8. FREQUENCY RESPONSE METHODS

LoGAriTHMIC PLOTS [ BopE PLoTs]

The use of logarithmic plots, often called Bode plots, simplifies the
determination of the graphical portrayal of the frequency response. The
transfer function in the frequency domain is

G(jw) = |G((joo| €7#)
The Bode plots consist of two plots:

* Magnitude in decibels (dB) [i.e. 20log,,(IG((jwl)] versus the
frequency log, ().
* Phase angle [¢(w)] versus the frequency log,q(w).

* As logarithmic plots, often called Bode plots, representing
separately the magnitude and phase, as a function of frequency. The
magnitude curve can be plotted in decibels (dB) vs. log o, where
dB=20log |G(jw)|. The phase curve is plotted as phase angle vs. log w .

An example of logarithmic plots is given next:

Example 1 Bode plots of an RC filter

A simple RC filter us shown. The transfer function of this filter is

Vos) - 1

G()=Vy(s) “RCs+1 e R
The sinusoidal steady-state transfer — +
function is v s) : Cm (s)
Gio) = ToRGTT = JarsT ¢ T=RC . i
20109 ,,|G(jw)| = 20109 ;;———2—== -10log,,[1+(wr)?] or

1+ (w1)?

() = £ -tan " (wr)

The phase angle and the magnitude are readily calculated at the
frequencies w =0, w =+,and «. The values are given in the table.
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The magnitude plot and the phase plot are shown.

Bode Diagram
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The primary advantage of the logarithmic plot is the conversion of
multiplicative factors such as (jor+1) into additive factors 20log,,(jwr +1)
by virtue of the definition of logarithmic gain. This can be readily
ascertained by considering a generalized transfer function as

Q
H(l +jwrt))

G(jw) =K

. \N M . R . w (D 2
Goo)" TLL +jorem) LI1L +20zsr + (i) ]

Obtaining the polar plot of such a function would be a formidable task
indeed. However, the logarithmic magnitude of G(jw) is:

Q
20log,,|G(jw)! =20log,,Ks +20 Z; log,,|1 +jwrzil —20Nlog, | jol

2
14720052 + (o) ‘
and the Bode plot can be obtained by adding the plot due to each

individual factor.
Furthermore, the separate phase angle plot is obtained as

M R
-20 X log,,l1 +jwrml =20 X log,,
m=1 k=1

Q M or
d(w) = +§ tantwr; - N(90°) - 2_}1 tanwr, - Z tan!| ——— )
Wny
which is simply the summation of the phase angles due to each individual
factor of the transfer function.

The four different kinds of factor that may occur in a transfer function are
as follows:

* Constant gain K

* Poles (or zeros) at the origin (jw)

* Poles (or zeros) on the real axis (jor+1)

e Complex poles (or zeros) [1 +JZCw—n+(Jw,,> ]

We can determine the logarithmic magnitude plot and phase angle for
these four factors and then utilize them to obtain a bode diagram for any
general form of a transfer function. Typically the curves for each factor
are obtained and then added together graphically to obtain the curves for
the complete transfer function. Furthermore this procedure can be
simplified by using the asymptotic approximations to these curves and
obtaining the actual curves only at specific important frequencies.

Asymptotic Approximations:

Let us now show how to approximate the frequency response of each of
the above four kinds of factors by straight line approximations. Later, we
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show how to combine these responses to sketch the frequency response
of more complicated function.

Constant Gain Kp

20log,,Kp =constant indB H(w)=0

The gain curve is simply a horizontal line on the bode plot. If the gain is a
negative value, -Kp , the logarithmic gain remains 20log,,K», the
negative sign is accounted for by the phase angle, -180°. The bode plots
for K=20 and K=-20 are shown .

Bode Diagram Bode Diagram
SI:I T TTTTIT 5':' T TTTTIT
40 t--r 40 ¢ -
g | g
= 30f--r =~ 30F-
k] ! k]
= T =
= : =
E Mp--r =4 a0 |-
1] 1 L]
= ! =
10 |--+ 10¢-
o L— 0
1 - 181
05 f--+ 1805 |-
= ' =
i) 1 K]
= ! =
o 0— o 180
() 1 0o
1] 1 [Lx]
= ' =
(= ! (=
05 0--F 1795 -
-1 b= 179 k=
10" 107 10'
Freguency (radfzec) Freqguency (radizec)
Poles (or Zeros) at the origin jo
POLE AT THE ORIGIN
20l0g,,|<=| = -20log,, dB _ 00
9105 910 $(w) =-90

e The slope of the magnitude curve is —20dB/decade ..
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MuLTIPLE POLE AT THE ORIGIN

N(-90°)

P(w)

~20Nlog,y dB

1
Jo

20log,,

The slope of the magnitude curve is 20N dB/decade .

ZERO AT THE ORIGIN

=+90°

P(w)

= +20log,, 0 dB

20log, ljwl

The slope of the magnitude curve is +20dB/decade.

land N=2.

The bode plots of (jw)™ are shown for N

Bode Diagram
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Poles (or Zeros) on the real axis (1 +jwr)

POLE ON THE REAL AXIS

I J&im‘ = -10log,, (1 +w?7?) dB P(w) =-tantwr

20log,,

» The asymptotic curve for w << is 20 log,,1=0dB

i

* The asymptotic curve for v >>+ is —=20log,,wr dB, which has a slope
of —20dB/decade.
* The intersection of the two asymptotes occurs when

20log,,1=0dB =-20log,,wr or when o= %, the break frequency.
e The actual logarithmic gain when w:% is =3 dB for this factor.

 The bode diagram of a pole factor 1 +1jm is shown
Bode Diagram
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ZERO ON THE REAL AXIS

The bode diagram of a zero factor (1 +jwr) is obtained in the same manner
as that of the pole. However, the slope is positive at +20dB/decade

Lecture 27 3-12-2003 6



20log 4|1 +jwrl = +10log,, (1 +w?72) dB

and the phase angle is

d(w) =+tan"lwr

« The bode diagram of a zero factor (1 +jwr) is shown

Bode Diagram
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Complex Conjugate Poles (or Zeros) (1 +j20> +(]a%)2)

The logarithmic magnitude for a pair of complex conjugate poles is

1 _ 2 2
20109 4| 75| = ~10log,[(1 - (5) )2 +4L2(55 )1 dB
(1 +J2Cw—,,+<1a)—,,> )
25y
- _tan-t n
and the phase angle is #(w) = -tan 1 w&f
n
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* When wﬂn << 1, the magnitude is -10log,,1 =0 dB, and the phase angle
approaches 0°.

* When w&n >>1, the magnitude is —10Ioglo<a%>4 = —40Ioglo<a%> dB,
which results in a curve with a slope of -40dB/decade. The phase

angle approaches -180-.
* The magnitude asymptotes meet at the 0-dB line when - =1.

Unlike the first-order frequency response approximation, the difference
between the asymptotic approximation and the exact frequency response
must be accounted for (< 0.707.

The bode plots of a quadratic factor due to a pair of complex conjugate
poles are shown

Bode Diagram

Magnitude (dB)

Phaze (deq)

Freqguency (radizec)

The maximum value of the frequency response, M, , occurs at the
resonant frequency wy.
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The resonant frequency is determined by taking the derivative of the
magnitudelof

] 2

(147285 -(8)7)
With respect to w, and setting it equal to zero. The resonant frequency
and the maximum value of the magnitude |G(w)| are given by

- 1
wr=wny1-22 (<0.707 Mp.=|G(wr| = itz (<0.707

The maximum value of the frequency response, M, , and the resonant
frequency wr are shown as a function of the damping ratio (.

COMPLEX CONJUGATE ZEROS

2
The bode plots of a pair of complex conjugate zeros (1 +j2<:a%+<jwﬂn> )

are obtained in the same manner as that of the complex conjugate poles.
However, the slope is positive at+40dB/decade.

The logarithmic magnitude for a pair of complex conjugate zeros is
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20l0g,|(1+7202 + (2)°)| = +1010g,,[(1 - (&)*)2 +4:2(2)"] dB

2L ]
=tan-l| —22
$(w) {1—@%)2

* When w%, <<1, the magnitude is 10log,,1 =0 dB, and the phase angle
approaches 0-.

* When w&n >>1, the magnitude is 10Ioglo<wﬂn)4 :40Ioglo<wﬂn) dB,
which results in a curve with a slope of +40dB/decade. The phase

angle approaches 180-.
* The magnitude asymptotes meet at the 0-dB line when - =1.

and the phase angle is

The bode plots of a quadratic factor due to a pair of complex conjugate
zeros are shown

Biode Diagram
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