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POWERS AND ROOTS OF TOEPLITZ OPERATORS

ISSAM LOUHICHI

ABSTRACT. We study the commutativity of two Toeplitz operators whose sym-
bols are quasihomogeneous functions. We give a relationship between this
commutativity and the roots (or powers) of the Toeplitz operators (Proposi-
tion 7). We use this to characterize Toeplitz operators with symbols in L°° (D)
which commute with Toeplitz operators whose symbols are of the form e*?9r™
(Theorem 13).

1. INTRODUCTION

Let D denote the open unit disk in the complex plane C, and let dA denote
normalized Lebesgue area measure. The Bergman space, denoted by L2, is the
Hilbert space of analytic functions on D that are square integrable with respect to
dA. Tt is well known that L2 is a closed subspace of the Hilbert space L?(D, dA) and
(v/n 4+ 12") ey is an orthonormal basis of L2. Let P be the orthogonal projection
of L?(D,dA) onto L2. For a function ¢ € L>°(D,dA), the Toeplitz operator with
symbol ¢ is the operator T}, from L2 to L2 defined by Ty(f) = P(¢f).

If k.(w) = gtz = Yoso0(l +J)w’Z is the Bergman reproducing kernel, then

= —zw)?

T, (f)(2) = P(6f)(2) = / o(w) f () (w) dA(w).

The question to be studied in this paper is : When do two Toeplitz operators Ty
and Ty commute? In 1964, Brown and Halmos [4] solved this problem for the
analogously defined Toeplitz operators on the Hardy space. They showed that
TyTy = TyT, for some ¢ and ¢ € L>°(T), where T is the unit circle of C, if and
only if either
(a) ¢ and v are both analytic,
or
(b) ¢ and ¢ are both analytic,
or
(¢) one of the two symbols is a linear function of the other.
We recall that a function in L*°(T) is said to be analytic if all of its Fourier coeffi-
cients with negative indices are equal to 0.

The same question concerning Toeplitz operators on the Bergman space has a
much more complicated answer. There are however some results which resemble
those of [4]. In fact, Axler and Cuckovi¢ proved in [2] that the condition that one
of (a), (b) or (c) be true is still necessary and sufficient when the two symbols ¢
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and 1 are bounded harmonic functions on ID. Moreover, with Rao [3], they proved
that if ¢ is a bounded analytic function and if ¢ is a bounded symbol such that
Ty and Ty commute then ¢ must be analytic too. When we consider arbitrary
symbols, things are different. In [5] Cutkovi¢ and Rao used the Mellin transform to
study the commutativity of multiplication of two Toeplitz operators Ty and Ty, on
the Bergman space and describe those operators which commute with T,ipe,.m for
(m,p) € NxN. In this paper we use our results from [7] to interpret and extend the
results of [5]. We give some solutions in the case where the Toeplitz operators have
symbols which are “quasihomogeneous” functions and show that these solutions are
related to “p!” roots” and powers of the Toeplitz operators.

As in [7] we say that a bounded symbol f is quasihomogeneous of degree k if it is
of the form e**?¢ where ¢ is a radial function. In this case we say that the Toeplitz
operator T is quasihomogeneous of degree k.

2. PRELIMINARIES

The Mellin transform of a function ¢ € L*([0,1],rdr) is defined by
R 1
92) = [ vt ar
0

It is easy to see that 12 is a bounded holomorphic function on the half-plane II =
{z: Rz > 2}.

We denote the Mellin convolution of two functions ¢ and i by ¢+t and we define
it by the equation :

o)) = [ o T,

It is clear that the Mellin transform converts Mellin convolution into a pointwise
product, i.e that :

(1) (60 9)(r) = $(r)(r)
We shall often use the following classical theorem (see [8, p. 102]).

Theorem 1. Suppose that f is a bounded, holomorphic function on {z : Rz > 0}

which vanishes at the pairwise distinct points di,ds - - -, where
i) inf{|d,|} >0
and

i) Y1 R(g;) = oo
Then f vanishes identically on {z : Rz > 0}.

Remark 2. We shall often apply this theorem to show that :
if ¢ € LY([0,1],7dr) and if there exist ng € Z,,p € N such that

~

P(no+ pk) =0 for all k €N,

then {p\(z) =0 for all z € {z: Rz > 2} and so ¢ = 0.
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3. POWERS OF TOEPLITZ OPERATORS

The following Lemma determines the values of powers of a bounded quasiho-
mogeneous Toeplitz operator evaluated at any element of the orthonormal basis of
12,

Lemma 3. Letn € N, s € Z, and let ¢ be a bounded radial function on D. Then,
for all k € N we have
n n-l ~
(Tei%) () (2) = [ TT 20k + s+ s+ 1) (2k + 2js + s + 2)} Shtns
=0

iz
[T/ ¥(2k + 2js + 5+ 2)

_ Zk+ns
150 T(2k + 2js + 25+ 2)

9

where 1 denotes the constant function with value one.

PROOF. The lemma is a consequence of the following direct calculation : we
write

2w
Tew% / / P(r kZ j+1)eitkts=i)o rjzjfrdrde

and interchange the integral over [0, 27] and the sum to see that
Tioy(€5)(2) = 2(k+ s+ 1)P(2k + s+ 2)2F+

QZ(ZI{? + 5+ 2) Zk+s
T(2k 4 25 +2)

The lemma is proved by applying Tise,, to &F n times. |
We have the following decomposition of L?(D,dA) as

L*(D,dA) = @e’kGR
keZ

where R is the space of functions on [0, 1] that are square integrable with respect
to the measure rdr. Thus every function f € L?(ID,dA) has the decomposition

—+oo

fre*®) = 3" e*fi(r),  freR.

k=—o00

Moreover, if f € L°°(]D) dA) C L2(]D) dA) then for each r € [0,1),
[ () 1= 5 | 7 frenye dg < sup | f(z)], VkeZ
z€E

and so the functions f; are bounded in the disk.
In [7] we proved the following results which we will use in the proof of our main
theorem.

Proposition 4. Let ¢ be a nonzero bounded radial function, p be a positive integer
and f(re®?) =372 e fi(r) € L®(D,dA). Then

a) Ty commutes with Teipe if and only if Tyire g, commutes with Tyipo for all
keZ.
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b) If there exists k € Z_ and a bounded radial function fi such that
Teip9¢Te'ik9fk = eikakTe'ip9¢

then fr must be equal to zero.
c) If there exists k € Zy and a bounded radial function fy, such that

Teip9¢Teik9fk == eik@fkTeip9¢
then fr is unique up to a constant factor. In particular fo is a constant.

Thus if p > 0, f(ret*®) = 3°7°° €™ fi(r) and T} commutes with T,ipe, then
each fi is uniquely determined up to multiplication by a constant and equal to 0
for k£ < 0.

Next we present two technical but easy results which permit us to prove Proposi-

tions 7 and 9 the principal results of this section.

Remark 5. Let (a;)ien and (by)en be two nonvanishing sequences and p and s two
positive integers such that

(2) aiysby = biypa;  for alll € N.
Then if
s—1 p—1
Ak = H Ak+j5p and Bk = H bk+js
j=0 =0
we have :

AkBk+p = Ak+ka for all k € N.
(Just multiply the p equations obtained by takingl =k, k+s,...k+ (p—1)s in (2)
together to see that, if (2) is true, then

Bk+p ak—i—ps Ak+p
= = Ik .
B o A for all k € N.)

Notation: Let S and T be two functions (resp. two operators). We will say that
S =T if there exists a constant ¢ # 0 such that S = ¢T.

Lemma 6. Let F' and G be two nonzero bounded holomorphic functions on the half
plane I1 = {z : Rz > 2}. If there exists p € N such that

(3) F(2)G(z+p) = F(z+p)G(z) for all z € T

then F' = G.

PROOF. Suppose that (3) is true. Then, if (as above) we multiply the k equations
obtained by taking z, = z + np for n =0, ...,k — 1, we have
(4) F(2)G(z + kp) = F(z + kp)G(z) for all k € N.
Now, let zg € II such that G(zp) # 0 and let E = {k € N : G(z9 + kp) = 0}. If
Y okeE ?R(m) = 00, then Theorem 1 implies that G = 0. This contradicts the
hypothesis of the lemma. Thus ), 5. R(
in N of the set E.
Now, equation (4) implies that

F(z0 +kp) _ F(20)

= for all k € E°.
G(zo +kp)  G(20)

m) = oo where E° is the complement
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So, applying Theorem 1 to the function F — ¢G where ¢ = gggg, completes the
proof. |

Let p and s be two positive integers and v a bounded radial function.

If (Teisew)p is a Toeplitz operator then it is the unique quasihomogeneous Toeplitz
operator of degree ps (see Proposition 3 and Proposition 4 of [7]) which commutes
with Tis0,. It is natural to ask whether all nonzero Toeplitz operators which are
of quasihomogeneous degree a multiple of s and which commute with Tise,, are of
this form.

Proposition 7. Let p and s be two positive integers and ¢ and 1) be two monzero
bounded radial functions such that

(5) Teivo g Tisoy, = TpisoyTeivo -
Then

(6) (Tez‘pe¢)s = (Tei50w>p.
PROOF. For all k € N, let

o~

92k +p+2)

_ b2k + 5 +2)
" Ak +2p + 2)

and bp = =<
1(2k + 25+ 2)

so that

Teip%({k)(z) = apz"*?  and Teisew(fk)(z) = b2hts,
Then equation (5) shows that aytsby = bgtpar for all k € Zy and so Remark 5
implies that

s—1 p—1 s—1 p—1
(7) [T arcin [T bwspsis = [T ansprsm [T brsse-
j=0 j=0 j=0 j=0

Let F' and G be the two bounded holomorphic functions defined for all z € II by
p—1 s—1
F(z) =[] 1z + 2js + 25) [ | &(= + 2jp + p)
§=0 §=0

and
s—1

p—1
G(z) = i(z+2jp+2p)H1/z(z+2js+s).
§=0 §=0
Then equation (7) is equivalent to
FQ2E+2)G2k+2p+2) = F(2k+2p+2)G(2k+2) forallkeZ,.
Now, applying Theorem 1, in the form of Remark 2, implies that
F(z)G(z+2p) = F(z+2p)G(z) forall z €Il

Finally, using Lemma 6, we obtain that :

oo oGz +2ip+p) _ ITi= ¥z +2js +5)
= . =— 9= - for all z € 1II,
[T;=0 L(= + 2jp + 2p) im0 L(z +2js +2s)
and Lemma 3 completes the proof. |
Remark 8. i) We will assume that (Teip9¢)0 = 1 where I is the identity

operator of L? onto L2.



6 ISSAM LOUHICHI
ii) If p and s are both negative integers and if Tpipo yTpisoy = TricoTyivo g, then
by considering the adjoint operators we obtain
Te—isewTe—iped) = Te—ip9¢Te—ise,¢,

and so Proposition 7 implies that (Teﬂ'psd)) = (Teﬂ-sew)fp.
Now, by considering once again the adjoint operators we see that

(Teip9¢) o = (Teisew)

Proposition 9. Let ¢ and ¢ be two nonzero bounded radial functions and n,p and
s be positive integers. Then

(Teip59¢)n = (Teisew)np - Teip59¢ = (Teisew)p.
PROOF. For all k € Z,, let

p—1
ar =2(k+ps+1)p(2k+ps+2) and by = [[2(k+js+s+1)1(2k+2js+5+2)

Jj=0

so that
n—1 -1
(Towsog)" = (Toswoy)™ & [[ ahssps = [ [ brssps  forall k€ Z,
j=0 =0

and
Tyinsoy = (Tpisoy)” < ap, =by  forall k € Z,.
Suppose that

n—1 —1
) T axsips = [] brssps  forall k € Z,..
3=0 j=0

If we multiply the equation (8) and the equation obtained by replacing k by k + ps
in the equation (8) together we obtain that

(9) abktnps = Qkynpsbr  for all k € Z,.

Now consider two bounded holomorphic functions F' and G defined in the right half
plane II by

p—1
F(2) = ¢(z +ps) [ Tz + 2js + 25)
=0

~
Il

and
p—1l
G(z) = 1(z + 2ps) H Y(z+2js+ s).
j=0

Then equation 9 is equivalent to
F(2)G(z + 2nps) = F(z + 2nps)G(z) for all z € II.
Hence, Lemma 6 implies that
F(z) = G(z) for all z €11,

and Lemma 3 completes the proof. |
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Remark 10. In [7](Proposition 6) we prove that if p > 0 and ¢ is a nonzero
bounded radial function and if there exists a bounded radial function 1 such that
Ty commutes with Tyipe, then 1) must be a constant. Here is another proof of this
proposition. In fact, using Proposition 7, we have (Tw)p = I, so Proposition 9
implies that Ty = I, and so, that ¢ = 1 since I is the Toeplitz operator of symbol
1.

4. MAIN RESULT

Let p be a positive integer. We start this section with the definition of the T-p*"
root of quasihomogeneous Toeplitz operator of degree p or —p. This new notion
plays a important role in the remainder of the paper.

Definition 11. Let ¢ be a nonzero bounded radial function and p be a positive
integer. We say that the Toeplitz operator T,ivo, has a T-p*" root Teioy if and only
if there exists a nonzero bounded radial function v such that

Teip9¢ - (Teiew)p.

Remark 12. i) The T-pt" root of a quasihomogeneous Toeplitz operator is
unique. In fact, suppose that Tiive 4 has two T-p*" roots T.iey and TEWZ then
(Teq‘,é}w)p = (Tei%)p. Then, by Proposition 9, we have that Tgie,, = Teiglz
which implies that ¢ = J

ii) If the quasihomogeneous degree is negative we have an analogous definition
of the T-p'" root. Let p be a positive integer and ¢ be a bounded radial func-
tion. Then, we say that To—irey has a T-pt* root if there exists a bounded

radial function v such that Te—ipey = (Te—iew)p. It is easy to see, by taking
adjoints, that T,-ipe, has a T-pt" root Te-ioy if and only if T.irey has a
T-p'™ root T,
Examples :
i) Teie(ﬂ) is the T-2t" root of T,2i6,6.
2
ii) Te,ie(gr+grs+3rg) is the T-2t" root of T.2:e,.10.
8
Now, if T,is,, is the T-pt* root of Tipoy and if (Tei%)k (for k in N) is a Toeplitz
operator, then (T eiﬂw)k is the unique nonzero quasihomogeneous Toeplitz operator
of degree k which can commute with T,ires. What we prove below is that if Tipey
has a T-p** root T, eioy, then the only nonzero quasihomogeneous Toeplitz operator

of degree s which commutes with Tgipey is a st power of Teioy, extending the result
(Propositions 7 and 9) of section 3 in this case.

Theorem 13. Let ¢ be a nonzero bounded radial function and p be a positive
integer. Assume that Tiipey has a T-pt" root Tiioy. Suppose that
400

f(re?®) = Z e™® fi(r) € L°(D,dA)

k=—o0

is such that
(10) T§Tpiro gy = Teiro T
Then



8 ISSAM LOUHICHI
i) fx =0 for k <O.

i) If k >0 and (Teww)k is a Toeplitz operator, then either Teikoy, = (Teie¢)k
or fr, =0.

iii) If k > 0 and (Teiew)k is not a Toeplitz operator, then fi = 0.
PROOF. Assertion a) of Proposition 4 implies that if equation (10) is true, then
Teive f, Teivo g = Teivo gy Teiney, , for all k € Z.

Thus i) is a direct consequence of assertion b) of Proposition 4.

Now, to prove ii), let k be a positive integer such that (Teiew)k is a Toeplitz op-
erator. Then (Teiew)k is a quasihomogeneous Toeplitz operator of degree k which
commutes with Tiire . So, if fi. is not identically equal to zero, then f is a bounded
nonzero radial function such that T,ire s, commutes with Tiipe 5. Thus, assertion c)
of Proposition 4 implies that Tike ;, = (Tei%)k.

Finally, let k£ be a positive integer such that (Teiew)k is not a Toeplitz operator and

suppose that there exists a nonzero bounded radial function fi such that Teire s,
commutes with Tiipe,. Then Proposition 7 implies that

(Tuiwo )" = (Toiwy)".
Thus (Teikefk)p = (Teiew)kp and Proposition 9 implies that T,ixes, = (Teie¢)k
which contradicts our hypothesis. This proves iii). |
Before starting with corollaries, we state an interesting theorem which follows
from [5] and give an idea of its proof. In fact we will apply this theorem to see
that if p is any positive integer and m is any nonnegative integer then the Toeplitz
operator T,ipe,m always has a T-p* root.

Theorem 14. Let p > 1 and m > 0 be two integers. For all integers s, such that
1 < s < p, there exists a unique bounded radial function v such that

(11) Tyis0y Toivom = Taipoym Taisoyy.

PROOF. (This is a slight variation of the proof found in [5])
Ifm>0,p>1and 1< s < p, we define the radial functions f and g by

f(r)y=2pr¥(1 - 1"2”)_% and  g(r) = 2pr™tP(1 — 1“21’)%_1.
Let 1 be the radial function defined by
Y = frag.
Cuckovié¢ and Rao prove, using a long rather technical calculation, that ¢ is bounded.
Here, we will show that ¢ satisfies (11). To do this, we need only verify that for
k S Z+ :
2k+2p+2 — 2k +2s + 2 —

—_—— S (2k + 2 2) = s (2k + 2).
hrmipr2 YRt = g e Yk +2)

By (1), we have @(Qk +2) = f(2k +2)g(2k + 2). A simple substitution ¢t = 2P
shows that

N 2 + 25 + 2
f(2k+2):B(+Tf+,1—;) and (2K +2) = B(

)

2k+m+p+2 3)
2p D
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where B denotes the beta function. Using the well-known identities B(z1,22) =
% and I'(1 4 z) = 2I'(z), where T" is the gamma function, it is easy to see
that

— (2k+2s+2)2k+m+p+2) —
12 SYh(2k 4+ 2p+2) = sh(2k + 2
(12) ek 4 ) = G T ks mrpr2s 2 VR TD)

which finishes the proof. |

Remark 15. i) It is trivial that T,ipe,.m commutes with itself. So, if p = s,
assertion ¢) of Proposition 4 implies that ¥ = r™.
ii) We wish to highlight the following case. If m = (2n+ 1)p for n € N then
the function 1 exists for all s € N. In fact, if we substitute m = (2n + 1)p
in (12) and use Theorem 1, we obtain for all z € II

re(z+2p) _ F(z+2p) D(322)0 (5 +n+1)

— = , where F(z) = — s .
rs(z) F(z) D(5 + 1032 +n+1)

Now, using the identity I'(1 + z) = zI'(2) repeatedly, we have

[T/ (= + 2jp + 2p)

[Tj=o(z + 2jp + 25)

which is a proper fraction in z and can be written as

w
1 Fiz)=S— %
(13) (2) jgoz—l—?jp—i—Qs

F(z)=2p

Since = rms(z), it follows by Lemma 6 that

1
z425p+2s
—_— n —_—
rs(z) = Z a;r2rtis(z)
7=0
where the a; are defined by (13), and so Theorem 1 implies that

n
U(r) = Z aerijrS.
=0

Next, we give some easy but interesting consequences of Theorem 14.

Corollary 16. For all integers m > 0, p > 1, and s > 1 there exists a bounded
radial function ¥ such that (Teis%)p =T, ipsopm.

PROOF. Let m > 0,p > 1, and s > 1 be integers. Theorem 14 implies that there
exists a bounded radial function v such that

Teisngeipser'm. = Teipser'rn Tezsew .

Using Proposition 7 we have (Teis%)ps = (Tezﬂpsem)S and so, an application of
Proposition 9 finishes the proof. ]

In [4], Brown and Halmos studied multiplicativity of Toeplitz operators on the
Hardy space and showed that the product of two Toeplitz operators Ty and Ty is
equal to a third Toeplitz operator T} for some f,g and h in L>°(T) if and only if
f is conjugate analytic or g is analytic -that is, hardly ever. The question of when
the product of two Toeplitz operators on the Bergman space is equal to a third is
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much more complicated and still open. Most work on this question shows that it
is not often true that the product of two Toeplitz operators is a Toeplitz operator
(see [1] and [6]). But, below, we show that, for certain nontrivial Toeplitz operators

Teioy, not only is (Teis¢)2 equal to a Toeplitz operator, but there exists a positive

integer k such that (Teiew)l is a Toeplitz operator for all positive integers i < k.

Corollary 17. Let m > 0 and p > 1 be two integers. If T.ipo,m has a T-p" root
Teioy then, for all integers k with 1 < k < p, the product (Teiﬂw)k is a Toeplitz
operator.

PROOF. Let k be an integer such that 1 < k < p. By Theorem 14 we know that
there exists a bounded radial function ¢ such that Tiixe, commutes with T.ipo,m.
So, Proposition 7 implies that

(Teq‘,k8¢)p = (Teipélrnz)k.
Thus (Tyineg)” = (Tei%)kp since T,ioy, is the T-p™ root of T,ipo,m. And so Propo-
sition 9 finishes the proof. |

It is easily seen that if f is a bounded analytic function on I, then T} is just
a multiplication operator. Thus for any integer £ > 1, it is clear that (Tf)k is a
Toeplitz operator of symbol f*. By taking adjoints, we can see that the powers
of a Toeplitz operator with conjugate analytic symbol is also a Toeplitz operator.
These are the trivial cases. The next corollary says there are nontrivial symbols f
such that (Tf)lc is always a Toeplitz operator for all integers k > 1.

Corollary 18. There exist bounded radial functions v such that for all integers
k > 1 the product (Teiew)k is still a Toeplitz operator.

PROOF. Let n > 0, and p > 1 be two integers. By Theorem 14 we know that
the Toeplitz operator T,ipe,.(2n+1)» has a T-p* root Tiioy, where 9 is a bounded
radial function. Moreover the assertion i) of Remark 15 tells us that, for all inte-
gers k > 1, there exists a bounded radial function ¢, such that T,ire,, commutes

with T,ipe,2nt1p. Thus Proposition 7 implies that (Teikewk)p = (Teiw) P since
T, ipop2nt1yp = (Teisw)p and, again, Proposition 9 finishes the proof. |
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