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2. We would like to solve the heat equation

O®u _ Ou

ox Ot
subject to the conditions u(0,t) = u(L,t) = 0,¢t > 0 and u(z,0) = z(L—12),0 < z < L.
We obtain the boundary-value problem

’u  Ou

k:%zaforallo<x<L,t>O (1)
w(0,8) =0, t >0 2)
u(L,t)=0,t>0 (3)
u(z,0) =z(L—2),0 <z < L. (4)

We start by finding all nontrivial product solutions of (1) subject to conditions (2) and
(3). Indeed let u(z,y) = X (z)T'(t) be a product solution of (1). Then we have

EX"(x)T(t) = X (x)T'(t) forall 0 <x < L,t>0. (5)
If X(x)#0and T'(t) # 0, we get from (3)
X" T'(t
X((;)) = kT((t)) = constant ¢ for all z,t. (6)
We deduce from (6) that
X'x) = X(x) (7)
T'(t) = ckT(t). (8)
The solution of (7) depends on the sign of ¢, i.e. we have
X(z) = ar+cife=0 9)
X(z) = cicosh(A\z) + cosinh(Ax) if c = A >0 (10)
X(z) = cicos(Ax) + cgsin(Az) if ¢ = =A% < 0. (11)
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The solution of (8) is given by

Tt) = c3ife=0 (12)
T(t) = c™ife=X>0 (13)
T(t) = cse ™ ifc=—-X<0. (14)

We discuss three cases:
Case 1: ¢=0

In this case we have by (9) and (12) u(x,y) = X (2)T(t) = c1c3x + cacs. Using (2) and
(3), we get respectively cac3 = 0 and cje3L + cacs = 0, which lead to ¢je3 = 0 and
cacs = 0. Hence u(x,y) = 0.

Case 2: c=)* >0
In this case we have by (10) and (13)

u(z,y) = X(z)T(t) = 036k>\2t(61 cosh(Az) + ¢y sinh(Az)). (15)

Using (2), we get

2
e3Pt =0, >0,

which leads by substitution into (15) to
u(z,y) = cacse™ " sinh(Az). (16)
Using (3), we get
oz T sinh(AL) = 0, ¢ >0,

which leads to cacy = 0, since et sinh(AL) > 0. Hence we get by substituting into
(16) u(z,y) = 0.

Case 3: c=—-X*<0
In this case we have by (11) and (14)

u(z,y) = X(x)T(t) = 03e_k’\2t(cl cos(Az) + o sin(Az)). (17)
Using (2), we get
C10367k)\2t =0, t>0,
which leads by substitution into (17) to
w(z,y) = cacse ™ sin(Ax). (18)
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Using (3), we get
cacze Mt sin(AL) =0, ¢ >0,
which leads to cacssin(AL) = 0.
If cac3 = 0, then we get from (18) u(x,y) = 0.
If coc3 # 0, then we have sin(AL) = 0. We deduce that AL = nm, n = 1,2, ... Hence
A= n=12 .
Therefore all product solutions of (1), (2) and (3) are given by

Un(2,t) = Bpe ¥'22 'sin <%x>, n=12,..

According to the superposition principle, we know that

2

oo o n2ﬂ
u(z,t) = Z up(z,t) = Z Bpe "3 sin (%x) (19)
n=1 n=1

is also a solution of (1), (2) and (3).

Now it is enough to find the coefficients B,, such that the function given in (19) is also
a solution of (4) i.e.

:U(L—ac):Zanin (%x), 0<z<L. (20)
n=1

It is clear that (20) is the half-range expansion of the function x(L — z) in a sine series.
it follows that

9 L
B, = z/o z(L — x)sin (%x)dx

L o L
= 2/0 x sin (%x)dx—z/o 2% sin <%x>dw (21)

Integrating by parts, we get
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Integrating by parts twice,
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o L
— x°— cos
nm

L3
nm
(_1>n+1L3
nm +
(_1>n+1L3

2L

nm

+2

(_1)n+1L2

(77

L
2L

—— cos(nm) + —

L2

(22)

L

—2r— cos
nmw

L
-
L
/ T COS <n_7rw) dz
0 L

(7).

(%x) dx

0

L

— sin

s (7))

<[$£ sin .

nm 0

L2

nm

-1 n+1L3
(=1) +2

n?m?
L3

(Lsin(nm) —0) — 2

/L sin (%x) dx
0

n2m?
L

nm
-1 n—|—1L3
(=) + 2

n3m3
L3

o= (Z0)]

0

nm

n3m3

(=D)"=1). (23)

Taking into account (21), (22) and (23), we deduce that

(_1)n+1L2

B, 2

(_

L3

1)n+1L3
+ 2

(

nm

AL - .

n3m3

(1" - 1)

nm n3m3

Hence we obtain from (19) and (23) the solution of our BVP
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— n37r3
> 812 (2n+1)272 on+1

- 3 e tsin (222D, )
n=0

3. We would like to find the temperature u(z,t) in a rod of length L if the initial
temperature is u(x,0) = f(x) 0 < z < L and if the ends 2 = 0 and x = L are insulated
ie. %(O,t) = 0 and g—;‘(L,t) = 0, t > 0. This is equivalent to solve the following
boundary-value problem

u  Ou
k%—EfOI’aHO<LI?<L,t>O (1)
ou

So(0,6) =0, >0 2)
ou

So(L) =0, >0 (3)
u(z,0) = f(z), 0<z <L (4)

We start by finding all nontrivial product solutions of (1) subject to conditions (2) and
(3). Indeed let u(x,y) = X (z)T(t) be a product solution of (1). Then we have

EX"(x)T(t) = X (x)T'(t) forall 0 <z < L,t>0. (5)
If X(x)#0and T'(t) # 0, we get from (3)

X'(z) _ T'(1)

X0) = D) = constant ¢ for all x,t. (6)

We deduce from (6) that
X"(zx) = cX(x) (7)
T'(t) = ckT(t). (8)



The solution of (7) depends on the sign of ¢, i.e. we have

X(z) = ar+cife=0 (9)
X(z) = cicosh(A\z) + cosinh(Ax) if c = A >0 (10)
X(z) = cicos(Ax) + cgsin(Ax) if ¢ = —A? < 0. (11)

The solution of (8) is given by

Tt) = c3ifec=0 (12)
T(t) = e ifc=A2>0 (13)
T(t) = cse ™ ife=—-A2<0. (14)

We discuss three cases:

Case 1: ¢ =0

In this case we have by (9) and (12) u(x,y) = X(2)T(t) = cic3x + cacz. Using (2)

and (3), we get -since %(z,t) = c¢yc3- c1c3 = 0, which leads to u(z,y) = cacs. Hence
up(z,y) = Ap is a product solution of (1), (2) and (3).
Case 2: c=)* >0

In this case we have by (10) and (13)

u(z,y) = X(2)T'(t) = 03ek’\2t(cl cosh(Az) + casinh(Az)). (15)
This leads to 5
a—u(x, y) = )\036“%(01 sinh(Az) 4 ¢2 cosh(Az)). (16)
x

Using (2) and (16), we get
)\02036k>\2t =0, t>0,

Substituting into (15), we get since A > 0

u(z,y) = cre5¢" cosh(Az) and %(m, y) = Acicse™t sinh(Ax). (17)

Using (3) and (17), we get
Acicze™ cosh(AL) =0, ¢ >0,

which leads to ¢;c3 = 0, since AeF**t cosh(AL) > 0. Hence we get by substituting into
(17) u(z,y) = 0.



Case 3: c=—-)\> <0
In this case we have by (11) and (14)

uw(z,y) = X(x)T'(t) = Cge_k’\2t(cl cos(Az) + o sin(Az)).
This leads to
ou

a—(a:, y) = /\63€k>\2t( — ¢1sin(Az) + 3 cos(Az)).
x

Using (2) and (19), we get
)\cgcg,e’k)‘21t =0, t>0,

Substituting into (18), we get since A > 0

u(z,y) = crese ™ cos(Ar) and 8—u(x,y) = —Acrese™ sin(\z).
T
Using (3) and (20), we get
—epczeftt sin(Ax) =0, t>0,

which leads to ¢;c3sin(AL) = 0.
If c1e3 = 0, then we get from (20) u(x,y) = 0.

If cie3 # 0, then we have sin(AL) = 0. We deduce that AL = nm, n = 1,2,
A="n=12 .
Therefore all product solutions of (1), (2) and (3) are given in this case by

_kn2ﬂ'2t n7m
up(z,t) = Ape” " 27 " cos (—x), n=12,..

L
According to the superposition principle, we know that
2ﬂ_2

U($, t) = Z un<x7 t) = AO + Z Ane_kn?t COsS (nfﬂ.m>
n=0 n=1

is also a solution of (1), (2) and (3).

(20)

... Hence

(21)

Now it is enough to find the coefficients A,, such that the function given in (21) is also

a solution of (4) i.e.

f(zx) :A0+iAncos <%x>, 0<z<L.

n=1

(22)



It is clear that (22) is the half-range expansion of the function f(z) in a cosine series.
it follows that

Ay = %/OLf(:c)d:c
A, = %/OLf(x) cos (%x)dx

Hence we get

u(x,t) = %/OL flx)dx + i": <% /OL f(z) cos (%x)) e*knift cos (%x)

O
6. We consider the following boundary-value problem
0%u ou
u(0,t) =0, t >0 (2)
u(L,t)=0,t>0 (3)
u(z,0) = f(x), 0 <x < L. (4)

We start by finding all nontrivial product solutions of (1) subject to conditions (2) and
(3). Indeed let u(z,y) = X (z)T'(t) be a product solution of (1). Then we have

EX"(x)T(t) — hX(2)T(t) = X (x)T'(t) forall 0 <x < L,t>0. (5)
If X(x)# 0and T'(t) # 0, we get from (3)
))((”((xx)) = ij:((?) + % = constant ¢ for all z,t. (6)

We deduce from (6) that

X"(z) = cX(x) (7)
T'(t) = (kc—Rh)T(1). (8)



The solution of (7) depends on the sign of ¢, i.e. we have

X(z) = ar+cifec=0 (9)
X(x) = cicosh(Ar) + cpsinh(Ax) if c = A* >0 (10)
X(z) = cicos(Ax) + cosin(Ar) if ¢ = =A% < 0. (11)

T(t) cze M if ¢ =0 (12)
T(t) = cse®™Mife=X2>0 (13)
T(t) = cge” P if e = )2 <. (14)

We discuss three cases:
Case 1: c=0

In this case we have by (9) and (12) u(x,y) = X (2)T(t) = cicse "z + cocze™t. Using
(2) and (3), we get respectively cocze™ = 0 and cie3Le ™" +cycse™ = 0, which lead to
cac3 = 0 and cye3L 4 cacz3 = 0. Then we get ¢;c3 = 0 and coc3 = 0. Hence u(x,y) = 0.

Case 2: c=X>0
In this case we have by (10) and (13)

u(z,y) = X(2)T'(t) = 03e(k’\2_h)t(cl cosh(Az) + ¢y sinh(Az)). (15)

Using (2), we get
clcge(kAZ_h)t =0, t>0,

which leads by substitution into (15) to
w(z,y) = cacse™ "M sinh(\z). (16)
Using (3), we get
02036(]“’\2_’1” sinh(AL) =0, t >0,

which leads to ¢scs = 0, since e(k3*—h)t sinh(AL) > 0. Hence we get by substituting into
(16) u(z,y) = 0.

Case 3: c=—-)N> <0
In this case we have by (11) and (14)

u(z,y) = X(2)T(t) = 636_(k>\2+h)t(61 cos(Az) + casin(Az)). (17)
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Using (2), we get
clcge_(k)‘QJrh)t =0, t>0,

which leads by substitution into (17) to
w(z,y) = cocse” PN gin(Ax). (18)
Using (3), we get
cocse” PN HEGIN(AL) = 0, t >0,
which leads to cacgsin(AL) = 0.
If coc3 = 0, then we get from (18) u(x,y) = 0.

If coc3 # 0, then we have sin(AL) = 0. We deduce that AL = nw, n = 1,2,... Hence
A="Fn=12 .
Therefore all product solutions of (1), (2) and (3) are given by

n2x2 n
Up(z,t) = B,e~* Tt gip (—Wx>, n=12,..

L
According to the superposition principle, we know that
o o n27r2 ni
u(x,t) = up(x,t) = B,e Wt gip <—x> 19
(2,1) 2 (2,t) 2 7 (19)

is also a solution of (1), (2) and (3).

Now it is enough to find the coefficients B,, such that the function given in (19) is also
a solution of (4) i.e.

flz) = nio;Bn sin (%x), O0<z<L. (20)

It is clear that (20) is the half-range expansion of the function f(z) in a sine series. it
follows that

B, = %/OL f(z)sin (%x)dw (21)

Hence we obtain from (19) and (21) the solution of our BVP

u(z,t) = i (% /OL f(x)sin (%x) d:c) o~ BT Gy (%x)

n=1
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