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272 Natural and Step Responses of RLC Circuits

SCICERE Finding the Overdamped Natural Response of a Parallel RLC Circuit

For the circuit in Fig. 8.6, »(0*) =12V, and
i,(0%) = 30 mA.

a) Find the initial current in each branch of the
circuit.

b) Find the initial value of dv/d:.

¢) Find the expression for v(¢).

d) Sketch v(¢) in the interval 0 < ¢ < 250 ms.

Solution

a) The inductor prevents an instantaneous change
in its current, so the initial value of the inductor
current is 30 mA:

i(07) = i,(0) = i,(0*) = 30 mA.

The capacitor holds the initial voltage across the
parallel elements to 12 V. Thus the initial current
in the resistive branch, iz(0"), is 12/200, or
60 mA. Kirchhoff’s current law requires the sum
of the currents leaving the top node to equal
zero at every instant. Hence

ic(0%) = —ir(0%) — ig(0")
= —90 mA.

Note that if we assumed the inductor current and
capacitor voltage had reached their dc values at
the instant that energy begins to be released,
ic(07) = 0. In other words, there is an instanta-
neous change in the capacitor current at £ = 0.

b) Because ic = C(dv/dt),

c) The roots of the characteristic equation come
from the values of R, L, and C. For the values
specified and from Eqs. 8.14 and 8.15 along with
8.16 and 8.17,

-1.25 x 10* + V1.5625 x 10* — 108

I

B

—12,500 + 7500 = —5000 rad/s,

1l

5 = —1.25 X 10* — ¥1.5625 x 10® — 10

—12,500 = 7500 = —20,000 rad/s.

ﬁl

Ca,'?nc ;"‘””“ 10

courrent p
(an J v 8
dv(0*)  -90 x 107*
= = —450KkV/s. B
dr 0.2 X 107 / 6
4 -

+ @

id_l;*’ iLl‘ ,'Rl

02 MF,I\VU 50 mH ll(, 200 Q)

<

® |

Figure 8.6 A The circuit for Example 8.2.

Because the roots are real and distinct, we know
that the response is overdamped and hence has
the form of Eq. 8.18. We find the co-efficients A,
and A, from Eqgs. 8.23 and 8.24. We've already
determined s, s, v(0™), and dv(0%)/dt, so

12 = A] & Azq

—450 x 10°

We solve two equations for A, and A, to obtain
A, = —14V and A, = 26 V. Substituting these
values into Eq. 8.18 yields the overdamped volt-
age response:

'U([) = (“14(:‘—5“00, 4 26e—20.00()1) V, t=0.

Il

—5000A; — 20,000A4,.

As a check on these calculations, we note that
the solution yields v(0) = 12V and dv(0%)/dr
= —450,000 V/s.

d) Figure 8.7 shows a plot of v(¢) versus ¢ over the
interval 0 = ¢ = 250 ms.

o(0) (V)

124

0 | | | | |
50 100 150 200 250

t (us)

Figure 8.7 A The voltage response for Example 8.2.
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LSRRy Finding the Underdamped Natural Response of a Parallel RLC Circuit

In the circuit shown in Fig. 88. ¥, =0, and
Iy= —1225mA.

a) Calculate the roots of the characteristic equation.
b) Calculate v and dv/dr att = 00",

¢) Caleulate the voltage response for ¢ = 0.

d) Plot o(r) versus ¢ for the time interval
0=t=11ms

* ¢ . 4
5(‘ 0 ; ‘ ’ﬁ’
6!2;;&?»3‘:"{; 8H H'n 20k #

L

4
4

Therefore, the response is underdamped. Now,
wg = Vo — o = V10° ~ 4 X 10 = 100V/58

we we &

NH =

0

a) Because

= 979.80 rad/s,
i = —a+ jog = =200 + j979.80 radfs, €T SoNiny
FO I's S y, .s 2
5 = —a — jw; = —200 — j979.80 rad/s. to emphnsy
Sy S (Omg
For the underdamped case, we do not ordinarily (en j
solve for 5, and s, because we do not use them
T explicitly However, this example emphasizes
why s; and s; are known as complex frequencies.
b) Because v is the voltage across the terminals of a
capacitor, we have
o{0) = o(0") = ¥, = 0.
Because »(07) = 0, the current in the resistive
branch is zero at ¢ = 0°. Hence the current in
the capacitor at ¢ = 0% is the negative of the
inductor current:
i(0%) = —(~1225) = 1225 mA.
Therefore the initial value of the derivative is
dv(0%) _ (12.25)(107% Lelo)
= = 98000 V/s. = ——
ar (0.125)(10°% ol
and. W

“T 2RC T 220)10°0.125)

@ =V T N®eis)

we have

V(oY) = \,D'%:rw cﬁ/y iy

®

¢) From Eqs. 8.30 and 8.31, B, = O and

Solution

1 10

= 200 rad/s,

1 10°

= 10" rad/s,

A 7

98,000

Wy

B, = = 100V,

Substituting the numerical values of a, w,, B;.
and B, into the expression for v(r) gives

o(f) = 100e5in 97980V, ¢ = 0.

}ﬁ’:gum 8.9 shows the plot of »(r) versus ¢ for the

first 11 ms after the stored energy is released. It
clearly indicates the damped oscillatory nature
of the underdamped response. The voltage »{r)
approaches its final value, alternating between
values that are greater than and less than the
final value. Furthermore, these swings about the
{inal value decrease exponentially with time.

v (V)

B
60

r { i If’—\t\. H :(m}

ﬂ Lo i \H
a1 2 SW? 89
~40

_K+ ‘—% COSWA{ % B Smwdjt‘&

/46\
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