Observability of Linear Time – Invariant Systems

Consider the n-dimensional p-input state equation
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Definition: The state equation (*) is said to be observable if for any unknown initial state x(0) = x0, there exists a finite t1 > 0 such that the knowledge of the input u and the output y over [0, t1] suffices to determine uniquely the initial state x(0). Otherwise, the equation is said to be unobservable. 

Remark: Observability studies the possibilities of estimating the state from the output.  

The response of (*) excited by the initial state x(0) and the input u(t) is given by


[image: image2.wmf])

(

)

(

)

0

(

)

(

0

)

(

t

Du

d

Bu

e

C

x

Ce

t

y

t

t

A

At

+

ò

+

=

-

t

t

t

 **

If we know y(t) and u(t), then we can write (**) as
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Where
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Hence Observability question reduces to the following:

Does there exist a finite time tf such that knowledge of CeAtxo  0 ≤ t ≤ tf gives enough information to determine xo ?

Theorem:
The n-dimensional linear – invariant system (*) is observable if and only if any of the following conditions is satisfied:

1. The Observability Gramian
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is nonsingular for any t > 0.
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The nq × n Observability matrix

has rank n.
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Theorem of Duality

The pair (A, B) is controllable if and only the pair (AT, BT) is observable. 

Observability index of  
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It is defined as the smallest integer k, say v, such that 
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has rank n

Corollary: The pair 
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is observable if and only if the matrix 
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 is the rank of C, is of rank n, or equivalently, the 
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Observability Indices

Definition: Let 
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 be the number of linearly  independent rows associated with Ci. The set 
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 is called the observability indices of 
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The equality hold if 
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is observable.

Theorem

The set of observability indices of  
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is invariant under any equivalence transformation and any ordering of the rows of C.
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