Section 14.6 Directional Derivatives and Gradients

14.6,

Learning outcomes

After completing this section, you will inshaAllah be able to

1. explain what is meant by directional derivative
2. compute directional derivative

3. explain what is meant by gradient vector

4. know and apply important facts about gradient vectors
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What is directional derivative

in the direction of vector U at (X,, Y, |

é )

= Slope of surface z= f (X, ) at (Xy, Y, ) in the direction of G

= Rate of change of z= f(X,Y) at (X, Y, ) in the direction of T

AN

See class explanation

Slope in u direction = rate of
change of z with respect to s

Main question:

How to compute directional derivatives?
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How to compute directional derivative

4 )
The directional derivative of f(X,y) in the direction of

d=<u,u, > is given by
Dy T (6 Y) = 1 y)u, + 1, (%, Y)u,

. J

r “
The directional derivative of f(x,y,z) in the direction of

U=<u,u,,u, > is given by

D, f(x,y,2) = f,(x,y,2)u + f (X, y,2)u, + f,(X,y,Z)u;

SECRYNNI  Find directional derivative of f(x,y)=¢e" at (-2,0) in the

direction of 8 = %

Solution Done in class

=S CRENW,  Find directional derivative of f(x,y,z) =x*z + y®z* —xyz in the

|

direction of v =(-1,0,3). Note to use unit
_ _ vector to find
Solution Done in class directional derivatives
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Gradient vector of a function

-
For a function f(x,y,z), the gradient

Also called vector of f(x,y,z) is defined as

gradient of ‘f’ vf = < fo. . fz>

Directional derivative in terms of gradient

4 R
The directional derivative of f(x,y,z) in the

direction of [SIali@V/leilely U =< u,,u,,U, > is given by

D,f=Vi-u

EInlo NGRS |f f(Xx,y)=xcosy.

(@) Find the gradient of f .

Obvious from

last page

(b) Find directional derivative of f at (1,0) in the direction of v =(2,1).

Solution Done in class
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Important about gradient

Gradient vector determines the maximum/minimum

rate of change of a function

(I_et ‘> be a function of 2 Or 3 variables. \

= The maximum value of the directional derivative
of “f” occurs in direction of gradient vector Vf .

= Hence, the maximum value of the directional

derivative of ‘f* (i.e. maximum rate of change of

‘£) is ||V,

N J

Why?
Since D, f =Vf -u=|Vf|ju|cos@ =|Vf|cos®

‘“\ Maximum

increase

SEJERENW!  Find the direction in  which f(x,y,z)=x*2*+y’z+z-1

increases most rapidly at P(1,1,—1). Find the rate of change at

P(1,1,—-1) in that direction.

Solution Done in class
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Important about gradient (continued)

Gradient vector determines the maximum/minimum

rate of change of a function

[Let ‘f” be a function of 2 Or 3 variables. \
= The minimum value of the directional derivative
of “f” occurs in direction opposite to that of

gradient vector Vf .

= Hence, the minimum value of the directional

derivative of ‘f” (i.e. minimum rate of change of

‘) is <|—| V|

g J

Why?

Since D, f = Vf -u=|Vf||u|cosg = |Vf|cos

Find the direction in which f(x,y,z)=4e”cosz decreases most

rapidly at P(O,l,%). Find the rate of change at P(O,l,%) in that

direction.

4

“\ Maximum

increase
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Important about gradient

Given a surface z= f(x,y).

e Of course the direction Vf (x,,Y,) is important

e How to determine this direction from the contour map of f(x,y)

Also see

e.g. below

Recall that for z= f(x,y) we can find the level curve
f (X, y) =k that passes through the point (X,,Y,)

F(xy)=k

G

é )
e Let z=1f(X,y) be asurface and f(x,y)=k be the
level curve that passes through (X, Y,) -

e Then Vf(x,Y,) is orthogonal to the level curve

level curve

i flx,y)=k

0|

J

Example 14.6.5

(a) Find and sketch the level curve of f(x,y)=x*+4y* at P(-2,0)

(b) Draw the gradient vector at P.

Done in class
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Important about gradient (continued)

4 A
e Let w= f(x,y,2) be afunction of three variables.
e Then Vf (X, Y,.2,) is orthogonal to the level curve f(xy,z)=k
(which passes through (X,, Y,,Z,))
. J
This important fact will be
used in the next section
Do Qs: 1-60

End of Section 14.6




