particular, if "¢,,¢,,...,@," is an orthogonal basis of 7, then

p;‘(x):ié(’“—fé‘“(p,- ) 3.11)

i=0 i'Yi /e

3.9 3-Term recurrence relation for orthogonal polynomials]...]

An orthogonal basis "¢,,®,,...,¢," of 7, as required in (3.11) may be determined by the

following method (known as 3-Term recurrence relation):

P (x)=(x- ai)¢i(x) - ﬂi¢i—1 (), i=12,... (3.12)
with
@,(x) =1, @,(x)=x—a; a0=<¢o’¢o>w (3.13)
The recursion coefficients in (3.12) according to the Steiltjes procedure [17] are given by

X, i .

¢i s ¢i
? (3.14)
PR A
<¢’i 1P >a,

16



3.10 Orthogonal zeros and their evaluation

It may be noted that the orthogonal polynomial ¢, discussed above has n distinct zeros in

the open interval (a,b) [21]. These zeros are in fact eigenvalues of the Jacobi matrix [18].

a, JB 0 0 . 0 |
B a B 0 . 0
J, = 0 P “ ; ' (3.15)
o 0 .. 0
N
0o 0 . 0 JB, e,

3.11 Erdos-Turan Theorem based on orthogonal zeros

Here, we discuss an L,-convergence process related to the Lagrange interpolants (cf
(Section 3.3)) at the zeros of orthogonal polynomials. This is in fact the underlying theme
of our project. A remarkable result based on this type of intrpolants is due to Erdoés and

Turan [15] which may stated as

Theorem 3.1.[15] Let P,,P,,P,,...be a system of polynomials which are orthogonal on a

finite closed interval [c,d] with respect to a weight function . Suppose that

Z, = {zl,zz,...,zm} is the set of n +1 zeros of P,,,. Consider a real valued function f

with Z ., cDom(f )andletL (..,Z,,.f ) be the Lagrange interpolant of degree <n to f

n+l

at the zeros of P,,,. If f €Clc,d ], then
“ 2

lim (Ln(x,ZnH,f)—f(x)) dx =0. (3.16)

In Theorem 3.1, we note that the interpolating nodes being the zeros of orthogonal

polynomial are distinct and located within the interval (¢, d) [Powell]. Moreover, these

nodes are readily available as eigenvalues of the matrix (3.15)

17



4. Orthogonal O-Interpolants

In order to include additional nodes outside the interval of convergence in Erdos-Turan
Theorem (cf Theorem 3.1), we introduce a system of orthogonal zero-interpolants. For
formal explanation, first we shall define the notion of 0-interpolants and then describe the
relevant constrained minimization problem. On the same lines, we shall discuss the
notion of orthogonal Hermite zero-interpolants and its corresponding minimization

problem. [6]

4.1. Zero-interpolants

We shall say that a real-valued function g is a zero-interpolant at a finite set
{xo,xl,...,xk} if g(x,)=0,i=0,1,...,k, 1.e., g interpolates the zero-function at the

nodes x;, i =0,1,...,k.

Notations: For a finite set 4 with & +1 elements, i.e.,

A| =k +1, we shall use the
following notations:
7, (A)={per,, :p isazero-interpolant at 4 }, n > 0. 4.1)

C([¢,d1,A,k)={g eClc,d]:A = Dom(g) and g is a zero-interpolant at 4}  (4.2)

Remark 4.1. 4 may or may not be a subset of the interval [c,d] in (4.2).

Setting W, , (x ) == H(x —a), we describe some properties of 7, , (4) in the following

aeAd

lemma:
Lemma 4.1 [1]. If |A| =k +1, then the class of algebraic polynomials 7, (4) has the

following properties:

(@) m,,(4) is an n +1 dimensional subspace of 7 which is generated by the

n+k+1°

: n
polynomials W, , ,xW, ,....x"W .

(b) Every polynomial p in 7, , (4) is of the form

18



p=9W (4.3)
for some g e, .
(c) C;O 7, ; (4) is uniformly dense in C ([¢,d 1,4,k ).

Proof. The parts (a) and (b) of the theorem follow from the structure of 7, , (4). The

proof of (c) may be found in [1].

4.2. Orthogonal O-interpolants at a finite set A

Note that 7,

monic orthogonal polynomials with respect to weight function @(x) over a given

(A,k) being an (n + 2)- dimensional space has a basis that consists of

interval [¢,d] [1]. These orthogonal polynomials which we shall denote by ¢, , (x) ,j =

0,1,2,..., are determined by the 3-term recurrence relation by making some appropriate
changes in (3.12)-(3.14) as follows:

i. Replace ¢, (x) by ¢, ,(x),j=0,1.2,...
ii. Replace ¢y (x)=1by ¢, (x)=W, ,(x).

Note that 4 is a part of the set of zeros of every polynomial in =, ,(4). Thus, the
orthogonal polynomial ¢, . ,j=0,1,2...,n +1, has a unique decomposition (cf (4.3))

¢j,k (x)= P (x W, ,k (x) (4.4)

for some p, , ez, .

We refer to the polynomials ¢j’k , J =0,12..., as

orthogonal O-interpolants at the set 4 with respect to @ .
In the notation of ((3.1)-b) it follows that for i #j, we have
0 - <¢’ k2 ¢«i’k >[c o - <WA K pi K ’WA K p«j’k >[c Ao - <p’ K ,pj K >[c,d],wWA2’A. ’ Thel’efOl"e, pj’k ’

j=0,1,2...,n +1, are monic orthogonal polynomials with respect to the weight function

o(x W [(x) over [cd], and thus, each p ;1 has j real distinct zeros lying in the open

interval (c,d) [1].

19



4.3. Constrained L,-approximation problem with simple nodes

Let 4 ={x,,x,,..,x,,,} be a subset of real numbers. Let /" :[c,d]—>R be such that
d
I f (W (x)dx <o and that 4 < Dom (f'). Constrained L,-approximation problem

over r,, (where N > n+k with n>0) may be posed as follows:

min [f - p (4.5)
p(x)=f(x;)
i=0,1...k

[ed)o *

Solution. If n = 0, then L, (.,4,f), the Lagrange interpolating polynomial to f at the
k + 1 distinct nodes x,,i =0,1,2,...,k, provides an optimal solution of the problem (4.5).

In order to solve (4.5) when n > 0, we convert it into an unconstrained minimization
problem by modifying the given function f'and merging the interpolating constrains in the

feasible set [1]. Thus, an equivalent form of (4.5) is given by

i ol 4
where
‘fL :f _Lk (aAaf) (47)

The solution, ¢, € 7, , (4), of the problem (4.6) is uniquely determined by

* C <¢l’vk’ L>['d]
p = e ”‘l i 4.8
¢n, (x) iz(;<¢i,k’¢i,k >[C’d]’w‘/’, (x) (4.8)

where ¢, .4, ,....4, , form an orthogonal basis of 7, , (4).

Convergence [1]. If ¢,, ez, ,(A4) is the solution of problem (4.6), then (cf (4.7)-(4.8))

lim|f, - ¢, ] =o0. (4.9)

n—>0

provided that f € C[a,b].

[}

4.4. Orthogonal Hermite O-interpolants at a finite set A

In Section 4.1, we discussed the notion of zero-interpolant at simple nodes. Now we

extend this concept to multiple nodes. For this, we consider {u,,u,,...,u,,,} where each
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distinct node u; has multiplicity m; . We shall say that a real-valued function g is a
zero-interpolant at a finite set {ul,uz,...,ukﬂ} if g('/)(u[)zo, i=12,...k+1;
j=0,,.,m, -1, 1e., ginterpolates the zero-function and its first (m; — 1) derivatives at

each node u;, i = 0,1,...,k. In order to define the orthogonal Hermite O-interpolants, we

introduce additional notations:

stky=1{m,} S(k)::im,. (4.10)
Ws(k)(x):zn(x —u;)" . 4.11)

On the lines of Section 4.2, we consider (n +2)-dimensional subspace 7, (4) and its

n+l

orthogonal basis, say {¢j ) (k)}' . with respect to a weight function @ over the interval
" Jj=

[c,d]. As noticed in Lemma 4.1, we briefly state some properties relevant to the
orthogonal polynomials @, _ ,,:

1. ¢n+1,x(k)(x )= pn+l,x(k)(x )Ws(k)(x) for some pn+1,x(k)(x )ET,

2. Z, s =1215225--,2 1} Will denote the set of (n +1) distinct zeros of the factor

5% n+l

polynomial p, - These zeros lie in [¢,d ].

3. Each orthogonal polynomial ¢, ,, has k& +1 zeros u,each with multiplicity

)

m,,i =1,2....,k +1. These are in addition to (j +1) distinct zeros of p,,, -

1

The polynomials ¢, ), j = 0,1,2..., will be
referred to as orthogonal Hermite O-interpolants at the set {u,,u,,...,u,,,} with respect to

@ where each node u; has multiplicity m;,.

We also notice that for i # j ,
0= <¢i,s(k)’¢j,s(k)>[c,d],w = <pf,s<k>Ws(k)’pj,s(k )Ws(k)>[c,d]’wwsz(k) = <pt,s(k)’pj,s(k)>[C,d],stzw
Therefore, p; ., J = 0,1,2...n+1, are monic orthogonal polynomials with respect to

weight function @(x )W‘Tz(k)(x) over [¢,d], and thus, each p, ., has j real distinct zeros

lying in the open interval (c,d) [3].
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4.5. Constrained L,-approximation problem with multiple nodes
The constrained Ly-approximation problem as discussed in Section 4.3 can be
reformulated for multiple nodes as follows:

Let U ={u,,u,,...,u,, } be a subset of real numbers where each node x; has multiplicity
d
m; . Let f :[c,d]—> R be such that Ifz(x)w(x)dx <o and U cDom (f). Then a

constrained L,-approximation problem over 7z, (where N > n + S(k) -1 with n>0)

may be stated as follows:

min |f -p 4.12)
PETy
PV )= Vx))
i=0,1...k
Jj=0.1,...,m;

[c.d]o

. Problem (4.12) can be resolved on the lines of the method given for

problem (4.5). Here, we modify fas follows (cf (4.7)):
fu (x)::f(x)_HS(k)—l,k(xaUaf)- (4.13)
If N = S8(k) + n— 1. Then an equivalent form of (4.6) can be expressed as

min |/, - p|. . (4.14)

PET, 5(ky(4) @

where nn,.;(k)(A) =<Ws(k),XWS(k),xZWS(k),,__’x nWs(k)> with Ws(k) given by (411) The
solution of (4.14) is similar to that of the problem (4.6) by considering the orthogonal

basis of 7,  ,,(4), say {¢j B (k>}j:o , as discussed in Section 4.2.

Convergence [3]. If ¢:,S(k) €T, ,,(4) is asolution of problem (4.14), then

lim|| £, =4[, =0. (4.15)

n—>0

provided that € C“”[a,b] with k* ::( max m, )—1.

1<i <k +1

The details of the proof for (4.15) may be found in [3].
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5. Extension of Erdds-Turan Theorem (Simple Nodes)

This chapter deals with extensions of Erdos-Turan Theorem (cf Theorem 3.1) where the
underlying interval is [c,d] and additional nodes lying outside the open interval (c,d) are

simple. Here, we address the following problems:

Problem I: Let f :[c,d]— R . Construct a sequence of polynomials P, such that

1. P, interpolates f at the zeros of orthogonal polynomials with respect to

appropriate weight function on [c,d ].
2. {P,} is Lr-convergent to fover [c,d ].

3. Each P, interpolates f in the sense of Lagrange at the end point(s) of interval
[c.d].

Problem Il: Let f:[a,b]— R . Consider an interval [c,d] c[a,b] with 4 a finite subset

of [a,b] \ (¢,d). Construct a sequence of polynomials R, such that
1. R, interpolates f at the zeros of orthogonal polynomials with respect to

appropriate weight function on [c,d ].
2. {R,} is Ly,-convergent to fover [c,d ].

3. Each R, interpolates f'in the sense of Lagrange at the points of 4.

The solution of both problems depends on appropriate orthogonal 0-interpolants which
replace the orthogonal system of polynomials considered in Erdos-Turan Theorem. Here,
we modify the given function f'to a 0-interpolant at the points ¢ and d in case of Problem
I and at the given set 4 in case of Problem II, and then construct a sequence of desired

interpolants.

5.1. System of orthogonal O-interpolants at A and fundamental polynomials

Recall that {¢j . }MO as described in Section 4.2 is an orthogonal basis of the space
’ J=

s (A):=<WA,,C,xWA,k,...,x””WA’k> with W, , (x)=]](x —a). We shall regard

aed
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¢j,k ,j=0,12,....., as the system of orthogonal O-interpolants at 4. From (4.4) and
Remark 4.2, we note that ¢, , (x)=W,  (x)p,,, (x) where p, ,, has n+ 1 distinct

zeros in (c¢,d). We shall write these zeros in the set notation form as
Z ik :z{zl,zz,...,z,m}. (5.1)

Next, we consider the polynomials W ,/,,i =0,1,2,...,n +1, [, € x,,, are the fundamental

n+l

polynomials (cf (3.5)) of the Lagrange interpolant based on the points of Z We

n+lk *

shall require following Lemma in sequel:

Lemma 5.1. The polynomials W, [,,i =1,2,...,n+1, are mutually orthogonal with

respect to the weight function @ on the interval [c,d].

Proof. First, we note that

S P L C) N S S
(x _Zi)pr:ﬂ(zi)

Thus, for i # j ,i,j=1,2,...,n +1, we have after reshuffling of some factors
1

d
P GOW, (x)
<WA li ’WA li >[c dl,o = ' I¢n+1,k (x ) . =
n pn+1,k (Zi)anrl,k (Zj)c (x _Zi)(x _Zj)

o(x )dx . (5.2)

. . Pk (W, (x) . .
If i # j, then the expression in (5.2) reduces to a polynomial of class

()C _Zi)(x _Zj)

7,4 (A). Noting that ¢, is orthogonal to 7z, (4) with respect to @ on the interval

[c,d], the right side of (5.2) vanishes. This completes the proof.

5.2. Interpolants with additional nodes outside (c,d)

In order to modify Erdos-Turan type interpolants (cf Theorem 3.1) that may absorb a
finite number of additional nodes lying outside (c,d), we proceed as follows:

i. Let 4 be a finite set of real numbers such that 4 and (c,d) are disjoint.

ii. Define a class of real valued functions K ,[c,d] in which any function f has the

following attributes:
a. f eCle,d],
b. Dom (f) = [a,b] with 4 U(c,d) c[a,b],
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c. fis differentiable at the points of 4

iii. Following the notation of (4.7), set
fA(X):f(X)_L‘A‘_l(x,A,f) (53)
Now we are in position to provide an explicit form of the desired interpolants.

Lemmab5.2. Foran f €K ,[c,d], set

Wf—A ((x)), x ¢gA,
X
fw, (x)= ; o (5.4)
limZ4-—=, x e4
t—x WA (t)
Then the polynomial ]Ln,‘ A‘(x A ) e 7l defined as
]Ln,‘A‘(x,A,f):=L‘A‘_l(x,A,f)+WA ()L, (x,Z, .. y,) (5.5)

interpolates f at the zeros of the orthogonal polynomial ¢, , (x)=W  (x)p,,,, (x) (cf

Section 5.1).

Proof. Note that 4 UZ , , is the set of all zeros of @,,,, whereas Z,, , is the set of the

n+l,4 n+l,A4

zeros of p, . (cf (5.1)). Moreover, 4 andZ, , are disjoint sets. If v €4, then

L‘AH(V,A,f)Zf (v) along with W ,(v)=0. Thus, Ln"A‘(v,A,f):zf (v). On the other
hand, if ve Z,, ,, then Ln,‘A‘(v,A,f):L‘AH(V,A,f)+WA V), () (cf (5.5)). Using
(5.3)-(5.4), we conclude that L}L‘A‘(V,A,f):f (v). Thus, the polynomial ILH,‘A‘(.,A,f)

interpolates 1 at the zeros of ¢, ,, , .

5.3. Extension I: Inclusion of end points of [c,d] as additional nodes
As a first step towards extension of Erdds-Turan Theorem, we start with a simple

situation where the end-points ¢ and d appear as simple nodes in the modified

interpolants (cf (5.5)). In such a case, 4 = {c,d} and the corresponding interpolant can be

written from (5.5) as

L, 2o, d,f)=Li(x, A0 )W (X)L, (x, Z, 1o y,) (3.6)
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Our first result is as follows:

Theorem 5.1. Let ¢, ,, j = 0,1,2,....., be the system of orthogonal 0-interpolants at

A={c,d} with respect to @ on the interval [c,d]. If f €K ,[c.,d] then
lim L, ,(.4.f)=f |, =0. (57)

where L, ,(.,A.f ) is the Lagrange interpolant to f at the zeros of @, , as given in (5.6)

Proof. Using (5.6) with a slight reshuffling and then considering £, y, from (5.4), we get

f=Los ALY =W (=L AL =L, (2, nf) ]
=W, |:fWA -L, ("Zn+1’fWA )]

Since f,, €Clc,d], there exists the best uniform approximant Q, €z, to f,, from the

(5.8)

class 7, and [21],

limlf,,, -0, =0 (5.9)
Thus,
EE?O‘VWA -9, [e.d 1o =0. (5.10)

By triangle inequality, (5.8) can be expressed as
”VVA |:fWA _Ln ("Zn+1’fWA )]H[C,d],w
< ”WA ':fWA _Qn:| ed o +”WA |:Qn _Ln (-aZn+1a W, ):m[c,d]’m-

Since W ,(x) being a quadratic polynomial is bounded on [c,d], it follows from (5.10)

(5.11)

that

.10, -0.]

Note that O, =L, (.,Z

] —>0asn > . (5.12)

Q) and that L, is a linear operator. Therefore, the second term

n+l°

on the right side of (5.11) can be written as
w.lo. L.z fud],, Wil (2,00,

Expanding L, in terms of its fundamental polynomials, we have

(5.13)

cdlo ledlo

n+l

w,x)L,(x,Z,.,,0, —fWA)=Z(Qn ~Sw )z W () (x)
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Hence,

n+l 2
W.L,.2,.00, 1)} =|2Q. e WL (5.14)
[c.d].@
Next, using the orthogonality of W, [,,i =1,2,...,n+1 (cf Lemma 5.1), we have
n+l 2
Z(Qn _fWA )(Zi )WAli
- fed)e (5.15)

= }i(Q,, ) =fw, ))ZI[WA ), ()] @(x )dx

Since the points z, €(c,d),i =1,2,...,n+1 and Q, —fWA is continuous on [c¢,d], the right

side of the above equation can be estimated as

50,4,

0 —

[W (x)], (x )] a(x )dx

(5.16)
e Zj 7, o), ()] eo(x )
Noting that nzﬂl ; (x)=I1 [8] and consequently, {fl C(x )} =1, we have
J. W (x )] a(x )dx —J.W (x){fl (x )} @(x )dx
j [EW (), (x )} w(x )dx
ebLis (5.17)

n+l

—jW (x)z [1, )] @(x )ddx

=

Il
e

n+

[W (), (x )] @(x )dx

where the second last expression is due to the orthogonality of the polynomials

W,(x)(x),i=12,..,n+1 (cf Lemma 5.1). Combining (5.13)-(5.17), we arrive at

d]w\/I[WA (X)]za)(x)dx —>0asn > w.

c

”VVA |:Ln ("Ziz+l’Qn _fWA )]H[C’d],w <

n _fWA [

This along with (5.8), (5.11) and (5.12) shows that
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lf -L,.¢.4.0)| , —0asn—>ow.

[c.d ]

This completes the proof.

5.4. Extension I1: Inclusion of a finite number of points outside (c,d)

In this section, we consider an extension of Erdos-Turan Theorem on a finite set of real

numbers lying outside (c,d). More precisely, we consider 4 = {xl,xz,...,x M} as a set of

additional nodes where x, ¢ (c,d). Based on the notations and terminology given in

(5.1)-(5.5). we state

Theorem 5.2. Let A ={x ,x,,...,x,,,} withallx, ¢(c,d). Let Pai-J=0,1,2,....., be

the system of orthogonal O-interpolants at 4 with respect to @ on the interval [c¢,d]. If
f €K,[c,d] (cf ii, Section 5.2), then the polynomial L, (.,4,f) given by (5.5)

interpolates f at the zeros of @, , . . In addition, we have

nm\
n—o0

L ouGASIS ., =0 (5.17)

Remark 5.1. Theorem 5.2 can be proved exactly by following the steps given in the
proof of Theorem 5.1 with minor adjustments, and therefore, omitted. In this process, we

have to replace the linear Lagrange interpolant L,(x,4,f) by the Kt degree

interpolant L, (x,4,f ) in the proof of Theorem 5.1.
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6. Extension of Erdés-Turan Theorem (Multiple Nodes)

This chapter deals with construction of interpolants that include a finite number of simple

and/or multiple nodes x,x,,...x, € Dom(f)\(c,d). Here, we discuss an extended

version of Problems I and II (cf Chapter 5):

Problem 11l: Let f:[a,b]—> R . Consider an interval [c,d]c[a,b] with 4 a finite
subset of [a,b] \ (¢,d) where each point is considered as a simple or multiple node. Then
construct a sequence of polynomials /4, such that
1. h, interpolates f at the zeros of orthogonal polynomials with respect to
appropriate weight function on [c,d ].
2. {h,} is Lr-convergent to fover [c,d ].

3. Each A, interpolates f'in the sense of Hermite at the points of 4.

To determine the solution of this problem, we need some additional notations. For a

given set of nodes 4 = {xl,xz,...,ka} lying outside the interval (c,d) where each x;

has multiplicity m;, we set (cf (4.10)-(4.11))

k+1

S(k):z{ml.}l,:1 , (6.1
WAqs(k)(x)::li[(x —x )" (6.2)
S(k)::limi (6.3)

6.1. System of orthogonal Hermite O-interpolants at A
As before, we consider the (n + 2)-dimensional subspace 7, (W, ,,) generated by

, , . nel
W y(x), i =0,1,...,n +1, and its orthogonal basis, say {(/ﬁj S(k)} 4+0 with respect to a
, S 2

weight function @ over the interval [c,d ]. The orthogonal polynomials thus constructed
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will be referred to as the system of orthogonal Hermite O-interpolants at 4. To avoid

replication (cf Chapter 5), we briefly state some properties of ¢, _,,,/ =0,12,,... :

1' ¢n+1,s(k)(x ) :pn+1,s(k)(x )WA ,s(k)(x) for some pn+l,s(k)(x ) € ﬂ.n+1 :

2. Z s = {z\,245..,2,,,} will denote the set of n +1 distinct zeros of the factor

S% n+l

polynomial p, ., . These zeros lie in [c,d ].

3. Each orthogonal polynomial ¢, ., has additional k£ +1 fixed zeros x, each with

multiplicity m,,i =1,2...,k +1.
4, If I, 41 =1,2,...,n+1,denote the fundamental polynomials of the Lagrange

interpolant based on the points of Z, , ., then an analogue of Lemma 5.1 holds
n+l
for {WA ’ls,(k)li’s(k)}i:1 , Le.,

<WA,S(,{)11A,S(,{),WA,s(k)zj,s(,(»[c’d]’w =0,i#j3i,j=12,...n+1. (6.4)

6.2. Modification of function and interpolants

Define a class of real valued functions K, [c,d] in which any function f has the

following attributes:
a. feCle,d],
b. Dom (f) = [a,b],
c. fis (m;— 1)-times differentiable atx; i =1,2,....k + 1.
Subject to admissible differentiability conditions on f conditions, the notation

Hg iy (4,f) will denote the polynomial of degree <S(k)-1 satisfying the

conditions:

HY) (x,A4.0)=f D (x,), i =1,2,..k +1; j =0,1,...m,. (6.5)

S (k)-1

Foran f €K, ,[c.d], we define a function on the lines of the one given in (5.4):

X
I/]I(/‘A,s(k)(( )), x EA
A5y X
fWA,sm(x):: f (t) (6.6)
lim=2®" " x4
t—x WA,s(k)(t)
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where

fA,s(k)(x)::f(x)_HS(k)—l(xﬂAﬂf)' (6.7)

Remark 6.1. The differentiability conditions at the multiple nodes x;’s) as prescribed in

the definition of K , ,[c,d] assures the existence of the limit considered in (6.6).

Recall that W, ., is a polynomial of degree S(k) (cf (i), Section 6.1) having k distinct
zeros at A = {x,x,,...,x,,,} each with multiplicity m,. Counting all the zeros up to
their multiplicity, we define an interpolant H, . (x,4,/") to fat (S(k) + n + 1) zeros of
the orthogonal polynomial ¢, ,,(x) as follows:

Hn,s(k)(x A )= Hy (x4 7f)+WA,s(k)(x )L, (x ’Zn+1,s(k)7fW“(k) )s (6.8)

where n =0,1,2,...

Remark 6.2. If s(k)={m,}  with each m; = 1, then Hy,, (x,4./) reduces to

=1
L,(x,A,f) (see Theorem 5.2). In addition if £ =2 with 4 ={c,d}, it further reduces to
L,(x,A,f") (see Theorem 5.1). Therefore, the interpolant H, , , (x,4,f ), in these cases,

will take the form I, , ,,(x,4,/ ) and L, ,(x,4,f") respectively.

6.3. Main result
With the notations and terminology given in the preceding two sections, we state our

main result that provides a solution of Problem III:

k+1
i=l

Theorem 6.1. Let A = {x,,x,,....x,,,} = (—,0)\ (c,d) and let s(k):={m,}  bea
finite sequence of positive integers. Let ¢, ., j =0,12, ..., be the system of orthogonal

Hermite 0-interpolants at A with respect to @ on the interval [c,d] as defined in section

6.1. If [ €K, lc.d] (cf Section 6.2), then the polynomial H, . (.,A.f") given by
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(6.8) interpolates f at the (S(k) + n + 1) zeros of @,.,,(x)in the sense of Hermite. In

addition,

limHHn’s(k)(.,A,f )=f

n—>0

=0, (6.9)

[ed]@

Proof. We shall divide the proof into two parts.

Part I. Interpolation characteristic of H, ,, (x,4,f) at the zerosof ¢, ,, ;"

To justify this, note that 4 WZ ., is the set of all zeros of @, ,,, whereas
AandZ, ., aredisjointsets. If u €4 then u =x, for some i leads to

WD @)=w 2, (x,)=0,/j =0,1,...,m, —1. Thus,

()

X =u

) )
H 000 A ] = Hog A ) 4000 0OL, 602, )]
implies that H), @,4,/)=Hg), (u,A4,f ). On the other hand, if u € Z,, ., then

:f(a)_HS(k)—l(u’A’f) e
WA,s(k)(u) o

Hu,s(k)(”aA J) :HS(k)—l(uﬂA 5f)+WA,s(k)(u )L, (u’ZnJrl,s(k)’

L, (u’ZnH,s(k)’fWAMA.)) :fWAM) (1)

b

)=/ @).

W45k

Thus, the polynomial H, . (.,4,f ) interpolates fat the simple as well as multiple zeros

of ¢n+l,s(k)
Part II. Convergence of H,  , (., 4,f) tof

The convergence proof here is similar to that given for Theorem 5.1. For the sake of
completeness, we shall provide all relevant explanations.
Step 1. By a slight rearrangement of terms in (6.8) and using 6.6)-(6.7), we have

_HS(k)—l("A af ))
w

S
f_Hn,s(k)("A’f)=WA,s(k) {( _Ln("Zn+1,s(k)’fWA“)(k))

(6.10)

As(k)
:WA,s(k) [fWAM) -L, ("Zn+1,s(k)9fWAvs(k)):|

Step 2. Since f), o €Cle,d], there exists Q, (,, € 7, which best approximates f, o in

the uniform norm [21]. In addition [21],
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lim|f, —Qn,s(k)u =0 (6.11)

n—m [c.d],0

which implies that

limljf, —Qn,s(k)H = 0. (6.12)

n—»o [c.d )@

By triangle inequality, we have

”WA s (k) [fWA,sm L, GZ s S, )]

[c.d]e

(6.13)
< ”I/VA,S(I{) |:fWA;(,C) _Qn,s(k)i| le.d o +”,/VA,S(1€) |:Qn,s(k) _Ln ("Zn+1,s(k)’fWA;(k) )i”[c,d] N .
Recall that W, (,,(x) is a polynomial independent of n. Thus, by (6.11)
”WA [fWA —Qn]‘[Cd]w—)O asn —» . (6.14)

Step 3. Q,.« being a polynomial of degree »n implies that
O, =L,Z 50y, 9sy) - Moreover, L, is a linear operator. Therefore, the second

term on the right side of (6.13) can be written as

‘WA,s(k) |:Qn s(k) L ( Zn+1 s(k)’fWA (k) :| ”VVA s(k) n n+1,s(k)’Qn,s(k) _fW/U,(k))H

(6.15)
Using the representation of L, in terms of its fundamental polynomials basedon Z, , .,

[cdlo

we have

n+l

WA,s(k)(x )L, (x ’Zn+1,s(k)’Qn,s(k) _fWAJ(,()) = Z(Qn,s(k) _fwmk))(zi )WA,s(k)(x ), (x)
=

Hence,

n+l 2

”I/VA,s(k)Ln(" n+ls(k)’Qna(k) fWA k) H Z(Qns(k) fWAs(k )( )WA s(k)l

[ed]@
(6.16)
Step 4. Considering the orthogonality of W, _ , [,,i =1,2,...,n +1, we have
n+l 2
Z(Qn,s(k) _fWAM) )z, )WA,s(k)Z[
- fedo (6.17)
n+l zd 2
=Z_I(Qn,x(mz,-)—fWW<z,<)) [[7 4500006 ] @ )
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By using the continuity argument as given in case of (5.16), we get to the following
relation:

n+l

D (i@ S @) [ 1 @O, ) T 0 e

i=l

(6.18)
2 n+ld >
< ‘Qn,s(k) _fW/,W) o]0 ZI[WA,s(k)(x ), (x )] @(x )dx .
T I

n+l
Step 5. Since Zli (x)=1, on the lines of (5.17) we have

i=1
d 2 d 5 n+l 2
[[7 1000 Jo)de = [ 2 )DL, ()] o ) (6.19)
c c i=1

Step 6. Combining (6.14)-(6.18), we arrive at

”VVA s(k) |:Ln ("Zn+1,s(k)9Qn,s(k) _fWAM,‘.) ):|

[c.d]@

<|

Qn,s(k) _fW

As(k)

o]0 \/T[WA,s(k)(x )]za)(x Ydx —>0asn — oo.

c

This along with (6.10), (6.12) and (6.13) shows that [[f —H, (. 4.f )H[ s, 0 as

as n — oo,

6.4. On the choice of additional nodes

In Problems II (cf Chapter 5) and Problem III, any choice of additional nodes in the
intervals (a,c) and (d,b) does not affect the convergence results (5.7) and (6.9) . However,
this choice does affect the amount of deviation of the approximating polynomial from the
function f{x) outside the interval of convergence. On the other hand the choice is made
out of the shifted Chebyshev zeros, the behavior of approximating polynomial improves
outside the interval of convergence. This phenomenon will be observed in the simulation

results given in Chapter 7.
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7. Computational Aspects

The solutions of Problems I-1II (cf Chapters 5 & 6) mainly depend on the computation of
orthogonal O-interpolants (OZI) (cf Section 4.2) and their respective zeros. As observed

in the 3-term recurrence relation, the computation of OZI are entirely based on integrals

w

b
of the form < g,h> = I g(x)h(x W (x)dx . It may be observed that the polynomials g

and 4 grow to higher degree with the successive application of the recurrence relation.
Thus, the propagation of round-off error in the computation of these integrals causes a
severe ill-conditioning effect on the 3-term recurrence relation. This is a similar situation
which we encounter in computing the classical orthogonal polynomials [8], [21]. To
overcome this problem, approximation of inner products with a suitable quadrature rule
is highly recommended [17]. Here, we adopt discretized Stieltjes procedure based on n-

point Fejer Quadrature rule.

7.1. Steiltjes procedure

The orthogonal exponential O-interpolant computed at each stage by 3-term recurrence
relation helps us to compute the recursion coefficients. These coefficients are utilized in
the computation of next stage OEZI. The process of computing recursion coefficients

with this strategy is due to Steiltjes [17].

7.2. Transformation of Chebyshev points

The process of discretiztion usually involves Chebyshev zeros, say ¢, which lie in the
interval (—1,1). In case, the underlying interval (c,d), we shift these zeros by the
transformation:

d-c d+c
t. >x. = t. +

: 7.1
1 1 2 1 2 ( )
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7.3. Discretization by Fejer quadrature rule

b
The integralsj(.)dt involved in the inner products or otherwise are discretized by the

a

following quadrature rule [17]:

b M

j F(x)o)de = > w ¥ Fx ol ) (7.2)
a Jj=l

with nodes x ;€ (a,b):

t" =cos8" with 9" _2 _1; x M =d_ctl.M ks
2n 2 2

(7.3)

and weights w ;' >0 given by

[ 2] cos (20"
w ;:i 1-2 Z # (7.4)
M o 4571

The approximation of integral by (7.2) subject to (7.3) and (7.4) is known as Fejer

quadrature rule.

7.4. Computation of simple zeros of orthogonal O-interpolants
Major part of the required interpolant is based on the simple zeros of the orthogonal 0-
interpolants. For this, we
1. select the set of additional nodes lying out side the interval of convergence:
A={x;:i=12,...k+1}
2. construct the product of linear factors (x —x,)" where »; is the multiplicity of x;:
W(x).
3. compute the recurrence coefficients in 3-term recurrence relation (3.12) for
“orthogonal polynomials based on weight function @(x)=w(x)W3(x) and
@(x) =w(x )W *(x)” separately.
4. compute the set of zeros of orthogonal polynomials, say Z, which emerge as the

eigenvalues of the tridiagonal matrix based on o ’s and S ’s: .
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7.5. Computation of required interpolants
The interpolant which appear as the solution of Problems I-III (cf Chapters 5-6) is
comprised of 3 components:

1. Lagrange or Hermite interpolant LH(x,A4,f) to a given function f at the set of
additional nodes 4 = { x; : i = 1,2,....,k + 1} lying out side the interval of
convergence.

2. Modified function: fa (x) =[ f (x) —LH(x,4,1)[/WLn(xX).

3. Construction of Lagrange interpolant to fwa (x) at Z: L (x,Z, fwa ).

4. The required interpolant: INtPn(x,f) := LH(x,A,f) + WLn(x) L (x,Z, fwa ).

Note that W n(x) in the presence of additional nodes is either H(x —w ) which is the

w ed

case of simple additional nodes or H(x —w )’ in case of double nodes. Also, in the

wed

absence of additional nodes, we shall have IntP,(x,/) := L (x,Z, f)

7.6. Measurement of Error of approximation and Graphs
In order to determine the level of accuracy of approximating polynomial “IntPn(x,f)”, we

consider standard types of errors:

Definition 3.1. Pointwise error “Err” with respect to mesh points x =u,, 1<i <N ,is

defined as

Err (x ) =f (x )= IntPn(x,f). (3.5
Definition 3.2. Maximum error “M-Err” with respect to mesh points ¢,, 1<i <N, is
given by

M-Err :ggﬂf (u, )= INtP, (u,.f )| (3.6)

Definition 3.3. Root Mean squared error “RMS-Err” with respect to mesh points

t;, 1<i <N ,is defined as
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Zlf (“i)_ IntPn (“i af )|2

RMS ={|L= (3.7)

N

The graphs of test functions f and their approximants IntP,(x,/ ) on the interval of

convergence [c,d] as well on the extended interval [a,b] are drawn in the MATLAB

environment.

7.7. Interpolating curve out side the interval of convergence

In order to see the behavior of interpolating curve outside the interval of convergence
[c,d], we compute fand IntPy(x,/) on the interval [a,b] that contains both [c,d] and the
additional nodes. The graphs of f'and IntP(x,/) are drawn over the interval [a,b].
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8. Simulation Results

We have tested the proposed methods for Runge function f (x)= 1 2 +1) on

[c,d] =[-2.5,2.5], the interval of convergence and on the extended interval [a,b] = [-5, 5]
with the set of preassigned 4 = {-5, —4, -3, 3, 4, 5}. Our objective is to compare the two
types of errors namely, point-wise error and root mean squared error, that arise from the

error function ‘f (\)—IntP (.)’ for n = 5, 10, 20. Here, n represents the number of

orthogonal polynomials involved in the interpolation process. More precisely, we shall

consider IntPy(x,/") relevant to n zeros of orthogonal polynomials over [c,d] = [-2.5,2.5]

when
1. there is no preassigned node involved in the interpolation process, i.e.,
INtPn(x.f) =La(x.Zf)
as considered in Erdos-Turan Theorem (cf Theorem 3.1).
il. a finite set A of preassigned simple or double nodes lying outside (c,d) is involved

in the interpolation process, i.¢.,
(@)  IntPa(xf) =L, ((z.f)

as considered in our main result related to simple nodes (cf Theorem 5.2),
(d)  IntP(xf)=H, 4 (z./)

as considered in the last main result related to double nodes (cf Theorem

6.1).

8.1. Explanation of simulation results
For the explanation of simulation results, we recall that the set of all zeros of an

orthogonal 0-interpolant ¢ depends on the nature of the preassigned zeros which may be

simple or double. In case of simple zeros, ¢, = Wp, where W (x) = H(x —w ) and for

wed

the second case ¢, = W *p, . In both cases, p, and p, have n simple zeros lying within
(c.d) W 2(x) = (-2.5,2.5). However, p, and p, are orthogonal polynomials over [c,d] with

respect to weight functions W *(x) and W “(x) respectively. On the other hand,
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¢, =p, =p, in the absence of preassinged nodes and therefore ¢, , p, and p, are

orthogonal over [¢,d] with respect to weight function 1. Thus, it is natural to discuss the
errors due to
. IntP, = Ly(., Z f) in Erdos-Turan Theorem based on the zeros of orthogonal
polynomial over [c,d] with respect to
a. weight function w(x) =1,
b. weight function w(x) = W X(x) ,
c. weight function w(x) = W *(x),
ii. IntP, =L, ,(z,f) in Theorem 5.2,

1ii. INtPn(x,f) =H, 4 (z./ ) in Theorem 6.1.

It may be noted that in all the three cases a-c of (i) we do not consider interpolation at any
preassigned zero, whereas in case of (ii) and (iii), the interpolant IntP, respectively

interpolates /" at 6 simple zeros and 6 double zeros.

8.2. Some abbreviations

We have divided our computational work into two parts:

Part I: Error ‘/ — IntP, * on the interval of convergence, i.e., [¢,d]

Part II: Error ‘/ — IntP,, > on the extended interval, i.e., [a,b].

Two types of errors are computed over a set of mesh points in both intervals:

1. Maximum of absolute value of pointwise error,

ii. Root mean squared error.

These errors ‘f — IntP,’ are separately tabulated. The graphs of Runge function and the
respective interpolant are provided below each table. For the sake of simplicity we have
used uniform abbreviations in the tables. They are as follows:

1. Er[E-T(1)]: Error based on Erdos-Turan Theorem when w(x) =1,

il. Er[E-T(W %)]: Error based on Erdos-Turan Theorem when w(x) = W *(x),

1. Er[E-T(W *)]: Error based on Erdos-Turan Theorem when w(x) = W *(x),

iv. Main Er[ L, ]: Error based on one of our main Theorems (cf Theorem 5.2)

v. Main Er[ H ]: Error based on another main result (cf Theorem 6.1).
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In addition, we used the following abbreviation for the two errors:

1. Max(Abs Er) : Maximum of the absolute values of the pointwise error based on
mesh points of the underlying interval,

il. RMS: Root mean squared error based on the mesh points of the underlying
interval.

8.3. Simulation results and graphs

Based on the above explanation, the outcome of our computational work is provided in
the tables and graphs in the next pages. The computational work is subdivided into two
parts. Part I deals with the convergence of interpolating processes over the interval
[c,d] =[—2.5,2.5] and Part II takes care of other aspects like interpolation at preassidgned

nodes and behavior of error outside [¢,d].
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Part I. Interval [-2.5, 2.5]
Table I-(i) n=5

Max(Abs Er)

RMS

Er[E-T(1)]

0.2478

0.1155

Er[E-T(W 7)]

0.8078

0.3451

Er[E-T(W )]

1.9709

0.8981

Main Er[ L, ]

0.0919

0.0548

Main Er[ H | ]

0.0349

0.0247

Graphs of Function and Interpolating Polynomial

e
og i N
o7 ; / N
. / oL
06 N AR
J -
05 e \
; i
04 /}'/ N
03 . / \\
ozl L
o1 - )
d5 % @5 9 @5 0 05 41 z
E-T(1)
1 re 25
AN
0s /.
08 /i \‘ 2k :
07 l' fﬁ: .'\ 'I !
l' % \ | 18} i
DEF N Y
05 \ /\" "‘:.l X :
; T
g .'f \ [ SN
1 . \ ! 4 %,
03 Iy {rJ ‘\\'._ 05 e M
o2f &7/ N -~ R
- I\‘ y /'I ) ) I‘\\ l,l’ b ) ) ) 'I B ——
e T R T B T S5 % o 95 o0 o5 1 15 25
2 4
E-T (W?) E-T (W)
1 = 1 N
03 J'./J l\' . 08 i \\
Vi ey 7 !
. /A . FARERY
’ W S k)
ik i b ik / 4
06} / \ 06} / \
05 rr},.r \\\ 05 y \‘
/ Y / ",
04 / h, o4t
4 N / A\
03 ! N 4 03 v, J
4 o // \
02 / S\ 1 02| = SR
Ve % 4 w05 0 0F 1 75 2 35 Ve f 4 05 0 05 1 15 2 25

42




Table I-(ii) n=10

Max(Abs Er) RMS
Er[E-T(1)] 0.0342 0.0127
Er[E-T(W 7)] 0.0762 0.0251
Er[E-T(W )] 0.2849 0.0939
Main Er[ L, ] 0.0176 0.0065
Main Er[ H | ] 0.0091 0.0033

Graphs of Function and Interpolating Polynomial
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Table I-(iii) n=20
Max(Abs Er) RMS
Er[E-T(1)] 6.8120e-004 2.6183e-004
Er[E-T(W )] 0.0023 5.5617¢-004
Er[E-T(W )] 0.0097 0.0022

Main Er[ L, ]

3.5070e-004

1.3493e-004

Main Er[ H ]

1.8047e-004

6.9494e-005

Graphs of Function and Interpolating Polynomial
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Part Il. Interval [-5, 5]
Table 11-(i) n=5

Max(Abs Er) RMS
Er[E-T(1)] 25.6868 7.9663
Er[E-T(W %)] 42.4778 15.5527
Er[E-T(W )] 68.4779 22.0419
Main Er[ L, ] 1.6752 0.5056
Main Er[ H ] 0.1456 0.0422
Graphs of Function and Interpolating Polynomial
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20
1
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Table 11-(ii) n=10

Max(Abs Er) RMS
Erf[E-T(1)] 516.3618 119.6932
Etf[E-T(W )] 848.3145 229.5151
Er[E-T(W )] 1.3997e+003 329.9662
Main Er[ L ] 25.6391 7.0482
Main Er[ H | ] 2.1698 0.5509
Graphs of Function and Interpolating Polynomial
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Table 11-(iii) n=20

Max(Abs Er) RMS
Er[E-T(1)] 5.4506e+006 9.1502¢+005
Er[E-T(W )] 8.9261e+006 1.7401e+006
Er[E-T(W )] 1.4621e+007 2.4703e+006
Main Er[ L, ] 1.7179e+005 3.9627e+004
Main Er[ H | ] 1.2037e+004 2.7845e+003
Graphs of Function and Interpolating Polynomial
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9. Concluding Remarks

We present our observations related to the simulation results provided in the Tables and

graphs (cf Section 8.3). We subdivide our discussion into two parts.

9.1. A note on convergence of various interpolating processes

According to Theorems 3.1, 5.2 and 6.1, the error over the interval [c,d], in all the
interpolation processes decreases to zero as n, the number of zeros of orthogonal
polynomial over [¢,d] increases . This is what we observe in the simulation results given
in part I of Section 8.3. However, a comparative study of Er[E-T(1)], Er[E-T(W 2)] and
Er[E-T(W *)] in worth to note. In fact, all the errors in the three cases are related to Erdos-
Turan interpolating polynomials. Based on Tables I-(i)-(ii1) and the corresponding graphs
we note that the Er[E-T(1)] is better to Er[E-T(W ?)] and the latter is better to
Er[E—T(W4)]. On the other side, we note that with the involvement of preassigned simple
or double nodes in the Lagrange or Hermite interpolants respectively leads to an
improvement in the reduction of error over the earlier three cases, the Hermite interpolant

considered in Theorem 6.1 is the best one .

9.2. Behavior of interpolants outside the interval of convergence
It may be noted that convergence outside (c,d), the interval of convergence, is not an
objective of our work. In case of extended interval [a,b], we are merely considerate about

interpolation at additional points of the polynomials L, and H, (cf Theorem 5.1, 5.2 and

6.1). We observe this phenomenon in all the graphs given in Part II of Section 8.3. As far

as comparative error is concerned, we note from the Tables II-i-iii that the Main Er[H ]
is better to Main [L ] and Main [L ] is better to the errors due to rest of the

interpolating processes.
9.3. The case of shifted Chebyshev points as additional nodes

We have noticed the selection of Chebyshev points when considered in the interpolating

processes provides an improvement in the reduction of error as compared to any other
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choice, in particular, the uniformly distributed points. It addition, this choice preserves all

the properties discussed in the preceding two sections.
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