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O. INTRODUCTION 

All the rings considered in this paper are integral domains, i.e. commutative rings with 

identity and non zero-divisors. Given a finite dimensional ring A, we say that A is a 

]affard domain if dim A = dimyA [2]. The previous property is not a local property and 

thus we say that A is a locally ]affard domain if Ap is a Jaffard domain, for each prime 

ideal p of A. Noetherian domains and, in the locally finite dimensional case, PrOfer 

domains, stably strong S-domains and universally catenarian domains are examples of 

locally Jaffard domains. As a matter of fact, the locally Jaffard domains coincide with the 

rings satisfYing the inequality formula [3], [4, Theoreme 1.5], [16, Lemme 1.4]. Besides 

the locally Jaffard domains, further examples of Jaffard domains are given by the 

polynomial rings with the coefficients on a Jaffard domain and by some class of rings 

arising from the pullback diagrams of a special type (cf. [2], [3], [7], [9], [13] and [16] ). 

In [10] D. Costa, J. L. Mott and M. Zafrullah introduced the rings of the type 

D(s) := D + XDs[X] , where D is an integral domain and S is a multiplicatively closed 

subset of D. If S := D \ {OJ then D(s) = D + XK[X] , where K:= qf(D) (= quotient 
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field of D). Some properties of the prime spectrum of D(s) were investigated in [10], 

even if the problem of an exact determination of dim D(s) was not settled in the general 

case. In [13], the authors were interested in a more general situation concerning the rings 

D(S, f) := D + (XI"'" Xf)Ds[X I , ... , Xf]. After proving a formula for the Krull 

dimension of D(S, f) [13, Theorem 3.2], they showed that D(S, f) is a Jaffard domain 

with dim D(S, r) = r + dim D if and only if D is a Jaffard domain [13, Theorem 3.5]. 

In the present work, we investigate an even more general construction, considering the 

ring R := A + XB[X] = {f e B[X] I flO) e A}, where A C B is a ring extension, X is 

an indeterminant over B. The ring R is a particular case of the constructions B, I, D 

introduced by J.-P.eahen in [9] (cf. also [12]). 

The ring Int(B, A) := {fe B[X] I f(A) \= A} is a subring of A + XB[X] and a deeper 

knowledge of the properties of the rings of the type A + XB[X] may have some 

interesting consequences for the theory of the rings of integer-valued polynomials [I] . 

In Section I, we study the structure of the prime spectrum of R = A + XB[X] , 

clarifying the relation among Spec(R) and the spectra of A and B[X]. Furthermore, 

we will provide upper and lower bounds to htR XB[X] by means of tr.deg'A B . 

In the second section, we will take cafe. of the theory of the dimension and of the 

transfer of the related properties in the constructions A + XB[X]. We will generalize 

some results previously established for the domains of the type D + XK[X] and D + 

XDs[X] , where K is a field containing D and S is a multiplicative subset of D. We 

will prove, among other facts, that R = A + XB[X] is a Jaffard domain and dim R = I + 

dim A if and only if A is a Jaffard domain and deg.tr'A B = O. 

Section 3 is devoted to the investigation of several examples showing the limits of some 

of the results previously established. We will show also that some of the resuits, holding 

for the constructions D + XDs[X] and for D + XK[X] , can not be extended in their 

classical form to the general construction A + XB[X]. We will take this opportunity to 

describe a new class of J affard domains, different from all the known classes. 
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1. THE PRIME SPECTRUM 

We start by establishing some links between the prime ideals of R = A + XB[X] and 

those of A and B[X] . The following lemma is a consequence of some general theorems 

concerning the pullback constmctions [12] . 

LEMMA 1.1. Let A C B be an extension of rings, X is an indeterminant over B 

and R =A +XB[X]. 

(a) The ideal XB[X] is a prime ideal of Rand RIXB[X] is canonically isomorphic 

to A . From a topological point of view, the map ag : Spec(A) -> Spec(R) • 

corresponding to the canonical projection g : R -> A, is a closed embedding and it induces 

an order-isomorphism of Spec(A) onto re :'" {pe Spec(R) I XB[X] C p), 

p 1-> P + XB[X]. In particular, re is a subspace of Spec(R) stable under 

specialization. 

(b) The set S := {X" In;" O} is a multiplicatively closed subset of R and of B[X] 

such that S-IR '" S-IB[X] ",B[X, X-I] . Moreover, by contraction, we obtain an order­

isomorphism {,u e Spec(B[X]) I Xi!,u} -> '9 :'" {:j3 e Spec(R) I Xi!:j3} , and thus 

'9 is a subspace of Spec(R) stable under generalization. 

(c) The spectral space Spec(R) is canonically homeomorphic to the amalgamated sum 

of Spec(A) and Spec(B[X]) with respect to Spec(B). 

PROOF. (a) The map g : R -> A, X 1--> 0, is a surjective homomorphism with 

Ker(g) = XB[X]. Therefore RIXB[X] is isomorphic to A and XB[X] is a prime ideal 

of R. It is clear that the continuous map ag: Spec(A) -> Spec(R) is closed and injective. 

(b) Since S is a multiplicatively closed subset of R then S-IR "'A[X-I] + 

S-I(XB[X]) '" S-I(B[X]) '" B[X, X-I] '" B[Z]. We deduce easily that '9 , 

Spec(B[X, X-I]) and {:j3e Spec(B[X]) I Xi!:j3} are bijectively equivalent. 

(c) is a consequence of the general properties of the pullback constructions, cf. [12] . 

• 
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For the constructions D + XK[X] and D + XDs[X] , . . It IS known that ht XK[X] = 

ht XDs[X] = I ([10] and [13]; see also Step ,I of the proof of the following Lemma 

1.3). Nevertherless, the previous result does not hold in the general case R = A + XB[X] . 

Moreprecisely, we will see later '{Example 1.5) that, for each n;;' I, there exist A C B 

such that htR XB[X] = n. Next goal is an approximation of the height of XB[X] inside 

R. 

THEOREM 1.2. Let R =A +XB[X] , N :=A \ {D) and k:= qf(A). 

(a) htR XB[X] = dim N-IB[X] = dim (B[X] 0 Ak) . 

(b) I ,;:; htR XB[X] ,,; I + tr.deg.A B . 

In order to prove this theorem, we need the following lemma: 

LEMMA 1.3. In the same situation o/Theorem 1.2, 

htR XB[X] = I + Sup{htO[X] q [X] I qe Spec(B) and q n A =(0») . 

PROOF. Step 1: Ifforeach qeSpec(B) \ {(D») we have that q n A .. (0), 

htR XB[X] = I . 

then 

As a matter of fact, in this situation, we have N-IB - q'(B) _. L W d d h , -.l' -. • e e Dee t at 

N-IR = N-IA + XN-IB[X] = k + XL[X]. Therefore htR XB[X] = htN·IRXN-IB[X] = I 

since dim N-IR = I [2, Proposition 2.15]. 

Step ,2: There exists a non zero prime ideal q e Spec(B) such that q n A = (0) . 

First at all, 'for each q e Spec(B) such that q n A = (0) we have q [X] nRC 

XB [X]. As a matter of fact, «q[X] + XB [Xj)/XB[X] ) n A = (0), hence 

(q [X] + XB[X]) n R = XB[X] n R = XB[X] thus q [X] nRc XB[X] . 

If q e Spec(B) is such that q n A = (0), then we obtain htO[X] q [X] = 

htR (q[X] n R) (Lemma 1.1), Therefore, htRXB[X];;' I + ht q[X] , ' O[X] . 

Let (0) C ,:/31 C ... C :/3 n C XB[X] be a chain of prime ideals realizing the height of 

XB[X] inside R. We claim that, for each i e {I, ... , n), X~:/3 i. If not, we would 

have XR = XA + X2 B[X] C :/3 i C XB[X] , hence X2B[X] C :/3 i C XB[X] and thus 

j(X2B[X]) =:/3 i =XB[X] inside R: a contradiction. By Lemma 1.1, the previous 

chain lifts to a chain (0) c..... C ..... ..... I ... C ..... n of the same length inside B[X] , hence 
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ht :/3 n = ht .0. n = n. By [IS], htO[X].o. n can be realized by a special chain (0) C 

C .0.\ C ... C, .o.'n_1 C .o.n of prime ideals of B[X]. Let q :=.o.n n B, then either 

q[X] = .o.'n_1 or q[X] =.o.n' In any case, we have '(D) C q n A =.o.n n B n A = 

.0. n n RnA = :/3 n n A C XB[X] n A = (0) . 

If q is not maximal among the prime ideals p of B such that p n A = (0) , then let 

q 'e Spec(B) such that q !; q' and q' n A = (0). We deduce that q [X] nRc 

q'[X] nRc XB[X] , n - 1= htO[X] q[X]'= htR (q[X] n R) and n"; htO[X] q'[X] = 

= htR (q '[X] n R) < htR XB[X] = n + I . Therefore, htO[X] q '[X] = nand htR XB[X] 

= 2 + htO[X] q [X] = I + htO[X] q '[X]. 

Let q be maximal among the prime ideals p of B such that p n A = (0) . 

Necessarily we must have q[X] =.o.n: otherwise, q[X]!;.o.n implies the existence of 

the following chain of prime ideals q[X] nRc .o.n nRc XB[X]. Therefore, we 

obtain the chain of prime ideals (0) C (.0. n n R)I (q [X] n R) C (XB[X]) I (q [X] n R) 

inside the integral domain R I( q [X] n R) (isomorphic to A + X(B I q )[X]). Because of 

the maximality of q , for each q'e Spec(Blq) \ {D) , we get that q' n A .. (0), hence 

we are in the situation of Step I. We deduce that htR·X(Blq)[X] = I, hence R' :=A + 

X(Blq)[X]. We reach a contradiction, since (XB[X])/(q[X] n R) is isomorphic to 

X(Blq)[X] and ht( (XB[X])/(q[X] n R»;;' 2. Therefore we have that q[X] =.o.n 

and thus htR XB[X] = I + n = I + htO[X] .0. n = I + hiO[X] q [X] . 

We proved that htR XB[X] ,,; I + Sup{ htB[X] q [X] I q e Spec(B) et q n A = (0») 

from which the conclusion follows easily .• 

PROOF OF THEOREM 1.2. (a) We consider the ring N-IR" N-IA + 

XN-IB[X] = k + XN-IB[X]. It is obvious that, for each qe Spec(N-IB) , we have that 

q n k = (0). By Lemma 1.1 htR XB[X] = htN-IR XN-IB[X] and, by Lemma 1.3, it 

follows that htN-liI XN-IB[X] = I + Sup{ htN-IO[X] q [X] I q e Spec(N-IB») = 

dim N-I B[X] . 

(b) We have that k C N-IB[X] C L(X) = qf(B[X]). By [14, Theorem 20.9], 

dim N-IB[X] ,,; tr.deg'k L(X) = I + tr.deg'A B, from the statement (a) the conclusion 

follows .• 
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We notice that Theorem 1.2 recovers, as a particular case, some of the known results 

concerning the domains of the type D + XK[X] et D + XDs[X] , where K is a field 

containing D and S is a multiplicatively closed subset of, D. In the following Example 

1.5 we will apply the full strength of Theorem 1.2 for computing the height of XB[X] 

inside A + XB[X], where B is not a field nor a localisation of A. 

COROLLARY 1.4. Let A C B, L:= qf(B) and S be a multiplicatively closed 

subset of A. Set R := A + XB[X] , T:= A + XL[X] and A(S):= A + XAs[X] . 

(a 1) If qf(A) C B, then htR XB[X] = dim B[X] . 

(a2) htT XL[X] = I . 

(b1) If A C B is an algebraic extension of integral domains, then htR XB[X] = 1. 

(b2) htA(S) XAS[X] = I . 

PROOF. In order to prove (a1) it is sufficient to notice that qf(A) C B implies that 

N-IB = B; (b1) follows by Theorem 1.2 (b) .• 

EXAMPLE 1.5. For each integer n '" I , there exist two integral domains A C B 

such that htR XB[X] = n, where R :=,A + XB[X] . 

Let A := Z , B:= IQ [XI, ... , Xn-d. By Corollary 1.4 (al),' we obtain that 

htR XB[X] = dim IQ [XI' ... , Xn-I][X] = n . 

The following example shows that, for a domain of the type R = A + XB[X] , 

htR XB[X] can describe all the integer values between I and 1+ tr.deg'A B. In 

particular, the boundaries established in Theorem 1.2 may not be improved. 

EXAMPLE 1.6. Let dE H'I and tE {I, ... , I+d} , then there exists an extension 

of integral domains A C B such that tr.deg.A B = d and htR XB[X] = t, where R := 

A +XB[X]. 

As a matter of fact, let k be a field and let X, XI' .. " Xd+I' YI , ... , Yd be 

indeterminants over k . Set A := k andB:= k(XIo ... , Xd.t+I)[YI, "', Yt-tl. Then, 
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tr.deg·A B = tr.deg'k k(Xb ... , Xd.t+l , YI , ... , Yt-I ) = d , 

htR XB[X] = dim B[X] = dim k(XI' ... , Xd_t+I)[YI, _ .. , Yt-tl [X] = t (Corollary 1.4 

(al». 

2. Krull and valuative dimension of A+XB[Xl 

In this section we establish two of the main results of the present work. If A C B is a 

given extension of integral domains, then the first one gives an approximation of the Krull 

dimension of A+XB[X]. In the second result, we determine the valuative dimension of R 

= A+XB[X] by means of dim. A and tr.deg'A B. As a consequence, we will be able 

to study the transfer to R of the Jaffard and locally Jaffard properties. 

THEOREM 2.1. Let R:=A+XB[X],N:=A\(OJ and k:=qf(A). 

(a) Max(dimN-IB[X]+dimA; dimB[X]J';; dimR';; dimA+dimB[X]; 

(b) If k C B then dim R = dim A + dim B[X] . 

PROOF. (a) We know that htR XB[X] + dim R/XB[X] ,;; dim R. Since 

R/XB[X] ~ A (Lemma 1.1) and htR XB[X] = dim N-IB[X] (Theorem 1.2), then 

dim N-IB[X] + dim A ,;; dim R. Furthermore, S-IR = B[X, X-I] (Lemma 1.1) where 

S := (XU In", OJ. By [2, Proposition 1.14], dim B[X, X-I] = dim B[Z] = dim B[X] . 

We deduce that dim B[X]';; dim R, which implies the first inequality. 

Let 13 0 = (0) C 13 1 C ... c13n be a chain of prime ideals of R which realizes the 

dimension of R. Let r be the maximum integer of (I, ... , nJ such that X does not 

belong to 13r, hence for each m';; r, X does not belong to 13m . By using the order­

isomorphisms (il E Spec(B[X]) I X~ il,J --> '9 = (13 E Spec(R) I X~13 J and 

Spec(A) --> re = (13 E Spec(R) I XB[X] C 13 J (Lemma 1.10), we deduce that n - r';; 

dim A and r';; dim B[X]. Therefore" n = dim R ,;; dim A + dim B[X] . 

(b) If k C B, it is clear that; for each qE Spec(B) , q n A = (0). By Lemma 1.3 we 

deduce that htR XB[X] = dim B[X]. The conclusion follows easily from Theorem 1.2 

and from the point (a). • 



118 Fontana et al. 

For the constructions D(S):= D+XDS[X] , it has been proved in [13, Proposition 3.1] 

and in [10, Theorem 2.6, Corollary 2.9] that dim D(S)", Min{dim D[X] ; dim D + 

dim Ds[X]} . Example 3.1 shows that an inequality of the same type does not hold for the 

general constructions of the type A +XB[X]. More precisely, we will construct a domain 

R = A+XB[X] such that dim R > dim A[X] > dim B[X], with qf(A) = qf(B) (hence, 

dim R = dim A + dim B[X], Theorem 2.1. (b». Furthermore, Example 3.1 shows that 

the double inequality of Theorem 2.1 (a) may be strict, with dim A[X] < dim Rand 

tr.deg'A B = 0 . 

COROLLARY 2.2. Let D be an integral domain, K its field offractions and S a 

multiplicatively closed subset of D. 

(a) dim D+XK[X] = I + dim D ; 

(b) Max{l+dimD; dimDs[X]}'" dimD+XDs[X]'" dimD+dimDs[X]' 

PROOF. (8) (respectively, (b) ) follows froni Theorem 2.1 (b) (respectively from 

Theorem 2.1 (a». • 

THEOREM 2.3. Let A C B be tw~ integral domains and R :=A + XB[X] . 

(a) dimv R = dimv A + tr.deg'A B + '1 . 

(b) The following statements are equivalent: 

(i) . A is a Jqffard domain and qf(B) is an algebraic extension of qf(A) ; 

(ii) R is a Jqffard domain and dim R = dim A + I . 

PROOF. (a) We use induction on d:= tr.deg'A B. 

Set L:= qf(B) and k := qf(A) . 

Step 1: d = 0, i.e. L is an algebraic extension of k. We have that A[X] eRe 

B[X] and L(X) = qf(B[X) = qf(R) is an algebraic extension of k(X) = qf(A[X]). By 

[2, Definition-Theorem 0.1], I + dimvA = dilnvA[X] = Sup {dim V I V is a L(X)­

valuation overring of A[X] } ;:: dimv R = Sup{ dim V I V is a valuation overring of R} . 

Let V be an L-valuation overring of A such that dim V = dimvA and set T:= V + 

XL[X) • The integral domain T is clearly an overring of R. We deduce that dimv R ;:: 
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dim T= I + dim V [2, Proposition 2.15] ,[10, Corollary 2.10], and thus dimvR = I + 

dimv A . 

Step 2: d = tr.deg'A B = I. Let Y e B be a transcendental element over k' (its 

existence follows from the fact that L = qf(B». We consider the integral domains R[y] = 

A[y] + XB[X] and R[y -1]=A[y'l] + XB[y -I][X). In this situation, tr.deg'A[y] B = 0 

and also tr.deg'A[y -I] B[y -I] = 0 since tr.deg A A[y-I] = I . By Step 1, dimvR[y] = 

dimvA[y] + 1 = dimvA + 2 and dimvR[y -I] = dimvA[y .1] + I = dimvA + 2. 

Moreover, every overring of R is a valuation overring of R[y] or R[y -I]. We deduce 

that dimvR = Max{dimvR[y]; dimvR[y -I]} = dimvA + 2. 

Step 3: d = deg.tr.A B ;:: 1. We suppose that, for A' C B' such that r = 

deg.tr'A,B'''' d - 1 then dimvR' = dimvA'+ r + 1, whereR' :=A'+XBTX]. Let 

ye B be a transcendental element over k, then tr.deg'A[y] B = tr.deg.A[y·I] B[y -I] = 

d - 1. With the same notation of Step 2, the inductive hypothesis implies that dimvR[y] = 

dimvA[y] + (d - 1) + 1 = dimvA + d + 1 and dimvR[y -I] = dimvA[y-I] + (d - 1) + 1 = 

dimvA + d + 1. As in Step 2, we have dimvR = Max{dimvR[y] ; dimvR[y -I]} = 

dimvA + d + I. This completes the proof of (a) . 

(b) (i) _ (ii) dimvR = dimvA + tr.deg'A B + 1 

= dim A + 1, by hypothesis 

= dim A + htR XB[X] , by Corollary 1.4 (b) 

", dim R , by Theorem 2.1 (a) 

", dimv R , 

thus'R is a Jaffard domain and dim R = 1 + dim A . 

(ii) _ (i) dim v R = dimvA + d + 1= dim R = 1 + dim A , hence we deduce that 

dimv A = dim A and d = O. Therefore, A is a Jaffard domain and qf(B) is an 

algebraic extension of qf(A) .• 

Among the applications of Theorem 2.3, we recover some "classical" result concerning 

the integral doniains D +XDS[X] and D +XK[X] (cf. [10)) proved in [2, Proposition 

2.15 and 2.16], [7, Proposition 2.11 and Corollary 2.12] and [13, Proposition 3.4 and 

Theorem 3.5 (a)]: 
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COROLLARY 2.4. Let D be an integral domain, S a multiplicatively closed 

subset of D and K:= qf(D} . 

(a) dimyD+XDs[X] = dimyD+ XK[X] = dimyD + I; 

(b) D is a laffard domain if and only if D -to XK[X] is a laffard domain; 

(e) D is a laffard domain if and only if D + XD S[X] is a laffard domain and 

dim D + XDs[X] = dim D + I. I 

COROLLARY 2.5. Let A be an integral domain having k as its field offractions 

and let L be a field extension of k. Set R = A + XL[X] . 

(a) dimy R = dimy A + tr.deg.k L + I , 

(b) R is a laffard domain if and only if A is a laffard domain and L is an algebraic 

extension of k. I 

It was proved in [2, Proposition 2.16 (b)] that if A C B and if qf(A} = qf(B} , when 

A is a Jaffard domain, then. R = A + XB[X] is also a Jaffard domain and dim R = dim A 

+ I. The fOllowing corollary establishes, among other facts, that the converse holds as 

well (cf. also [2, Remark 2.17]): 

COROLLARY 2.6. Let A C B be an extension of integral domains with the same 

field offractions. Set R := A + XB[X] . 

(a) dimyR =.dimyA + I , 

(b) A is a laffard domain if and only if R is a laffard domain and dim R = dim A + 

1. I 

Lastly we have: 

COROLLARY 2.7. Let A C B be an extension of integral domains such that 

qf(A} C B. Set R := A + XB[X]. Then, R is a laffard domain if and only if A is a 

laffard domain and dim B[X] = I + tr.deg'A B . 
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PROOF. By Theorem 1.2 (b), Lemma 1.3 and Corollary 1.4 (al), we deduce that 

htR XB[X] = 1 + Sup{ ht q [X] I q E Spec(B} and q n A = (O) } = dim B[X] S I + 

tr.deg'A B. Theorem 2.3 (a) and Theorem 2.1 (b) lead to the conclusion, since 

dimyR - dim R = dimyA - dim A + (1 + d - dim B[X]). I 

In Section 3, we will give several examples showing the limits of the previous results. 

THEOREM 2.8. Let A C B be an extension of integral domains and let R := A + 

XB[X] . We suppose that A is a locally laffard domain. The following statements are 

equivalent: 

(i) B[X] is locally laffard and htR XB[X] = I + tr.deg·A B ; 

(li) R is locally laffard 

In order to prove this theorem we need the following lemma (cf. also [2, Corollary 

1.16]): 

LEMMA 2.9. Let B be an integral domain, then B[X] is locally laffard if and only 

if B[X, X-l] is locally laffard. 

PROOF. We suppose that B[X, X-l] is a locally Jaffard domain. Since8[X, X-l] 

is integral over B[X + X-l], for each q E Spec(B[X + X-l]), if T:= (B[X + X-l] \ q) , 

then T-lB[X, X-l] is integral over T"lB[X + X-l] = B[X + X-l]q . Now B[X, X-l] is 

locally Jaffard, then B[X + X-l]q is the same [2, Proposition 1.1 and Proposition 1.5 

(a)]. Since B[X + X-l] is isomorphic to B[X] ,.then B[X] is also locally Jaffard and 

the lemma is proved. I 

PROOF OF THEOREM 2.8. 

(i) =} (ii). Let A and B[X] be locally Jaffard domains and htRXB[X] = 1 + 

tr.deg'A B, we want to prove that, for each 13 E Spec(R} , Rll is a Jaffard domain. For 

such a prime 13 two cases are possible: 
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Case 1 : X E 13 . There exists jl E Spec(A) such that 13 = jl + XB[X] (Lemma 

1.1 (a». It is easy to verify that R"j3 = Ap + XT·\B[X]. where T'\ := R \ (jl + XB[X]) . 

We have that Ap + XBp[X] C R"j3 C Ap + XL[X](X). with Bp := (A \ jl)'\B and L = 

qf(B). and we notice that all these rings have the same field of fractions. By the previous 

remarks. we deduce that: 

• dimy (Ap + XBp[X]) = dimyAp + tr.deg'A B + I (Theorem 2.3 (a»; 

• Ap + XL[Xl(X) is the pullback of the inclusion Ap ~ L with respect to the 

canonical projection L[X](X) ~ L . 

By [2. Theorem 2.61. dimy (Ap + XL[X](X» = dimyAp +dimy L[X](X) + tr.deg'A L = 

dimyAp + I + tr.deg'A B. On the other hand. ~dim R"j3 = htR 13 = htR(jl + XB[X]) ~ 

htA jl + htRXB[X] = dimAp + tr.deg'A B + I = dimyAp + tr.deg'A B +1 = dimyR"j3 • 

thus R"j3 is a Iaffard domain. 

Case 2: X EO 13 . Set S:= {XU I n ~ o} . Then S n 13 = 0 and R"j3 = (S'\R)S'\"j3 

[14. Corollary 5.31. On the other hand. S'\R = S'\(B[X]) = B[X. X'\l (Lemma l.l (b». 

and B[X] is locally Iaffard. It follows that R"j3 is a Iaffard domain. 

(ii) ='* (i). If R is locally Iaffard and S:= {xn I n ~ o} • then S'\R = S'\(B[X]) = 

B[X. X'\l is the same. Lemma 2.9 allows to conclude that B[X] is a locally Iaffard 

domain. Since RXB[X] is a Iaffard domain. then htRXB[Xl = dim RXB[X] = 

dimy RXB[X]' By replacing jl with (0) in (i) ='* (ii) of Case I. we obtain that 

dimyRXB[X] = dimyqf(A) + tr.deg'A B + I = tr.deg'A B + I and the proof of the theorem 

is complete. • . 

We notice that the hypothesis that A is a jaffard domain (instead of a locally Iaffard 

domain) in Theorem 2.8 is not sufficient for the conclusion. As a matter of fact. it is 

sufficient to consider a Iaffard non locally Iaffard domain A [2. Example 3.21. and 

B := qf(A). In this situation B[X] is locally Jaffard and htR XB[X] = I = I + tr.deg'A B 

but R is not locally Jaffard [2. Corollary 2.12 (a)l. However. the hypothesis that A is 

locally Iaffard is not necessary in order that R is also locally Jaffard (cf. Example 3.1 

(d». 
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COROLLARY 2.10. Let D be a domain and K := qf(D). The following are 

equivalent: 

(i) D is locally lajfard; 

(ii) D + XDS[X] is locally lajJard " for each multiplicatively closed subset S of D ; 

(iii) D + XK[X] is locally lajfard. 

PROOF. (i) ='* (ii) is a consequence of Theorem 2. 8. (i) ='* (ii) (cf. also [9 • 

Proposition 1 (i)l; (ii) ='* (iii) holds trivially and (iii) ='* (i) is a particular case of [2. 

Corollary 2.12 (a)l .• 

Theorem, 2.8 will give us the possibility to construct new examples of locally Iaffard 

domains (cf. Examples 3.1 and 3.5). 

We notice that. if X\ ..... Xn are indeterminants over R = A + XB[XI. then 

R[X\ .... • Xnl = A [X\> .... Xul +XB[X\ .... • Xn][Xl is a ring of the same type (Le. 

R[X\ ..... Xnl=A'+XBTXl with A':=A[X\, .... Xnl and B':=B[X\ ..... Xnl). 

From the previous remark. we are led to studying the ring R[X\ ..... Xnl by means of 

the techniques introduced above. 

As a consequence of Theorem 2.1 (a) and 2.3 (a). and of the fact that 

dim R[X\> .... Xnl ~ dimyR[X\ .... ,Xril , we deduce: 

n Max{dim A[X\ .... Xul + htR[X" ..• X,]XB[X\ .... Xu][Xl; dim B[X\, ... Xnl[x]} ~ 

~ dim R[X\ • .... Xnl ~ 

~ Min{dimyA[X\ .... Xnl + tr.deg·A B + 1 ; dim A[X\ .... Xnl + dim B[X\ .... Xn][X]}. 

Therefore. for n big enough. it is possible to evaluate the dimension of R[X\. '" • Xnl : 

COROLLARY 2.11. Let A C B be an extension of integral domains, R:= A + 

XB[X]. n an integer and let X\ ..... Xn be indeterminants over R . 

(a) If n ~ Max{tr.deg'A B ; dimyA - 1) • then dim R[X\, .... Xul = 

dim A[X\ • .... Xnl + tr.deg'A B + 1 and R[X\ .... • Xnl is a lajfard domain. 

(b) If n < tr.deg'A B and if B is a field, then dim R [X \> .... X nl = 

dim A[X\, .... Xul + n + 1 and R[X\ • .... Xnl is not a lajfard domain. 
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PROOF •. (8). By Theorem 1.2 (b). we deduce that htR[X, • ...• X,jXB[X, • ...• 

Xn][X] :s; tr.deg'A B + 1 . The integral domains Rand B[X] have in common the ideal 

XB[X]. then by [9. Lemma 31 we obtain: 

htR[x" ... ,X,lXB[X, •...• Xn][Xl ~htB[X" .. .,x,j[X]XB[X, •...• Xn][X] + Min{n. tr.deg.AB}. 

Therefore. htR[x" ... ,x,lXB[X, •...• Xn][Xl ~ tr.deg'AB + I. thus we deduce the 

equality. 

On the other hand. by (*) we get dim A [X , •...• Xnl + tr.deg'A B + 1 :s; 

:s; dim R[X, • ...• Xnl:S; dimvR[X, •...• Xnl = dimvA[X,. '" .Xnl + tr.deg'AB + 1 = 

dimA[X, •...• Xnl + tr.deg'AB + 1. (where dimvA[X, •...• Xnl =dimA[X, •...• Xnl 

since n ~ dimvA - 1. [2. Definition-Theorem 0.1]) and thus dim R[X,. '" • Xnl = 

dimvR[X, •...• Xn] . 

(b) Let n < tr.deg'A B by the same reason as in (8) we get 

htR[X" ...• X,] XB[X, • ...• Xn][X] ~ n + 1 . We deduce that 1 + n + dim A[X, • ...• Xnl 

:s; dim R[X" ., .• Xnl :s; dim A[X" ...• Xnl + dim B[X, • .. , • Xn](Xl. Therefore. if B 

is a field, then dim B[X 1 • ...• Xn][X] = n + 1 and dim R[X l • ..• ,Xn] = 

dim A [X,. '" • X nl + n + 1 < dimv A [X, • ...• X nl + tr.deg'A B + 1 = 

dimvR[X, •...• Xnl. As a consequence. we obtain that R[X, • ...• Xnl is not a Jaffard 

domain .• 

REMARK 2.12. It is known by [13. Theorem 3.5 (a)] that D is a Jaffard domain if 

and only if D.+XDs[X] is a Jaffard domain and dim(D + XDs[X]) = 1 + dim D. This 

result can not be directely generalized to the general constructions A + XB[X] with 

tr.deg'A B > 0 (cf. Examples 3.4 and 3.5). 

3. EXAMPLES AND COUNTER-EXAMPLES 

In this section we construct several examples showing the limits of the results proved in 

Sections I and 2. We give also a few counter-examples showing that some results 
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concerning the domains of the type D + XDs[X] can not be extended to the general 

constructions A + XB[X] . 

EXAMPLE 3.1. Let K be a field and let X. X,. X2• X3• X4 be indeterminants 

over K. Set. 

A := K[Xtl(X,) + X4K(X,. X2• X3)[X41(x,). 

B := K(X,)[X21(x,)+ X3K(X,. X2)[X31ix,) + X4K(X,,x2. X3)[X41(x,). 

R := A + XB[XI. 

Then: 

(a) Max{dim A + htR XB[X]. dim B[X]} < dim R < dim A + dim B[X] . 

" (b) dim A[X] < dim R. (notice that for the construction D + XDs[X] • it happens that 

dim D + XDs[X I :s; dim D[X]. [13. Proposition 3.1]) . 

(c) R shows that [13. Theorem 3.5 (b) (j) ~ (ji)l • concerning the domains D + 

XDs[X] • can not be extended to the constructions A + XB[X]. 

_(d) R is a locally Jaffard domain. even if A is not a locally Jaffard domain (cf. 

Theorem 2.8 and [2. Proposition 2.16]). 

As a matter of fact. set L:= K(X,. X2• X3 ). k:= K(X,. X2). 'lll := X4L[X41(x,). 

!Jl := X3k[X31(x,). V:= L + sm • V, := k + !Jl • D := K(X ,.)[X21(x,) +!Jl • 

B := D + sm and A := K[Xtl(X,) + sm . By some well known result concerning the 

D + sm domains. by [2. Corollary 2.81 and [12. Proposition 2.1 (5) and Theorem 2.4 (1)1 

we obtain that V. V,. D and B are valuation domains of dimensions 1. 1. 2 and 3 

respectively. Moreover: 

• dim B[X] = dim B + 1= 4 • 

• dim A = dim K[Xtl(X,) + dim V = 2 [2. Corollary 2.81. 

• dimv A = dimv K[Xtl(X,) + dim V + tr.deg. K(X,) L = 4 [2. Proposition 2.14 (a)l. 

• dim A[X] = dim V +dim K[Xtl(X,)[X] + Min{ 1. tr.deg'K(X,) L } = 4 

[2. Corollary 2.8], 

• . Spec(B) = ((O); sm ; :)3, := !Jl + sm ; :)3 2 := X2K(X,.)[X2l(x,) + :)3 tl . 

• Spec(A) = ((O); sm ; n. = X, K[X tl(X,) + sm}, 
• sm n A =:)3, n A =:)32 n A = sm [12. Theorem 1.41. 
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(a) and (b). We notice that qf(A) = qf(B) = qf(V) , since they A, B and V have 

the ideal IJJl in common. Inside Spec(R) we have the following chain of prime ideals: 

© (0) c 1JJl[X] nRc 13,[x]n R c 13z[x]n R c IJJl +XB[X] cD. +XB[X]. 

Therefore dim R ~ 5. By Theorem 2.3. (a), we deduce that dimy R = dimyA + 

tr.deg'A B + 1 = 5 ,thus dim R = 5 = dimy R. As a consequence, we have: 

(dim A[X] = 4 ) < (dim R = 5) < (dim A + dim B[X] = 6) . 

On the other hand (Theorem 1.2 (b», we have 

(dim A + ht R XB[X] = 2 + 1 = 3) < (dim B[X] = 4) < (dim R = 5) . 

(c) Since dim R = dimy R = 5, R is then a Jaffard domain. Furthermore, 

dim A[X] = 4 and dimyA[X] 'i:. dimyA'+ 1 = 5, then A[X] is not a Jaffard domain. 

This example shows that [13, Theorem 3.5 (b) G) ~ Gi)] can not be extended to the 

constructions A + XB[X]. 

(d) The domain A is not a locally Jaffard domain [2, Proposition 1.5 (b)], since it is 

not a Jaffard domain. In order to show that R is a locally Jaffard domain, it is sufficient 

to see what happens for the prime ideals of the type p + XB[X] with P E Spec(A). As 

a matter of fact, if 13 E Spec(R) and if X(/! 13, !)Y. setting S:= {xn I n ~ 0 } , we get 

. that R:,3 = (S-'R)S-':,3 = B[X, X-l]S-':,3 which is a Jaffard domain (because B is a 

valuation domain). By the proof of Theorem 2.8 (Casel), we deduce that 

dimyR(p+XB[X]) = dimyAp + tr.deg·A B + I. We claim that R(p+XB[X]) is a Jaffard 

domain, for each p E Spec (A) . 

• 13 = XB[X] ,i.e. p = (0) . In this case, dim R:,3 = dim RXB[X] = htR XB[X] = 1 

= dimyA(o) + tr.deg'A B + 1 = dimyR:,3 . 

• 13 = IJJl + XB[X]. In the present situation, the chain © shows that ht13 = 4 

(since dim R = 5), hence dim R:,3 = 4 = dimyK(X,) + dim V + tr.deg'K(X,) L + 1 = 

dimy AlJJ1 + 1 = dimyR:,3 . 

• 13 = D. + XB[X]. In this case, dim R:,3 = ht13 = 5 (see the chain ©) and 

dimyR:,3 = dimyAn + I = dimyK[Xd(x,) + dim V +tr.deg'K(X,) L + 1 = 5, since 

An = A (cf. also [2, Theorem 2.6 (aJ]) 

In all the cases, R:,3 is a Jaffard domain .• 
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Theorem 2.3 shows the way to construct new classes of Jaffard domains. 

EXAMPLE 3.2. Let, 

• A,:= Z , B,:= ZV and R,:= Z +XZV[X], 

where ZV is the integral closure of Z inside an algebraic extension of UJ . 

Since A, is a Jaffard domain, then by Theorem 2.3 .(b) we deduce that R, is a Jaffard 

. domain and dim R, = I + dim Al = 2.< dim A, + dim BI[X] = I + 2 = 3 (cf. also 

Theorem 2.1 (a». It is possible to show that RI is a Noetherian domain if and only if 

ZV is the integral closure of Z inside a finite extension of UJ . 

We consider 

• A z := 11 , Bz :=o:::[Y] and Rz := 11 + Xo:::[Y][X] , 

Since qf(A z) C B z then, by Theorem 2.1 (b), we deduce that dim Rz = dimA z + 

dim Bz[X] = 2 and, by Theorem 2.3 (a), that dimyRz = dimyAz + tr.deg·Az Bz + 1 = 2. 

Therefore Rz is a Jaffard domain. Moreover Az[X] = 11[X] is .obviously a Jaffard 

domain, but dim Rz ¢ dim Az[X]. (Notice that, for the domain Rz , the inequalities of 

Theorem 2.1 (a) are both equalities.) • 

The following two examples show the limits of some of the results established in 

Section 2. 

EXAMPLE 3.3. Let: 

• A:= Z , .B:= UJ(Y) and R:= Z +XUJ(Y)[X]· 

Then: 

(a) The bounds of the inequalities established in Theorem 2.1 (a) can be effectively 

reached. 

(b) R shows that [13, Theorem 3.5 (a), (i) ~ (ii)] and [13, Theorem 3.5 (b), 

Gi) ~ G)] can not be extended to the case A + B[X] . 

As a matter offact, let N =A \ {OJ: 

(a) dim R = dim A + dim B[X] = 2 (Theorem 2.1 (b)) and dim N-IB[X] + dim A = I 

+ 1 = 2 . Therefore, dim N-IB[X] = I, since dim N-IB[X] + dim A :s; dim R . 
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Henceforth, Max{dim W1B[X] + dim A , dim B[X]) = dim N-IB[X] + dim A = 

dim R = dim A + dim B[X] = 2, thus the bounds of the inequalities established in 

Theorem 2.1 (a) can be effectively reached. 

(b) By (a), dim R = 2 and Theorem 2.3 (a) shows that dimv R = dimv Z. + 

tr.deg.1Q IQ(Y) + 1=3, thus R is not a Jaffard domain. However, A is a Jaffard domain 

[13, Theorem 3.5 (a), (i) ~ (ii)]. Moreover, A[X] is a Jaffard domain and dim R = dim 

A [X] , in contrast with [13, Theorem 3.5 (b), G.i) ~ (j)] for the domains of the type D + 

XDs[X]· • 

EXAMPLE 3.4. Let: 

• A := Z. , B:= IQ [Y] and R:= Z. + XIQ [Y][X] . 

Alars, 

(a) R shows that [13, Theorem 3.5 (a), (i) ~ (ii)], [13, Theorem 3.5 (b), (j) ~ (jj)] 

and [2, Proposition 2.15 (a)] can not be extended to the case A + B[X] . 

(b) dim R > dim A[X] with tr.deg'A B > O. 

As a matter of fact, 

(a) qf(A) C B, then by Theorem 2.1 (b) we deduce that dim R = dim A + dim B[X] 

= I + 2 = 3, and hence Theorem 2.3 (a) shows that dimvR = dimvA + tr.deg'A B + I = 

3. We deduce that R is a Jaffard domain. Since A = Z. is a Jaffard domain, but dim R 

¢ dim A + I , the domain R shows that [13, Theorem 3.5 (a), (i) ~ (ii)] can not be 

extended from the case D + XDs[X] to the general situation A + B[X] . 

The rings Rand A[X] are Jaffard domains, but dim R ¢ dim A [X], hence [13, 

Theorem '3.5 (b), (j) ~ (jj)] can not be extended to the general construction A + B[X] . 

If A and R are the Jaffard domains introduced above, since tr.deg'A B ¢ 0, then it 

is clear that [2,Proposition 2.15] does not hold for the general construction A + B[X] . 

(b) We know that 3 = dim R > dim A[X] = 2, like in Example 3.1 (b), but in this 

case tr.deg'A B ¢ o. • 

EXAMPLE 3.5. Let K be a field and let X, Y, Z ,W be indeterminants over K . 

Set: 
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A := K[y](y), B := K[y](y) + ZK(y)[z](Z) + WK(Y, Z)[W](lV) and R:= A + XB[X]. 

Then, 

(a) htR XB[X] = I + tr.deg'A B > I . 

(b) dim R = dim A + htR XB[X] . 

(e) R is a locally Jaffard domain, different from all the examples already known. 

As a matter of fact, set: 

V := K(X, Y)[W](W) , >Jll := WK(X, Y)[W](W)' V':= K[y](y) + ZK(y)[z](Z) , 

then, 

(a) A c B = V' + >Jll are both valuation domains, with dim A = I and dim B = 3 

(cf. [12, Proposition 2.1 (5), Theorem 2.4 (1)]), and d := tr.deg'A B = 2. Moreover: 

Spec(B) = {(O); >Jll ; :j3 := ZK(y)[z](Z) + >Jll ;,u := YK[y](y) + :j3}, 

Spec(A) = {(O); YK[Y](Y)} , 

>Jll n A = :j3 n A = (0), et ,u n A = YK[y](y) , 

thus htR XB[X] = 3 = I + tr.deg'A B (Theorem 1.2 (b) and Lemma 1.3) . 

(b) We notice that dim R ;0: dim A + htR XB[X] = I + 3 = 4 (Theorem 1.2 (a», and 

that dimvR = dimvA + deg.tr.A B + I = 4 (Theorem 2.3 (a». Therefore R is a Jaffard 

domain with Krull dimension 4 = dim A + htR XB[X] < dim A + dim B[X] = 5 (thus the 

hypothesis qf(A) C B in Corollary 1.4 (al) is essential). 

(e) We notice that A and B are locally Jaffard domains, since they are both valuation 

domains. It is clear that B[X] is a locally Jaffard domain [9, Proposition 1 (i)] and by 

Theorem 2.8 it follows that R is a locally Jaffard domain, since htR XB[X] = I + 

tr.deg'A B (Ct. (a)). • 
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13 
Divisorial Ideals and Class 
Groups of Mori Domains 
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The properties of divisorial ideals and class groups of noetherian integrally closed domains, 

more generally of Krull domains, have been extensively studied in the past and ate now well 

known [F] . More recently; the notion of class group has been introduced for any domain in 

[Bv] and [BvZ] and its general properties have been studied by several authors (see for exanaple 

[A]. [AA]. [AAZ]. [ARy]. [0]. [GRt]. [NA]. [Ry]). However the structure of the class group 

is known for only a few special families of domains. 

A first class of domains for which this investigation has been carried out is that of Mori 

domains. namely those domains with the ascending chain condition on divisorial ideals [Rl]. 

[BGI], [BG2]. [BGR2]. A motivation to consider this kind of domain is that noetherian and 

Krull domains are Mori. Thus. the results obtained hold in particular for noetherian domains 

and moreover. since a Krull domain is a Mori completely integrally closed domain. this study 

puts in eVidence which properties of Krull domains depend uniquely on the ascending chain 

condition on divisorial ideals and which ones depend also on the condition of being completely 

integrally closed. 

In this paper we will survey recent and older results on this subject. 

Let R be an integral domain and K its quotient field., 
An ideal I of R is divisorial if I; Iv:; R:(R:I) ; n(xR : x E K, xR:::> J) and a 

divisorial ideal I is v-/tnite if there is a finitely generated ideal J such that I; Jv . We denote 

by D(R) the set ohll divisorial ideals of R and by Di\R) the set of all v-finite ideals of R. 

The sets D(R) and D[(R) are semigroups, with unit R. with respect to the operation 

1*1 ; (II)v . The group peR) of principal ideals of R is a subgroup of Dr(R) and 
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