Exam II. Math 102 Term (082) .Monday, May 18, 2009. Marks: 100. Time: 2 Hours.
Q.1. (7 points). Find the volume of the solid obtained by rotating the region bounded

by y = 22 — 2% and y = 0 about the y — axis.

SOLUTION. *. Intersection with X — azis and Y — axis.

y =122 —2°

05T

y(0)=0

y(x)=2>—-23=0

—22(1—2)=0

= 2 =0or z = 1..... (2 points)

**_ Rotate the region R about Y — axis,

the volume of the solid obtained is given by:

V =2rm fol x (2% — 2%) du...... (3 points)




Q.2. (9 points). Find the volume of the solid obtained by rotating the region bounded
by the graphs of

y=1—-2andy=—(1+2)

about the line x = 3.

Solution. y = 1 — 22

I. Points of intersection

1—2?2=—(1+ux)

=2 —-2-2=0

— (z+1)(z—2)=0

—r=—-1,r=2.... (2 points)

I1. Vol me of Shell = 27 (3 — ;) [(1 — 2?) + (1 + ;)] Ax.

II1I. Volume of Solid = 27 ffl (3—2)[(1 —2?) + (1 +z)]dz..... (4 points)
IV.F(z)=B—2)2+z—2*)=6+z— 42> + 23

V. Evaluate Integral.

2 3 472
5 T 4z T
le(x)dx:lGx—i—?—?—i—Z}l
32 1 4 1
—(12+2-Z44)—(—64++-+=
( + 3+) ( 6+2+3+4>
_gy_32_ 4 3
A
=24 —-12 — - = —.
! 4 45 45
VI. Volume of Solid = 27 (Z) = 77? ..... (3 points)



Q.3. (4 points) . Find the average value of the function f (t) = ¢sin (#*) on the interval

[0, V7]

1
N

SOLUTION. fper = 5 foﬁtsin (t*) dt..... (2 points)

du = 2tdt,
1
—du = tdt
2

t=0u=0;
t=ymu=m
—-11

V2

™

(cos u)] e (1 point)

faver = |:

1
= ——(—cos7+ cos0)

2\/m
1

—=(1+1)



Q.4.Evaluate the integral or show that it is divergent.
(a) (5 points). fol Inz dx

Solution. fol Inz dx

Using integration by Parts:
[Inz dx
= [(lnxz.1) dzx

g [1de— [ {% (ln:r).fld:r} da

1
=(nz)z— [ (—) xdx
T
=zlnz— [dr
=rzher—-—2x+C..... (2 points)
Now [ Inz dz
lim [zlnz — 2]
x—07F
=1In(l)—1-0=—1........ (1 point)
lim zlnx = 0.(L’sHopital Rule)........ (2 points)

z—0t
y = xInx.Note: Graph is not required.

=[zlnzx—z| _, —

0 1.25 25 3.75




Q.4. (b). (4 points). [," ! dx

2 zlnz

dx

Consider I = [ e

Let w =Inz. Then du = ldx
T
1
Thus I = [ =du
U
=Inul+C

=In|hz|+C...... (2 points)

1
zlnx

dx

Thus [,
= lirrj In|lnz|] — [In|lnz|],_,
=+ 0o —1In|ln2|........ (1 point)

= 4+ o0.

The integral is Divergent.



Q.5. Evaluate the following integrals:
(a) (5 points). [xtan™tz dx
Solution.

Let u=tan"!z,

dz
1422

then du =

2

T
dv = zd = —
v=xdzx, v 5

................................... (2 points)

1

Hence [ztan™'z dx

:fudv:uv—fvdx

2 2

1
= % tan’l xr — f %mdl’ ..... (]_ pomt)
1 1 x?
— 2 -1
= EI tan xr — 5 fm X

1 1 1
R DU |
=57 tan x—§{f(1—1+x2>dx}

1 1 1
= 5952 tan~!z — 37T 3 tan~' z 4 C......(2 points)



Q.5.(b) (5 points) . [ tan® z sec* x du.
SOLUTION.

Let I = [ tan®zsec x dx.

Then I = [tan®z sec? x sec? z dz.....(1 point)
= [tan®z (1 + tan® z) sec? z dx.....(1 point)
Let v = tanz. Then du = sec? z dx.....(1 point)
— 1= [u(1+u?)du

= [ (v*+ u*) du

= 1u3 + 1u5 + C......(1 point)

3 )

1 1
Thus I = 3 tan® x + s tan® z + C......(1 point)



(x — 3)dx
V8r — a2’

SOLUTION. . Complete square:

Q.5.(c). (8 points). [

8r — x? = — (z* — 8x)

= — (2> —8x + 16) + 16

Put © — 4 = 4sinf = dx = 4 cosHdf.....(2 points)

4sin 4cosf
40089'4C086d6+f4cos«9

Then I = | do
=4 [sinfdf + [df = —4cosf + 0+ C.....(2 points)

Since cos?f = 1 — sin? 0

2 2
8000829:1—(36 4) :1_(x 4)

4 16
_1 x2—8$+16_8x—x2
B 16 16
R 2
cosf = % ..... (2 points)

—4
Thus [ = — 4.cosf) + sin™! (%) + C.....(1 point)

_ 2 _
BT ( 4>+c

4 4
—4
/T4 sin! (—334 )w.



dx
3 —osinx
2dt 2t
78 sing = < D
dx dt

:2f(1+t2).(3—5. 2t )

1+1¢2
dt dt

o f— Y oy —
S 53— e S 5532 10
dt
| Gt

= (?)_t?)_/i)dt—kf% ..... (2 points)

Q.5.(d) . (8 points) . [

Let t = tan % Then dx =

So [

3 —5sinzx

Then [ =

1

1 1
:—gln\3t—1|+—ln]t—3\+c ..... (1 point)

1
= —gln‘?)tan— - 1‘ + < ln‘tan— —3‘ + C.....(1 point)

1 tan (£> -3

NOTE: Partial Fraction:

1 A N B
(3t—1)(t—3) 3t—1 t—3
_ At—-3A+3Bt—-B (A+3B)t+(-3A—B)

Bt—1)(t—3) (3t —1)(t—3)

So A+3B=0,-3A—-B=1

Solving: A=-3/8,B=1/8.



r? +Tr+ 11
x
(22 4+ 62 + 13) (z — 2)

Q.5.(e) (9 points) . [

24+ Tr+11

Let
“ @+ 62 +13) (z—2)

A N Bx+C
r—2 2246x+13

= 22+ Tz +11 =

A(x? +6x+413) + (Bx + C) (x — 2).....(1 point)
r=2=29=294 = A=1...(1 point)
r=0=11=13A-20 = C=1
r=1=19=20A+(B+C)(-1)

— —1=(B+1)(-1) = B =0. (up to here).....(2 points)

So [ 2?2+ Tr+ 11
(22 + 62 + 13) (x — 2)

X

1
:fx—de+fx2+6x+13dx

1
=lnjz—2[+ [ ( dz ; .....(1 point)

r+3)°+4

u=ux+3.

=Injz—2[+ [ du

u? +4

1 1
:ln|x—2|+1f—du

() +1

10



Q.5. (f) (6 points). fﬁdw

SOLUTION. Let u = /x

= u® = z, 3u’du = dx......(2 points)

- d o —
lSlnce ™ (uw*+1) = 2u]

11



Q.6. Determine whether the sequence converges or diverges. If it converges, find its limit.

B 1+ sin2n

1++vn -

(a). (4 points) . a

Solution. By the squeeze Theorem, and since 0 < 1 + sin2n < 2.

1 2 2
Then, 0 < tsindn 2 (3 points)

1++/n ~ 1+\/_

1+sin2n
So, lim 0 < lim ————— im ———.
% ninoo ninoo 1+ \/ﬁ - ninool + \/ﬁ

1 in 2
Thus, 0 < lim +sin n<0

1
Q.6. (b). (4 points) . a, =Iny/n+1— 3 Inn.

1
Solution. lim (ln vn+1-— 3 In n>

n—-—uo0o

~ lim G In(n+1) - lnn]>

n—-—auoo

= lim —ln——=........ (2 points)

=0.creen (2 points)

CONVERGES.

12



x 1
.7. (8 points) . For the series ) , ——.
(a) Verify that the integral test is applicable.
(b) Use the integral test to determine whether the series converges or diverges.

Answer to the question.

Q.7. (4 points) . (a) Verify that the integral test is applicable.

1

Solution. (a) Let f (z) = m;

On the interval [1, +o0], f(z) >0
and so f is positive and continuous. ......... (1 point)
Inf(z) =—In[z(l+Inx)]

=—[lnz+In(1+Inz).

Then f/(e) = = (14 £0)) () <o.
——
N ~ “ >0
<0
Hence on [1,400), f is decreasing.......... (2 points)

So, the integral test is applicable.

13



Q.7. (4 points) . (b) Use the integral test to determine whether the series converges or

diverges.

dz
. 400 1 ¢
Solution. [, f (z)dr = Tim |, z(1+1nz)

Set u = Inx, then du = d_:v
x

Notice: t=1=u=In1=0

So 1+O°f(x)dx: 0+001+u

= [In (u+1)]g>

= lim In(u+1)—Inl

n—--+00

=+o00—0
= O0.eeeaueen (2 points)
So the integral [ f (x) dz diverges, .......... (1 point)

o0
Hence the series )

n:1m diverges........... (1 point)

14



Q.8.Which (if any) of the following series converges?
If a series converges, find its sum.

If a series diverges, explain why.

(a) (5 points) nijlﬁ

N 4

Solution. Sy = _
olution. Sy Py )

()G G

— Nlim SN =3 (2 points)

o0 4
The series converges and —— = 3. 1 point
g n;n F) (1 point)

(b) (4 points).

Solution. a,, = (%) Inn......... (2 points)

% 93]
by Divergence Test, » 5nnn
n=1

diverges......... (1 point)
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) % sin (nm) + 23"
(c) (5 points) . n;lT

Solution.
sin (nm) = 0 for all n,......... (1 point)
23" = 8" and 32" = 9",

 sin (nm) + 23"

So,
n;l 32n
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