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Rayleigh fading capacity when employing different adaptive transmission schemes such as (1) optimal

power and rate adaptation (opra); (2) constant power with optimal rate adaptation (ora);
and (3) channel inversion with fixed rate (cifr). Analytical results show accurately the
impact of the channel estimation error on the achievable spectral efficiency.
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1. Introduction

It is widely accepted that using diversity at the transmitter or at the receiver of a wireless communication system can
improve significantly the performance of wireless links. Diversity combining, which skillfully combines multiple replicas of
received signals has long been as one of the most efficient techniques to overcome the destructive effects of multipath fading
in wireless communication systems. There are several diversity combining methods employed in communication receivers
including maximal ratio combining (MRC), equal gain combining (EGC), selection combining (SC), and a combination of
MRC and SC, called generalized selection combining (GSC). By definition, MRC combiner linearly combines the individually
received branch signals so as to maximize the instantaneous output signal-to-noise ratio (SNR) [1-3].

Most system designs assume that perfect channel estimation is available at the receiver. In practice, however, the channel
gains have to be estimated at the receiver for diversity combining which can be obtained either from a pilot signal or data
signals (by applying a clairvoyant estimator). The work in [4] analyzed the performance of MRC with pilot tone-based
weighting on frequency-selective Rayleigh fading channels. The pilot tone was assumed to be separated from the data signal
and the resulting channel-estimation error was shown be to be Gaussian. Previous work on the analysis of imperfect channel
estimation with no diversity can be found in [5] and [6]. In [7], Gans modeled the channel estimation errors as complex
Gaussian and derived the distribution of the SNR statistics which has been used by Tomiuk in [8] to obtain the average
probability of error for the MRC diversity schemes.
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The pioneering work of Shannon [9] has established the significance of channel capacity as the maximum possible rate at
which information can be transmitted over a channel. In [11], the capacity of a single user flat fading channel with perfect
channel information at the transmitter and the receiver is derived for various adaptation policies, namely, (1) optimal rate
and power adaptation (opra), (2) optimal rate adaptation and constant power (ora), and (3) channel inversion with fixed
rate (cifr). The first scheme requires channel information at the transmitter and receiver, whereas the second scheme is
more practical since the transmission power remains constant. The last scheme is a suboptimal transmission adaptation
scheme, in which the channel side information is used to maintain a constant received power by inverting the channel
fading [11]. The general theory developed in [11] was applied to derive closed-form expressions for the capacity of Rayleigh
fading channels under different adaptive transmission and diversity combining techniques [12]. Recently, there has been
some work dealing with the channel capacity of different fading channels employing different adaptive schemes such as
[13,14], and the references therein.

In this paper, we extend the results in [12] to obtain closed-form expressions for the single-user capacity of MRC system,
in the presence of Gaussian channel estimation errors. In addition, we investigate the capacity statistics of MRC scheme
which are valid for arbitrary number of receive antennas including moment generating function (MGF), cumulative distri-
bution function (CDF) and probability density function (PDF). The contributions of this paper are two-fold. Firstly, we derive
the capacity statistics of MRC receiver subject to Rayleigh fading for arbitrary number of diversity branches, in the presence
of Gaussian estimation errors. Secondly, we derive closed-form expressions for the channel capacity of MRC in indepen-
dent and identically distributed (i.i.d.) Rayleigh fading channels with the following adaptive transmission schemes (1) opra;
(2) ora with constant transmit power; and (3) cifr. The paper is organized as follows. In Section 2, the system model is
discussed. The capacity statistics are derived in Section 3. In Section 4, we derive closed-form expressions for the channel
capacity under different adaptation schemes. Results are presented and discussed in Section 5. The main outcomes of the
paper are summarized in Section 6.

2. System model

Consider an L-branch diversity receiver in slow fading channels. Assuming perfect timing and inter-symbol interference
(ISI) free transmission, the received signal on the Ith branch due to the transmission of a symbol s can be expressed as

n=gs+n, l=1,...,L, )

where g is a zero-mean complex Gaussian distributed channel gain, n; is the complex additive white Gaussian noise (AWGN)
sample with a variance of No/2, and s is the data symbol taken from a normalized unit-energy signal set with an average
power Ps. The actual channel gains of L diversity branches are i.i.d. random variables. The PDF of the received instantaneous
SNR was firstly derived by Gans [7] and revisited by Tomiuk et al. [8]. The pdf of the received instantaneous SNR is expressed
as

L 2yk—1 2yL—k k
L=1) () 1= p?)tk 1N
= — v, 2
Py (¥) ,;,1 (k_1> ) )V e (2)
where (i:})(pz)k”ﬂ — pHL-* is representing the weighting coefficients in the sum of L branches and it is known as

Bernstein polynomials, and y; is the average SNR per bit per branch (y; = E—’é). The factor p denotes the correlation between
the actual channel coefficients g; and their estimates gj. The actual channel gain can be related to the channel estimate by

g81=p8+z, (3)

where z is a complex Gaussian random variable independent of g; with zero mean and variance 022 defined as p =
_Cov8rE) _ Ip 4 system with no estimation errors, p> = 1, and hence the distribution of y in (2) reduces to

A/ var(g)var(gp)

1\'yl1 o
PV(V)—(E) F(L)€Vf~ (4)

3. Capacity statistics

In this section, we focus on deriving the exact analytical expressions for capacity statistics of MRC over Rayleigh fading
channels, assuming perfect channel knowledge at the receiver and no channel knowledge at the transmitter with average
input-power constraint. The non-ergodic capacity of MRC system is given in [bit/s/Hz] by [9] as

C=logy(1+y). (5)
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3.1. Moment generating function (MGF)

The MGF of the capacity of MRC system in the presence of Gaussian channel estimation errors in the branch weights is
given by

Bc(r) =E[e" ]| = E[(1+1)"7]. (6)
Expressing the expectation in an integral form over the PDF p, (y) and inserting (2), we obtain
L (L—l)(pz)kq(l — pY)lk s \k ® _
k-1 ey 4, k—1 4
oe(r) =Y (—) « f 14 )FD 5 ex <—>d . 7
c L 0 " J (1+y)h@y A L (7)

Ih
The integral I; can be obtained by making the change of variables x =1+ y and the integral region to yield

L (L=1y(p2yk=1(] _ p2\L—k k <. _
dc(T) = Z (1) P11 = p%) <l) exp (l> x /xm(x— k-1 exp(%) dx. (8)
1

=1 k) Yt 143 t

I

In order to obtain a closed-form MGF expression, we need to evaluate the above integral I,. We first expand the term
(x — D¥=1 as a finite sum, resulting

L (L—])(pZ)kfl 1- pZ)Lfk 1 k 1 n k—1 . - T —X
_ k—1 L L _yk—i—1 (e D) -
ec®)=2, X0 <yf) exp(y)Z( i )( . /M exp( yf)dx' ©

k=1 i=0

With the help of the equality [16]

o0

/x"_le_"xdx:u_”l“(n,u/x), (10)
u

we obtain MGF expression in closed-form as
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where I'(a, x) = fxoo t%~le~tdt V{a, x} > 0 denotes the upper incomplete Gamma function.
Furthermore, the integral in (7) can be evaluated in another form with help of the integral representation of the confluent
hypergeometric function ¥ (a, b; z) [16]

o0
W(a,b;z) = %/e‘”t“q(l + )P4, (12)
0

The MGF can be expressed in closed form as

L (L—])(pz)kq(l _ pz)Lfk(l)k
k—1 Y T 1
o = k, 1+k — ). 13
(=2 @ (< e n) )
Note that using alternative notation for ¥ (a,b; z) = zz’“Fo(a,l +a—b;.;—1/z) where 2Fy(.,;.:.) is a generalized
hypergeometric series [16], the MGF of C can simply be written as
L (L_1)(p2)k71(1 _ pZ)Lfk
k—1 T
® = Folk,——— —1;—» ). 14
c(t) ’; 0 2 o( nQ) Vr) (14)
3.2. Complementary cumulative distribution function (CCDF)
The CDF of C is defined as follows
201
Fe(C) = Prob(€ < C) = f Py ()dy. (15)

0
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Averaging over the distribution of received instantaneous SNR gamma in (2) results in

C
L 2yk—1 2yL—k k2
L—1\ (1 —pHt* 1 f 1,7
Fc(C)= — v dy. 16
«© Z(k—l) I (;4) vy (1)
k=1 0
In order to evaluate the integral with respect to y, we make use of the following equality [16]
X
/ s'le M ds = "y (v, ux), (17)
0

where y(.,.) is the incomplete Gamma function. Since the factor v in (17) is integer, we can replace the incomplete Gamma
function by its finite sum representation [16] given by

v—1 m
X
— (v — e
Yy, ux) = (v 1)![1 e <Z m!umﬂ' (18)
m=0
After replacing the integral in (16) with its closed-form and simplifying, we obtain the expression for the CDF as
L 2yk—1 2yL—k c_4 k=1 c n
L—1\ (p5)* ' —p°) (k—1) 261 k-2 -1
Fc(C)= ( ) —e . (19)
2\e1) T Tw i D T
Thus, the complementary CDF can be obtained from (16) as follows
L 2yk—1 2yL—k c_q k=1 c n
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Fc(CO)=1- — v —_ . 20
co=1-3(,21) e R 20)
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3.3. Probability density function (PDF)

The PDF of C is defined as the derivative of Fc(C) with respect to C. Taking the derivative of F¢(C) in (19) results in

_d o (LT A= )R N ey e
Pc(0) = S=Fe(©) =2 ln(2)k§<k—l) @ (%> (€ 1) e w

Note that (21) can also be obtained from (2) by performing the transformation of random variable y — C. The Jacobian of
such transformation is J(y) = % = m Pc(C) can be easily obtained as Pc(C) =2€ 1n(2)py(2c — 1) which leads to
the same result in (21).

(21)

4. Adaptive capacity policies

In this section, we derive closed-form expressions for different adaptive schemes employing MRC with imperfect channel
estimation over Rayleigh fading channels. In the derivation, we will rely on the main results from [12].

4.1. Power and rate adaptation (opra)

Given an average transmit power constraint, the channel capacity Coprq in (bits/s) of a fading channel [11,12] is given by

[o.¢]
B Y
Copra = E[IH<%>P;/(V)‘1% (22)
Yo
where B (in hertz) is the channel bandwidth and yyp is the optimum cutoff SNR satisfying [11]

f(l - l)p (y)dy =1 (23)
J\n v Y '

0

To achieve the capacity in (22), the channel fading level must be tracked at both transmitter and receiver. The transmitter
has to adapt its power and rate accordingly by allocating power levels and transmission rate for good channel condition
(large y ). Since the transmission is suspended when y < Yy, this policy suffers outage whose probability Py, is defined
the probability of no transmission and is given by

o]

Pout =1 —/Py(V)dV~ (24)
Yo
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However, Coprq in (22) can be expressed in terms of the CDF of y by applying integration by-parts resulting in

Copra _ 001
ln(z)B__/?FV(V)dV’ (25)

Yo
Substituting (2) into (23) yields the equality

a (,02)k 1(1 2)L7k 1 k
Zl ) X0 (E) L /yk e |dr=t. 26)
k=1 Yo

Using (26) along with the fact in (10), it is found that optimal cutoff SNR, yp has to satisfy the following equality

~ (L1 2)k-1 2\L—k| Wt Yo Yo '
Z(k_1>(,0 ) (1 —p ) [%F(k, Z) <’ k—1, Z)] =TIy (27)

k=1

To obtain the optimal cutoff SNR yp, in (26), we follow the following procedure. Let x = % and define fyrc(X) as

LoL-1 - [ Ik,
e =3 (7)) =) EE — r- 1] - raovk (28)

k=1

Now, differentiating the function fyrc(x) with respect to x over the interval ]0, +oo[ results in

St (T DA = pAHE R (k. %)

fuare®) = — 2 (29)
Hence, fypc(®) <0,Vx > 0, meaning that f{,. is a strictly decreasing function of x. From (28) it can be observed that
limy—0 fmrc (%) = +o00 and limy_, 40 fMRC(X) = —I“(k)yt". Note however that fyrc(x) is a continuous function of x, which

leads to a unique positive yp such that fyre(x) = 0. We thereby conclude that for each y; > 0 there is a unique yj satisfying
(28). Numerical results using MATLAB shows that y, € [0, 1] as y; increases, and Y, — 1 as y; — oo.
Now, substituting (2) into (22) yields the channel capacity with opra scheme as follows

Copra / (L - 1) -1 o\ L—k ( Y ) Vk_l -z
1- In{ — e ndy. 30
BIn(2) Z k-1 (=9 v ) Iy ’ G0
The summation in (30) is of finite order, and hence, the order of summation and integral can be inverted to yield
C S AN e [ (7, e
opera - 2\ k— 2\ L—k t pa
= 1-— In[ — v dy . 31
BIn(2) ,;<k—1)(p) (1=¢7) /n(m)y[ rio ¢ G
= Yo

I3
The integral I3 can be evaluated using the identity [12]
i re
Js(w) = / £~ In(ye ™ dt = {E1 () + Z X Pk(u)} (32)
1
where E; denotes the exponential integral of the first order [16] defined as

OOexy
Bw=[ <y x>0 (33)
/ 14
and Pi(u) denotes the Poisson distribution [16] given by

k=1 .n
=e ¥y —. (34)
n!

I'(k,x)
I (k)

Pr(x) =

Substituting (32) into (31) implies that closed-form expression for capacity Copre per unit bandwidth (in bits/s/Hz) can
be expressed

BCTPQ):[ <y0>+2{( ) kl(l‘pz)L_kale(,”)” 35)

i=1
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4.1.1. Asymptotic approximation
We can obtain asymptotic approximation of Coprg as y; — oo using the series representation of exponential integral of
the first order [16] given by

+00 (—X)i
E1(x) =—E —In(x) — , 36
1(%) ® ; = (36)
where E = 0.5772156659 is the Euler-Mascheroni constant. Then, the opra capacity per unit bandwidth (in bits/s/Hz) is
approximated asymptomatically as

Z[e-ul2) ()0 £

4.1.2. Upper bound
The capacity expression of Coprq can be upper bounded by applying Jensen’s inequality to (22) as Cgppm In(E[y]). Then,

we evaluate CYP using the pdf of y given in (2) and the identity defined in (10) for Re[xt] > 0. Simplifying the resulting

opra
expression, we obtain an upper bound on the opra capacity which is given by

Coma S R A Lk
5 =N (Z—( ' )(P) (1=p)"") (38)

o Vt
4.2. Constant transmit power

By adapting the code rate to channel fading state with the transmission power being constant, the channel capacity of
this scheme, referred to as optimal rate adaptation ora is given by [9,10]

B
Cora = i f In(1+y)py, (y)dy. (39)

Inserting (2) into (39) yields

L-1 x k—1
L-1 k—1 L—k A -r
Cora = E (k B 1)(,02) (1- pZ) /ln(l +y) F(k))/[ke v dy. (40)
k=1 0

Iy

An integral similar to the integral 14 was evaluated in [12] using Poisson distribution, and the result is given by
k-1
1 1 Pi(5)Pe-i(3;)
14—Pk< )51( >+Z—. (41)
v v i=1 !

Substituting (41) in (40), results in a closed-form expression for the ora capacity with MRC and channel estimation errors
per unit bandwidth (in bits/s/Hz), which can be expressed as
k—1

(0 [ G() E)

k=1 i=1

4.2.1. Asymptotic approximation
Following a similar argument to one used to asymptotically approximate the opra capacity, the approximated ora capacity
Coru per unit bandwidth (in bits/s/Hz) is obtained as

Tl e pEfe G SRR -

4.2.2. Upper bound
The capacity Corg can be upper bounded by applying Jensen’s inequality to (22) as follows

Co8 =In(1+Ely]), (44)
and the upper bound can be written as

opra 1n<1 +Z)’t< ; ) 0 )k—1 (] _pz)L—k>. (45)



ES. Al-Qahtani et al. / Digital Signal Processing 20 (2010) 85-96 91

4.2.3. Higher SNR region
The Shannon capacity can be approximated at high SNR region using the fact log,(1+ y) =log,(y) as y — oo for x > 0
yields an asymptotically tight bounds for (42) in high SNR per unit bandwidth (in bits/s/hertz) as

high —
Cest error Z <L - 1) k 1(1 pZ)’-—k |:1//(k) _ m(%)] (46)

where v (x) denotes Psi function defined as v (x) =
11
—E+3 5

= ln(F(x)) For integer values of x, Psi can be represented as v (x) =

4.2.4. Lower SNR region

We can approximate Shannon capacity in low SNR region by the square capacity of the argument (gamma) in low SNR
region as log,(1+ y) =~ /¥ [15]. Upon using this approximation along with definition of incomplete gamma function yields
the approximated Shannon at low SNR per unit bandwidth (in bits/s/hertz) as

Cég\tNérror —1/L-1 2\ k—1 ik Tk + %)

B Ly 1= — Y 47

B Z%( k )(p ) (1-p%) 0 Ve (47)
k=0

4.2.5. Lower SNR region I
The Shannon capacity can be approximated as well in low SNR region by exploiting the fact log,(1+y) = ﬁ(y — %yz)
gives the approximated Shannon capacity in low SNR region per unit bandwidth (in bits/s/hertz)

Cg;}cN;rror ,\,L71 1/L-1 2\ k—1 o L—k k+Dyr
B ”Z*( p )P (=07 e k*<f : (48)

o Vt
4.3. Channel inversion with fixed rate

We consider two schemes: truncated channel inversion with fixed rate, referred to as tifr, and channel inversion with
fixed rate with no truncation, which we shall refer to as cifr. Channel inversion is an adaptive transmission technique where
the transmitter uses the channel information feedback by the receiver in order to invert the channel fading. Accordingly,
the channel appears to the encoder/decoder as a time invariant AWGN channel. As a result, channel inversion suffers a
large capacity penalty compared to the previous adaptation techniques (opra and ora), although it is much less complex
to implement. The channel inversion technique requires a fixed code design and fixed rate modulation. In this case, the
channel capacity Cg can be derived from the capacity of an AWGN channel with a received SNR and is given by [11,12]

1
Cc,fr:Bln<1 + 7> (49)
Jo” Sy ()dy
The channel capacity with the truncation scheme Cyg is given by [12]
1
Cifp=BIn| 1+ —5———— | (1 — Pour), (50)
VO y Lpy()dy

where Py is the outage probability. Note that, the cutoff level 5 can be chosen to either maximize Cyg or achieve a
specific Poy.

4.3.1. tifr
The integral in (50) can be evaluated using the PDF of the combiner output SNR given in (2) as
o0 o0
( )(pZ)k 1(1 2)L7k ] —y (,L:})(pz)"*l(l _ pZ)Lfk Yo
(y)d k=1 f =207 dy = X F(k—] —) (51)
y/ Py = Z Ty J v v r oy n
0 0

Furthermore, the outage probability, Poy is derived from the CDF of the combiner output SNR, and is given by

L k—1 (m)

Paw=1-3 (171 ) ()= ) e (D 2 (52

k=1 i=0

Combining (51) and (52), the following closed-form expression for the tifr capacity per unit bandwidth (in bits/s/Hz) is
obtained
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PDF

95 —10 -5 0 5 0 15
Clbits/sec/Hz]

Fig. 1. The PDF of the channel capacity of MRC systems with L =3 at y; = 15 dB and different values of p?.

7 (1 —yt ) L {(L_1>( g 2 (y())}
R k=1 L p ) (1—/0 ) P (53)
B Yaal(” l)(p) e kPkfl(%)} ; k=1 "

I (k)

On the other hand, when p? =1, the capacity Cyifr is given by

Ctifr (1 ve(M — 1)) (Vo)
— =14+ "——F ) Pk| — 54
B qu(%) K\ 5 (54)

which leads to the same result obtained in [12].

4.3.2. cifr
If we set ¢, =0, we get the cifr capacity, where in this case the Pqy is equivalent to zero. From (49) and (2)
® L ( 2\k—1 2yL—k
DD = p?) v
[ pnay - > P X (55)
0

By inserting (55) and (2) in (49) yields the cifr capacity per unit bandwidth (in bits/s/Hz) as follows

7= ( )
— =1+ . (56)
B L—1 ( 2)k 1(1 2)L k
hmy—>02k 1{( ) . r(k)p Py 1(%)}
Note that limy, o Px—1(x) =1, and hence, the cifr capacity reduces to
Cq M—-1
cifr _ (1 ( )Vt > (57)
B Zk 1 { pZ)k 1 a- Z)L—k}
The result in (57) can be expressed for perfect channel estimation p =1 as follows
C
— — (14 M - Dyy), (>8)

which is consistent with the result obtained in [12].
5. Numerical results

In this section we provide some numerical results that illustrate the mathematical derivation of the channel capacity
per unit bandwidth as a function of average receiver SNR (y;) in dB for different adaptation policies with MRC over slow
Rayleigh fading with weight estimation errors. All curves provided are obtained using the closed-form expressions, (14),
(20), (21), (35), (37), (38), (46), (47), (48), (42), (43), (45), and (53).

Fig. 1 depicts the PDF curves for different values of the correlation coefficient squared p2, considering an average SNR
per branch of y; =15 dB and L = 3. This figure shows that the capacity distribution has a Gaussian-like shape even in the
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Fig. 2. The CCDF of the channel capacity of MRC systems with L =3 at y; = 15 dB and different values of p2.
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Fig. 3. Capacity per unit bandwidth for MRC systems with L =3 and different values of p? under the opra adaptation policy.

presence of channel estimation errors. As expected, the distribution of C shift towards the left indicating a decreasing value
of its mean as the value of p? decreases. Fig. 2 considers the same setting in Fig. 1 and depicts the CCDF curves for different
values of o2, with very similar observations.

Fig. 3 compares Coprq for different values of correlation between the channel and its estimate; namely, p2 =03, p2=0.5,
p%=0.7, p?> =0.9 and p? = 1. It can be noticed the highest Coprq that can be achieved is when p? = 1. Furthermore, Coprq
decreases when the value of p? decreases where in this case the weight error increases. It can be observed from Fig. 3 that
there is almost a 7 dB difference in Coprq between p? =1 and p? =0.3.

In addition, Fig. 3 depicts the asymptotic capacity approximation expressed in (37) and the upper bound expressed in
(38). As expected, both approximation and upper bound show a good match to the exact capacity values. Figs. 4 and 5 show
the capacity of opra and tifr schemes for different values of p?, respectively.

In Fig. 4, the exact, asymptotic, and upper bound of the average capacity Coq are plotted against y; for different values
of p% {0.3,0.5,0.9 and 1} when L = 3. As it can be observed from Fig. 4 that the difference in the capacity of ora between
p?=1 and p? =0.3 is increasing along with the increase of the average of received SNR per branch y; which makes it
more sensitive to the estimation errors than opra policy. However, both opra and ora achieve the same result when there
is no power adaptation implemented at the transmitter as in opra.
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Fig. 4. Capacity per unit bandwidth for MRC systems with L =3 and different values of p? under the ora adaptation policy.
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Fig. 5. Capacity per unit bandwidth for MRC systems with L =3 and different values of p? under the tifr adaptation policy.

Fig. 5 depicts the capacity of the tifr policy for different values of p2. The tifr policy performs the worst compared to
the other adaptation policies. However, the loss due to the estimation errors is very high, which is almost 20 dB difference
between p2 =1 and p2? =0.3. It can be observed that when there is no data to be transmitted because of the outage
event, the tifr policy suffers an outage probability which is larger than the outage probability suffered by the opra policy.
In addition, we note that the correlation p? has a greater influence on tifr than it has on opra and the decrease in outage
probability with increase in y; is faster for opra than tifr. Fig. 6 compares the capacity Cyy for different number of diversity
branches; namely, L=2,3,4,5 for y; =15 dB and different values of yp. Fig. 7 depicts the behavior of Cys; against the
optimal cutoff SNR, yq for different values of p? and fixed L = 3. As can be seen that Ciifr becomes almost flat when the
value of p? decreases which experiences a large capacity loss. As L increases, Cyifr achieves a small increase and this small
increase diminishes as p? decreases and the average SNR y; increases.

6. Conclusion

The channel capacity statistics of MRC including the probability density function (PDF) and cumulative distribution func-
tion (CDF) as well as the moment generating function (MGF) is studied. Furthermore, the channel capacity of unit bandwidth
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Fig. 6. Capacity per unit bandwidth for MRC systems with different diversity orders and p? =1 under the tifr adaptation policy at y; = 15 dB.
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Fig. 7. Capacity per unit bandwidth for MRC systems with L =3 and different values of p? versus optimal cutoff SNR, ¥ under the tifr adaptation policy at
¥: =15 dB.

for different adaptation policies including their approximations and upper bounds over a slow Rayleigh fading channel for
MRC with estimation error was discussed. Our numerical results showed that for the same bandwidth, the capacity in-
creases with an increase of the diversity order L and an increase of the average y; per branch. Also, the result showed that
Copra outperforms Corq and Cyigr, and is less sensitive to the estimation error when compared to other policies. However, Cy
performs the worst among the other policies because it suffers a large capacity penalty due to the estimation error whereas
it is less complex to implement.
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