Chapter 9
Laplace Transforms and their Applications
9.1 Definition and Fundamental Properties of The Laplace Transform

9.2 The Inverse Laplace Transform

9.3 Shifting Theorems and Derivative of Laplace Transform

9.4 Transforms of Derivatives, Integrals and Convolution Theorem

9.4.1 
The Laplace Transform of Derivatives and Integrals 
9.4.2 
Convolution 

9.4.3 
Impulse Function and Dirac Delta Function 

9.5 Applications to Differential and Integral Equations

9.6 Exercises
Pierre Simon de Laplace was a French mathematician who lived during 1749-1827, and was essentially interested to describe nature using mathematics. The main goal of this chapter is to present those results of Laplace which are used to find solutions of differential and integral equations.

9.1
Definition and Fundamental Properties of the Laplace Transform.

The Laplace transform is considered as an extension of the idea of the indefinite integral transform : ( 
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It is defined as follows

Definition 9.1 The Laplace transform of f(t), provided it exists, denoted by L 
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(9.1) 
where s is a real number called a parameter of the transform. 
Remark 9.1

(a)
Laplace transform takes a function f(t) into a function F(s) of the parameter s.

(b) We represent functions of t by lower case letters f,g, and h, while their respective Laplace transforms by the corresponding capital letter F,G, and H. Thus we write


L 
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F(s) =
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(c) The defining equation for the Laplace transform is an improper integral, which is defined as
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Thus, the existence of the Laplace transform of f depends upon the existence of the limit. 
(d)
A Laplace transform is rarely computed by referring directly to the definition and integrating. In practice we use tables of Laplace transforms of commonly used functions see for example Table 9.1.

In section 9.3 we will develop methods that are used to find the Laplace transform of a shifted or translated function, step functions, pulses and various other functions that often arise is applications. 

(e)
We shall verify that the Laplace transform is linear, that is, constants factor through the transform, and the transform of a sum of functions, is the sum of the transform of these functions. 



L(f+g) = L(f) + L(g)=F+G


L((f) = (L(f)= (F. 

Example 9.1  Show that 
(i) L(f(t))= 
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(iii) L (f(t))= 
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(iv) L (f(t))= 
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, where f(t)= sin t 

(v) L (eat)= 
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, s>a, where f(t)=eat, and a is any real number 

Solution:  (i) By definition 9.1 we have 


L (1)= 
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(ii)
L (t) = 
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by applying integration by parts. Since the first term is zero and the second is 
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L (t) = 
[image: image33.wmf]2

s

1


(iii)
By Definition 9.1 we have


L  (tn) = 
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By applying the formula for integration by parts n times we conclude that 


L (tn) = 
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The first term on the right-hand side is equal to zero for n>0 and s>0, so


L (tn) = 
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Replacing n with n-1 in this equation, we get
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Combining values of L  (tn) and L (tn-1) one can write 


L (tn) = 
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Continuing in this way one gets 


L (tn) = 
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Since L (to) = L (1) = 
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L (tn) = 
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n!=n(n-1)(n-2)........3.2.1.

(iv)
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By taking the limit as T ( ( in this equation
we get 
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by Definition 9.1
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Thus the Laplace transform of eat is F(s) = L (eat) = 
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If may be observed that for s < 0, L  (1) does not exist : Let s<0 then the exponent of e is positive for t>0. Therefore
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which means the integral diverges.

Let s = 0, then integral becomes
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Theorem 9.1
Let f1(t) and f2(t) have Laplace transform and let c1 and c2 be constants, then
(i) L (f1 (t) + f2 (t) ) = L (f1 (t)) + L (f2 (t))
(ii) L  (c1f1(t)) = c1 L (f1(t))
and

L  (c2 f2(t)) = c2 L (f2 (t)).


equivalently

(iii) L  (c1f1(t) + c2f2(t)) = c1 L  (f1(t)) + c2 L (f2(t)
Proof of (iii):
 LHS = L (c1f1(t) + c2f2(t))
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=c1 L (f1(t)) +c2 L  (f2(t)).


Laplace Transforms of some Basic Functions 

Table 9.1

	f(t)
	L (f(t))
	f(t)
	L (f(t))
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	29. 1-cos kt
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Definition 9.2
A function f is said to be piecewise continuous on the closed interval [a.b] if the interval can be divided into a finite number of open subintervals (c,d)= {t ([a. b] / c < t < d} such that
(i) The function is continuous on each subinterval (c,d).

(ii) The function f has a finite limit as t approaches each endpoint from within the interval; that is, 
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The condition (ii) means that a piecewise continuous function f may contain finite or jump discontinuities.
Figure 9.1 (a-c) shows three piecewise continuous functions

Figure 9.1(a)   square wave function
Figure 9.1(b) saw tooth wave function
Figure 9.1(c) Staircase function
It is clear that every continuous function is piecewise continuous. f(t) = 
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 is not piecewise continuous on any closed interval containing the origin as there is an infinite discontinuity at t = 0.
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shown in Figure 9.2 is piecewise continuous for all t
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Figure 9.2 Graph of h(t)

The function g(t)= 
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is discontinuous at t=0 but it is piecewise continuous for all t
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Figure 9.3 
g(t) = 
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Remark 9.2  From calculus we know that a finite number of finite discontinuities of an integrand function do not affect the existence of integral. Therefore the Laplace transform of a piecewise continuous function f(t) can be defined and computed.

Example 9.2 Find the Laplace transform of the following functions 

(a) f(t) = 2t, 0(t<3

= -1, t>3

(b) h(t) = 1, if 0(t< 
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=-1, if 
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where integration by parts has been used to evaluate the first integral on the interval (0,3).
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Definition 9.3   A function f is said to be of exponential order if there exist real numbers a, M, and t0 such that



|f(t)| ( M eat for t > t0.

Example 9.3
    Check whether the following functions are of exponential order.

(a) f(t) = t2
(b) f(t) = et
(c) f(t) = sin t

(d) f(t) =  
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Solution (a) Let a be any constant > 0, then 
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where the last two limits are obtained by using l' Hospital's rule. Therefore there  exists a positive constant M such that |f(t)| e-at ( M or (f(t)) ( M eat, that is,
 f(t)=t2 is of exponential order
(b)
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Therefore we can find a and M > 0 such that |f(t)| ( M eat
(c)
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(d)
f(t) = 
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  is not of exponential order since its graph grows faster than any positive linear power of e for t > a > 0.

Now we prove the following basic existence theorem for the Laplace transform of a function f.

Theorem 9.1
   Let f be a piecewise continuous function of exponential order defined on [0,(), then its Laplace transform exists for parameter s greater than some constant a.
Proof:
   Since the function f is of exponential order, we know that there are constants to and a and  M > 0 such that
|f(t)| ( M eat for t > to
or e-at |f(t)| ( M for t > to

or |e-at f(t)| ( M for t > to

as |e-at f(t)| =|e-at| |f(t)| = e-at | f(t)|
It may be noted that e-at is always positive. 

Multiplying by e-steat, we have 

|e-stf(t)|( M e-st eat

Hence 
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Since first term is zero for s>a, we have
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which implies the existence of the improper integral defining the Laplace transform of f and completes the proof.
Corollary 9.1   Let f be a piecewise continuous function of exponential order defined on [0,(), and L |f(t)| exists. Then 
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Proof :    | L (f(t))| = 
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,  s > a as seen in the proof of Theorem 9.1.

Taking limit as s ( ( we get
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9.2
The Inverse Laplace Transform


It the previous section we have seen the method for finding the Laplace transform. In this section we discuss the method for reversing the process of the previous section and more precisely we reconstruct a function f(t) whose Laplace transform F(s) is given.
Definition 9.4    Let f(t) be a function such that L (f(t)) = F(s), then f(t) is called the inverse Laplace transform of F(s). The inverse Laplace transform is designated L-1 and we write




f(t) = L -1{F(s)}.

In order to find an inverse transform we must be familiar with the formulas for finding the Laplace transform, see Table 9.1. One should learn to use this table in reverse. However in general the given Laplace transform will not be in the form the allows direct use of the table, so the given F(s) have to be algebraically manipulated in a form that can be found in the table. the most relevant result for this purpose is the linearity property of the inverse Laplace transform which states that
L -1 {c1F1(s) + c2F2(s)}= c1 L -1 {F1(s)} + c2 L -1 {F2(s)}

where c1 and c2 are constants.


The proof of this result follows from the definition of the inverse Laplace transform and the corresponding linearity of the Laplace transform.

Example 9.4   Find

(i) L -1 
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Solution (i)
From Table 9.1 L (eat)= 
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  Choosing a = -2 we get L (e-2t) = 
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L -1  
[image: image189.wmf]þ

ý

ü

î

í

ì

+

2

s

1

= e-2t

(ii)    By Table 9.1  for k = 
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By the Linearity of the inverse transform,
= -2 cos 2t + 
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= -2 cos 2t + 3 sin 2t 
by Table 9.1 ( 6 and 7) .

(iv) Since s2 -2s-3 = (s-3) (s+1) we get
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where A and B are constants to be determined.
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We can write 
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This implies that

s+5 = (A+B)s+ (A-3B)

This gives A+B = l and          A-3B=5

Subtracting second from first we get B= –1 . Putting this value in the first equation we get A = 2. Therefore, we have
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By Table 9.1 (series no.10, for a = 3 and a = -1) we get 
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9.3 Shifting Theorems and Derivative of the Laplace transform
The following theorems are called the shifting theorems.

Theorem 9.2 (The First Shifting Theorem): Let L (f(t)) = F(s).

Then L  
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Proof :    By definition of L  
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Theorem 9.3    (The second shifting theorem). Let 
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where H is the Heaviside function defined as

H(t) = 
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Proof    L  
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because H(t-a) = 0 for t < a and H(t-a) = 1 for t ( a. Now let u = t-a in the last integral. We get

L  
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= e-as L (f(u)) = e-as F(s).

Example 9.5    Apply the first shifting theorem to find

(a) L  
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Solution (a)
Since L  {sin t} = 
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(b)
By Theorem 9.2 L 
[image: image248.wmf]{

}

)

t

(

g

e

t

-

  = F (s-a).
where L (g(t)) = F(s).
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(c)    We have 
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F(s+2) = 
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F(s) = 
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By the first shifting theorem 

L {e-2t sin 4t} = F(s-(2)) = F(s+2)
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Example 9.6  Compute L -1 
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Solution:  By Theorem 9.3
L {H(t-a)f(t-a)} = e-asF(s)

or H(t-a)f(t-a) = L -1{e-asF(s)}

F(s) = 
[image: image263.wmf]4

s

s

2

+

 
L-1(F(s))= L -1 (
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= H(t-3)cos (2(t-3)).

Derivative of the Laplace Transform 

Theorem 9.4  Let f(t) be piecewise continuous and of exponential order over each  finite interval, and let 

L (f(t))=F(s).

Then F(s) is differentiable and 

F'(s) = L {-tf(t)}.

Proof:  Suppose that  | f (t) | ( Meat, t>0 and take any s0 >a.

Then consider 
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Choose ( > 0 such that s0 > a + (. Then we have | t | < e( t for all t large enough since in fact
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for all large t and we find that t f(t) is also of exponential order and
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exists by Theorem 9.1, that is, the integral converges uniformly. Hence F(s) is differentiable at s0 and that

F' (s0) = 
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= L(-t f(t))

for all s > a 
Remarks 9.3
    It can be checked that if F(s) = L  {f(t)} and n = 1,2,3,..... then

L {t n f(t)}= (-1)n 
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9.4 Transforms of Derivatives, Integrals and Convolution Theorem 

9.4.1 Transforms of Derivatives and Integrals 
The Laplace transform of the derivatives of a differentiable function exist under appropriate conditions. In this section we discuss results that are quite useful in solving differential equations. For solving 2nd order differential equations we need to evaluate the Laplace transforms of 
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Let f(t) be differentiable for t ( 0 and let its derivative f'(t) be continuous, then by applying the formula for integration by parts we find that 

L {f'(t)}= sF(s)-f(0)





      (9.2)

Verification: By definition 

L {f'(t)= 
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= -f(0) + s L (f(t))

=sF(s)-f(0)

Here we have used the fact that 
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Similarly for a twice differentiable function f(t) such that f"(t) is continuous we can prove that 

L {f"(t)} = s2 F(s)-s f(0) – f'(0)



     (9.3)

In fact we can prove the following theorem, repeated by applying integration by parts. 

Theorem 9.5  Let f,f', -- - - f(n-1) be continuous on [o,() and of exponential order and if f(n) (t) be piecewise continuous on [o,(), then 

L {f(n-1) (t)} = sn F(s) – sn-1f(0) -sn-2(o)..........-f(n-1)(0)
       (9.4)

where F(s) = L {f(t)}.







Theorem 9.5 can be used to generate a formula for the Laplace transform of the indefinite integral of a function f. We have the following theorem 

Theorem 9.6  Let f be piecewise continuous and of exponential order for t ( 0, then 
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Proof: Let g(t)= {
[image: image281.wmf]ò

t

0

f(u)du}. Then g'(t) = f(t) and g(0)=0.

Furthermore, g(t) is of exponential order.  By Theorem 9.5  L {g'(t)} = s L {g(t)} -g(0)
or
 L  {f(t)} = sL {
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Example 9.7     (a)
Using the Laplace transform of f" find L {sin k t }.

(b)
Show that L -1 
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Solution (a)
Let f(t)= sin k t, then f' (t) = k cos k t, f"(t) = -k2 sin k t, f(0)=0 and f'(0)=k.
Therefore
L 
[image: image286.wmf]{

}

)

t

(

"

f

 = s2 F(s) -sf(0)-f'(0)
or L 
[image: image287.wmf]{

}

)

t

(

"

f

 = s2 F(s) – k

or L 
[image: image288.wmf]{

}

kt

sin

k

-

2

 = s2 F(s) – k

where F(s)= L  {f(t)} = L {sin k t}

L { -k2 sin k t} = s2 F(s) – k = s2 L {sin k t} –k.  Solving for L {sin k t} we get

L {sin k t} = 
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(b)
By Theorem 9.6

L 
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This implies that  
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9.4.2 Convolution 
Definition 9.5  (Convolution). Let f and g be piecewise continuous functions for t ( 0. Then the convolution of f and g denoted by f(g, is defined by the integral

(f(g) (t) = 
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   = (g(f)(t).

Theorem 9.7 (Convolution theorem). Let f and g be piecewise continuous and of exponential order for t  ( 0, then the Laplace transform of f ( g is given by the product of the Laplace transform of f and the Laplace transform of g. That is

L {f ( g} = F (s) G(s).

Proof :     Let F = L (f) and G = L (g). Then


F(s)G(s) = F(s) 
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in which we changed variable of integration from t to u and brought F(s) inside the integral
Let us recall that e-su F(s) = L  {H (t-u) f(t-u)}

where F(s) = L {f(t)} and H (.) is the Heaviside function, see Theorem 9.3.

Substitute this into the integral for F(s)G(s) to get

F(s)G(s) = 
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But, from the definition of the Laplace transform,
L { H (t-u) f (t-u)} = 
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Substituting this into (9.5) we get

F(s)G(s) = 
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Let us recall that H(t-u) = o if 0( t < u

                           = 1 if t (u

Therefore, 

F(s) G(s) = 
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Figure 9.4 shows t s plane

Figure 9.4

The Laplace integral is over shaded region, consisting of points satisfying 0(u(t<(. Reversing the order of integration gives us
F(s)G(s) = 
[image: image302.wmf]ò

ò

¥

-

0

t

0

st

.

dt

du

)

u

-

t

(

f

)

u

(

g

e



     = 
[image: image303.wmf][

]

ò

ò

¥

-

0

t

0

st

dt

du

)

u

-

t

(

f

)

u

(

g

e



     = 
[image: image304.wmf]ò

¥

-

*

0

st

dt

)

t

(

)

g

f

(

e
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It follows immediately from Theorem 9.7 that

Theorem 9.8     Let L -1 (F)=f, L -1(G)=g. Then



L -1 {F G} = f ( g
Example 9.8.  Evaluate L -1 
[image: image305.wmf]þ

ý

ü

î

í

ì

+

2

2

2

)

k

s

(

1


Solution  Let F(s)   = G(s) = 
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so that f(t) = g(t) = 
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By Convolution Theorem 
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9.4.3
Unit Impulse and the Dirac Delta Function
Very often one encounters the concept of an impulse, which may be thought as a force of large magnitude applied over an instant of time. Impulse can be defined as follows.
For any positive number (, the pulse (( is defined by

(( (t) = 
[image: image318.wmf]e

1

 [ H(t)- H (t-() ].

where H (.) denotes the Heaviside function (see Theorem 9.3.)

This is a pulse of magnitude 
[image: image319.wmf]e
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 and duration (. 
Its graph is given by Figure 9.5

Figure 9.5
Graph of (( (t-a)
By allowing ( to approach zero, we obtain pulses of increasing magnitude over shorter time intervals.

Dirac's delta function is understood as a pulse of infinite magnitude over an infinitely short duration and is defined to be

((t) = 
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It may be observed that it is not a function in the conventional sense but it is a more general object called distribution. Nevertheless, for historic reason it continues to be called the delta function. It is named for the Nobel laureate physicist P.A.M. Dirac who was also the guide and mentor of another Nobel laureate physicist Abdul Salam–founder Director of the International Centre of Theoretical physics, Trieste, Italy. The shifted delta function ((t-a) is zero except for t=a, where it has its infinite spike. It is interesting to note that the Laplace transform of the Dirac delta function ((t); that is, L  {((t)} = 1.

Verification:

L  { (((t-a) } = 
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This suggests that we define 

L ({((t-a)} = 
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=e-as
In particular choose a=0 we get 

L (( (t))=1.

The following result is known as the filtering property.

Theorem 9.9 (Filtering Property)  Let a>0 and let f be integrable on [0,() and continuous at a. Then 
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Proof  is  straight forward and is obtained by putting values of (( and taking limit as ( (0+.
If we apply the filtering property to f(t)= e-st, we get 
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Furthermore, if we change notation in the filtering property and write it as 
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then we can recognize the convolution of f with ( and read the last equation as 

f(( = f. 

The delta function therefore acts as an identity for the product defined by the convolution of two functions. (The convolution defined earlier is treated as a special type of product. The Dirac delta function is its identity). 
Theorem 9.10 Transform of a periodic  function 

If f(t) is piecewise continuous on [0,(), of exponential order and periodic with period T, (f(t+T)=f(t)) then L {f(t)} = 
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 Proof: Writing the  Laplace transform of f  as: 

L  {f(t)} =  
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Letting  t= u+T in the last integral 
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Therefore L  {f(t)} =
[image: image336.wmf])}

t

(

f

{

L

e

dt

)

t

(

f

e

sT

T

o

st

-

-

+

ò


Thus L {f(t)} = 
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Example 9.9:  Find the Laplace Transform of the square wave function E(t) of period T=2 defined as E(t) = 
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Solution:  L  {E(t)}  = 
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(using 1-e-2s = (1+e-s) (1-e-s).
9.5 Applications to Differential and Integral Equations
In this section we discuss applications of the Laplace transform and related methods in finding solutions of differential equations with initial conditions and integral equations. In view of discussion in Section 9.4, the most important feature of the Laplace method in that the initial value given in the problem is naturally incorporated into the solution  process through Theorem 9.5 and particularly equations (9.2) and (9.3). Advantage of this method is that we need not find the general solution first, then solve for the constant to satisfy the initial condition. 
General Procedure of the Laplace method for solving initial value problems.

Essentially Laplace transform converts initial value problem to an algebraic problem, incorporating initial conditions into the algebraic  manipulations. There are three basic steps: 

(i) Take the Laplace transform of both sides of the given differential equation, making use of the linearity property of the transform. 

(ii) Solve the transformed equation for the Laplace transform of the solution function. 

(iii) Find the inverse transform of the expression F(s) found in step (ii).

Example 9.10  Apply the Laplace transform to solve the initial-value problem 

y'+2y = 0, y(0) = 1.

Solution:  Given equation is y'+2y=0. Taking the Laplace transform of both sides of this equation yields

L {y'+2y} = L {0}

or L {y'}+2 L (y) = L {0} by the linearity of the Laplace transform. 

Let L  {y(t)} = Y(s) and applying equation (9.2), the previous equation takes the form

s Y(s)-1+2 Y(s)=0

Solving for Y(s) we have 

Y(s) = 
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The function y(t) is then found by taking the inverse transform of this equation. Thus 

y(t)= L -1
[image: image348.wmf]÷

ø

ö

ç

è

æ

+

2

s

1

= e-2t, see Table 9.1
y(t) = e-2t is the solution of the given initial value problem. 

Example 9.11  Apply the Laplace transform to solve the initial-value problem 

y'-4y=1, y(0)=1.

Solution: Let L {y(t)}=Y(s)
Taking the Laplace transform of the differential equation, using the linearity of L  and equation (9.2) we get

L {y'-4y}= L {1}

or 
L {y'} -4 L {y} = 
[image: image349.wmf]s

1


or 
sY(s) –y(0)-4Y(s) = 
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Taking the inverse Laplace transform of this equation we have 

L -1{Y(s)} = L -1 
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By the linearity of L -1 we get 

L -1 {Y(s)}= L -1 {
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By table 9.1 L -1 
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Thus 

y(t) = e4t+
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is the solution of the given initial value problem. 

Example 9.12       Solve y"+4y=e-t,y(0) =2, y'(0)=1
Solution: Let Y(s) = L y((t)). Taking the Laplace transform of both sides of the given differential  equation we get 

L {y"} + 4 L {y} = L (e-t}

By equation (9.3) L{y")=s2Y(s)-2s-1 keeping in mind the given initial conditions and so s2 Y(s)-2s-1+4Y(s)= 
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Solving for Y(s) we get 

Y(s) = 
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The partial fractions for this are 
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Taking the inverse transform yields 

y(t) = 
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Example 9.13  Solve 

y"+4y' +3y = et
y(0) = 0, y'(0) = 2

Solution: Take the Laplace transform of the given differential equation to get 

L {y"} + L {4y'} + L {3y} = L {et}

By equations (9.2), (9.3) and applying initial conditions we get 
L {y"} = s2 Y(s) – sy(0)-y'(0) = s2 Y(s) -2     and 

L {y'} = sY (s) –y(0)=sY(s)

Therefore, 

s2 Y(s)-2 +4sY(s)+3Y(s) = 
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Solving this for Y(s) we get 

Y(s) = 
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This equation can hold only if, for all s, 
A (s+1) (s+3) + B(s-1) (s+3) + C(s-1) (s+1) = 2s-1.

Now choose values of s to simplify the task of determining A,B, and C. Let s=1 to get 8A =1, so A=
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.Let s = -1 to get -4B= - 3, so B= 
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Then 

Y(s)= 
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By Table 9.1 we find that 

L -1 {Y(s)} = 
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y(t)  = 
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This is the solution of the given initial value problem.

Example 9.14
Find L  {f(t) ( g (t)}, where f(t) = e-t and g(t) = sin 2t.

Solution.
By Theorem 9.7 we have


L { f(t) ( g (t) }


= F (s) G(s)

where F(s) = 
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by Table 9.1
Thus L { f(t) ( g (t) } = 
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Example 9.15   Evaluate L  
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Solution:
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 = f (t) ( g (t) where f (t) = et and g(t) = sin t 
by definition of the convolution.

By theorem 9.7 we get

L {f(t) ( g (t)} = L { f(t)} L { g(t) }


= 
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An equation involving an unknown function f(t), known functions g(t) and h(t) and integral of f and g is called a Volterra  integral equation for f (t) :

f(t) = g(t) + 
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Example 9.16 Solve the following Volterra integral equation for f(t):

f(t) = 3t2-e-t - 
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Solution :
We identify h(t-u) = et-u so that h(t) = et 
Take the Laplace transform of both sides, we have
L { f(t) } = L {3t2} - L  {e-t} – L  
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L { f(t) } = F(s), L { 3t2 } = 3 L  { t2 } = 
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by Definition 9.5 and  Theorem 9.7
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F(s)= 
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by carrying out the partial fraction decomposition.
The inverse transform then gives

f(t) = 3 L -1 
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Example 9.17
Find f(t) such that



f(t) = 2t2+ 
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Solution :
It is clear that

f(t) ( g(t) = 
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and by Theorem 9.7.

L  { f(t) ( g(t) } = L { f(t) } L { g(t) }



 = F(s) 
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By taking the Laplace transform of both sides of the integral equation we get

L {f(t)} = L {2t2} + F(s) 
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Taking inverse  Laplace transform we get 

f(t) = 2 L-1 
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Example 9.18  Find the function f(t) if 

f(t) = t +
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Solution: We can identify the integral as 

f(s)(h(t) where h(t) = sin t 

Taking the Laplace transform of both sides of the integral equation we get 
L {f(t)} = L {t} + L {f(t)(h(t)}.

By Theorem 9.7 L {f(t)(h(t)}= L {f(t)} L {h(t)}

= F(s) 
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Thus 

F(s) = 
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Taking the inverse Laplace transform of this equation we get 



f(t) = t+
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Example 9.19  A spring is attached to a 16-lb block resting on a frictionless  plane. A horizontal force of 4 lb is applied to the block through the spring for 3 sec. and then released. Describe the resulting motion if the block is initially at rest and the spring constant is equal to 2. 

Solution: The differential equation of the system is 
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 y"(t) +2 y(t) = f(t), y(0)=0, y'(0) =0
where the applied force f(t) is given by 

f(t)  = 
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The unit step function  is denoted by ua (t) and defined by 

ua(t) = 
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f(t) = 4-4 u3 (t)

The differential equation can be written as 
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or 
y" (t) + 4y(t) = 8-8 u3 (t)

Let L  {y(t)} = Y(s) then 

s2 Y(s) + 4Y (s) = 
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Therefore 
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Using partial fractions expansions, 

Y(s) = 
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The appropriate inverse Laplace transforms yield 

y(t) = 2-2 cos 2t – 2 u3(t)+2 cos 2(t-3) u3 (t)

      =2(1- cos 2t) -2 [1- cos 2(t-3)] u3 (t)

      = 
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Example 9.20  Solve the problem 

y"-2y'-8y=f(t);     y0)=1,y'(0)=0.
Solution :  Apply the Laplace transform inserting the initial values, to obtain 

L (y" -2y'-8y) =(s2Y(s)-s)-2(sY(s)-1)-8Y(s)=F(s).

Then 



(s2-2s-8)Y(s)-s+2=F(s).

So



Y(s) = 
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Use a partial fractions decomposition to write 



Y(s) = 
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 EMBED Equation.3  [image: image469.wmf]4

-

s

1

F (s) - 
[image: image470.wmf]6

1



 EMBED Equation.3  [image: image471.wmf]2

s

1

+

F(s)+ 
[image: image472.wmf]3

1



 EMBED Equation.3  [image: image473.wmf]4

-

s

1

+ 
[image: image474.wmf]3

2
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Taking inverse Laplace transform, we get


y(t) = 
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This is the solution, for any function f having a convolution with e4t and e-2t
Laplace Transform Solution of Systems 

The analysis of mechanical and electrical systems having several components can lead to systems of differential equations that can be solved using the Laplace transform. 

Example 9.21 Consider the system of differential equations and initial conditions for the functions x and y:


x" – 2x' + 3y' + 2y = 4.


       2y' – x' + 3y = 0.



x(0) = x'(0)=y(0)=0.   Solve for x and y.
By applying the Laplace transform to the differential equations, incorporating the initial conditions, we get 
s2X (s)– 2sX(s)+3sY(s)+2Y(s) = 
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          2sY(s)-X(s)+3Y(s) =0.

Solve these equations for X(s) and Y(s) to get 

X(s) = 
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A partial fractions decomposition yields 

X(s) = - 
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Y(s) = - 
[image: image490.wmf]s

1

+ 
[image: image491.wmf]3

1
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 EMBED Equation.3  [image: image494.wmf]1

-

s

1

.
Applying the inverse Laplace transform, we obtain the solution 

x(t)= - 
[image: image495.wmf]2
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- 3t +
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y(t) = -1+
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e-2t +
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Example 9.22 Consider the spring/mass system of Figure 9.6. Let x1 = x2 = 0 at the equilibrium position, where the weights are at rest. Choose the direction to the right as positive and suppose the weights are at positions x1(t) and x2(t) at time t.

Figure 9.6

By two applications of Hooke's law, the restoring force on m1 is 



-k1x1+k2(x2-x1)

and that on m2 is 



-k2(x2-x1)-k3x2.

By Newton's second law of motion, 



m1x''1= - (k1+k2)x1+k2x2+f1(t).

and 



m2x''2= k2x1-(k2+k3) x2 + f2(t)

These equations assume that damping is negligible but allow for forcing functions acting  f1 (t) and f2 (t) on each mass. 

As a specific example, suppose m1 = m2 =1 and k1 = k3 = 4 while k2 = 
[image: image500.wmf]2
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. Suppose f2(t) =0, so no external driving force acts on the second mass, while a force of magnitude f1 (t) = 2[1-H(t-3)] acts on the first. This hits the first mass with a force   of  constant  magnitude 2  for the first 3 seconds, then turns off. Now the system of equations for displacement functions is 



x"1= - 
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If the masses are initially at rest at the equilibrium position, then 



x1(0)= x2(0) =x'1(0)= x'2(0)=0

Apply the Laplace transform to each equation of the system to get 



s2X1 = - 
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s2X2= 
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Solve these to obtain 



X1(s) = 
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X2(s) =  
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For applying the inverse Laplace transform, use a partial fractions decomposition to write 

X1(s)=
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and X2(s)=
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Apply the inverse Laplace transform to obtain the solution: 

x1(t) = 
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x2(t) = 
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Example 9.23
In the circuit of Figure 9.7, suppose the switch is closed at time zero. We want to know the current in each loop. Assume that both loop currents and the charges on the capacitors are initially zero. 

Figure 9.7
Apply Kirchhoff's laws to each loop to get 



40i1 + 120(q1-q2)=10



60i2+120 q2 =120(q1-q2).

Since i=q', we can write q(t) = 
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Put 
q1(0) = q2 (0)= 0 in this system to get 



40i1+120 
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Apply the Laplace transform to each equation to get
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Rearranging the terms, we get


(s+3) (1-3(2 = 
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Solve these to get
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Now use the inverse Laplace transform to find the solution



i1(t) = 
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Example 9.24 Solve the initial-value problem :



t y" + (4t – 2)y' – 4y = 0; y (0) = 1.


If we write this differential equation in the form y" + p(t)y' + q(t)y = 0, then we must choose p(t) = (4t – 2)/t, and this is not defined at t = 0, where the initial condition is given.

Apply the Laplace transform to the differential equation to get

L [ty"]+4 L [ty']-2 L [y']-4 L [(y)]=0=0.

First, 

L [ty"] = - 
[image: image557.wmf]ds

d

 L [y"] = - 
[image: image558.wmf]ds

d

[s2Y –sy(0)-y'(0)]
           
= - 2sY(s)-s2Y'(s)+1

because y(0)=1 and y'(0), though unknown, is  constant and has zero derivative. Next, 

L [ty'] 
[image: image559.wmf]ds

d

-

=

 L [y']

= 
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d
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[sY(s) –y(0)]= -Y(s) – sy'(s)
Finally,



L [y']=sY(s)-y(0) =sY(s)-1
The transform of the differential equation is therefore 



-2sY(s)-s2Y'(s)+1-4Y(s)-4sY'(s)-2sY(s)+2-4Y(s)=0

Then 



Y' + 
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This is a linear first-order differential equation, and we will find an integrating factor. First compute



[image: image563.wmf]ò

+

+

)

4

s

(

s

8

s

4

 ds = In [s2 (s+4)2].

Then
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is an integrating factor. Multiply the differential equation by this factor to obtain 

s2(s+4)2Y'+(4s+8)s(s+4)Y=3s(s+4),

or 

[s2(s+4)2Y]'=3s(s+4).

Integrate to get 


s2(s+4)2Y=s3+6s2+C.

Then 


Y(s)= 
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Upon applying  the inverse Laplace transform, we obtain 
y(t)=e-4t+2te-4t+ 
[image: image566.wmf]32

C

[-1+2t+e-4t+2te-4t].

This function satisfies the differential equation and the condition y(0)=1 for any real number C. This problem does not have a unique solution. 

9.5 Exercises 

Find the Laplace transform of the function 

1. 2 sinht-4

2. t2-3t +5

3. 4t sin 2t

4. t-cos (5t)

5. (t+4)2
6. 3e-t +sin 6t

7. t3-3t+cos (4t)

8. -3 cos (2t)+5 sin 4t

9. te4t
10. t2e-2t
11. et cos t 

12. f(t) = 
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13. t(t-2)e3t
14. t3-sinh2t

15. e-2t +4et
16. f(t) = 
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17. g(t) = 
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18. f(t) = 
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19. L(t) = 
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20. Show that tn, where n is any +ve integer, is, of exponential order. Show that the given functions in exercises 21-23 are of exponential order

21. t1/2
22. sinh t 

23. t sin 2t

24. Evaluate L -1 
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25. Evaluate L -1 
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26. Use the first shifting theorem to find the Laplace transform of the following function.

(i) et (cos 2t – 3 sin 5 t)

(ii) e-2t cos 4t  
27. Using the first shifting theorem solve the initial value problem.
y"-6y'+9y = t2e3t

y(0) = 2, y'(0) = 17.

28. Solve  f(t) = t – 
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29. Solve  f(t) + 2 
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30. Solve   
f(t) + 
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31. Solve 
f(t) = 1+t 
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32. Solve 
y" + y = 4( (t-
[image: image579.wmf]p

2

)

     
(0) = 1, y' (0) = 0.

33. Solve 
y1" + 10y1 -4y2 = 0.

          - 4y1 +y2"+4y2 = 0

subset to the initial conditions
y1 (0) + 0, y1' (0) = 1, y2 (0) = 0, y2' (0) = -1.

34. Solve the initial-value problem
y' = 3y = 13 sin 2t, y(0) = 6

35. Solve the initial value problem

y"'+ 2y" – y'-2y = sin 3t, y (0) = 0, y' (0) = 0, y" (0) = 1

Solve the initial value problems
36.
y" + 4y = sin t H (t - 
[image: image580.wmf]p

2

), y (0) = 1, y' (0) = 0
37. y" - 5y' + 6y = H (t – 1), y (0) = 0, y' (0) = 1
38. Let F(s)=L{ f(t) } and n=1,2,3,......., then prove that L{ t n f(t) }=(-1)n
[image: image581.wmf]n

n

ds

d
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39. Solve the system of equations

y'1 = 4 y1 -2y2 + 2 H(t – 1)
y'2 = 3y1 – y2 + H (t – 1).

40. Solve Example 7.7 by the Laplace transform method.    
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