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Relation between Fourier Series and Transform

The Fourier Transform (FT) is derived from the definition of the Fourier Series (FS).

Consider, for example, the periodic complex signal gro(t) with period To= 2n/an. The
exponential FS of that signal allows the representation of gro(t) as

gTo (t) = z Dnejn(uot ,
Where the complex coefficients D, are evaluated as
_ 1 —jne,t
Dn - fJ‘To Oro (t)e dt
for any period T, . For convenience, we will use the period —Tp/2 <t<Ty/2,

which gives

1 To/2

Dn = T_ J.gTo (t)e_jn%tdt )

0 —Ty/2

Note that the magnitudes and phases of the coefficients D, are, respectively, known as
the amplitude and phase spectrums of go(t), or

| Dy | is amplitude spectrum of gro(t) , and
Z Dy is phase spectrum of gro(t).

Now, let us separate the different periods of gro(t) with zeros such that the different
periods of gro(t) move away from each other (by holding one period of gro(t) and
increasing the period duration T, until it becomes infinite). When Ty — oo, = the signal
gro(t) can be renamed g(t) since it is no longer periodic but only contains one period of
gro(t). In this case, an = 2n/Ty — 0, and the discrete-time signal represented by the
coefficients D, vs. n becomes (in the limit) a continuous-time signal in terms of a new
variable @ =nay.

Thereofre,
1 «< .
D =— |g(t)e "™'dt
=1 [90)
can be written as
G(w) = j g(t)e dt,

where @ =nay, and D, =G(hay)/To .
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Fourier Transform (FT) and Inverse Fourier Transform (IFT)

The FT of signal g(t) is denoted ‘F [g(t)] and is defined as
G(w) = Fla®]= [g(t)e "dt, (1)
and the IFT of G(w) is denoted j—"_l [G(w@)] is defined as

0= F 160N = [Gleletdo @

We say that g(t) and G(w) for a FT pair, or g(t) < G(w).

Notice that the exponent term in (1) has a negative sign but no negative sign exists in the
exponent in (2). Also, notice that the integration in (1) is in terms of t and it is in terms
of w in(2).

Also notice that G(w) in general is a complex signal that has both a magnitude |G()|
and a phase és(w) , or

G(w) = |G (a))| .gllel@)

General Properties of the FT

1)  Symmetry
For REAL g(t) 2  G(-w = G(v
G(-a)| = |G(@)| = |G(w)|
b(-) = - ba(w)

For REAL g(t)with &  G(w)is PURLEY REAL
g(-t) = g(t) (even functions)

For REAL g(t)ywith &  G(w) is PURELY IMAGINARY
g(-t) = - g(t) (odd functions)

2) Existence of the FT

For asignal g(t), if T| g(t)|dt<owo, = FT F[g(t)] exists.
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The opposite is not necessarily true.
This above existence condition comes from the fact that

J'g(t)e’j”"dt < j| g(t)e | dt < j| g(t)].|e i |dt sj| g(t) | dt < oo

Therefore, if the integration of the magnitude of a function is finite, then the FT integral
is also finite and therefore, the FT exists.

3) Linearity
If 9(t) < G(w) and f(t) < F(w),
then

a-gt)+b-f(t) < a-G(w)+b-Fw).

Meaning of Negative Frequency

(On page 57 of your textbook, the author explains the meaning of negative frequency.
Here I’ll rephrase what he mentioned in a slightly different way.)

We know that the frequency of any signal is always given in terms of a positive
number. You, for example, would say that the frequency of a radio channel is 650 kHz
and never say that it is — 650 kHz. So, what is the meaning of the part of the FT that falls
to the left of the y—axis (the part with @ < 0)?

It is known that you can describe the frequency spectrum of any real signal (such
as all the signals that you can generate in the lab) using only one half of the frequency
range (either positive or negative, but no need for both). So, what happens on the other
side? The magnitude of the frequency response of any real function is an even function,
and the phase of the frequency response is an odd function, so if we know either the
negative or the positive halves, we can get the other half using these symmetry properties.
For a purely imaginary signal, a similar thing happens and therefore, only one half of the
frequency spectrum is needed. Now, a complex—valued signal is a combination of a real
signal and an imaginary signal and therefore, it carries twice the amount of information
as a real-valued or an imaginary-signal. So, a complex—valued signal would require
twice the frequency range to describe its contents as a real- or imaginary-signal. This
double the amount of information is basically described on the two halves of the
spectrum. In fact, you can use only the positive half, but you would need two frequency
spectrums to describe the frequency contents of that complex signal.

FT of Important Functions
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1) FT of the Unit Impulse Function &t)

FIo®]= T&(t)e’j”‘dt = T§(t)e’j“’(°’dt = Té(t)dt =1

>
—
8

[y

0 |tkkz/2
2) FT of the Gate Function rect(lj =:1/2 |t]=7/2
1 |tp7/2

/2
rect rect| — t e ldt = e“""‘dt=i_e“"”t
F I
T - Jo _

-7/2

. T .
jo— —jo

r | e"2-e 2| rsin(wr/2)
wtl?2 2] wtl?2

The function sin(x)/x is called sinc(x)

rect(tty) < 7 -sinc(wd?)

3) IFT of J(w-aw,)

Fs(w- a)o)]—— ja(a) a)o)e“"tda)—— j&(m @,)e " dt = ; L giou

T

e/ 2n & Ja-a)

4) FT of cos(w,t)

Fleos(w,t)]= I cos(a,t)e” J“’tdt—— J'( Jot 4@ ’“’“)e St gt
Ie“"" e ldt += je“""‘)‘e"'”tdt

f[e""°t]+ f[e jout | = Za(w ;) + 8(@0+ )]

lcos(ent) < n[é(w—wo)+5(a>+wo)]|

Similarly,
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sin(ant) < (/j) [{w— a) - Ko+ )]

What does Spectrum of a Signal Mean?

Now we know how to get the FT G(w) from a signal g(t) and how to get g(t) back
from G(w) using the IFT formula. But, what does the FT of a signal physically mean?
The FT of a signal represents the frequency contents of that signal. That is, what sines or
cosines add up together to form the signal. So, it appears that the FT does the same thing
as the FS. In fact, that is true. The difference between the FS and the FT is that the FS
shows what sines and cosines with frequencies that are multiples of some fundamental
frequency an combine to produce the PERIODIC signal. The periodicity of any signal
that the FS simulates (even if the signal we are applying the FS to is not periodic, the FS
automatically assumes the periodicity of the signal that is given in the period that we are
integrating over) causes the spectrum of the signal to be a discrete—frequency signal that
is defined only at multiples of av. For general signals that are not periodic, the FT
(which is a form of the FS) becomes a continuous—frequency signal that is defined for all
values of @. So, how much energy (or power) does a sine function, for example, with a
specific frequency contribute to a signal that is not periodic? The answer is generally
zero. Only if we take a range of frequencies, such as the range of 150 to 160 Hz, we can
say that the contribution of the sine waves with frequencies in this range is 10 J (this
comes from the fact that the integration of a signal with finite magnitude between the
points t=5" (just before 5) to t=5" (just after 5) is always zero.

Properties of the Fourier Transform

If g(t) & G(w) 1)
G(w) = ]ig(t)e’j‘”tdt 2)
g(t) = %TG (w)e'“dw (3)

a) Symmetry between the FT and IFT

Let s beatime variable and £ be a frequency variable.

FIGOI=H(w) = [GHe dt

1 7 -
=271 — | G(t)e!dt
A5y fowera

By comparing the term between the brackets with Equation (3) above, we get
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FIGM]=H(w) =229(-w)

G() & 219(-w)

b) Time Scaling
Flo(an]= [g(ane at
ifa>0: Let r=at = dr=adt D> = 5w
Flg(at)] = é_ig(at)e"[i”j“”d @)=+ [0 e 20y, Le(}

ifa<o: Let r=at -> dr=adt -> I=w ——©

Flotan=2 fotae " ata =2 foere 1+ e 2o[ 2]

g(at) & iG(gj
ol \a

C) Time and Frequency Reversals
Flo(-01= [g(-tedt, Let r=—t > dr=-dt P 7= >0
=-[g()e " dr

= Tg (r)e 107 = G(-w)

|g(—t) o —G(—a))\ (This can also be obtained using (b) above with a = -1)

d) Time Differentiation
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f[m} _ f[% {o (t)}]

dt
d|1 % o
=jf{a{—2ﬂ£ G(w)e de

Since the differentiation is with respect to t and the integration is with respect to
®, We can bring derivative inside the integral as

dg(t) | _ iwi jet )y
P57 |5 Lo }

=F g'[oja)G(a))e”’tda)}

= FlF {ieG(0)}]= joG (o)

ldg(t)/dt = joG(w)| and |d"g(t)/dt" < (jo)"G(w)

e) Time Integration

f“og (t)dt} _F j@{g(t)}dt}

_F j{i]ﬁf(w)e”‘"dw}d{l

—0

Also here, the two integrals are in terms of different variables, so we can switch
the order of integration as

f“og (r)dr} - f:j;{g(f)}dr}

_ j—”_%_]iG(a)){j;ejmdr}da):l

Since the period of integration in the inner integral is —o < 7<t, we can insert
a unit step function u(t-z) that is equal to 1 in this region and 0 outside and
change the limits of integration to be from —co to oo, which gives

f“g(r)dr} - f{% ] G(w){ Jutt- T)ej“”dr}dw} .

By setting s=- 7, we get
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f“g(r)dr} =F % T G(a)){— _j?u(t + s)e“'“’sds}da)}

= F %_ZG(CO){ Tu(t + s)e"“’sds}da}}

—00

Notice that the inner integral is nothing but the FT of u(t+s),

f[ Jt‘ g(r)d T} =F 1 TG (a)){ﬂﬂw) + -LJ}G_Mda)}
e _27[ i jo

=F %IOG ()6 (w)e ' d w} + j{i T(J%G (a))]e"j“’td a)}

—00

- wrlr ool 7 7 Lew]|

_ 2G(0)5 () + —— G (w)
jo

jg(r)dr < 72G(0)o(w) + jia)G(a))

f) Time and Frequency Shifting

lg(t—t)) & G(w)-e7 and |g(t) €' < G(w- m)

9) Multiplying by a Sinusoid

Using the frequency shifting property in (e) above,

| g(t)-cos(ent) < (1/2)[G(w~ @) + G(o +w)]|

Lg(t)sin(ant) < (L/j2)[G(@— ap) — G(o +a)]]

h) Convolution of Two Signals

The convolution of two signals g(t) and f(t) is defined as

gO* fO) = [9(@)* ft-o)dr=[f()*g(t-o)de
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Similarly,
G(w)*F(w) = TG(S)* F(w-s)ds = TF(S)*G(&)—S)dS

The FT of the convolution of two signals is the product of the two FTs, and the
IFT of the convolution of two signals is the product of the two IFTs

[g)* 1) G(w)-F(@)| and |g(t)f(t) @iG(a))*F(a))




