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The Tantalizing Four Cubes

Author:  William C. Arlinghaus, Department of Mathematics and Computer
Science, Lawrence Technological University.

Prerequisites:  The prerequisites for this chapter are the basics of counting
and graphs. See Sections 5.1, 9.1, and 9.2 of Discrete Mathematics and Its
Applications.

Introduction

The game of the four colored cubes consists of four cubes, each of whose sides
is colored with one of four colors. The object of the game is to place the cubes
next to each other in such a way that each of the long sides of the rectangular
solid obtained has all four colors appearing on it. The game has been in exis-
tence since at least the 1940s, when it was sold commercially under the name
“Tantalizer”, and more recently as the popular puzzle “Instant Insanity”. At
the end of this chapter there is a template for a single cube. Readers may wish
to copy it to make worksheets for themselves to follow the accompanying text
— one sheet for each of the four cubes of the game.
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The Game: Problem and Solution

For simplicity, we will exhibit each cube unfolded in the fashion of Figure 1.
Thus, we want to arrange the cubes so that each of the four colors appears on
each of the top, front, bottom, and back sides. The colors appearing on the left
and right are not relevant to the solution.
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Figure 1. 1. Cube top. 2. Cube front. 3. Cube bottom.
4. Cube back. 5. Left side of cube. 6. Right side of cube.

For example, if the four colors are red (R), white (W), blue (B), and
green (G), four cubes arranged as in Figure 2 would provide a solution to
the puzzle. Figure 3 shows the four cubes next to each other, viewed from the
front, top, back, and bottom.
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W G R B
G B W R
Figure 2. A solution to the puzzle.

[n]e]e]v]

& [w [a]e]

Lo o [w]e]

[v]on]e]

Figure 3. Upper left shows front view; upper right shows
top view; lower left shows back view; lower right shows bot-

tom view.

It should be fairly clear that the difficulty of finding a solution depends
greatly on the color pattern on each cube. One extreme case would be to have
each cube colored a single different solid color (one each of red, white, blue,
green). In this case, it wouldn’t matter how the cubes were rotated; every
arrangement would be a solution. On the other hand, if all four cubes were

colored solid red, no solution would be possible.
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Our goal will be to use graph theory to simplify the search for a solution
in some general situation and then to use our methods to find solutions in
particular cases. But before we do this, it might help us to see how many
different ways four cubes can be arranged. This may help us to realize why we
need some method of simplifying the problem.

Example 1 Find the number of ways to arrange four cubes.

Solution:  The first fact to note is that there are essentially only three ways
to arrange the first cube; that is, choosing the pair of faces which are on the
left and right specifies the cube. For once these faces are chosen, the remaining
faces may be rotated (with left and right fixed) so that any of them becomes
the front. Even reversing left and right makes no difference, since rotating the
cube to reverse left and right just reverses front and back, so that the four faces
of interest appear in reverse order.
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Figure 4. Cubes of Figure 2 with left and right faces re-
versed.

For example, Figure 4 exhibits the same cubes as Figure 2, but with left
and right faces reversed. Once the first cube is positioned, however, the second
cube may be positioned with respect to it in 24 ways. For the left-right pair
may be chosen in 3 ways, either one of the pair may be the left face, and then
the cube may be rotated to make any of the four remaining faces the front
face. Similarly, each of the third and fourth cubes may be positioned in any
of 24 different ways. Thus, the total number of positionings of the four cubes
is3-24-24-24 =41472. O

So, picking an arrangement which is a solution could be quite difficult.
But graph theory can be used to make finding a solution easier, by providing
an analysis of what a solution looks like. Given a set of four cubes with faces
colored red, white, blue, and green, define a graph with four vertices labeled R,
W, B, G as follows. If cube i has a pair of opposite faces with colors x and y,
draw an edge with label ¢ between x and y.

Example 2 Use a graph to solve the puzzle for the cubes of Figure 5.
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Figure 5. From left to right: cubes 1, 2, 3, 4.

Solution:  The graph of Figure 6 is the graph associated with the cubes of
Figure 5. Note that both loops and multiple edges are allowed in this labeled

graph.
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Figure 6. Graph associated with cubes of Figure 5.

Now suppose that there is a solution of the puzzle with the cubes of Fig-
ure 5. Since the set of top and bottom faces must each have all four colors
represented, the graph can be used to trace the colors on both faces simultane-
ously. Consider, for instance, the subgraph of Figure 6 shown in Figure 7.

1

R W
4 2
B G

3

Figure 7.  Subgraph for top and bottom faces.

This subgraph can be used to place the top and bottom faces. Since cube 1
has a pair of opposite faces labeled R-W, place cube 1 with red as the top face
and white as the bottom face. Now cube 2 has a W-G pair, so place cube 2
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with white as the top face and green as the bottom face. Continue as the graph
indicates, placing the top and bottom faces of cubes 3 and 4. At this point, the
cubes appear as in Figure 8.

W G =] R

Figure 8. Top and bottom faces.

The key facts about the subgraph of Figure 7 that made this work were
that there were four edges, one with each of the labels 1,2,3,4, and that each
vertex had degree 2, so that each color was represented exactly twice. Now the
task is to rotate the remaining four faces of each cube to obtain a solution. This
will be possible if there is another subgraph of the graph of Figure 6, like that
of Figure 7 but with four different edges, since each edge represents a different
pair of opposite faces, and the ones of Figure 7 have already been used. Such a
subgraph is illustrated in Figure 9.

B G

Figure 9. Subgraph for front and back faces.

Using this subgraph to place the front and back faces of the cubes, the

following solution to the problem of Figure 5 is obtained, in Figure 10. O
o | | o | e |
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W G B R
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Figure 10. Solution for cubes of Figure 5.

Note that, in this example, the positioning of the B-G pair in cube 1 was
followed by the G-R pair in cube 4 since the label of the other edge incident
with G was 4. Then the R-W pair of cube 2 was positioned, and finally the
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W-B pair of cube 3 was placed. All of these positions were obtained by rotating
the cubes with the top and bottom fixed. The colors on the left and right end
up wherever this rotation takes them, although of course what colors are there
doesn’t affect the solution. The end result of this construction is the following
theorem.

Theorem 1 A set of colored cubes has a solution if and only if its corre-
sponding labeled graph has two disjoint subgraphs, each of which has every
vertex of degree two and every label appearing exactly once. [ ]

Several things should be noted about this theorem. First, if a loop is used
in the subgraph, it contributes two to the degree of its vertex. For instance,
subgraphs such as the ones of Figure 11 are acceptable subgraphs.

) @)
=] W =] W

2@ B G B 3 G
Figure 11. Acceptable subgraphs.

Second, there may be many such subgraphs available. What is necessary is
to find two subgraphs of the proper type with no edges in common. There may
be no such pair of subgraphs; there may be a unique pair of acceptable sub-
graphs, as in the problem of Figure 5; or there may be many possible subgraphs,
as shown in the following example.

Example 3 Solve the problem of the cubes in Figure 12.

R a | v ] B
‘WGG‘ ‘n B W‘ ‘n WB‘ ‘n nw‘
B B B G
o | B | B

Figure 12. From left to right: cubes 1, 2, 3, 4.

Solution: ~ The graph for these cubes is shown in Figure 13. There are six
allowable subgraphs, shown in Figure 14.
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Figure 13. The underlying graph for Figure 12.
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Figure 14. Six acceptable subgraphs. Top row: left to right,
A, B, C; bottom row: left to right, D, E, F.

Although Figure 14 exhibits six subgraphs of the type required by Theo-
rem 1, there are only three pairs with distinct edges. They are AB, BC, and DE.
Note that F cannot be paired with any other acceptable subgraph, so it is not
of use in any solution. The three different solutions are exhibited in Figure 15
(the first subgraph of each pair is used for top and bottom). O

Games are, of course, fun. How much fun they are depends on how suc-
cessful the player is; knowledge is directly linked to success in games of skill.
At a deeper level, games can help to train thought processes. Consider how
this game might be like others. This is a combinatorial game; what is required
is to position cubes in relation to each other according to some predetermined
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Figure 15. First row: AB solution. Second row: BC solution.

Third row: DE solution.

color scheme. Is any other game like this? Yes, “Rubik’s Magic Cube” is, but
this puzzle is much more complicated, as a combinatorial problem (see [3]).
Then again, why confine the problem to cubical shapes. Might one construct
puzzles with rules similar to those for the four colored cubes for prisms with
a polygonal base and top other than a square? Learning to think creatively
about puzzles, when translated to thinking creatively about mathematics (and
other subjects), can reap rewards far beyond what might be expected!
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Exercises

1. Solve the following puzzle.
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2. Solve the following puzzle.
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3. Find another solution to the puzzle for the previous exercise.

4. Solve the puzzle whose underlying graph is shown in the following figure.

5. Construct a puzzle in which each color appears on at least four faces, but
for which there is no solution.

*6. Construct a puzzle in which each color appears on each cube, but for which
there is no solution.

*7. Construct a puzzle in which each color appears exactly six times and on
each cube, but for which there is no solution.

*8. Construct a puzzle with exactly two solutions.
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*9. How should the theorem be rephrased if
a) there are 3 cubes and 3 colors;
b) there are 3 cubes and 4 colors;
¢) there are 5 cubes and 5 colors.
What kind of graphs would give solutions?

Computer Projects

1. Write a program that takes as input the pattern of colors on a set of four
colored cubes and finds all solutions (if there are any).
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