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CPM	
  

•  CPM	
  is	
  a	
  modula+on	
  scheme	
  with	
  memory	
  
•  In	
  memory	
  less	
  modula+ons,	
  such	
  as	
  PSK	
  and	
  FSK,	
  
the	
  modulated	
  signal	
  switch	
  from	
  one	
  value	
  to	
  the	
  
other	
  independent	
  from	
  the	
  previous	
  value.	
  	
  

•  This	
  abrupt	
  switching	
  results	
  in	
  rela+vely	
  large	
  
spectral	
  side	
  lobes	
  outside	
  the	
  main	
  spectral	
  band	
  of	
  
the	
  signal.	
  	
  

Con+nuous	
  Phase	
  Frequency	
  ShiT	
  
Keying	
  (CPFSK)	
  

•  CPFSK	
  is	
  a	
  special	
  case	
  of	
  CPM.	
  	
  
•  The	
  conven+onal	
  FSK	
  signal	
  is	
  generated	
  by	
  shiTing	
  
the	
  carrier	
  by	
  an	
  amount	
  !"# ,	
  where	
  $%&%!%&%'(%%

•  The	
  switching	
  from	
  one	
  frequency	
  to	
  another	
  will	
  
result	
  in	
  large	
  spectral	
  side	
  lobes.	
  	
  

•  The	
  solu+on	
  is	
  to	
  modulate	
  a	
  single	
  carrier	
  whose	
  
frequency	
  is	
  changed	
  con+nuously.	
  	
  	
  

•  This	
  is	
  called	
  CPFSK	
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CPFSK	
  

•  To	
  represent	
  a	
  CPFSK	
  signal,	
  we	
  begin	
  with	
  a	
  PAM	
  signal	
  	
  

•  Where	
  {)*}	
  denoted	
  the	
  sequence	
  of	
  amplitudes	
  obtained	
  
by	
  mapping	
  k-­‐bit	
  blocks	
  of	
  binary	
  digits	
  from	
  the	
  
informa+on	
  sequence	
  {+*}	
  into	
  the	
  amplitude	
  levels	
  	
  ±1,	
  
±3,	
  …,	
  ±(M-­‐1)	
  

•  g,-.	
  is	
  a	
  rectangular	
  pulse	
  of	
  amplitude	
  1/2T	
  and	
  dura+on	
  
T	
  seconds.	
  	
  

•  The	
  signal	
  d(t)	
  is	
  used	
  to	
  frequency	
  modulate	
  the	
  carrier.	
  

d(t) = Ing(t − nT )
n
∑

CPFSK	
  

•  The	
  equivalent	
  lowpass	
  waveform	
  /,-. 	
  is	
  expressed	
  as:	
  	
  

•  Where	
  #0	
  is	
  the	
  peak	
  frequency	
  devia+on	
  and	
  φ0	
  is	
  the	
  
ini+al	
  phase	
  of	
  the	
  carrier.	
  	
  

•  The	
  carrier	
  modulated	
  signal	
  can	
  be	
  expressed	
  as:	
  	
  

•  Where	
  	
  

v(t) = 2E
T
e
j 4πTfd d (τ )dτ+φ0

−∞

t

∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

s(t) = 2E
T
cos 2! fct + " (t; I )+ " 0[ ]

φ(t; I ) = 4πTfd d(τ )dτ
−∞

t

∫

= 4πTfd I ng(t − nT)
n
∑⎡
⎣⎢

⎤
⎦⎥
dτ

−∞

t

∫

Note	
  that	
  d(t)	
  contains	
  
discon+nui+es,	
  	
  
the	
  integral	
  of	
  d(t)	
  is	
  
con+nuous	
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CPFSK	
  

Thus,	
  over	
  the	
  interval	
  *1%&%-%&%,*2$.1%
%
%

where	
  
	
  
	
  
	
  

φ(t; I ) = 2π fdT I k
k=−∞

n−1

∑ + 2π fdTq(t − nT)I n

= θn + 2πhInq(t − nT)

h = 2 fdT

! n = " h Ik
k=#$

n#1

%

q(t) =

0         t < 0
t

2T
  0 &t &T  

1
2

       t  >  T   

'

(

)
)

*

)
)

Represents	
  the	
  accumula+on	
  
(Memory)	
  of	
  all	
  symbols	
  up	
  to	
  
+me	
  ,*3$.1%

Modula+on	
  Index	
  

Con+nuous	
  Phase	
  Modula+on	
  (CPM)	
  

In	
  general,	
  the	
  carrier	
  phase	
  is:	
  
	
  
	
  
Where	
  {Ik}	
  is	
  the	
  sequence	
  of	
  M-­‐ary	
  informa+on	
  	
  

	
   	
  	
  	
  {hk}	
  is	
  a	
  sequence	
  of	
  modula+on	
  indices	
  
	
   	
  	
  	
  q(t)	
  is	
  some	
  normalized	
  waveform	
  shape.	
  	
  	
  

	
  

! (t; I ) = 2" Ikhkq(t # nT )
k=#$

n

% ,   nT &t &(n +1)T
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g(t) =
1

2LT
   0 ≤ t ≤ LT

0   otherwise

⎧
⎨
⎪

⎩⎪

LREC	
  

g(t) =
1

2LT
1− cos 2π t

LT
⎛
⎝⎜

⎞
⎠⎟    0 ≤ t ≤ LT

0   otherwise

⎧

⎨
⎪

⎩
⎪

LRC	
  

g(t) =
Q 2πB t − T

2
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟
−Q 2πB t +

T
2

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

ln2

GMSK	
  

Phase	
  Trajectory	
  	
  

Binary	
  
CPFSK	
  

! (t; I ) = " n + 2#hInq(t $ nT)

Quaternary	
  
CPFSK	
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Phase	
  Trajectory	
  	
  
Smother	
  phase	
  trajectories	
  and	
  phase	
  
trees	
  are	
  obtained	
  by	
  using	
  pulses	
  
that	
  do	
  not	
  contain	
  discon+nui+es	
  

Minimum	
  ShiT	
  Keying	
  (MSK)	
  

•  MSK	
  is	
  a	
  special	
  case	
  of	
  Binary	
  CPFSK	
  in	
  which	
  h=1/2	
  
and	
  g(t)	
  is	
  a	
  rectangular	
  pulse	
  of	
  dura+on	
  T	
  

•  The	
  phase	
  of	
  the	
  carrier	
  in	
  the	
  interval	
  *1%&%-%&%,*2$.1%

•  The	
  modulated	
  carrier	
  is	
  	
  
	
  

φ(t; I ) =
1
2
π I k

k=−∞

n−1

∑ +π I nq(t − nT)

=θn +
1
2
π I n

t − nT
T

⎛
⎝⎜

⎞
⎠⎟

s(t) = Acos 2π fct +θn +
1
2
π I n

t − nT
T

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

= Acos 2π fc +
1

4T
I n

⎛
⎝⎜

⎞
⎠⎟ t − 1

2
nπ I n +θn

⎡
⎣⎢

⎤
⎦⎥
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Minimum	
  ShiT	
  Keying	
  (MSK)	
  

Since	
  In=±1,	
  MSK	
  can	
  be	
  expressed	
  as	
  a	
  sinusoid	
  having	
  
one	
  of	
  two	
  possible	
  frequencies:	
  	
  	
  
	
  
	
  
	
  
And	
  the	
  modulated	
  carrier	
  signal	
  is:	
  	
  
	
  
	
  

f1 = fc !
1

4T

f2 = fc +
1

4T

s(t) = Acos 2π fit +θn +
1
2
π −1( )i−1⎡

⎣⎢
⎤
⎦⎥

Note	
  that	
  Δf=f2-­‐f1=1/2T,	
  which	
  is	
  the	
  
minimum	
  frequency	
  separa+on	
  
required	
  to	
  ensure	
  orthogonality	
  of	
  
FSK	
  signals	
  

Signal	
  Space	
  Diagram	
  of	
  MSK	
  

•  Using	
  trigonometric	
  iden++es	
  

•  Where	
  	
  
s(t) = sI (t)cos(2! fct) " sQ (t)sin(2! fct)

sI (t) = ± 2Eb

Tb
cos !

2Tb
t

"

#$
%

&'
,       ( Tb ) t ) Tb

sQ(t) = ± 2Eb

Tb

sin !
2Tb

t
"

#$
%

&'
,       0 ( t ( 2Tb
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MSK	
  Power	
  Spectral	
  Density	
  	
  
•  The	
  symbol	
  shaping	
  func+on	
  of	
  the	
  in-­‐phase	
  is	
  

•  The	
  energy	
  spectral	
  density	
  of	
  this	
  symbol	
  shaping	
  func+on	
  is:	
  	
  

•  Hence,	
  the	
  power	
  spectral	
  density	
  of	
  the	
  in-­‐phase	
  is	
  	
  
	
  

g(t) =
2Eb

Tb

cos π t
2Tb

⎛
⎝⎜

⎞
⎠⎟

,    −Tb ≤ t ≤Tb

0,                         otherwise

⎧

⎨
⎪

⎩
⎪

! g(t) =
32EbTb

" 2
cos(2" Tb f )
16Tb

2 f 2 #1
$

%
&

'

(
)

2

ψ g( f ) / 2Tb

MSK	
  Power	
  Spectral	
  Density	
  	
  
•  The	
  symbol	
  shaping	
  func+on	
  of	
  the	
  quadrature	
  is	
  

•  Similar	
  to	
  the	
  in-­‐phase,	
  the	
  energy	
  spectral	
  density	
  of	
  this	
  
symbol	
  shaping	
  func+on	
  is:	
  	
  

	
  

g(t) =
2Eb

Tb
sin

π t
2Tb

⎛
⎝⎜

⎞
⎠⎟
,    0 ≤ t ≤ 2Tb

0,                        otherwise

⎧

⎨
⎪

⎩
⎪

! g(t) =
32EbTb

" 2
cos(2" Tb f )
16Tb

2 f 2 #1
$

%
&

'

(
)

2
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MSK	
  Power	
  Spectral	
  Density	
  	
  
Since	
  the	
  in-­‐phase	
  and	
  quadrature	
  are	
  independent,	
  the	
  
Baseband	
  power	
  spectral	
  density	
  is:	
  	
  

SB( f ) = 2
! g( f )

2Tb

"

#
$

%

&
' =

32Eb

( 2

cos(2( Tb f )
16Tb

2 f 2 ) 1
"

#
$

%

&
'

2

Falls	
  off	
  as	
  the	
  inverse	
  fourth	
  power	
  of	
  frequency	
  è	
  lower	
  side	
  lobes	
  	
  

Falls	
  off	
  as	
  the	
  inverse	
  square	
  of	
  frequency	
  

Recall	
  QPSK	
  

Conven+onal	
  QPSK	
  

180o	
  phase	
  changes	
  cause	
  abrupt	
  
changes	
  in	
  the	
  signal,	
  resul+ng	
  in	
  
large	
  spectral	
  side	
  lobes	
  



3/28/14	
  

10	
  

Offset	
  QPSK	
  (OQPSK)	
  

The	
  in-­‐phase	
  and	
  quadrature	
  components	
  are	
  misaligned	
  by	
  Tb	
  

This	
  prevents	
  phase	
  transi+ons	
  of	
  180o	
  
The	
  maximum	
  phase	
  shiTs	
  are	
  ±90o	
  
	
  
	
  

OQPSK	
  

•  The	
  OQPSK	
  signal	
  can	
  be	
  wrilen	
  as	
  

s(t) = A I2ng(t − 2nT )
n=−∞

∞

∑⎛⎝⎜
⎞
⎠⎟
cos2π fct + I2n+1g(t − 2nT −T )

n=−∞

∞

∑⎛⎝⎜
⎞
⎠⎟
sin2π fct

⎡

⎣
⎢

⎤

⎦
⎥
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