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Abstract

A hybrid second-order model of an induction motor is suggested and introduced in the common balanced faults
studies. The suggested model is used in conjunction with a Thevenin equivalent circuit to trace the power system
voltage patterns during fault and post-fault conditions. The accuracy of the proposed model is checked by
comparing its results with the results of a detailled modelling of a two-bus power system netwok. Satisfactory

results are reached.
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1- Introduction

It is a common trend that in formulating the
necessary power flow equations for any power
network during faults studies, the loads are usually
either neglected or treated as static loads [1], [2]. In
the case of static loads, constant impedances or
constant powers are used to represent the loads. The
solutions of the formulated power flow equations
result in the prediction of voltage dips at the
different buses of the examined power network.
The voltage dips have usualy a rectangular
waveshape [3], that is characterized by sharp
edges. The sharp edges correspond to the instant of
fault occurrence and to the instant of fault
clearance. Unfortunately in practice, the experience
indicates that the voltage dips neither decrease
sharply nor increase abruptly when a power is
subjected to any fault condition [3]. One of the
reasons that may lie behind such an experienced
fact is the ignorance of the load dyamics when
formulating the power flow equations. Dynamic
loads models were not problably of much
importance a few decades ago but they are
becoming of great significance nowadays. The
importance can be justified by the tremendeous
application of sensitive electrical equipments, and
in particular sensitive loads, that are quite
vulnerable to any unexpected distortion in the
supply voltage. In addition to the sensitivity of the
loads, dynamic loads, precisely induction motors,
are found to be leading in different applications
when compared to the case of static loads
applications. As a documented fact, induction
motors are already congtituing 60% of power

system loads [4]. Therefore, without any doubt that
the accurate model of load in any power system
analysis study, like fault study, helps in the right
prediction of voltage and provides hint about the
possihility of loads stalling.

This paper derives a second order model for an
induction motor, then shows later how can the
dynamic model be included in fault studies.
Thevenin theorem along the developed machine
model are used to predict the induction machine
bus terminal voltage. In the Thevenin equivalent
circuit, the Thevenin voltage is found from the
regular power flow solutions whereas the Thevenin
impedance is found from the impedance matrix,
that usually calculated in fault studies.

Results of the Thevenin equivalent circuit are
compared with the results of a full modelling of
typical two-bus power system having an induction
motor in one of its buses.

2- System Studied

Figure 1 shows a two-bus power network
containing a static load and a dynamic load (i.e
induction motor). The system symbols and
parameter values are provided in Appendices A &
B. The two loads were chosen to have the same
power rating during normal operating conditions.
To derive a dynamic model for such a system, the
following assumptions are made:
- The system is balanced and the fault will be a
bolted three phase symmetrical fault. The fault
occurs at bus 1 at a certain time then it is cleared
later.



- The induction machine is a squirrel cage type
machine having a uniform air gap.

- There are linear relationships betweem flux
linkages and their respective currents.

- Stator transients of the flux linkages are
neglected.
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Figure 1: Two-bus Power Network

Based on the last assumption, the derivation of
the induction machine model will be started from
a third-order model. The third order model is
reported [4] to be an accurate model when
looking for the behaviour of the induction
machine that is the subject to alarge excursionin
the termina voltage. The third order model as
well as the different analytical expressions for the
buses voltage, line currents, flux linkages are
based on the background work documented in
reference [5].

I- System Model:

Following the analysis performed in appendix C,
the induction machine dynamic model can be
described by the following differential equations:
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Defining new transformation variables in the form
of:

ls = lmq - .]lmd

ir = irq - jird (4)

Actually, the new variables represent the phasor
guantities of the stator and rotor currents
respectively.

Equations (1) and (2) can be merged to give one
complex differential equation of the form:
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The expression of the electromagnetic torque in

function of the new currents (is and i;) can be

checked to be in the form of :
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Equations (5) and (3) will therefore constitue a

hybrid second order model for the induction

machine.

In order to avoid al d-axis and g-axis quantities
in the system model, the algebraic expressions
of equations (A-14)-(A-16) are aso merged and
that is by considering the following
transformations:

vos = Voq - .]vod
I =y - Jly (7)
Iy = dy, = Jlay

The results of the merging process end up with
the following three algebraic equations:
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Equations (8)-(10), (5), and (3) are al necessary
equations to find the dynamic perfomance of the
two bus system as well as the induction machine

under healthy (non-faulty ) operating
conditions.

In the case of a bolted three phase symmetrical
fault at bus 1, equations (5), (3), and (10) are
till valid equations whereas equations (8) and
(9) are dtered by the following two equations:

0=[R + X}, +{(R +R);
+ [/(Xz +X1)]iz - [R1 +j)(1]iz (11)

0=[R +jx]i +[R,+ /X, (12)



The voltage at the induction machine bus during
healthy conditions as well as fault conditions is
calculated as:

vy, =R+ X+ X i X (13)

II- System Model wusing Thevenin
Theorem:

The derivation of the model for the previous two-
bus system is not that lengthy and that because
there are only two buses in the power network.
But, in the case of area power system, thereisa
large number of buses. Consequently, the
derivation of all necessary algebraic equations of
the system will certainly be a tedious task to
undertake. One way of easing such a tedious task
is to use Thevenin theorem approach. The
approach consists of reducing any power system,
when seen from the induction machine bus, to an
equivalent Thevenin impedance (Zy=Rn+jXih)
behind a Thevenin source voltage (vy,). Such
reduced system is connected to the machine bus
as shown in figure 2. The Thevenin source
voltage is calculated from any common power
flow algorithm. Of course, the induction machine
model should not be considered in the power
flow equations formulation. As to the Thevenin
impedance, it is withdrawn from the diagona
elements of the impedance matrix of the system.
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Figure 2: Thevenin Equivaent Circuit

The induction machine dynamic model in this
caseis:

di (o . (X, +X,+, I,
a R K
+[_ (‘]S/Y:n)l ] (Xi +)(th +)(m)\Nh (24)
x4 X)X +HX X, X)X,

The stator current in the previous equation is

calculated from the following algebraic

expression:

ig = I/th 3 .]‘valr (25)
. [Rs+]21h+j(Xs+‘thh+Xm)]

The last equation (equation 25) is actually

deduced from equation (13).

The voltage at the induction machine busis

simply calculated as:

st = Vth - Zthis (26)

III- System Model while treating the
induction machine as a constant
impedance static load:

When treating the induction motor as a constant
impedance (Ringtj Xing), @l equations of the two-
bus power system become algebraic. Under
healthy conditions, the following system of
equations can be solved to find the currents i, iy,
I2
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Whereas under faulty conditions, currentsis, il, and
i2aredl null.

The voltage at the induction bus is calculated as:
VZS = (Ig'nd +j)(ind)is (28)

Resistance R,,q and reactance X;,q are calculated
from the pre-fault steady state conditions of the
induction motor.

3- Models Performance

The performance of the two bus system of figure 1
is assessed. Such assessment consists of:

1- simulating the detailled model of the two

bus system,

2- simulating the developed Thevenin model of

the same two bus system,

3- simulating the two bus system while treating

the induction machine as a constant impedance

(i.e static load). The value of such impedance is

obtained from pre-fault steady state conditions

as has been mentioned earlier.
In al three simulations, the bolted three phase fault
is assumed to be existing in bus 1 for a 200 mstime
period.
The results of such simulations are shown in the left
column of figure 3 (i.e. figure 3(a)). Such column
represents the voltage at the induction bus. Note
that in both columns of figure 3, the subfigures
below the top subfigure are no more than a
magnification of the voltage variation at the lower
part and the upper part of top subfigure. In each
subfigure of the coulmn, there are three curves. The
solid curve, that is characterized by a rectangular
voltage dip, represents the case of treating the
induction machine load as a static load. The small
dashed curve represents the case of the detailled
model of the two bus bus system. The large dashed
curve represents the case of the developed
Thevenin model of the same two bus system.



j2)
©
>
= 1000}
(D)
o
8
° 0 .
> 1.5 2 2.5 3
time in Seconds
[2)
= 100
>
£
o 50t
o
8
6 0 (SN, "
> 15 2 2.5 3
time in Seconds
%]
= 1800
>
o 1750}
o
8
© 1700 :
> 1.5 2 2.5 3
time in Seconds

(@

Voltage in volts

Voltage in volts

1000+

Voltage in volts

1500+
1400
1300

0 b — .

15 2 2.5 3
time in Seconds

100
50+t

0 .

15 2 2.5 3
time in Seconds

15 2 25 3
time in Seconds

(b)

Figure 3: Induction Machine Terminal voltage a) when transmission lines impedance is 0.0558+j 0.0670 Wb)
when transmission lines impedance is 0.558+j 0.670 W

As it is observed, there is a quite reasonable
agreement between the results of the developed
Thevenin equivaent circuit and the ones of the
detailled model of the two bus power network.

To make sure that the previous observation is
always valid, the impedance of the lines connecting
buses 1 and 2 are increased by a factor of 10 times.
System simulations have been repeated and the
right column of figure 3 represents the pattern of
the voltage at the loads bus.

4- Conclusion

A method of including induction machine model
in fault studies has been presented. The method
predicts the voltage buses behaviour during pre-
fault, fault, and post fault three phase symmetrical
fault circumstances. The method consists of solve
first the power flow algorithm, used in any
conventional fault study, while ignoring the
induction machine load. Such solution aims at
predicting a Thevenin circuit at the induction
machine bus. The Thevenin circuit is used in
conjunction with a developed hybrid second-order
model to estimate induction machine stator and
rotor currents. The induction machine terminal
voltage is calculated in the last stage. Method
accuracy is checked with a detailled modelling of

a two-bus power system. Reasonable agreement
has been observed. Comparison of the method
with the case of treating induction machine bus as
a static load has been also considered. Quite clear
deviations between the results of the suggested

method and the results of assuming the induction
machine as a static load are encountered
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and reactance of the
induction machine
when treating the
latter as a static load.

lod: d-axisline | Xing
O currents

Appendix B: Two bus Power System Data

Voltage RMS
value Ro= Xo=
2300/CBV | 0.0135 W | 0.135 W

Source

R; = 0.0558W X; = 0.06699 W

Lines

R,= 0.0558W X, =0.06699 W

Static Load
R =2.4377 W

Loads X, =1.844 W

Induction machine
Rs =0.029 W R, =0.022W
Xs = 0.188 W X; =0.188 W
Xm =10.867W J 63.87 Kg-m®
Rated Load Torque= 4000 N.m

P= 4 number of machine poles

Appendices
Appendix A: List of Symbols
V. | Main source gy g-axisand d-
voltage g axislinel
R.. | Lin 0 Resistance currents
Xo. | LineO i2gy g-axisand d-
Reactance [P axisline 2
Ry | Linel currents
Resistance
X1 | Linel I g-axisand d-
Reactance I g axisload
R,: | Line2 currents
Resistance
X, | Line2 lmgs g-axisand d-
Reactance I g axisinduction
R.: | Static Load machine stator
Resistance currents
X.: | Static Load lrgy g-axisand d-
Reactance g axisinduction
Rs | Induction machine rotor
machine stator currents
resistance
R | Induction Y og: g-axisand d-
machine rotor Yod: axis source
resistance terminal flux
Xs | Induction linkages
machine stator
reactance
X | Induction Y19, g-axisand d-
machine rotor Yy | axisbus1flux
reactance Y 20 linkages
Xw: | Induction Yo | d&xisandd-
machine axis bus 2 flux
magnetizing linkages
reactance
J. | Induction Yme | d-axisand d-
machineinertia | y .. | axisinduction
constant machine stator
flux linkages
T.: | Applied load
torque
P Number of Y 20, g-axisand d-
machine poles Yo axis bus 2 flux
S Machine Slip Yig linkages
y.o | da&isandd-
axis static load
flux linkages
Vog | Oraxisand d-axis | w, Base angular
Vog: | sourcetermina velocity
voltages
Vig, | graxisand d-axis | iiq, g-axisand d-
Vig. | bus1voltages g axislinel
currents
Vg, | g-axisand d-axis | Vi, Thevenin
Vog. bus2 voltages | Zy, source voltage
an equivalent
impedance

IOQ1

g-axisand | R,

| Equivalent resistance

Appendix C: Derivation of the Third-order
Model Of the System of Figure 1
C-1:_No-Fault condition:

For the system of figure 1, the anaysis is started
from the following eguations:

- Voltage at bus 1:
Vig =Voq - |_R0i0q Ty Od]

Vig =Vog ~ I.ROiOd -y qu
- Voltage at bus 2:

Vg Vi " I.Rlilq ty M] TV " |.R2i24 Ty ZdJ
Vaa = Vi - |.R1ild -y 1qJ =V - |.R2i2d -y ZqJ (A-2)

(A-1)

- Static L oad at bus 2:

Vog = |.Rzizq ty sz

Voa = |_Rlild Yy (A-3)
- For the induction machine: :

qu = Rsimq +y md

VZd = Rsimd - y mq (A_4)

o 1d
qu _O_errq +Sy rd +W_bEy rq

1d
v,=0=Ri, -sy, +——Y . (A5
d d y q Wb dty d

The relations between currents are as follows:
Co— 4 =i o4
qu llq qu ! q llq

m




iOd = ild + iZd = imd + ild (A-G)

whereas the relationships between fluxes and
currents are;

Yo, Tlog X Y os T,
Yy T, Xy Y TiyX
Y2q:i Xy Y o TigX,
Y= 1’ Y u :ilXm (A7)

Y g =imq(Xs +X,)+i, X,
Y na :imd(Xs +Xm)+irde
Y, =i, (X, +X,)+i,X,
Yo =i (X, X, )+, X,

Bus 1 voltages (vi4 and v,4) can be elemitated from

systems of equations (A-1) and (A-2). That is,
Vo, = Vo, = [Rolo, TY oaJ' |_Rlilq ty 1dJ

Vos = Voa - |.R0i0d -y OqJ' |.Rli1d -y 1‘iJ 48

Also

Vog =Vog - I_Roioq Ty OdJ' |_R2i2q +y ZdJ

Voa =Voa - |_R0i0d -y qu' |_R2i2d -y ZqJ (A-9)
Using the flux linkages-currents relationships (A-
7), and the source currents iog = imqtig @d iog

=imgtilg and expressing line 1 currents in function
of other currents as:

by Ly, Y, -0y, and i, =i, %0, - i,,,
the previous two equations (A-8) and (A-9) will be:
v2q :v0q - imq RO +R1) - ilq(RO +R1) +12q (Rl)
- imd(XO +X1) - ild (Xo +X1) +i2d (Xl)
(A- 10)
Vog =V L By HR) - 1By +R) +iy (R)
+imq(XO +XL) +in (XO +‘X1) - l2q (XL)

Vog Vo~ imq(IeO) - i/q(Ro) -k, (Ry)- 1,(Xo) - 1,(X0) - 1y(X5)
Vag =Voa ™ ba(Bo) = 1y (Ro) = 1y (Ry) 1, (X0) 11, (Xp) 1, (X5) (A-11)

The static load voltages (equation A-3) in
fucntion of the currents can be also expressed as.

Vg :leiz +Xzisz
Vaa = |.Rlild lequ (A-12)

Similarly, the induction machine stator voltages
(equation A-4) can be written in the form:

Vo, = Rl +(X,+X,)i,, X,

v d :Rsimd - (Xs +Xm)l (A 13)

mq m rq

Equating (A-10) with (A-12), then (A- 11) with

(A-12), thefollowing system of equations is

reached:

Yoy Ty (Bo +R) +izq(R1 +R)+R)- lz,(Rl) +i, (X +X)
+i1d(X1+X0+X1)' i2d(X1)

(A-14)
Vod :_imq(XO +X1)' i[q ()(1 +X0 +X1) +i24 (Xl)
+i/11d(R0 +R1) +iy (RI +R, +R1)' iy (Rl)
Vo = mq(R )+11q(R + R )+12q(R )+ i, (X))
i, (X, + X o) +i,,(X,)
(A-15)

Vod Ty (- Xo) +i, (- X, - X)) +i,, (- X5)

+i, (Ro) +iy (R, + Ro) + iy, (R;)
Also when equating induction machine voltages (A-
13) with static load volatges (A-12) , one can get:

qu(Rs)+i1q(- R1)+imd(XS +Xm)+ild(- XI) :ird(- Xm)

(A- 16)

mq(X X )+llq(X)+lmd(R)+lld( R)
The rotor equations (A-6), the following two

differential equations can be easily derived:

s, + x )]+ i, sy, K T W,

dt -
(A-17)

dl, _ (X, +X,)w,

XX, +x, (X +X)

=[i ¢ R+, [sCx, + X))+ 0, (X))

(A-18)

The third differential equation of the motor needed
is the equation of motion:

; L (A-19)
:l\tlr B 8320(T€- 7.
J i
p IZI

Where, T.isthe electromagnetic torque and it
carries the expression:
S 0X

T, =¢c-Cc—+—"( -0l
gzng (mq rd rq md)

C-2:_Under Fault condition:

The previous procedure can be reworked to find
the system state equations when busl is
grounded. The following analytical equations
are obtained:

0=,y (R)) +ify (R, + Ry) - iy (R)) +4,,y (X)) +4yy (X, + X)) - i (X))

0=-1,,,(X1) - iy (X, +X) +i, (X) +4,, (R) +iy (R + R) - iy (Ry)

(A-20)
0=i, (R) *ip, (R,) +i,y (X;) +ipy (X,)

O=ilq(Xl) +i2q(X2) +ild(_ Rz) - i2d (Rz)
(A- 21)

L (R,) +i, (-R)*+i, (X, +X,)+i,(-X)=i,(-X,)
Gl VL VN5V s DY Gl DN S VLN
(A-22)
The dynamic equations of the machine arethe
same equations mentionned earlier in (A-17)-(A-
19).

"y X, + X, (X\+X,)
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