Section 11.2 Tangent lines and arc lengths for parametric & polar curves

11.2,

Learning outcomes

After completing this section, you will inshaAllah be able to

1. learn how to find slopes and tangent lines of parametric curves
2. learn how to find slopes and tangent lines of polar curves
3. know special trick to find tangent line to polar curves at pole

4. find arc length of polar curves
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Tangent lines to parametric curves

Given a parametric curve |[X= f (t), y=9(t); ast<b

° d_y is defined when

dx

%7& 0 and
dt

ﬂ_d%t

e Similarly

dfdy
d?y d(ﬂj_dt dx

dx2  dxldx ) dx

k* Points where

/* slope of tangent line at x= f (t,), y=9(t,) \

% Tangent horizontal when

dy

dx e,

ﬂ =0and % #0
dt dt

%k Tangent vertical when

%:Oand ﬂio
dt dt

ﬂ =0 and % =0 are called singular points
dt dt

SE o EEWEl  Consider the parametric equation x =t*, y=t*>-3t. Find

dy d?

y

&,W att=1.

Solution Done in class
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Tangent lines to polar curves

Every polar equation r = f () can be regarded as e Then as above
a parametric equation (with parameter 9) dy rcosé + ﬂsin 0
x=rcos® (or x= f(d)coso) gy = do dd9
y=rsing (or x=f(0)sin0) X A@ —rsm6’+@cos¢9
L=
[ : dy dx \
% Tangent horizontal when —=0and — =0
dé déo
dx dy
% Tangent vertical when — =0 and —
déo dH
: dy dx : :
% Points where R 0 and o 0 are called singular points

\_

SEnlo Rk  Consider r =1+sind, 0<6<2r.

a) Find the equation of tangent line at #=0.

b) Find the points on the cardioid where tangent line is horizontal or

vertical.
c¢) Find singular points.

e y=rsind=(1+sind)sinb
= %: (1+sin@)cos@ + cosdsin@ = cosd(1+ 2sin )
e X=rcosé=(1+sind)cosé

3—2 = (1+sin@)(-sin @) +cosdcos g

=—sin@—-sin?0+cos’f=—-sinf—sin*0+1-sin’o
=-2sin*@—-sin@+1=(1+sind)(1—-2sinH)

Rest of solution done in class
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Tangent lines to polar curves at pole

e We have seen that slope of tangent line to r = f (f)at 8 =6, is given by

dy ar g ‘
ﬂ= d0: rcos@+dgsm6?
dx dx

(*)

i dr
—rsin@ +—cosd
dé a6° .,

e We want to know equation of tangent at pole.

e Note that at pole we have r =0.

e Suppose r=0, when §=6,. Then from (*), the slope of tangent line at pole

(i.e. at the point (0,4,)) is

ﬂ: sing,

-

\_

dx ~ cosq, =tang, But this is slope of the line 6 =6,
Hence the tangent line at origin is@ = 6,
Conclusion \ To find all the tangents to at
If 6,is a value of @ for which r = f () =0 r= f(&)origin, we need to
then find all values of & for
6 = 6,is tangent to r = f (@) at origin. which f(0)=0.

J

el MR  Find tangent lines to r =2sin36 at pole for 0<0< r.

Solution Done in class.
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Arc length in polar

Recall from Math 102

a<t<bisgiven by

SIEEEE

For parametric curve x = x(t), y = y(t), the arc length of the curve for

(*)

L=

e (as on Slide 3) Regarding r = f(8) as the parametric curve with parameter

6, we have
x=rcosd (or x= f(0)coso)
y=rsind (or x=f(0)sing)
This implies
ﬂzﬂcose—rsine (1)
do dé
d—yzisin9+ rcosé (2)
dg dé

e Using (1), (2) in (*) we get

(Given a polar curve r = f (6).

The arc length of the curve from 8 =ato =4 is

B 2
L:j r2+(£J do

déo

\_

~N

J

=l EMwR,  Find the length of the cardioid r =1+siné.

Solution Done in class.

<

We assume
that curve is
traced only

once
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CI(IREWRS  Find the length of the r=2-2cosé.

SCIIENNWAS  Find the length of the r=3siné for 0< 0<%.

Answer: r

End of 11.2

Do Qs: 1-46, 49-53



