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Abstract

We study a heterogeneous dam supplied by two reservoirs, for which
we propose a new formulation based on the stream function. Without any
monotonicity assumption on the permeability matrix, we prove that the free
boundary is a continuous curve of the form z = ¢(y). We also prove the
uniqueness of the solution.

Introduction

The dam problem consists of studying the filtration of a fluid through a porous
medium €2 subject to Darcy’s law and to some boundary conditions. We look
for the saturated region S (see Figure 1) and the fluid pressure p inside Q. The
interface I' = 9[p > 0] N Q which separates the wet and dry regions is called a free
boundary.

This problem has been studied by many authors. First Baiocchi, [5], solved the
case of a homogeneous rectangular dam supplied by two reservoirs of water, by
using the theory of variational inequalities. He also proved that I' is an analytic
curve of the form y = ®(z). Benci extended Baiocchi’s results to rectangular
heterogeneous dams with permeability of the form k1 (x)k2(y)I2, where I5 is the 2-
by-2 unit matrix. In particular he proved (see [6]) that I' is a continuous decreasing
curve y = ®(z) if k4(y) > 0. In [8], Caffarelli and Friedman proved that T is a
curve of the form z = U(y) if k1 (z) = 1 and k2(y) is a non-increasing step function.

Unfortunately the variational inequalities approach is not possible for dams
with general geometry. Later on Alt in [1] and Brezis, Kinderlehrer, and Stampac-
chia in [7] introduced a new approach. Moreover, for the homogeneous dam Alt
proved (see [2]) that the free boundary is an analytic curve y = ®(x). Uniqueness



of the S3-connected solution was proved by Carrillo and Chipot in [9] and also by
Alt and Gilardi in [4].

In [12] and [15], the authors showed that if the permeability matrix is given by
a(X) = k(z,y)Iz with 0k/0y > 0 in D’'(2), then T is a continuous curve y = ®(z)
and the S3—connected solution is unique. These results were generalized by the
second author in [14] to the case where the permeability matrix a(X) = (a;;(X))
is such that a;2(X) = 0 and Qasa/Jdy > 0 in D'(2). Recently the authors have
considered the case where aja,az € C* and div(aiz, aze) > 0. They proved, via a
change of variables, that I' is locally represented by continuous curves.

In this paper, we consider a heterogeneous dam supplied by two reservoirs
each containing the same fluid. Our main objective is to study the free boundary,
and to establish some of its properties without assuming any kind of monotonic-
ity on the permeability. This is done by introducing a new formulation using the
stream function instead of the classical one based on the pressure. In this formu-
lation the total flux through the left-hand side of the dam is prescribed instead of
prescribing the height of the left reservoir and the pressure on the contact zone
between the reservoir and the dam. Note that a similar formulation has been intro-
duced in [3] to study a homogenous dam supplied by two reservoirs each containing
two immiscible fluids.

We first prove a monotonicity result for the function characterizing the wet region.
This allows us to define the free boundary as a curve of the form = = ¢(y). Then
we prove the continuity of ¢ and the uniqueness of the solution.

1 Statement of the Problem

Throughout this paper, we will denote by X the point of coordinates (x,y). Some-
times we will also use the notation (xp,yp) to denote the coordinates of the point
P. We will denote by x(E) the characteristic function of the set E.

We consider a dam which is a porous n medlum represented by a bounded
domain  of R? with boundary 92 AB U BT U TA We assume that

TA= {(a(y),y), vy € [0,yr]} with y + a(y) an increasing C* function
BT= {((y),v), v € lys,yr]} with y + b(y) a decreasing C'* function
AB= {(z,c(x)), x € [za,zB]} with « — c(z) a decreasing O function.

The dam is supplied by two reservoirs of water (see Figure 1). To the left, we

assume that the total entering flux through A; A is equal to the constant Q) > 0



Figure 1

and the fluid in the reservoir is at the level H(Q) = ya, depending on @, while to
the right it is at the level h = yp, independent on @, with H > h > 0.

We assume that the flow in €2 has reached a steady state and we denote by S the
saturated region of the porous medium. The boundary 05 of S is divided into four

parts (see Figure 1) : the impervious part AB, the free boundary T, B%l and A/;A

representing the part in contact with the reservoirs and, finally, B10O1, the part
where the fluid flows out of €2 and not directly into a reservoir.
The flow is governed by the following Darcy law

v=—a(X)V(p+y) (L.1)

where v is the fluid velocity, p is its pressure, and a : @ — IR**? is the perme-
ability matrix satisfying

Z) a &€ CU’Q(Q), max |ai,j|0,g S M
gy (1.2)
i) a(X)EE>m|E)?  forallé € R?, X €Q,
for some m, M > 0 and « € (0,1) and where |.|o,q is the L norm.
Since AAB is assumed to be impervious, we have
vr=0 on AAB, (1.3)

where v is the exterior unit normal vector to 95.
We assume that there is no flux through the free boundary and that p agrees with
the atmospheric pressure normalized at zero. So we have

p=0 and ovr=0 on I. (1.4)



On the part of Q2 in contact with the reservoirs, we assume that the pressure is
given by the exterior fluid pressure, i.e. we have

—~

p=h—y on B%l, p=H-—y on AA. (1.5)

Finally on B101, p coincides with the atmospheric pressure and the water is free
to exit the porous medium. Thus we have

p=0 and wvwr>0 on B1A01 . (1.6)

We assume the flow to be incompressible, i.e. div(v) =0 in S. Then there exists a
stream function 1 such that
_ _ AN .
v = —Rot) = f(fa—y, %) =—a(X)V(p+y) in S (1.7)
Let ¢ € D(S). We have by (1.1) and (1.7)

0:/SV(p—l—y).RotC:/Sa_l(X)Rotw.RotC:/Sb(X)Vw.VC (1.8)

_ (X
~ det(a(X))
ta(X) is its transpose. Note that we deduce from (1.2) the existence of A\, A > 0
such that

where b(X) , det(a(X)) is the determinant of the matrix a(X) and

i) be % (), max |b; jlo,0 < A
& (1.9)
i) D(X)EE>NEPP forallé € R?, X e€Q.
We obtain from (1.8)
div(b(X)Vi) =0 in D'(S). (1.10)

Let us set v = (v4,vy) and denote the tangent vector by 7 = (—vy, v, ). Then

oy
v =—Rotyr=—". 1.11
vV Rotp.v 5y (1.11)
Moreover one can verify that
(X )Vip = w. (1.12)
T

It follows from (1.3) and (1.11) that ¢ is constant along AB. So there exists a
constant ¢ such that

v=ci on AB. (1.13)



Ay

v =0

Figure 2

In the same way 1 is constant along I'. So there exists a constant co such that
Y=cy onl. (1.14)
Now since p = 0 on I', we obtain from (1.12)

b(X)Vyv=v, on I. (1.15)
By (1.5), p+ y is constant along ATA and BAB1. It follows then by (1.12)

b(X)Vr =0 on AAU BB . (1.16)
Finally we deduce from (1.6) and (1.11)-(1.12) that

b(X)Vipr = v, and gﬂ >0 on B0, . (1.17)

T

We choose ¢; = 0 and we are going to prove, in a formal way, that co > 0. First
we claim that ¢o > 0. Indeed, suppose that co < 0 (see Figure 2).
To begin with, since h < H, we expect that the point O; is located above Bi,

and in particular O1B1# (. Next, since by (1.17) @ increases from B; to O,
it takes its minimum value on A1 A or on BB;. Suppose there exists mo € BB

at which ¢ achieves its minimum value. Then a—(mo) = 0, and consequently,
T

we have 0 = b(mg)Vi.v(mg) = g—qﬁ(mo)b(mo)u.u. From (1.9)ii) we deduce that
oy

3 ——(myp) = 0, which contradicts the Hopf maximum principle.
v

Similarly, we get a contradiction if 1 achieves its minimum on A; A.
Now, we assert that 2 > 0. Indeed if ¢co = 0, then we cannot have as | before, ;

minimum neither on A A nor on 331 So the minimum is achieved on 01A1 U AB



U B:Ol. But since Z—w >0on B;Ol and ¢ = 0 on O:Al U AAB, the minimum will
T
- 0
be achieved at a point my €B10;. We necessarily have, as before, Fw(mo) =0,
T

¢(m0) > 0 and

which leads to (b(mo)y.y)g—d)(mo) = v, > 0. Hence by (1.9)i) o
v v

we get a contradiction to the Hopf maximum principle.

Remark 1.1. i) We have ca = Q is the total flux through A?A. Indeed we have
by (1.11)

A A
Q= [ —vr= [T ) v e -0 =ca

A 87' n
Moreover by the strong maximum principle we have 0 < 1p < Q in S.

i1) Since b(X)Vy.v = v, and ¥ = Q on T, one has %b(X)I/.V = v, on L.

Moreover by the mazimum principle and the positivity of b(X), we deduce that
vy > 0 on I'. This means that T is a curve x = ¢(y). This will be justified more
rigourously in section 2.

In order to derive a weak formulation for our problem, we first extend @ by @ to

Q\ S. Next we choose a test function ¢ € H'(Q) with ¢ = 0 on AB. Taking into
account (1.10), (1.15)-(1.17), we obtain, in a formal way,

/b(X)w.vg:/b(X)w.vgz/ b(X)Vip.v¢ = _wC o (118)
Q S S

T'uB; 0,

Assuming I' smooth enough, we have

/Qxdw—Q])cz—/aQ@m/Mcuz—/o:mﬂl uzc—/ruzc

which leads to

Joe== [ xw=aper [ v (1.19)
Comparing (1.18) and (1.19), we get

[o0veves [dw=@ha= [ we+ [ we a2
Q Q TA; BT
Since we are assuming that ¢ = @ above the level y = H, we can rewrite (1.20) as

/ (b)Y + ([t = Ql)ea) . VC — /A W[ =Qvat = [ vt
Q TA

BT



where e; = (0, 1). Hence we are led to the following weak formulation

Find (1,7,3) € H(Q) x L®(Q) x L=(TA) such that :
0 [ 00veae)ve - [ i = I
V(e HY (), (=0on AB
(ii) ye HY —Q) ae in (), YyeH@—-Q) ae in TA

—

(#i1) =0 on AB,

where H is the heaviside graph.

Remark 1.2. As mention in [3] in the case of two fluids, the new formulation is
given in terms of prescribed flux Q instead of prescribed height of the left reservoir.
Indeed in the formulation (P) one is given Q as well as By, but not A;.

The existence of a solution of (P) can be obtained by arguing as in [1] or [7].
In section 2, we give some properties of the solutions. In particular we prove the
continuity of 1. Then we show a monotonicity result of v with respect to x. This
allows us to define the free boundary as a curve z = ¢(y). We also prove that the
dam is wet below the line y = h. In section 3, we establish the continuity of ¢ and
obtain the expression of 7y as a characteristic function of the dry part of the dam.
Finally, in section 4, we prove the uniqueness of the solution.

2 Some Properties of the Solutions

Throughout this section we denote a solution of (P) by (¢,,7). First we have

Proposition 2.1.

div(b(X)VY) = =7, in  D'(Q). (2.1)

Proof. Tt suffices to take ¢ € D(2) as a test function in (P)i). O
Proposition 2.2.

0<yp<@Q in Q. (2.2)

Proof. i) Using 1~ as a test function in (P)i), we obtain since [¢) < 0] C [¢ < Q],

—~

vy=0ae. in[¢p <Q]and ¥ =0 a.e. in TAN[Y < Q],

/ (X)Vy~ . Vy~ = 7/A P v, <0 since v, > 0 on B:T.
Q

BT



By (1. 9)22) we deduce that Vi~ = 0 a.e. in Q. Then ¢~ is constant in Q. Since

wzoonAB we obtain ¥ > 0 in Q.
i1) Taking (1) — Q)% as a test function in (P)i), we obtain since v = 1 a.e. in

[v>Q],¥y=1ae in TAN > Q], and v, > 0 on BB,

[ - -t == [w-ar+ [ w-am
+/BTT(¢—Q)+%=—/B731(¢ Qv <0,

It follows that (1) — Q)T is constant in . Since 1) = 0 on AAB7 we obtain ¢ < @
in Q. O

Proposition 2.3.
Y e CrY(Q\{A,B,T}) for some € (0,1).

loc

Proof. First, since v € L>°(Q), and b € L>°(Q) and is strictly elliptic, we deduce
from (2.1) and the regularity theory for elliptic equations (see [13], Theorem 8.22,

p. 200 and Theorem 8.29, p. 205) that 1 € C%*(QU Int(AB)) for some a € (0, 1).

loc

For the regularity on I nt(BT) ur nt(TA) we use the reflection method. We will
give the proof only for T nt(TA) as it is the same for I nt(BT)
Let Xo = (zo,%0) = (a(yo), o) € Int(TA) 0 > 0 and consider the set

Z={(z,y)/aly) —d<z<aly)+0 and yo—d<y<yo+9}.

We assume that 6 > 0 is small enough so that {(a(y),y) /yo—9 <y < yo+3I} cTA
and (see Figure 3)

ZNQ={(z,y)/aly) <z <aly)+06 and yo—9<y<yo+I}

Then we define the following functions in Z :

c(2a(y) — z,y) otherwise;

¥(2a(y) —x,y) otherwise amd M) = {

where
c11 = bin + 4a’?(y)bao — 2d(y) (b12 + b21)

c12 = 2a'(y)baa — b1z, co1 = 2a/(y)baa — ba1, a2 = bag.

Let f = 3x(Z\ Q) + (29(y) — 7)x(Z N Q), where F(z,y) = 7(2a(y) — z,y) if
(z,y) € Z\ Q. Then we have

div(b(x,y)Ve) = f, in D'(Z). (2.3)



Y=y +90

X, ZNN

Indeed we have, for ¢ € D(Z) and {(z,y) = ((2a(y) — z,7),

/ e(2a(y) — 2,9) VIV = / (. ) V(2a(y) — x.4)VC(2a(y) — 7.7)
Z\Q ZnQ

Using (2.4) and the fact that ¢ + ( is a test function for (P), we get

/ Bz, y) VBV / b(z, y) V.V (C +0)
Z ZNQ

_/ZQQW(CJFE):#/Z _ AW+ va

NTA

/Z\Q7Cz+/zm(2§(y) )G = /chw_

Now it is clear that the coefficients of b(x,y) and f are uniformly bounded in
Z. Moreover we claim that b(z,y) is strictly elliptic in Z. Indeed it is enough to
verify that c(z,y) is strictly elliptic in Z N Q. Let ¢*(x,y) be the matrix defined
by ¢j; = cii and ¢j; = —c;; for i # j. Then we have for each § = (£1,82) € R2

c(z,y).£.€ = c11€] + (c12 + c21)€1€o + 2265 = ¢ (2, y).£7.€*,  with £ = (&1, —&).

Since |£] = |€*|, it is clear that it is enough to show the strict ellipticity of ¢*(x, y).
For this purpose we remark that c*(x,y) =t d(z,y)b(z,y)d(z,y), where d(z,y) =
(dij(x,y)) is the matrix defined by di1(z,y) = doa(z,y) = 1, di2(z,y) = 0, and
do1(z,y) = —2a’(y). Then we have by (1.9)ii) for £ = (&1,&2) € R?

¢ (x,y)€.£ =" d(z,y)b(z, y)d(z, y)&.£ = bz, y)(d(z, y)E).(d(z,y)€) > Nd(z, y)[>.



Since |d(z,y)€|? = (1 +4a’?(y))&F — 4a (y)€1&2 + €3, it is enough to choose 7 such
1 1

that 0 < <min(—, ),to et |d(z,y)E? > nl€)?.
n 26w a() get [d(z, y)¢&|* > nl¢]
Yo—0<y<yo+4

Now using (2.3) and taking into account the fact that f € L>(Z), b € L>(Z)

and the strict ellipticity of b(x,y), we conclude (see [13], Theorem 8.22, p. 200)
that ¥ € C2%(Z) for some a € (0,1). Thus ¢ € CY(QU Int(TA)). O
The following monotonicity result plays a major role later.
Proposition 2.4.
Yo >0 in  D'(Q). (2.5)

Proof. Let ¢ € D(2), ¢ > 0. For € > 0, £ = min (H,g) is a test function for
€

(P)i). Using the fact that £ =0 on [t = Q] and v =0 on [¢) < Q], we get

/ HX)V(Q — ).V =1 / BX)V(Q — 4).V(Q — ) <0.
QN[QR—-Y>e(] QN[Q—y<e(]

€

Letting ¢ — 0 and using (2.1), we get the desired result. O

As a consequence of Propositions 2.1, 2.2 and (2.4), we obtain

Proposition 2.5.
>0 in . (2.6)

Proof. Indeed, using (2.1) and (2.5), we deduce that div(b(X)V1) < 0. Since
moreover ¢ > 0 in {2, we obtain by the strong maximum principle that either
Y»=0in Qor ¢ > 0in Q. If we have » =0 in Q, then vy =0 a.e. in Q and vy =0

a.e. in TA. Tt follows from (P)i)

(re=0 YCeHYQ), ¢(=0on AB
BT

which is impossible. Hence 1 > 0 in . O

As a consequence of the continuity of 1) and the monotonicity of v, we deduce
the following key Proposition

Proposition 2.6. Let (zo,y0) € Q. Then we have

i) If  (zo,y0) =Q  then P(z,y0) =Q forall x> 0.
ii) If  Y(xo,y0) < Q  then there exists € > 0 such that

¢(l‘ay) < Q V(x,y) €D.= (Be(manO) U ((_Oova) X (yO — €Yo+ 6))) ne.

10



Proof. Tt suffices to prove ii). Let (zo,yo) € 2 be such that ¥ (zg,y0) < Q. By
continuity, there exists € > 0 such that ¥y < Q in Be(xo, ). Then v = 0 a.e. in
B(0,y0)- Since v, > 0 in D'(Q) and 0 < v < 1, we obtain v = 0 a.e. in D..
This leads by (2.1) to div(b(X)Vy) = 0 in D,. Finally, given that ¢ < @ in Q and
¥ < Q in B.(zo,¥0), we deduce by the strong maximum principle that ¥ < @ in
D.. O

The following theorem shows that the dam is wet under the level y = h.

Theorem 2.1. We have

vy=0 ae in QN[y<h]=Q and < Q in Q.

Proof. Let w = Q — v and x = 1 — . Then we have x = 1 a.e. in [u > 0] and

X € [0,1] a.e. in [u = 0]. Moreover for each ¢ € H(Qq), ¢ = 0 on 98\ BABl, we
have

/Q (b(X)Vu + xe,) V¢ = / (= b(X)VY + (1 = )es) V¢

Qo

_ / (B(X) V4 + 7e,) VC + / G=1[_ o
Qo Qo

BB,

Let 29 € (xa,2p) and y1,y2 € (yB, h) such that y; < yo < hand Z = ((.1‘0,—|-OO) X
(y1,92)) N C Qo. Let n € D(y1,y2) and ¢ = (x — 29)*n. Then for € > 0 and

+

H,(s) = min (2=,1), we have (H.(u) — 1)¢ € H'(Qp) and (H.(u) —1)¢ = 0 on
€

00\ BB;. It follows that

/Z (b(X)Vu + yeu) V(. (u) — 1)0) = / (H, (u) — 1)Cvs

07 nBTBl

which we can rewrite as

/(1 —x)ex.V¢ = /(1 — H(u)b(X)Vu.V( —/ H!(u)¢b(X)Vu.Vu
z z z

+ eV [ eV + [ () = 1.
Since H.(t) > 0, b(X) is positive, and xV(H(u)() = V(He(u)() a.e. in Z, we get

[ =05 < [ (- B0 v
zZ

Z

11



Letting € — 0, we obtain / (1 =x)n(y) =0.So x =1 a.e. in Z. This holds for all
z
such sub-domains Z of Qy. Hence xy =1 a.e. in ¢ and v = 0 a.e. in Q.

Now, we deduce from (2.1) that div(b(X)Ve) = 0 in Q. Moreover, since
¥ < @ in Qp, we obtain by the strong maximum principle that either ¢ < @ in

Qo or ¥ = Q in Q. The last situation cannot happen since ¥ € C°(Qy U Int AB)
and ¢ = 0 on AB. O

We end this section with a series of properties of the set [¢) = Q].

—~

Proposition 2.7. Let Bf = (a(h),h), E € Int(TB}) and lg =QN[y =yx&].

If Yv=0Q on g, then v=Q im Qg=QN[y>yg]

Proof. Note that ¢ = (Q —)x(Qg) is a test function for (P) since ¢ € H(2) and

¢ =0on AB. Given that v = 0 a.e. in [y < Q] and ¥ = 0 a.e. in TA N[y < Q],
we have

/Q BX)V(Q - ).V(Q ) = — [ v <.

BT

It follows that Q@ — % is constant in Qg. But since ¢ = Q on g, we obtain ¥ = Q
in QE O

Proposition 2.8. Assume that E € Int(TA), ¢(F) = Q, and that the interior
sphere condition is satisfied at the point E. Then there exists a sequence FE, € )
such that E, — E and ¥(E,) = Q.

Proof. We argue by contradiction and assume that there exists € > 0 such that
¥ < Q in Ba(E)NSL. Let 2. = B.(E)NQ. Then we obtain, by taking into account

the fact that v =0 a.e. in Q. and 4v, <0 on T A, that

/ WX)V.VC= | v, <0 VCe HY(BJ(E)), (>0, (=0 ondQN.
Q

. TA
(2.7)
Now we consider v defined by

ve HY(Q), v=1 ondQ.NQ and

H(X)Vo.VC=0 V(e HY ), (=0 ondQ NQ.
Qe

(2.8)

12



Since (v — Q)™ is a test function for (2.8), one easily verifies that v < @ in Q..
Now by taking ¢ = (¢ — v)* as a test function in (2.7) and (2.8) and subtracting
the two quantities from each other, we obtain

/Q b(X)V () — v).V (6 — v)* <0,

€

from which we deduce that (1) —v)* is constant in Q.. But (¢ —v)" = 0 on 9Q2.NQ
leads to ¢ < v in Q.. So v(E) = @ since Q = ¥(E) < v(E) < Q. Hence v takes
its maximum at the point E. By the strong maximum principle, we have either
v=0Q or v < @ in .. The first assumption is impossible since it leads to ¥ = @
on 99 N Q which is in contradiction with ¢ < @ in Qyc D 9N N Q. Thus v < Q
in Q. and we get a contradiction with ¥(E) = @ and b(E)Vv.v = 0. O

Proposition 2.9. Assume that the interior sphere condition is satisfied at each
point of BBy U BYA. Then we have

—~

P <Q on BAB1UB/’1:A and =0 aein BiA.

Proof. First note that by Theorem 2.1 and Proposition 2.8, we have ¢ < @ on
BI?A, which leads to ¥ =0 a.e. in B?A.

Next let ¢ € D(QpU B%l). Then ¢ is a test function for (P) and we have by taking
into account Theorem 2.1 and the fact that ( = 0 on Bfl\T U TAA

/ b(X)VyY.V( = 0.
Qo

It follows that ¢ < @, div(b(X)V)) = 01in o, and b(X)Vi.v = 0 on B/él . Hence

1 cannot achieve its maximum value on BB and therefore ¥ < Q) on BB;. O

—~

Proposition 2.10. Assume that E € Int(TBj) and that the interior sphere
condition is satisfied at the point E.

If Y(E)=Q then v=Q in QNy>yg|

Proof. By Proposition 2.8, there exists a sequence F,, € ) such that F, — FE
and Y (E,) = Q. By Proposition 2.6, it follows that ¢ (z,yg,) = Q if z > =g, .
Letting n — oo, we get ¥ (z,yg) = @ for x > xg, which means that ¥ = Q on lg.
We deduce then from Proposition 2.7 that ¢ = Q in QN [y > yg|. O

13



3 Study of the Free Boundary

This section is devoted to the study of the free boundary which is, by Theorem
2.1, located above the level y = h. Throughout the section we denote a solution of

(P) by (¢,7,7)-
Proposition 2.6 allows us to define the function ¢ : (h,yr) — R by

sup{z € (a(y),b(y)) /¥(z,y) < Q} if this set is not empty
¢(y) = .
a(y) otherwise.

Then we have
Theorem 3.1. ¢ is continuous on (h,yr).

Proof. Let 0y =QNJy>h], u=Q —1, x =1— . Arguing as in the beginning
of the proof of Theorem 2.1, one can verify that

~

/ (b(X)Vu + xe, )V =0 V¢ e HY (), ¢=0 ondQ\ BTT
(P) o

u>0 in€y, x€ H(u)ae. in Q.

Problem (P) belongs to a class of problems studied in [11] where the continuity of
the free boundary was established in a more general framework. O

As a consequence of Theorem 3.1, we obtain
Proposition 3.1. v=x([v=Q)]) a.e. in Q.

Proof. Indeed, we have Q = Qo UQ; U[y = h] and we know from Theorem 2.1 and
the definition of ¢, that v = 0 a.e. in Qo U (1 N [z < ¢(y)])-

Now let (zg,y0) € [z > ¢(y)]. By continuity, there exists B, (zo,v0) C [z > ¢(y)]
such that ¢ = @ on B,. This leads to ¥ = Q in Z = B, U (((zo,+00) x (yo —
Yo + 7)) N Q). From (2.1), we deduce that v = ¥(y) a.e. in Z. Now if we take
¢ € HY(Z) in (P)i) such that ¢ = 0 on Z N Q, we obtain

/Z,y(y)@ — /ﬁ Y(y) v, = /ﬁ Cvy = ¥y=1 a.e.in Z.

BT BT

Hence v =1 a.e. in [z > ¢(y)]. Now, since the sets [y = h] and [z = ¢(y)] are of
Lebesgue measure zero, we get the result. O
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Proposition 3.2. We have P < Q on [y=hlNQ.

Proof. Assume that there exists xo € (xp:,rp,) such that ¢(zo,h) = Q. Then
Y(xz,h) = Q for all x > xp. We claim that there exists a sequence of points
(Zn, Yn)n converging to (zg, h) and satisfying

Vn>1 z,>z0, Yn>h and ¢(xnayn) =Q.

Indeed, otherwise we would have ¢ < @ above the segment (xg,zp,) X {h}. Then
if we consider a small ball B C 2 centred at a point of this segment, we get v =0
a.e. in B since we have also ¢ < @ in [y < h]. So div(b(X)Vy) = 0 in B and we
get a contradiction to the maximum principle.

Using Proposition 2.6, we have ¢(z,y,) = Q for all z > z,,.

Arguing as in the proof of the continuity of ¢ (see [11]), one can prove that for
some 7 > 0 small enough and some n large enough, we have

P=Q in ((zn +n,+00) x (h,yn)) N

Consider now a small ball B centred at a point of the segment (z,, +n,zp,) x {h}
and such that BN [y > k] C ((zn 4+ 1, +00) x (h,yn)) N Q. Since v = 0 a.e. in
BNy <h]and vy =1 ae. in BN [y > h], we have v, = 0 in D’(B). Using (2.1),
we obtain div(b(X)Vy) = 0 in D’(B) and we get a contradiction to the maximum
principle. Hence we have ¢ < Q on [y = h] N Q. O

Proposition 3.3. The set [¢p < Q] is connected by arcs.

Proof. Since QN [y < h] C [¢ < Q] is connected, it is enough to show that
each point of [y < Q] N [y > h] can be connected to a point of the line segment
lp, = [y:h]ﬂQ

Let (zo,90) € [ < Q] N[y > h]. By Proposition 2.6, we have ¢ (z,y9) < @ Vz <
xg. Moreover by Proposition 2.10, one has ¥(a(y),y) < @ Vy € [h,yo]. By con-
tinuity of 1, there exists € > 0 small enough such that ¥(z,y) < Q@ Vy € [h,yo)
and Vz € [a(y), a(y) + €]. Therefore (xg,yo) is connected by the piecewise smooth
curve [a(yo) + € 2o] X {yo} U{(a(y)+€,y) : y € [h,yo]} to the point (a(h)+e€,h)
of Ip,. O

Proposition 3.4. lir;ll+ o(y) = xp, = b(h).
y—?

Proof. Let € > 0. Since (zp, — €, h) < Q, there exists, by continuity of ¥, 71 > 0
such that ¥(zp, —€,y) <Q Yy € [h,h+m].

By definition of ¢, we obtain ¢(y) > xp, —€ Yy € [h,h+ m].

On the other hand, we get from the continuity of b(y) at h, the existence of ns > 0
such that b(y) < xzp, +€ Vy € [h, h + 12]. Therefore

wp, —€ < d(y) <by) <wp, +e Yy € [hh+min(n,m)].
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4 Uniqueness of the Solution

In this section we establish the uniqueness of the solution by techniques similar to
those in [9], [14].

Theorem 4.1. The solution of the problem (P) is unique.

To prove Theorem 4.1, we need two lemmas.
Lemma 4.1. Let (¢1,71,71), (¥2,72,72) be two solutions of (P). Then we have
T(¢) = / (O(X)V (1 — h2)t + (11— 72) Ter). V¢ < / C(2(y), y)dy
Q J
e H(Q)NCOQ), (20 with J={ye(hyr): ¢i(y) <d(y)}-

Proof. Let ¢ € HY(Q) N C(Q), ¢ > 0. For ¢ > 0 small enough, take ¢ =

—abs)t
min (M, C) as a test function in (P)7) for (¢1,v1,71) and for (12, v2,72).
€
By subtracting the obtained equations, we get, since (1 — ¥2)(y1 — 72) > 0 a.e.
in Q, (1 —2)(71 —F2) > 0 and v, <0 a.e. on TA,

/ b(X)V (1 — ha)T.V( + / (11 —72)Tea. V€
QN[(1—1p2)T>e€(] Q

1

€ /m[(wl—wz)+<e<]

BV (1 — )"V (b1 — ) + /T (7)o <0

Since £ = ( — (C (v = 1’[}2) ) we obtain

/ BV~ 62) V6 + [ (1= 22) e VC
QN[(1—1p2) T >e(]

< [ -y (e 2y g, (11)

€ x
Using Proposition 3.1, we have

Io— (C_(Q—iﬁz)*):

/[z<¢2(y>1m[wz¢1(y>1 €
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- /, (/T:j) (C - M):dﬂf)dy < /JC(%(y),y)dy-

1

The lemma follows by letting e — 0 in (4.1). O

Lemma 4.2. Let (¢1,71,71), (¥2,72,72) be two solutions of (P). Then we have

T()=0 Y¢e HYQ).

Proof. Let ¢ € C(Q), ¢ > 0. For 6 > 0 small enough, we consider

d()is’ U)>+7

We have 7 (¢) = T (as¢) + 7((1 — as5)¢) and by Lemma 4.1

as(X) = (1 - with U = [t < Q] = [z < é1(y)].
T(as0) < /J as(62(0). )¢ (62 (4), v)dy.

But for y € J, ¢2(y) > ¢1(y) and then (¢2(y),y) ¢ U = [z < ¢1(y)] Yy € J. So
d((#2(y),y),U) > 0 and gir%ag(qbg(y),y) = 0. We deduce that limsup7 (as¢) < 0.
- 6—0

Next, we have for ¢y = min(v1,12), vo = min(y1,7v2),

T((1 - as)Q) = /Q BV (W1 — o) + (1 = Yo)ex)-V(1 — as)C)
- / () V1 4 71e0). V(1 — a5)C)
o\U
- / (X))o + 10ea)- V(1 — a5)C).
O\

Note that on [z > ¢1(y)] = Q\ U, we have 11 = Q, y1 = 1, 1o = b5 and 7o = 7o.
Moreover (1 — as)C is a test function for (P) since ABC U. Then we obtain

T(1-as)() = /Q((1 —5)¢)x — / (B(X) V2 +72€2).V((1 - as)C)

Q

/89(1 —a5)QVz — /TAA (1 — a5)Crg — /BTT(l — a;5)Cvy
/A (1 —72)(1 — as)Cre <0

TA

since as = 1 on AB U BABl. Hence 7(¢) <0 V(e CY(), (>0.
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Now let ¢ € C*(Q) and M = sup|¢|. Note that we have M + ¢ € C*(Q) and
Q

M=£¢ > 0in Q. It follows that 7 (M +¢) < 0 and therefore 7(¢) =0 V¢ € C*(9).

Finally, since C*(Q) is dense in H!(Q), Lemma 4.2 follows. O

Proof of Theorem 4.1. Starting from Lemma 4.2, we establish as in [14] that

Y1 =12 in [P <QINY2 <Q= [ <Q]=[¢2 < Q)]
Therefore 17 = 1 in ) and by Proposition 3.1, we obtain 71 = -5 a.e. in €.
Finally, let ¢ € HY(Q), ¢ = 0 on 9Q\ T A. Writing the equations satisfied by the

two solutions and subtracting them from each other, we obtain / _(1—72)Cvz =0
TA

which leads to 7; = 72 a.e. in TAA. O

5 Conclusion

To the best of our knowledge, no regularity result for the free boundary has been
obtained from the classical formulation in the absence of monotonicity of the per-
meability. This is the main motivation for this work in which we established,
without any monotonicity of the permeability, that the free boundary is a curve
of a continuous function = ¢(y). Finally it would be quite interesting to study
the equivalence of the two formulations.
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