CHAPTER 3
FIRST-ORDER DIFFERENTIAL EQUATIONS OF HIGHER DEGREE
3.1 Equations of the First-order and not of First Degree

3.2 First-Order Equations of Higher Degree Solvable for Derivative 
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3.3 Equations Solvable for y

3.4 Equations Solvable for x

3.5 Equations of the First Degree in x and y - Lagrange and Clairant Equations

3.6 Exercises 
3.1 Equations of the first-Order and not of First Degree 

In this Chapter we discuss briefly basic properties of differential equations of first-order and higher degree. In general such equations may not have solutions. We confine ourselves to those cases in which solutions exist. 

The  most general form of a differential equation of the first order and of higher degree say of nth degree can be written as 
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(3.1)


where 
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 and a1, a2, . . , an  are functions of x and y.
  (3.1) can be written as


F(x, y, p) = 0






(3.2)

3.2
First-Order Equations of Higher Degree Solvable for p
Let (3.2) can be solved for p and can be written as

(p-q1(x,y))  (p-q2(x,y))  ………. (p-qn(x,y)) = 0

Equating each factor to zero we get equations of the first order and first degree. 

One can find solutions of these equations by the methods discussed in the previous chapter. Let their solution be given as:

(i(x,y,ci)=0, i=1,2,3 ………n 



(3.3)

Therefore the general solution of (3.1) can be expressed in the form 

(1(x,y,c) (2(x,y,c)………(n(x,y,c)  = 0


(3.4)

where c in any arbitrary constant. 

It can be checked that the sets of solutions represented by (3.3) and (3.4) are identical because the validity of (3.4) in equivalent to the validity of (3.3) for at least one i with a suitable value of c, namely c=ci​

Example 3.1
   Solve 
[image: image5.wmf]0

)

(

2

2

2

=

+

+

+

÷

ø

ö

ç

è

æ

xy

dx

dy

y

x

dx

dy

xy



(3.5)

Solution:  This is first-order differential equation of degree 2. Let 
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Equation (3.5) can be written as 

xy p2+(x2+y2) p+xy=0  




(3.6)

(xp+y)(yp+x)=0

This implies that 

xp+y=0, yp+x=0





(3.7)

By solving equations in (3.7) we get

xy=c1    and 

x2+y2=c2 respectively 

[
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    This gives 
y.x  = (o.x dx +c1 or xy=c1]
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By integration we get 
[image: image10.wmf]c

x

y

=

+

2

2

1

2

2

1


or     x2+y2 = c2, c2 >0,   
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The general solution can be written in the form 

(x2+y2-c2) (xy-c1)=0       (3.8)

It can be seen that none of the nontrivial solutions belonging to xy=c1 or x2+y2=c2 is valid on the whole real line. 

3.3      Equations Solvable for y

Let the differential equation given by (3.2) be solvable for y. Then y can be expressed as a function x and p, that is, 

y= f 
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(3.9)

Differentiating (3.9) with respect to x we get 
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(3.10)

(3.10) is a first order differential equation of first degree in x and p. It may be solved by the methods of Chapter 2. Let solution be expressed in the form 
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(3.11)

The solution of equation (3.9) is obtained by eliminating p between (3.9) and (3.11). If elimination of p is not possible then (3.9) and (3.11) together may be considered parametric equations of the solutions of (3.9) with p as a parameter.

Example 3.2:  
Solve y2-1-p2=o

Solution: It is clear that the equation is solvable for y, that is 
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(3.12)

By differentiating (3.12) with respect to x we get
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(3.13)

(3.13) gives p=o or  
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By solving p=0 in (3.12) we get


y=1

By  
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we get a separable equation in variables p and x.
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By solving this we get

p=sinh (x+c)





(3.14)

By eliminating p from (3.12) and (3.14) we obtain 

y=cos h (x+c)




(3.15)

(3.15) is a general solution.

Solution y=1 of the given equation is a singular solution as it cannot be obtained by giving a particular value to c in (3.15).

3.4      Equations Solvable for x


  Let equation (3.2) be solvable for x, 



that is x=f(y,p)



.. 
(3.16)

Then as argued in the previous section for y we get a function ( such that 


((y, p, c) = 0





(3.17)


By eliminating p from (3.16) and (3.17) we get a general solution of (3.2). If elimination of p with the help of (3.16) and (3.17) is combursome then these equations may be considered parametric equations of the solutions of (3.16) with p as a parameter.

Example 3.3


Solve 
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Solution: Let 
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xp3-12p-8=0


It is solvable for x, that is,
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…
(3.18)

Differentiating (3.18) with respect to y, we get
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(3.19)

(3.18) and (3.19) constitute parametric equations of solution of the given differential equation.

3.5  
Equations of the First Degree in x and y – Lagrange’s and Clairaut’s Equation.


Let Equation (3.2) be of the first degree in x and y, then


y = x(1(p) + (2 (p)



…
(3.20)


Equation (3.20) is known as Lagrange’s equation.


If (1(p) = p then the equation



y = xp + (2 (p)



..
(3.21)


is known as Clairaut’s equation


By differentiating (3.20) with respect to x, we get 
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From (3.22) we get



[image: image31.wmf]0

dx

dp

))

p

(

'

2

x

(

=

j

+

   for (1(p)=p


This gives
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by putting this value in (3.21) we get


y=cx+(2(c) 

This is a general solution of Clairaut’s equation.

The elimination of p between

x+(
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2

(p) = 0 
and (3.21) gives a singular solution.


If (1(p) ( p for any p, then we observe from (3.22) that 
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which is a linear equation of first order in x and thus can be solved for x as a function of p, which together with (3.20) will form a parametric representation of the general solution of (3.20)

Example 3.4  Solve 
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Solution:  Let 
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(p-1)(y-xp)=p

This equation can be written as 
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Differentiating both sides with respect to x we get 
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Thus either 
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Putting p=c in the equation we get
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(y-cx)(c-1)=c

which is the required solution.

3.6      Exercises

Solve the following differential equations

1.
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2. y(y-2)p2  -  (y-2x+xy)p+x=0

3. 
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