Linear Space (Vector Space)
A linear space X is a set of elements, called vectors, defined over a scalar field, 
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, and two operations called vector addition and scalar multiplication.  It will be written as (X, 
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).

The two operations must satisfy the following conditions:

1. For every two vectors x1 and x2 in X


x1 + x2  є X

2. x 1 + x2 = x2 + x1  (commutativity) 

3. (x1 + x2) + x3 = x1 + (x2 + x3)  (associativity)

4. 
[image: image3.wmf]$

 a unique vector 0 called the zero vector such that for all vectors x є X


x + 0 = x

5. For every x є X there is a unique additive inverse  (-x) є X such that


x + (-x) = 0

6. For every α є 
[image: image4.wmf]Á

 and every x є X


α x є X

7. For any α, β in 
[image: image5.wmf]Á

 and all x in X


α (βx) = (αβ) x (Scalar multiplication is associative)

8. 1x = x where 1 is the multiplicative identity in 
[image: image6.wmf]Á


9. For any  α in 
[image: image7.wmf]Á

and any x1 and x2 in X


α (x1 + x2) = α x1 + α x2  


(scalar multiplication is distributive w.r.t. vector addition)

10. For any α, β in 
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 and all x in X 


(α + β) x = α x + β x 

 
(Scalar multiplication is distributive w.r.t. scalar addition)

Examples: 

  (Rn, R) 
n-tuples of real numbers

  (Cn, C)

n-tuples of complex numbers

  (Rn[s], R) nth order polynomials with real coefficients 

  (Rn(s), R) nth order rational functions with real coef.

Definition:

 A set of vectors {x1, … , xn} in a vector space over 
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, (X, 
[image: image10.wmf]Á

) is said to be linearly dependent if there exist scalars  α1, …, αn  є 
[image: image11.wmf]Á

 not all zero such that 
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 Otherwise, {x1, … , xn} is linearly independent.

Note: If {x1, …, xn} is linearly dependent, then at least one of the vectors can be expressed as a linear combination of the others.

So if 
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Note:  A set {x1, … , xn} is linearly independent if
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     implies  
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Example:
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is linearly indep. in (R2, R)

Pf:
suppose
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Example: {p1(s) = s2 + 1, p2(s) = 2s2 + 3} is linearly independent on (R2[s], R)

Pf: Suppose α1p1(s) + α2p2(s) = 0


α1(s2 + 1)+ α2 (2s2 + 3) = 0


(α1 + 2 α2) s2 + (α1 + 3α2) = 0

or

α1 + 2 α2 = 0



α1 + 3α2 = 0



α1 = α2 = 0

Example: 

{1, s, s2, 2s2 + 3s +1} is linearly dependent on (R2[s], R)

1(1) + 3(s) + 2(s2) + (-1)( 2s2 + 3s +1) = 0

Clearly
α1 = 1,
α2 = 3,
α3 = 2
α4 = -1

Definition:  A set of vectors {x1, … , xn} spans the vector space (X, 
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) if every element of X can be written as: 


 x = α1x1 + α2x2 + … + αnxn

αi є 
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Definition:  A set of vectors in a vector space is said to form a basis if

1. The set spans X

2. The set is linearly independent

Example:
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is a basis for (R2, R)

Fact:  Any two bases for a vector space must have the same number of elements. This is called the “dimension” of the vector space.

Examples:

{1, s, s2, s3 } is a base for (R3[s], R)

{1, s, s2, 2s2 + 3s +1} is not a base for (R2[s], R)
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is a base for (R2 , R)
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is also a base for (R2 , R)
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