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floating on still water. If a ripple passes, the cork bobs up and down; its motion is

perpendicular to the direction of the wave and it has the same frequency. Similarly

£ ::2;?!1’?;191 g Aanelectromagnetic wave causes the particle to move fransverse (i.e., at right angles)

to the direction of propagation, and it is therefore called a transverse wave. By

contrast, a sound wave is a longitudinal wave since the motion of the medjum is in

""""""""" the direction of propagation. Both longitudinal and transverse waves are possible in
a given medium, a fact that is used to locate the epicenters of earthquakes.

The analogy of a cork on water may be carried further. If the cork is made to os-

cillate up and down on the surface, a ripple wave is generated. Similarly, an oscillating

electron induces electric and magnetic fields and generates an electromagnetic wave.

Plane of magnetic field

FIGURE 11.2

The propagation of one type of Simple Harmonic Motion
electromagnetic wave, showing

the oscillation of the slectric fieid It is important to understand the physics and mathematics of wave motion, since this

and the magnetic field in planes is essential to an understanding of atomic and molecular structure. Some fundamental
at right angles to one another,

1 J . principles are illustrated in Figure 11.3. Suppose that point C in Figure 11.3a moves
2:'3 gl‘:ﬁg "“’::}‘ 5;2“\‘:;“% w?es&f counterclockwise on the circumference of the circle; we will call this the positive
& e i . x . - F " s 1 X .

this t?zpe peiale VaIgs 9TR direction. We will be particularly interested in the motion of point £, the projection

of point C on the ¥ axis, which is plotted in Figure 11.3b. Suppose that point €
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FIGURE 11.3

The generation of simple harmonic
motion. {a) A point C undergoes
circular motion in the anticlockwise
direction. {b) The variation with
time of the displacement y of point
P; the projection of C on the y
axis. (¢) and (d) The same as (a)
and (b) but with an initiail phase
displacement §.
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is at B at zero time and moves with constant speed. During a complete revolution
with the point C starting at B, the distance y between P and the origin starts from
zero, becomes equal to A after a quarter revolution ('-:,- rad), is zero again after half a
revolution (r rad), is — A at %‘ rad, and is zero again after a complete revolution. This
variation of y is shown in Figure 11.3b, the same pattern then continuing indefinitely.
The maximum displacement A is known as the amplitude. The period 7 is the time
for one revolution, and since the angular path for one revolution is 2x rad, we have'

M .2_“7 rad (112
w

where w is the angular velocity; its SI unit is rad s™', The frequency is the reciprocal
of the period,

[#3]
2 rad

!
V= —=
T

(11.3)

' A complete revoluticn is 2 rad. Note that the unit, the radian, must be included in Egs. 11.2-11.4 10
balance the units.
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Traveling Wave

Phase Velocity

FIGURE 11.4

{(a) A single wave pulse traveling
along a stretched string. {b) Two
profiles of a traveling wave. The
solid line shows the transverse
displacement y at a position x at
time !. The dashed line shows the
same curve at a later time ¢ + At.
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this is the total energy:

Elol:\] = %'I(IJAZ (1 l-lg}

This result, that the energy is proportional to A2, is true for any type of simple
harmonic motion. For electromagnetic wave motion in a vacuum, for example, the
electrical energy is proportional to the square of the electrical field vector (see Fig-
ure 11.2), and the magnetic energy is proportional to the square of the magnetic fieid
vector.

Plane Waves and Standing Waves

So far we have considered oscillations at right angles to the direction of propagation
of the wave. Energy must also be transported along the wave. A simple type of wave
is the plane wave, which consists of parallel waves of constant amplitude and has a
planar wave front; a useful model of a plane wave is provided by a string stretched
horizomally. If it is given a single vertical pulse (Figure 11.4a), the pulse travels the
length of the string. If a fixed-frequency vertical oscillation is applied, a raveling wave
is generated. This is a wave whose amplitude at a particular position along the string
changes periodically with time. Figure 11.4b shows two wave patterns captured at two
different instants; these two profiles illustrate the fact that the transverse displacement
is moving along the string.

Analysis of this type of wave motion leads 1o the result that the displacement y
is given by the equation

2
¥ = Asin—(x L ut) (11.19)
A

The quantity u is called the phase velocity because it is the velocity with which a
given phase of the wave travels along the X axis. If the positive sign is taken, the wave
is traveling to the right with velocity u (see Figure 11.4b); the negative sign means
that it is traveling to the left. For electromagnetic radiation traveling in a vacuum the
phase velocity is 2.998 x 108 ms~.

So far we have considered the length of the string to be infinite. A finite string
vibrates in a pattern having evenly spaced nodes (points of zero displacement) and

Pulse moves in

——=the X-direction
—

!

Single pulée generator
gives a displacement
in the Y-direction



_ 4 @-2
= A suon f(xia%)

w i th phase velocity v te pecoe

trecvels (,z,/o‘zzl/(' the slring (%)

e given p%we trecve ly

to e 9»{7/17“ 1
to the /&747&; st

-

741’ cloctyo mcfeﬁ*””f—z[(E‘ Wz ves 41 =

VX Ce it yyy ;
U =¢c = 2. 99&. /2 fj%
it length £ of e string o Lrseect
both s/ etes
bk
; Jepe ;7)&;/7//0%' ¢ e //)zav./j/oc;ééwz o,
Seeon of xll inter ferins

We pivs

;n 'tldr’/é e éy -74?2’ ?l/‘? 4‘7’7(’/ édzfé— ‘Z)’Q zre_/
7[;‘)!&’&/ /) /AZ{M &7[ & é//f/pé(c,ﬂ, ety Neode s

—_—

= 7

we e Eree el Ao 7 Th e

. %/‘\/‘? e 54{7
,{n‘léé’fé’/# 0’7!7/10 ity < J"?{“ceﬁ(f//mf e 1 ./




FIGURE 11.5

A typical standing wave in a
stratched string fixed at both ends.
This diagram shows individual
profiles at different times & through
. Each point vibrates at the
same frequency but with different
amplitudes. The amplitude is zero
at a node and a maximum at

an antinode.

- 4nx
L ¥ = Agsin——

{
‘40‘ n=4
{7 =0.5])
y =;¢1ssin&H
Agt= ! 3

e

b

FIGURE 11,5

R mod_es of vibration altowed
™ a standing wave in a stretched
8tring fixed at both ends.
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Antinode

Fixed
wall

Fixed
wall

VR
i
> 1

constant

antinodes {points of maximum displacement). An example is shown in Figure 11.5,
in which individual profiles are superimposed to show the patterns at various times,
The fixed ends are themselves nodes and may be the only nodes; there may be
any integral number of nodes as shown in Figure 11.5. This wave form is called
a standing wave or a srationary wave. This situation is dealt with by applying
the principle of superposition, according to which when two or more waves are
involved, the displacement at any position is the sum of the displacements at that
position for each individual wave. A special case of this is when the crest of one
wave coincides with the trough of another, so that the two cancel; there is then said to
be destructive interference. Conversely, if crests coincide, the waves reinforce each
other, and we then speak of consiructive interference. The standing wave shown in
Figure 11.5 is the sum of the displacements of waves that are traveling back and forth
and are reflected at the ends of the string,
The equation for a standing wave, such as shown in Figure 11.5, is

nrx

y = Agsin o (11.20)

where A; is the amplitude of the standing wave, { is the length of the string, and n
is a constant to be determined. This equation already satisfies the left-hand bound-
ary condition that y = 0 when x = 0. It must also satisfy the right-hand boundary
condition that y = 0 when x = [. Insertion of this condition into Eq. 11.20 leads to

sinar =0 (11.21)

Since the sine is zero only for the angles 0, , 27 etc., it follows that n must be
an integer.

The value of # is the number of antinodes in the string, as illustrated in Figure 11.6.
When n = 0, there is zero displacement for all values of x, and no antinodes are
present; this means that there is no vibration, When r = 1, the value of y is zero only
if x = 0 or x = [; there are only two nodes, at the ends of the string, and there is an
antinode in the middle. When n = 2, nodes occurat x = 0, x = {/2, and x =/, and
there are two antinodes. It is easily seen that only those wavelengths are allowed for
which / is an integral multiple of one-half the wavelength. Corresponding to these
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Infrared Visible Uitravioiat
1 .

S000 K
Infrared Visible Ultraviolet

2000 K

Rayleigh-Jeans equation (11.36)

Planck’s equation {11.35)

FIGURE 11.7 ~ and experimental curve

Plots of Wien's equation 11.22,
Planck’s equation 11.35, and the
Rayleigh-Jeans equation 11.36.
Since all three equations involve
the ratio of the frequency v to
the temperature T, the radiant
energy density p, is plotted against
v/ T. The agreement with Planck’s
equation is within the experimental
error at all temperatures measured,
The approximate infrared, visible,
and infrared ranges are shown at
two temperatures.

\Wien‘s

equation
{11.22)

Radiant energy density, p,

viT

where a and B are constants. A plot of his function, which passes through a maximum,
is shown in Figure 11.7.

The variation of the radiant energy density with the frequency was extensively in-
vestigated, especially by the German physicists Otto R. Lummer (1860-1925), Ernst
Pringsheim (1859~1917), Heinrich Rubens (1865-1922), and Ferdinand Kurlbaum
(1857-1927). At a given tempgrature the curves go through a maximum, as shown
in Figure 11.7, and as the temperature is raised the maximum shifts to shorter wave-
lengths. This result was qualitatively predicted by Wien's equation 11.22, which
at first seemed to be satisfactory. In 1900, however, Rubens and Kurlbaum made
measurements over a wider frequency range than previously, going further into the
infrared, that is, to lower frequencies. They found that whereas Wien's formula gave
excellent agreement at the higher frequencies, at the lower frequencies it predicted
radiant energy densities that were too low, the discrepancies becoming greater as the
frequency was lowered.

The solution to the problem of the discrepancies at low frequencies was given in
1900 by the German physicist Max Karl Emst Ludwig Planck (1858-1947). He first
suggested, on a purely empirical basis, the equation

Ct'l)3

AT TR 11.23

v = SpBv/T) = 1 (L=

This expression differs from Wien's equation 11.22 only by the inclusion of unity
in the denominator; it predicts a curve which always lies above the Wien curve
(Fig. 11.7). At higher frequencies, where unity in the denominator can be neglected,
the equation reduces to Wien's equation.
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Black Body Radiation
Introduction

During the 19" century, it was a widespread assumption, that all the basic concepts
of physics were well known and explored by that time. One believed in general, that
in the picture physics paints of nature, just a few minor details might be missing, but
nothing fundamental.

However, within the 20" century it became more and more obvious that indeed
something basic is missing in physics. An outstanding phenomenon indicating that is
that of black body radiation.

A black body is an object which does not reflect any radiation, but all it emits s
created in the black body itself. For this reason, e.g. the sun is a perfect black body:
it does not reflect any incoming radiation, but absorbs it all and radiation coming
from it is created entirely by the sun itself. Thus it is a black body by definition,
although it does not look "black”. A device that simulates a black body in the lab
could be a black box with a small pinbole in one of its surfaces. It is black, in order
to reflect no light from its outside. All light that falls through the pinhole, wall
become reflected, if at all, by the interior walls and has little or no chance to escape
again through the pinhole. On the contrary i1t becomes absorbed and excites
vibrations 1n the matenial which can emit radiation through the pinhole. In fact the
radiation coming from the pinhole depends on the temperature, but not on the
material from which the box is made.

Also the heated metal wire, emitting light, in a bulb 1s a black body. With increasing
temperature the light emitted by a black body becomes higher in frequency, and if
the temperature is high enough it starts to glow.

The problem that came from black bodies was that with the well known classical
concepts of physics it turned out to be impossible to describe correctly the radiant
energy density of black body radiation as a function of temperature and frequency.
This radiant energy density p(v,T) is the energy radiated by the body into a unit
volume in unit frequency range. Thus the unit 1s J/(Hz m’), where 1 Hz= 15",

An attempt to obtain this radiant energy density by theory was made by Rayleigh and

Jeans on the basis of classical physics. The classical assumptions were that n a

black body all vibrational energy values are possible, ie. that the vibrational

frequencies are continous. Further, and that was one of the corner stones of classical

physics, they assumed equipartiioning of energy between all possible vibrations
|




the emitting black body, i.e. all vibrational degrees of freedom contribute an energy
of ksT to the total energy, where kg = 1.38066 x 102 J/K denotes Boltzmann's
constant. With these classical basic assumptions they obtained for the radiant energy
density the expression

8 v2 — 8 vz

ot 1= L E= S T
¢ 4

with ¢ = 2.99792458 x 10® mw/s being the speed of Light in vacuum, v the frequency of
the radiation, T the absolute temperature in K, and according to the equipartition
principle kgT is the average energy of an oscillator. To be able to perform a feasible
plot of this function it is best to transform it into a dimensionless variable x =
hv/(ksT), b = 6.62608 x 10™ Js being Planck's constant. Thus one obtains the
following form of the Rayleigh-Jeans law

Y3 2 3
8” hv kBT 8r kBTJ 2
7= T~
P(VD 03 [kBTJ[ h ]ka h_,[ e X

Thus instead of the radiant energy density itself one can plot the function f{x) versus
X:
¢ . Ay

3
H )

)= —— | — V,sz'; =

J6 [kgT] &rp( ) X T

To allow a comparison one can plot into the same graf the experimental radiant
energy density, made dimensionless with the same factor for different temperatures
versus the same x. This plot is shown below. Obviously the experimental curve goes
through a maximum with increasing x (increasing frequency and/or decreasing
temperature) and then approaches zero for even higher frequencies, while the
Rayleigh-Jeans law shows no maximum but a quadratic increase to infimty with
increasing X.

Since increasing x means increasing frequency at constant temperature, this behavior
of the law was named the "ultraviolet catastrophe”. Catastrophe, because it became
obvious that any classical treatment based on the above assumptions and assumed to
be true must lead to such a false behavior. The reason for that is the equipartitioning
of energy which allows unphysically large contributions of higher vibrational
energies to the total energy. When a generally believed classical concept yields
wrong results, that is a catastrophe, and it happens at high frequencies, hence
"ultraviolet catastrophe”
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In 1900 Max Planck was able to solve the problem, however, by abandoning
concepts so dear to classical physicists. As a first step he was trying to find out the
form of a function that could reproduce the experimental one. He was able to find a
functional form which could be fitted exactly to the experimentally found one.
However, in order to identify the fitting parameters in his function with physical
constants he needed a theoretical derivation of it from first principles.

To this end he started from work introduced by Ludwig Boltzmann earlier.
Boltzmann used to introduce the idea that energy can come only in small packets,
not in all possible amounts. However, Boltzmann used this idea only to make
derivations mathematically easier and at the end of his derivations he always let the
energy packet size go to zero and thus avoided to infroduce energy quantization as a
physical truth.

Planck did not do this last step and thus in his denvation energy quantization
appeared as a physical reality and actually was giving the correct result. He assumed
that for a vibration of a given frequency v, energy can exist only as whole number
multiples of the smallest energy packet size hv, h being Planck's constant, h =
6.62608 x 10" Js. Such packets are called quanta of energy, one packet simply a
quantum of energy (from a Latin phrase, meaning "how much?").

Planck assumed that all atoms of a solid (the black body) vibrate with the same
fundamental frequency v. Since the energy can only come in integer multiples of the
packet size, ihv, one would have in the black body Ny atoms vibrating with
frequency 0, having energy 0, N, atoms vibrating with frequency v, having energy
hv, N, atoms vibrating with frequency 2v, having energy 2hv, and so on.

Planck assumed that the distribution of oscillators over the allowed frequencies iv, i
being an integer, follows Boltzmann's distribution law. Thus the number of atoms N;
having frequency iv and therefore the energy ihv is

the

i R
Ni=Ngetr, kg=—
N
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Np is the number of atoms with zero vibrational energy, kg Boltzmann's constant, R
the gas constant, and Na Avogadro's number. By summing over all energy states i,
one obtains the total number of oscillators (atoms), N:

o 2
N=Ng| I+tesitenrt..

Since for an exponential exp(ix) = [v::xp(x)]i holds this is equivalent to




N= N{ ( e'x% JOJF( e'k% ]; *’( e':T; ]2"*--- }
With the definiion y = exp[-(thv)/(kgT)] this can be written as

-{:1+y+y2+y3+,‘,

Ny

This is a well known series of a function g(y) (see Appendix I for details):

1
g(y)—!_y

as can be found in formula collections. Thus

The total energy E of our system can now be calculated, by summing over all the
products of N;, the number of oscillators with a given energy ihv, with that energies,
ihv. This total energy E we need, because to obtain the radiant energy density we
have to calculate the average energy of an oscillator by dividing the total energy with
the total number N of oscillators (remember the Rayleigh-Jeans law). Thus the total
energy is obtained by

E=Nyo0+ N;ohv+ N, 2hv+

The first term has O as a factor and thus cancels out and for the others we can use
again Boltzmann's distribution for the factors Ni:

Ay 2hv I
E=N0[ hv.e-§+2hv.e‘;:f+3hv.e.§+ ]

Each term of the sum contains the factor hv exp[-thv)/(kgT)} which we can write in
front of the bracket:

hv

b Zhy
E=No'hv'e'n7|:f+a?e'h_r+3e'k,7+...}
With the same definition of y as above, we can rewrite the sum in the bracket to
(1+2y+3y2+...)

This is again a well known series of a function G(y) as we can find also m formula
collections (see Appendix [ for details):



Gy = =1+ 2+ 3y

(t-y )

giving the total energy as

v

Noehvegr

hv 2
[I-e'k_ﬁ]

Dividing this by the total number of oscillators N yields the average energy of an
oscillator:

Above we have denved that
N 1
o kv
No -, P
and thus
Noo i eir
N F

When we introduce this into our equation for the average energy of an oscillator, it
cancels with the square in the denominator:

Now we can multiply both nominator and denominator with exp[(hv)/(ksT)]:

e v
hveeiTens

Err Sy »
I-e%r |ernr

VAN

Since exp(-x) exp(+x) = 1 this yields

E-

If we assume that x = (hv)/(keT) is very small (i.e. small frequency and large
temperature) then e” is approximately 1 + x and the average energy becomes the
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classical value kgT, because hv, left in the denominator i this case, cancels with hv
in the nominator. Multiplied with the appropnate factor this average energy in the
classical limit of very small x gives the radiant energy density as obtained by
Rayleigh and Jeans.

Note that this is an example of the correpondence principle: in the appropriate limits
a quantum treatment must always reduce approximately to the classical limiting case.
The classical equipartition principle assumes that each state is populated equally.
However, this can only be true when the excited states have low energies (small
frequency) so that the thermal energy is large enough (high temperature) to distnbute
the atoms equally over their excited states.

However, now we can write down the equation for the radiant energy density as
obtained by Planck:

E,: 872‘31?2 :V
¢ -1

The form of the function is the same as Planck had found earlier empirically, so at
this stage he could identify his fitting parameters with actual physical constants.
Since these were not very well known at the time it was an important contribution to
obtain their values from black body radiation. The values Planck obtained were
actually rather close to the values used today.

Such constants were for example Planck's constant itself and Boltzmann's constant.
Since kg=R/Na, he could also obtain a rather accurate value for Avogadro's number.
Note that it is of no use to plot this function here, because it has exactly the same
plot as the experimental results shown earlier.



Problems worked out in detail

a) Rewrite the expression for the radiant energy density p(v,T) into the form p =
f{x)g(T), where v denotes frequency, x is the dimensionless vanable x =
(hv)/(keT), fx) depends only on x and g(T) only on T.

__8;;' hv3
P, T)—?Wﬁjj

In the exponential there is a]ready the vanable x as required. But in the nominator we
have to introduce h’ /(kBT) in order to obtain x> and thus we have to multiply the
pre-factor by the inverse of this:

§{r_(kgT)
T

If we rearrange the pre-factor a little, we obtain

ksT) X
)__( c Je’-i’

p(v.7)= fix) o g(T)

which is of the desired form:

with

and

X
S5 =

This form has the advantage that in order to find the frequency v, where the radiant
energy density is largest, we only need to find the maximum x, of f{x) at T = const..

b)  Form the derivative of f{x) with respect to x and obtain an equation for the de-
termination of X,, where f{x) is maximal.

Following the rules of differentiation we have




dff) _ 3x"  x’¢"
dc -1 (e5-1)

A maximum in x=x, we can have only when the derivative is zero:

3xs  xee® _
e<-1 (e=-1)

If X, not equal to zero (reasonable, because zero frequency or infinite temperature
make not much sense) the denominator does not vanish and we can multiply the
equation with it:

3xi(e™-1)-x,e®=0
Now we can divide the equation by the exponential and by x,’:
3(1-¢7)-x,=0
Thus finally we have
x,=3(1-¢*)

which can be solved, beginning with a start value, by iteration:

1. step: value for x,™
2. step:
Xa = 3(1- %)
3. step: If x, does not change up to the desired digit anymore the

iteration is finished, if x, stil changes in the desired accuracy,
replace the old value with the new one and go back to the 1.

step.

c) With the help of a Fortran or any other program print the values of f{x) for x
between 0.1 and say 3.0 in steps of 0.1. From these values determine a
starting value for the above iteration.

A simple Fortran code for this could be a file, call it progl.f (.f indicates that it is a
source file), that can be typed using the "pico” editor in unix. Just type "pico progl.f"
and you can type in the program. Don't forget that in a forfran code the first 6
characters must be either blank or a statement label.




Program one
x=0.1

1000 continue
F=(x**3)/(exp(x)-1)
write(6,*) x,f
x=x10.1
if{x.gt.3.0) stop
goto 1000
stop
end

After compilation, e.g. with "xIf":

xIf -q AUTODBL=DBLPAD -0 progl.x progl.f

That statement compiles the source file progl.f and writes the executable to the file
progl.x. The first part beginning with -q denotes double precision of the vanables,
which have 6 to 8 digits accuracy on an IBM computer in single precision, while
with double precision up to 14 digits can be trusted.

The program needs no input only an output file and thus can be run by
progl.x >outl

After that the output file, readable by "pico outl"” is:
0.100000000000000006 0.950833194477504473E-02

0.200000000000000011 0.361332445290159648E-01
0.300000000000000044 0.771739896647722357E-01

0.400000000000000022
0.500000000000000000
0.599999999999999978
0.699999999999999956
0.799999999999999933
0.8999999999999599911
0.999999999999999889
1.09999999999999987
1.19999999999959996
1.30000000000000004
1.40000000000000013
1.50000000000000022
1.60000000000000031
1.70000000000000040

0.130127666030063149
0.192686760317099776
0.262735750474748120
0.338346815226620801
0.417774705109040190
0.499450840045250644
0.581976706869326232
0.664116637093322248
0.744790050478079668
0.823063253572152709
0.898140884321207533
0.969357094162430655
1.03616655778551103

1.09813539807925697

t0




1.80000000000000049
1.90000000000000058
2.00000000000000044
2.10000000000000053
2.20000000000000062
2.30000000000000071
2.40000000000000080
2.50000000000000089
2.60000000000000098
2.70000000000000107
2.80000000000000115
2.90000000000000124
3.00000000000000133

1.15493210983551475
1.20631856071715560
1.25214114199732540
1.29232213483503200
1.32685135056169523
1.35577809580551945
1.37920350545752868
1.39727327865393791
1.41017084526661551
1.41811098299022320
1.42133389810382327
1.42009977645780849
1.41468380526391080

One sees that the maximum of f{x) (the second number in a line) is at about 1.42 for
x=2.800 (the first number of a line). Thus a suitable starting value for x in an iteration
to find x, would be 2.7.

Another possibility would be simply to use excel. Open excel and type 0.1 into the
box Al, then =A1+0.1 into box A2, Click at the lower left comer (where a cross 1s
displayed) of box A2, go down to A100 and you have your values for x from 0.1 to
10 in boxes Al to Al00. Now type in box Bl the equation for fx):
=(AT*AT*AL/(EXP(AL)-1), klick again the lower left comer of the box, keep it
clicked on and go down to A100. The equation will be longer than box B1, but you
have to click the lower left corner of box B1. That gives the same numbers as above
only with fewer digits. IMPORTANT: if you do not click exactly the lower left
comer of the box, but maybe one of the lines, then excel will just copy the contents
of the box. You get from this the maximum of f{x) at 1.421334 in box B28 for x=2.8
in box A28, suggesting 2.7 as starting value for the iteration.

d)  Perform the iteration until x, is more accurate than 10 in Fortran or until the
digits shown in excel do not change anymore.

A program, e.g. named prog2.f could be:

program two
iter=0
xold=2.7
1000 continue
xnew=3.,*(1.-exp(-xold}))
iter=iter+1
write(6,*) iter,xold, xnew,xnew-xold
if{abs(xnew-xold).It.1.0e-8) stop
11




xold=xnew
goto 1000
stop

end

This program has to be handled as above only with prog2.f and prog2.x and yields as

out2:

1 2.70000000000000018
2 2.79838346178075081
3 2.81727466826190565
4 2.82069416928843530
5 2.82130625864409668
6 2.82141560171382544
7 2.82143512761260951
8 2.82143861421819464
9 2.82143923679023434
10 2.82143934795713847
11 2.82143936780717208

2.79838346178075081
2.81727466826190565
2.82069416928843530
2.82130625864409668
2.82141560171382544
2.82143512761260951
2.82143861421819464
2.82143923679023434
2.82143934795713847
2.82143936780717208
2.82143937135160616

(.983834617807506362E-01
0.188912064811548319E-01
0.341950102652965882E-02
0.612089355661371570E-03
0.109343069728762288E-03
0.195258987840674081E-04
0.348660558513458341E-05
0.622572039699065272E-06
0.111166904126491772E-06
0.198500336168194735E-07
0.354443407957205636E-08

The first number being the number of the iteration, the second the old value of x,, the
third the new one and the last their difference. The program stops when the latter is

less than 102,

The final result for x, is 2.8214394, the last digit still changing

If you like to do the iteration with excel, first open excel. In box A1 write the starting
value 2.7 and in box A2 the expression =3*(1-EXP(A1)). Then click the lower left
comer (cross is displayed) and keeping the mouseclick, go down below box A10.
The value from box A8 is 2.821439 and no more changing

Thus at constant temperature the maximum of f{x) with x (equivalent to frequency) is

at x,=2.821439.

12




Homework

An integral of the radiant energy density over frequency yields the energy density
radiated within the integration range. Such an integral can also be done over x,
keeping in mind that v=(kpTx)/h and thus dv=ksTh"'dx. Therefore

Tp(v, Tidv=

"

kgl i
>~ 8(D j fix)elx

Perform these integrals using Simpson's rule (see Appendix II for a derivation of
Simpson’s rule). The package you apply, whether Fortran, Excel or another program
does not matter, however, it has to be Simpson's rule.

a)  Integrate the radiant energy density over the complete frequency range, from x
= 0 to infinity to obtain the total energy density radiated at 5000 K, the
approximate surface temperature of the sun. Make sure that you have enough
integration intervals and that you have extended your integration range far
enough to obtain a 4 figure accuracy.

b) Perform the same fype of integrafion in the microwave and infrared frequency
range from a wavelength of A = 102 m to 7 x 107 m (speed of light in vacuum
¢ = 2.99792458 x 10° m/s), and with the result of a) determine the percentage
of the energy density radiated at 5000 K as heat.

c) Perform the same type of integration in the frequency range of visible light
from a wavelength of A = 7 x 107 mto 4 x 107 m (speed of light in vacuum ¢
=2.99792458 x 10° m/s), and with the result of a) determine the percentage of
the energy density radiated at 5000 K as visible light.

d) Perform the same type of integration in the frequency range of harmful
ultraviolet light from a wavelength of A= 4 x 10" mto 10° m (speed of light
in vacuum ¢ = 2.99792458 x 10° m/s), and with the result of a) determine the
percentage of the energy density radiated at 5000 K as ultraviolet light.

To perform a Simpson integration in an interval between a and b of the variable, use
2N+1 equidistant points between a and b, including explicitely the borders a and b.
Thus the distance h (here and below h is not Planck's constant) between 2
consecutive points must be h = (b-a)/(2N). Then an approximation to the integral is
the sum over all values f; of the function, where j goes from 0 to 2N and f; = f{a), fax
= f{b) and f; = f{a + j x h). When you sum the values of the fimction, you must
multiply f; and fx with the factor 1, f; with the factor 4, if j is an odd number, and
with the factor 2, if j is an even number. The accuracy is the larger, the larger N is:
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with h = (b-a)/(2N).

To determine N, use problem a) with x between 0 and 10 and start by calculating the
integral with N=10, repeat with N=20, N=30 and so on, until its first 4 figures do not
change anymore when increasing N by 10.

To determine the sufficient range of x, solve a) first for x from 0 to 10, then from x
from 0 to 20 and go on doubling the range of x, until the first 4 figures do not change
anymore when doubling the range of x. To keep the accuracy you must double the
number N every time when you double the range of x.

The value of N, sufficient for a) you can use in problems b), c) and d) also.

Note that for a=0 the value of the function is

. d . ad . 3dh 0
JO=lim~, ;=lim—"— =lm=~ . ==0
a-=f) € - a-»f) __(ea ~ 1') a—fi &

because we have the case "0/0" and thus dHospital's rule applies.
Important: the appendices are no assignments. You only need to read them,
when you really like to know the background of the subjects.

Appendix f: Summation of Infinite Serieses

The first eaxmple of an infinite series we were confronted with was

k

q

INGE

S=l+g+q¢ +..=

P
il

0

with q being between O and 1. This property is very tmportant to insure the
convergence of the series. Also the operations we have to perform to do the
summation are only allowed if the series is absolutely convergent. At first we take a
factor q out of the series and we sum only from k=1:

SZJ,JFiqk = ]+ qigw
k=t k=1
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Now we change the summation index from k to k'=k-1 which we have to sum from
k=1, corresponding to k'=0 to infinity:

S=1+iqk=]+q8

Bringing gS to the left side yields
S-gS=(I-¢)S=1I

which yields the desired closed expression for S:

S=L
I-g

The other infinite series we met requires some more manipulations to sum it up:
T=1+2q+3q2+493+...=2{k+1)q*
&0
As first step we write the terms for k=0 and k=1 separately

T=l+29+3 (k+l)g"

k=2

(k+1) we can rewrite in the form (2k-k-+1):

T=1+29+Y (2k-k+1)q"
k=2

Now we can split the summation into two of them

T:;+2q+i2kq*-iﬂc-uq*

k=2 k=2

Since 2q corresponds to a term with k=1 in the first summation we have

T=1+% 2k'g"- Y (k'-1)g"
k=t ka2
In addition we have renamed the summation index k to k'. Now in the first
summation we change the summation index to k=k’-1 or in turn k'=k+1 so that k'=1
corresponds now to k=0. Further, in the second sum we rename the index such that
k+1=k"-1 or in turn k'=k+2 and k=k'-2. Thus k'=2 in the second sum corresponds
now to k=0:

15



T=f‘5‘22(k‘?'1)gk”-;(k+f)gh2

k=

Now in the first summation we have the common factor 2q at all terms and in the
second one the common factor q° at all terms:

T=1+29 (k+1)g" -¢"> (k+1)q"
=0 k=0

Now both surnmations are simply T again
T=1+29T-¢°T
Again, all terms with T we collect on the left hand side:
(1-29+4° )T =1
In the bracket we have now a complete square:
(1-g)T=1

which yields our final expression

!

T:
(l-q f

Appendix II: Simpson’s Rule

Simpson's rule is based on the idea, that you always can adjust an exact parabola to 3
values fy, fi and f; of a function. After that you can easily integrate over this
parabola.

The points at which the values of the function f are taken are chosen as equidistant.
For only 3 points in an interval between a and b you chose a distance h = (b-a)/2,
and thus fo = f{a), fy = f{a + h) and £; = f(b) = f{a + 2 x h). To adjust a parabola to
these points, you can introduce a variable t, going from O to Zh:

pl)=f,rar’+

Then the adjustment yields a system of equations:
Jo=pi=0)=f, (0)

16



fiEpt=h=fran+ph (1)

f,=pt=2h)=f,+4ap’+2ph (2

where equation (0} is trivial. The system is most easily solved by removing the
parameter a, using 4 x {1) - (2):

4f;'fz:3fo+2ﬁh
LN S
i RENPAR IR Y
With equation (1) this yields o

I PP BN PP P )
a—hzlf; fo ﬁh] h2|:ff fo Zfo 2f; Zf.:}

A1,
a2 retie s |

Now an integral from a to b over £x)dx is approximated by one from 0 to 2h over
p(®):

0=[lar+p1,lar

B

N %ff’fé” ¥ 5fr"fé"+ Lot J3

=§ah3-:~ 2B+ 2 f 4k

Substitution of our parameters yields

_fg -{- - ;{—- + - -+ - -+
Q—jh[zfg fﬁzfz] Bl-3fo4f-Fi 1+ 25 0h

R 8 4
_hi_gfo'}f:"'}fz'3fo+4f;'fz+2fo:|
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(49 6 8 12 i
"“HE'E*EJfo*[‘zT?]fﬁsz]

and finally for the approximated integral
F

0= for4f,% 1]
However, this 1s not a good approximation, because our function f{(x) 1is
approximated by only 1 parabola in the whole integration range. Let us as next step
put 5 equidistant points into the integration interval from a to b, f{(a), fla+h), fla+2h),
f{a+3h), and f{a+4h) = f{b), with b = (b-a)/4.
When we adjust 1 parabola to f{a), fla+h) and fla+2h) and a second one to f{a+2h),
f{a+3h) and fb), and sum over the two mtegral approximations, then the central
point f; must be counted twice:

Q=g[fa+4f,+f?+fz+4f3+f4]

h
=5l sordrc2rvd s 1]
In completely the same way, for 2N+1 points, we obtain

O=L1 Sy 47,421,041, 2f 4% £ ]

So we can drvide our summation into 3 of them:

Q,= fla)+ fiv) = fla)+ fla+ 2N

0,=3 fla+(2+1)h]

£=0
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N-J
Q.= fla+ 2k
F=t

Then finally the approximated integral becomes

0-"[0,+40,+20.]
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Solutions for Homework Section 01

a) A Fortran program that increases the number of mntervals N in a Simpson
integration from N=10 to 20, to 30 and so on up to n=100 and performs the
integration of our fimction f{x) from x=0 to x=10 could be:

program three
n=0
a=0.
b=10.
1000 continue

n=n+10
q1=0.
qi=ql+{b**3)/(exp(b)-1.)
q2=0.
q3=0.
h=(b-a)/(2.*n)
nm=p-1
do 1 j=1,nm
if{j.ne. 1) goto 10
x=at+h
G2=q2+x**3/(exp(x)-1.)

10 continue
x=a+(2.*]+1.)*h
q2=q2+x**3/(exp(x)-1.)
x=a+2.%j*h
q3=q3+x**3/(exp(x)-1.)

1 continue
q=(h/3.)*(q1+4.%q2+2.%q3)
write(6,*) n="n,’ a="a,' b="b

write(6,%) 'Q ="q
ifln.eq. 100} stop
goto 1000
stop
end
This program gives the output file

n= 10 a= 0.000000000000000000E+00 b= 10.00000000006000000
Q= 6.43295926036646470
n=20 a= 0.000000000000000000E+00 b= 10.0000000000000000
Q= 6.43198673107936614
n=30 a= 0.000000000000000000E+00 b= 10.0000000000000000

1



Q= 6.43193470352364471

n= 40 a= 0.000000000000000000E+00 b= 10.0000000000000000
Q= 6.43192594891134650

n=50 a= 0.000000000000000000E+00 b= 10.0000000000000000
Q= 6.43192355653339209

n=60 a= 0.000000000000000000E+00 b= 10.0000000000000000
Q= 6.43192269720196386

n=70 a= 0.000000000000000000E+00 b= 10.0000000000000000
Q= 6.43192232882862314

n= 80 a= 0.000000000000000000E+00 b= 10.0060000000000000
Q= 6.43192215003970791

n=90 a= 0.000000000000000000E+00 b= 10.0000000000000000
Q= 6.43192205488946556

n= 100 a= 0.000000000000000000E+00 b= 10.0000000000000000
Q= 6.43192200051624319

Obviousty for N=100 the integral 1s converged already to more than the required 4
figures. As next step we have to double the interval continously, where each
doubling of the interval requires a doubling of N also.

A Fortran program for this task would be:

program four
n=100
a=0.
b=10.
1000 continue
q1=0.
ql=q1+(b**3)/(exp(b)-1.)
q2=0.
q3=0.
h=(b-a)/(2.*n)
nm=n-1
do 1 j=1,nm
if{j.ne.1) goto 10
x=ath
q2=q2+x**3/(exp(x)-1.)
10 confinue
x=at(2.%+].)*h
q2=q2+x**3/(exp(x)-1.)
x=at+2.**h
q3=q3+x**3/(exp(x)-1.)
1 continue




q=(W/3.)¥(q1+4.*q2+2.%q3)
write(6,*) n="n,'a='a,' b='b
write(6,*) 'Q ="q

b=2.%b

n=2*n

ifin.eq.6400) stop

goto 1000

stop

end

1t is nearly identical to the previous one and the output 1s

n= 100 a= 0.000000000000000000E+00 b= 10.0000000000000000
Q= 6.43192200051624319

n=200 a= 0.000000000000000000E+00 b= 20.0000000000000000
Q= 6.49392028411445477

n=400 a= 0.000000000000000000E+00 b= 40.0000000000000000
Q= 6.49393950643320572

n= 800 a= 0.000000000000000000E-+00 b= 80.0000000000000000
Q= 6.49393950643349260

n= 1600 a= 0.000000000000000000E+00 b= 160.000000000000000
Q= 6.49393950643349260

n= 3200 a= 0.000000000000000000E+00 b= 320.000000000000000
Q= 6.49393950643349260

Obviously for integration from x=0 to x=80 with N=800 intervals the integral is
equal to 6.4939395 (it has no units) and of sufficient accuracy.

The fimetion g(T) is at 5000 K, together with the factor from the change of the
integration variable:

87 (kT Y
80 h"( ]

c

3
8e3 /41593

1.38066% 107 % o 5000K
= _3‘1 2 — -
(6.626082 107 )| 007924580 j°
£

=6.989316 10 J—f
m




; . 138066 102 5000 K
k87 o —-6989316e 107520 e K
P e

6.62608« 10 J s

ksl y o —0.0728173L
h 3

m

Thus the ener%y density radiated by the sun is 6.4939395 x 0.0728173 J/m®’ =
0.4728713 J/m’. This might look not too much, but remember, it means about 0.5
Gl/knt’, i.e. a volume of a km® having the same thickness in a larger distance from
the sun will receive the same energy in a much larger area.

b), ¢), d) A Fortran program for that could look like:

program five

n=800

¢=2.99792458¢8

bk=1.38066¢e-23

hh=6.62608e-34

tt=5000.

etot=0.4728713

factor=0.0728173

do 2000 i=1,3

read(s,*) rlam1,rlam2

write(6,*) Timits; lambdal = "rlam1,' m, lambda2 = ‘rlam2," m'

a=hh*c/(rlam1*bk*tt)

b=hh*c/(rlam2*bk *tt)

ql=(a**3)/(exp(a)-1.)

q1=q1+(b**3)/(exp(b)-1.)

q2=0.

q3=0.

h=(b-a)/(2.*n)

nm=n-1|

do 1j=1,nm

if(j.ne.1) goto 10

x=a+h

q2=q2+x**3/(exp(x)-1.)
10 continue

x=a+(2.%+1.)*h




q2=q2+x**3/(exp(x)-1.)
x=a+2.%*h
q3=q3+x**3/(exp(x)-1.)
1 continue
q=(/3.)*(q1+4.%q2+2.%q3)
write(6,*) 'n='n,’' a=\a,' b="b
write(6,*) ‘Q="q
e=q*factor
perc=e*100./etot
write(6,*) radiated energy density = ,e,' J/m**3’
write(6,¥) 'relative to total energy = ",perc,’ %'
2000 continue
stop
end

This program does the job for b), ¢) and d) in one run. It requires an mnputfile inp5,
containing the wavelength ranges in m:

0.02,7.e-7,
7.e-7.4.e-7,
4.e-7,1.e-9,

Then the statcment
prog5.x <inp5 >outS
produces the output file:

limits; lambdal = 0.2000E-01 m, lambda2 =0.7000E-06 m

n= 800 a=0.143876755327498440E-03 b= 4.11076443792852686
Q= 4.00732224608373588

radiated energy density = 0.291802386189753238 J/m**3
relative to total energy = 61.7086268906049540 %

limits: lambdal = 0.70000E-06 m, lambda2 = 0.40000E-06 m
n= 800 a=4.11076443792852686 b= 7.19383776637492200
Q= 2.05326392040877170

radiated energy density = 0.149513134871581660 J/m**3
relative to total energy = 31.6181453329017117 %

limits: lambdal = 0.40000E-06 m, lambda2 = 0.10000E-08 m
n= 800 a=7.19383776637492200 b= 2877.53510654996853
Q = 0.435086908340634293

radiated energy density = 0.316818539307124683E-01 J/m**3
relative to total energy = 6.69988936328182128 %

5




The result tells us, that as expected still 61.7 % of the sun's energy is radiated as
heat, while the brightmess of the sun is due to 31.6 % of the energy radiated in the
visible frequency region. The dangerous ultraviolet part of the sun light contains still
6.7 % of its total energy output. Note that the percentages sum up to 100.0 % and
thus there is no deadly radiation of still higher frequency.

To do these calculations with Fortran is the best and most easy way to do it,
especially to learn Simpson integration. It could be done with the help of Excel or
also more sophisticated packages. But that would mean first of all, that the details lay
hidden in the packages, what is not the goal of this homework.
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11.2 Bohr’s Atomic Theory

Spectral Series

After Bohr had developed his theory of hydrogenlike atoms he did not at first consider
applying it to spectra, which he thought would be too difficult to interpret. However,
a colleague pointed out to him the existence of certain regularities in atomic spectra,
of which Bohr had surprisingly been unaware.

The emission spectrum of hydrogen consists of sharp lines, as shown in Fig-
ure 11.8a, and some useful empirical relationships had been discovered. In 1885
Johann Jakob Balmer (1825-1898), who taught mathematics at a girls’ high school
in Basel, Switzerland, developed an empirical equation for the lines now known as
the Balmer series (Figure 11.8). Other similar series were later predicted by empir-
ical equations developed by the American physicist Theodore Lyman (1874-1954)
and the German physicist Friedrich Paschen (1865-1940). These equations were all
generalized by the Swedish physicist Johannes Robert Rydberg (1854—-1919) and by
the Swiss physicist Walter Ritz (1878-1909).

FIGURE 11.8 Lyman . Balmer Paschen
(a) The hydrogen spectrum in the series series  series

visible and the near-ultraviclet and
near-infrared regions, showing
the Lyman, Balmer, and Paschen

'r l Brackett
i ~—and Pfund
1R serias

[

]

serigs. (b) The interpretation : ! o
of the series as gfven by the 125 150 200 25 500 2000
Balmer-Rydberg-Ritz formula. The Wavelength / nm 1000 5000
horizontal lines show A/r? values
{the spectral terms) for various a.
values of n. The transitions involved
in the various series are shown. / A_o
n2
n=oo —— 17— Pud<£_B_ 44 105m-
n =3 - e 11— Brackett (E‘a = 4.4 x 102 m-1
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Q thét J. J. Thomson won a

No
1906 Nobel Prize for showing that
the electron is a particle, while his

n G. P. Thomson shared the
1937 prize with C. J. Davisson for

showing that it is a wave.

. Circumference 2ar = ni

FIGURE 11.9

The de Brogiie wave associated
with an electron in a Bohr orbit of
radius r. (a) Constructive interfer-
ence: the wave fits into the orbit.
{b) Destructive interference: the
wave does not fit an integral num-
ber of times into the orbit. If in this
diagram we continued the waves
indefinitely, they would completely
obliterate one another, the net
amplitude becoming zero.

be diffracted by using a crystal as a diffrac
experimentally in 1927 by the English ph
1975) and A. Reid and by the American j
1958) and Lester Halbert Germer. The «
employed as a technique for investigating

The realization that electrons have w:
tion of Bohr’s hypothesis of stationary ort
associated with an electron in a Bohr ort
equal to an integer n» multiplied by the w
an integral number of times, and constru.
for this is

2rr

Destructive interference occurs with was
and the orbit is not a stationary one. The
constructive interference thus leads to a
given by Eq. 11.56 into Eq. 11.57 gives

27y

or

h
Smur =n—m =
27

The quantity mur is the orbital angular n
an integral number of i /27r. We can nov
once to this quantization condition.

The Uncertainty Principle

Scientists have often found it useful to «
Gedanke, thought) experiments. These
if not impossible to perform but that c:
results that are quite reliable. A very s
out in 1926 by Werner Heisenberg, wh¢
to be followed in order to make a sim
momentum of a small particle such a:
impossible to make accurate measurer
for measuring one of them will neces:
measurement of the other one to be im;
is used to make an accurate determina
we must use radiation of short waveler
defined. Radiation of short wavelength,
we have seen in the Compton effect tha
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496 Chapter 11 Quantum Mechanics and Atomic Structure

FIGURE 11.11

{a) A particle confined to a one-
dimensional box of length a. The
potential enargy is infinite for x < Q
and x > a. (b) The form of some of
the wave functions for the particle
in a one-dimensional box and the
corresponding ensrgles. (c) The
form of the probability densities 2.

oo oo
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O 0 e

The second boundary condition, that ¢ = 0 when x = a, gives

(11.138)

0=2iA sin(Ma)

h

The factor 2{ A cannot be zero, but the sine of an angle is zero when the angle is an
integral multiple of 7. Thus

Iy
—83-[-- mE”a = tnx {11.139)

h

wheren = 0, 1, 2, ..., 0o. We have now written £, instead of E since there is a differ-
entenergy E, for each value of n. The wave function (Eq. 11.137) therefore becomes

W = £2i A sin (11.140)
[

Note that the £ sign can go outside the sine function since sin(—nmx/a) =
—sin{nmx/a).
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Thcmcondbomduycoudilion.thnf = O when 1 = a, gives
. (JSN’ME )
n —-—h—-a

0=2Asi (11.138)

The factor 2 A cann(xbczcro.bmlhcsimofmanglciszerowhcndacanglcisan
integral multiple of x. Thus

vErimE,
h

wheren =0, 1, 2,....0c. We have now writien £, instead of E since there is a differ-
cat energy £, for each value of n. The wave function (Eq. 11.137) therefore becomes

(11.139)

a==z>nn

V. = 12 A sin arx
a
Note that the + sign can go owtside the sine function since sin(—nzx/a) =
—sin(rx x/a),

(11.140)
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FIGURE 11.12

{a) The form of some wave func-

tions for a harmonic oscillator. (b)
Some probability density functions
lor a harmonic oscillator. The cor-
responding classical functions are
shown as dashed lines.
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Polential-energy curve
o Y

e ol
‘ | ]
|
[ w2 Classtcal !
10 2 amplitude 1
N v=10

Bond extension Bond extension
a. b.

several values of v are shown in Figure |1.12b. Also shown on this diagram are the
corresponding classical probability functions. The differences between the classical
and the quanium-mechanical behavior are very striking. For v = 0, for example, we
see that the highest probability according to the quantum-mechanical treatment is
when the system is passing through its equilibrium position (x = 0). In classical
mechanics, on the other hand, the probability is Jowes? at the equilibrium position,
since the system has its highest velocity at this position and therefore passes through
it rapidly; the vibrational motion is slowest at the extremities of the vibration, and the
probability is therefore the highest at these extremities. As the vibrational quantum
number increases, however, the guantum-mechanical probabilities become closer to
the classical ones, and the highest probabilities are close to the turning points of the
vibrations.

Another important difference between the quantum-mechanical and classical
probabilities is that the quantum-mechanical treatment gives a finite probability that
the bond is extended to a greater extent than the value permitted by classical theory.
In a classical vibration the extension is restricted to a certain fixed value, but the
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quantum-mechanical curves in Figure 11.12b show that there is a certain probability of
an even greater extension. There are a number of situations where quantum mechanjcs
permits a system to penetrate into regions that are forbidden in classical mechanics,
and the effect is known as the tunnel effect. This effect is particularly important
in chemical kinetics, and more is said about it in Section 14.9 in connection with
transition-state theory (see Figure 14.9).

Tunneling

11.7 QUANTUM MECHANICS OF HYDROGENLIKE ATOMS I

Bohr's theory of the hydrogen atom was a great step forward, but it failed to provide
a satisfactory basis for the understanding of more complex atoms. Much greater
success has been achieved through quantum mechanics. We will consider treatment
of a hydrogen-like atom, having a nucleus of charge Ze and a single electron. Since
the mass of the electron is very much smaller than that of the nucleus, the reduced
mass g, given by Eq. 11.148, is almost exactly equal to the mass of the eleciron.

The potential energy of the electron at a distance r from the nucleus arises entirely
from the Coulombic attraction and is given by

Ze*

L 11.158)
£ 47?60!‘ (

where e is the permittivity of a vacuum. The energy is independent of the direction,
so that we have a symmetrical field or a central field.

The Hamiltonian for the system involves the components of momentum along
the three axes and is

1 2 Ze?

== 24 Py —
z 2;£(pI+P‘+P) 4}TFO?‘

The Hamiltonian operator is obtained by making the substitutions of Table 11.1 and
is

(11.159)

Z=rCose ~ 42 Ze?
A= Be (11.160)
8mipn dmegr
The time-independent Schrodinger equation H¢ = Ey is therefore
B . Ze*
e R — = F 11.161)
8riu v Amegr W ¥ B
Since the system is spherically symmetrical, it is most convenient to use spherical

y=rsinBsine polar coordinates, which are related 1o Cartesian coordinates as shown in Figure 11.13.

When the Laplacian operator V7 is converted to polar coordinates, the Schrodinger
equation takes the form

X =7 5in8cos o

FIGURE 11.13

The relation between Cartesian 139 i oy I £ 9%\ P 1 3y
and spherical polar coordinates. r? ar ar rlsin g 98\ ag r?gin? @ d¢?
87iu Ze? L
+ 2B =)y =0 (11.062)
h? dregr
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TABLE 11.2 Solution of the & Equation

Solution in
Value of iy Complex Form Real Form
1
0 - Py = ——
: | - i p
cos
] &, = et P, = —(B,+P_,)=
1 "-_—2}1' 5 | | ﬁ
Y i sing
- b, = e’ $,= —(B, ~ D)= —
{ A ) ﬁ( t 1) =
| 1 . cos 2¢
2 P, = e P == ( P+ Pz ——
7= J ! N/
F | sin 2¢
-2 ;= e l@uj_h@ —®_)=
2 N X3 Ji( 2 2) T

The reasons for the % — y* and xy subscripts are as follows;

1. cos 2¢ = cos’ ¢ — sin? ¢: from Figure 11 13, cos? ¢ = x%/r2 sin 9 and sin ¢ =
y2/r? sin? @; thus cos 2¢ has the same dependence on ¢ as P v

2. 5in 2¢ = 2 sin ¢ cos ¢ = xy/r> sin® 6; thus sin 29 has the same dependence on ¢ as xy

(as we see from Figure 11.13) corresponds to the X axis. Similarly we can take the
difference &, — ®_; divided by V2:

| ] isin ¢

G, = — (@)~ D) = = (' - 27 = 11.176
¥ Ji( ! ) 5 ﬁ( e ( 6)
Since we are usually interested in probability densities $&*, is it common to drop

the { in this expression, since it disappears when we take the complex conjugate. The
function is therefore written as

sin ¢
7-%_- (L177

The value of this function 1s a maximum when ¢ = 7 /2, which is along the Y axis.
Table 11.2 lists & functions for the first three values of +m;.

d, =

Solution of the ® Equation

The solution of the © equation (Eq. 11.168) is mathematically more difficult, and we
will present only a very brief outline, with emphasis on the main results. For details
the reader is referred to textbooks of quantum mechanics.

We may introduce a transformation inte Eq. 11.168 by putting

E=cos® and Pi§)=0 (11.178)
and obtain
d?Pi(&) d B (&) m?
o PN SEATRSL s Rl . =
(L=&) 3 2% pr + [f(f + 1) a __,g_g)]Pr(E) 0 (L1779

© A particularly clear treatment is given by L. Pauting and E. B. Wilson, fntroduction to Quantum Mechanics,
New York: McGraw-Hiil, 1935 (Dover reprint, 1985).

0z&
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TABLE 11.3 Solution of the © Equation

H my Function ="

0 0 ew=lﬁ§

1 e B, = l;E cos 8 -

1 o+ eumiggw l

2 0 By = -»"/;E(:s cos’ 8 — 1) :

SR Onsy = --‘/;Esinecose %

8 el Chges VAL g :
§

s
s

Insertion of a value into a recursion ' When m, is zero, this equation is the Legendre equation, named after the French math-
formula gives a new value back ematician Adrien Marie Legendre (1752-1833). Solutions for the Legendre equation

until the series of new values is ; ) RS : :
- . are possible only when [ is zero or has positive integral values. These solutions are
naturally limited by mathematical P 3 1l is zero o j; ¢ :

-

constraints of the formula. known as lh-:j: Leg‘eudre polynomials f.:!f degree 1. When m; is not zero, a solution can
only be obtained if m1; has one of the integral values —1, =/ +1,...,0,....} —1,1.

The solutions are then the associated Legendre functions and are usually expressed
by means of a recursion formula.

The conclusion is therefore that { can only be zero or have a positive integral
value and that the m; values are determined by the value of I

T = Oai e (11.180)
e g R (o (R (11.181)

We shall see that the solution of the R equation imposes an upper limit on the value of /.

Table 11.3 gives solutions of the @ equation for { values of 0, 1, and 2 and
the corresponding permitied m; values. Because the sine and cosine functions can
have positive and negative values, there are positive and negative regions of the wave
functions. The functions in Table 11.3 are orthogonal to one another (as required for

- - ApTmaeeE  TRTISG Srosfoaels ¥ TR S
5 3 P .
4 i St

eigenfunctions of a Hermitian operator) and have been normalized. ‘

Solution of the R Equation
The R equation, Eq. 11.167, may be cast into the form of a type of equation studied in 1;
the nineteenth century by the French mathematician Edmond Laguerre (1834-1886). r
Its selution leads to the conclusion that there is a quantum number # that can have g%
positive integral values starting with unity: %

re=rl 23 s (11.182)

The relationship between n and / is that the maximum value that / can have is one
less than the value of n:

R0 cevipe® M | (11.183)
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TABLE 11.4 Solutlons of the A Equatlon

Quantum Numbers

n ! Functlon
7 32
i ¢ Rw =2(—-) g—z’fﬂo
ap
3
2 0 Ry = g (E) (2 _ _7::) ~Zr/2a
2 2 ay ao
] z 352
2 1 R = —= (___) __re—Z!,-’lgo
26 \do 0 ag
I EAY aZr  4ZWN
3 0 Rg,o = e (-—) (6 _ ..,..__i + :- )e—lr,".‘ag
93 \ao e ap 9“'6
" (ZNT 2 z _
3 [ Ry = —= (—-) (4-. __Z..{) %__r.t,t—zqsl.-m
96 \ao 3ag / 3ag

1 AN 22;‘): .
3 2 Ry=— [ = =) e
7 9./30 (ao) (30’0

The quantity ap 15 the same as the first Bohr radius, defined by Eg. 11.43,

The solutions of the R equation, under these restrictions, are the Laguerre polynomi-
als. The wave functions for the first three values of 7 and the possible values of 7 are
given in Table 11.4.

Complete Wave Functions

Orbitals The complete wave functions, known also as orbitals, are obtained by multiplying
together the appropriate functions that are given in Tables 11.2, 11.3, and 11.4. Some
examples are given in Table [1.5. The way they are constructed is shown by the
following example.

EXAMPLE 11.7 Obtain a complete wave function for an electron having n =
3,{ = 1,m; = 0 (a 3p orbital).

Solution In order to determine an expression for W,,,, we can multiply the radial
wave function for ann = 3, I = 1 orbital from Table 11.4 (R3,) by the © function
for { = 1, m; = 0 from Table 11.3 (®;,) and then by the & function for m, =0
from Table 11.2 (®y). The final expression is

3D
1 Z Zr) zZr -
e R o N [ 2 Yo Zrha o g
Vo e T (ao) ( a . (ﬂu)e o1

Note that two other equally acceptable solutions for the 3p orbitals could have been
obtained by taking the products Ry ©,,®,; or Ry@,.,®,. These give identical
orbitals to the one described except for orientation.
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TABLE 11.5 Selected Complete Hydrogen Atom Wave Functions i, [, m, for
the Hydrogen Atom {Z = 1)

Quantum Numbers

n i my Function
1 1IN
1 0 0 Vis=Vm = —= (—) e
o\ ag
] | A r
2 0 0 rye = Wragy = .;(~} (2—~)e—’“"“
s = Y 3757 \ag / p
3
3 1 0 Yan, = Yaig = il (L) g e cos g
2 427 \ao ap

r —ri g o i
—e " gin @ cos ¢
L4li)

i |
2 ] +1 vy = —
Van 42 (ﬂo

)
R =

300 : ( l )m 66 ( ol ) ( = ) /e
= wmE —— — d e Ny T -t
V=Yoo 8137 \dao 3ap, 3ag

S’

W,
— 4 gin @ sin ¢
o

g,

The significance of the notation 1s, 25, 2p;. €lc., is considered fater.

11.8 PHYSICAL SIGNIFICANCE OF THE ORBITAL QUANTUM NUMBERS ISR

The mathematical solution of the Schridinger equation for hydrogenlike atoms has
thus revealed that there are three orbital quantum pumbers », [, and m;: their magni-
tudes are related to one another by Eqs. 11,180, 11.183, and 11.181, respectively. A
special notation has been introduced to designate the quantum numbers 7 and [ and
the orbitals to which they correspond. The principal guantum number 2 is given first,
fotlowed by a letter that indicates the quantum number /, as follows:

=0 s
=1 p
=% d
L =3 f

From then on we follow the letters in alphabetical order (g, h, etc.). The letters s, p,
4, and f relate to the descriptions “sharp,” “principal,” “diffuse,” and “fundamental”
that the early spectroscopists had given 1o series of lines in atomic spectra. As an
example of the use of this notation, a 3p orbital is one for which » = 3 and { = 1.
We will see later that m; values can be indicated by the addition of subscripts to the
letters, but this is frequently unnecessary.

The Principal Quantum Number n

Inspection of Eqs. 11.163, 11.167, and 1(.168 shows that the only one that contains
the energy F is Eq. 11.167, the R equation. It therefore allows that the energies for a
hydrogenlike atom depend only on the solutions of the R equation and not at all on

[
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- RGURE 11 shown in Figure 11.13a. The curve passes through a maximum whenr = ap = 52.92
15 g g
fa) Plots of ¥3,and 4xr2y2 against Pm. and this distance is therefore the most probable distance between the nucleus and

r from the nucleus,
®r a 15 etectron in the hydrogen

Som. (v) Piots of Vi, and 4 ry2,
r. bor a 2s electron, (c)
and 4,-:r2F!§p, fora 2p

the clectron. This emphasizes a very important similarity, and also a very important 1
difference, between the Bohr theory and the wave-mechanical theory. In the Bohr i
theory the electron in the ground (1s) state of the hydrogen atom moves in a precise 3
orbit of radius ag, while in quantum mechanics this distance is only the niast probable _“‘;
distance; the electron can be at other distances from the nucleus. e

Figure 11.15b shows plots of 7, and of 45?3, for an electron in the 2s state. .
The latter shows two maxima. Similar plots can be given for 3s, ds, etc., states, and
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FIGURE 11.14

Radial wave functions B(r) for the
hydrogen atom, plotied against
distance r from the nucleus. (a)
The curveforn=1. ¢ must be Q.
(b) The curves for n — Z; ¢ can be
0 or 1. {c) The curves for n=3: ¢
canbeQ, 1, or2,
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FIGURE 11.16

Plots of [@(@)®(#)F. (a) An s
orbital (¢ = Q). (b) Three p orbitals;
the p; plot is shown enlarged for
clarity in three-dimensional form.
(c) The dye, d,a_y2, diz, 9y, NG
d,, orbitals.
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Angular Dependence of the Wave Function: The Quantum
Numbers ¢ and m,

The © and ® wave functions are best considered together, since both are concerned
with the angular dependence of the orbitals. Plots of [©(9)®(¢)]?* for various / and
m; values are shown in Figure 11.16. It is to be emphasized that these plots are in no
way related to distance from the nucleus but only to the variation of the wave function
with the angles & and ¢. This is illustrated explicitly for the p, orbital, for which the
angles @ and ¢ are shown and in which the plot is shown in its three-dimensional
form. For given values of 8 and ¢, the length of the line joining the origin to the
surface of the solid figure is the relative probability that the electron is to be found in
that direction. For this p, orbital the maxinuen probability is along the Z axis. The
other diagrams are given in a simpler form, but they are to be interpreted in the same
way.

All s orbitals {/ = 0) have sphencal symmetry, as shown in Figure 11.16a.
When { = 1 (a p orbital), the quantum number m; can have the value —1,0, or

dxzrdyz' Sz
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FIGURE 11.17

{a} A particle of mass m undergoing
circular motion in the XV plane in
an anticlockwise direction. (b}
Clockwise motion in the XY plane.
{c) The general case, showing the
components of velocity and of linear
momentum, and the compeonent of
angular momentum along the Z
axis, in vector notation, L =T % p.
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zZ z
Ly=xp, 4 Y
v 5 P
f X / T x m px/x
m
Ly=~yp,
a b.

Orbit
-7 =g
A a
Lzz xpy- ¥Px
L
14
X
’ il s X

then, by definition, positive along the Z axis and is given by

L= pyx = muyx (11.191)

The sign of the angutar momentum js determined by the right-hand rule; the curved
fingers of the right hand are caused to point in the direction of the linear momentum
vector, and the thumb then points in the direction of the angular momentum vector.
Figure 11.17b shows the situation when the particle is on the Y axis; a positive
momentum p, then means that it is meving in the clockwise direction, so that the
angular momentum L. is now —yp,. We can generalize these results for a particle
moving in any direction (Figure 11.17¢). If its momentum components are p, and
py and its position coordinates are x and y, the resultant component of angular
momentum along the Z axis is given by

L;=xpy~ yp: (11.192)
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FIGURE 11.18

{a) An electron moving in an orbit in
the XY plane, showing the angular
momentum and magnetic moment
vectors along the Z axis. {b) An
orbiting electron in a magnetic figld
that lies along the Z axis, for / = 1.
The Z component of the magnetic
moment is shown aligned with the
field and the angular momentum
against it. The cones represent
precesgion about the Z axis. (c)
The five possible orientations of
the orbital angular momentum
vector, for { = 2, in a magnetic field.
The magnetic moment lies in the
opposite direction.
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commute with &, L2, and L. and. therefore, have the same set of eigenfunctions.
The same quantum numbers ! and m; therefore relate 1o the magnetic moment.

The magnetic moment differs in the units used for its measurement. We will
discuss this further in Section 14.2 in connection with the Zeeman effect. Here we
will simply state that the ratio of the magnetic moment to the angular momentum
is known as the gyromagnetic ratio, or the magnetogyric ratio. For an electron of
charge ¢ and mass m, this ratio is —e/m,. The SI unit of magnetic moment is ampere
metre* (A m?), but it is usual to employ the Bohr magneton, which is equal to 9.2734
x 107% A m?.

The importance of the magnetic moment is that it dictates the orientation of the
orbital in a magnetic field, which may be that due to neighboring atoms. Figure ]11.18b
shows one arrangement that can arise when a p orbital (! = 1) is in a magnetic field
along the Z axis. The Z components of the angular momentum and of the magnetic
moment, opposite to one another, must have quantized values. corresponding to the
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11.11 Spin Quantum Numbers 521

Orbital angular momentum
vector L

R
an

M=

Spin anguiar momentum

3, h
vector §= 4 2n

~——— 8pinning and orbiting
electron

Orbital magnetic moment - Z component of spin
vector M \\ ¥ magnetic moment

Spin magnetic moment vector, g

Z component of orbital
magnetic moment, M,

angular momentum along the Z axis is quantized in a similar way to L,,

h
S, =mg— (11.210b)

2
but the spin quantum number m; can have only the values +% and — %

The orbital angular momentum of an orbital electron and also the spin angular
momentum are shown in Figure 11.19. The orbiting electron produces a magnetic
moment vector in the direction indicated, and the electron may be considered to spin
on its own axis in the magnetic field produced by the orbital motion. The magnetic
moment due to the spin may be oriented in the same direction as the magnetic
field produced by the orbiting electron (as shown in the figure) or in the opposite
direction. The former gives a somewhat higher energy than the latter. We shall see in
Section 13.2 that the resulting splitting of energy levels gives closely spaced lines in
atomic spectra.

We are now in a position to add two additional postulates to the six that we
introduced in Section 11.5:

Postulate VII states thal
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11.11  Spin Quantum Numbers 521

Orbital angular momentumn
vector L

i.h
2 2x

Spin angular momentum
/§ .h
vector $=v 4 2x

-—— Spinning and orbiting
electron

Z component ol spin
magnetic moment

Orbital magnetic moment

vecior M ~— 3

Z component of orbital
magnetic moment, M,

angular momentum along the Z axis is quantized in a similar way to L,,

A
S, =m,— (11.210b)

2
but the spin quantum number m, can have only the values +% and -%.

The orbital angular momentum of an orbital electron and also the spin angular
momentum are shown in Figure 11.19. The orbiting electron produces a magnetic
moment vector in the direction indicated, and the electron may be considered to spin
on its own axis in the magnetic field produced by the orbital motion. The magnetic
moment due to the spin may be onented in the same direction as the magnetic
field produced by the orbiting electron (as shown in the figure) or in the opposite
direction. The former gives a somewhat higher energy than the latter. We shall see in
Section 13.2 that the resulting splitting of energy levels gives closely spaced lines in
atomic spectra.

We are now in a position to add two additional postulates to the six that we
introduced in Section 11.5:
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504  Chapter 11 Quantum Mechanics and Atomic Structure

We have thus split the Schradinger equation (Eq. 11.164) into three equations,
one involving ® and ¢ (Eq. 11.165), one invelving R and r (Eq. 11.167), and one
involving ® and & (Eq. 11.168). These equations must now be solved so as to eliminate
the difterentials. We will first solve the & equation so as to obtain the allowed values
of m;, These will then be used 1o solve the © equation so as to obtain the allowed /
values. Finally, the f values will be used to solve the R equation. gaut

Solution of the @ Equation
Equation 11.165 is of a familiar form (compare Eq. 11.125) and its solution is
b = Ae™¢ (11.169)

where A is a normalization constant. The function ¢ must have the same value at
¢ =0, ¢ =2m, ¢ =4m, ..., because these angles correspond to the same position;
this requires that

my =10, £1, £2, £3, ... (11.170)

The positive and negative values relate to distinet solutions. The quantity m; has thus
become a quantum number because of the mathematical constraints on the system
and not in any arbitrary way. §

The value of A is obtained by applying the normalization condition, the range of ’
¢ being 0 to 2x1:

)

pim

©,, P

My

e “;d) o A?f e.‘mme i d‘i’: AE?.R' =1 (11171)
1]

1]

Therefore A = 1/+/2x and the solution becomes

b Byl W
b = ——'™® (11.172)
V2
When m; = 0, the value of &y is l,’«/’l—f;. but for other values of m; the solutions !

involve imaginary exponents. This is awkward, and it is more usual to employ a
linear combination of the functions, &,,, + ®_,,,; as we have seen (Eq. 11.116),
linear combinations of wave functions having the same eigenvalue are also solutions
of wave equations. For example.

| ;
form; = 1. D) = ——¢'? (11.173)
2n
f = —1 oy = gt (11.174) ‘
or my = ‘ = \/En( ;
We can take the sum of these and divide by +/2 to preserve the normalization, _
1 | ; ; cos
P, = — (0, +P_ )= —— (" + 7)) = .9 (11.17%) !

V2 2y VT

We designate this orbital @, since cos ¢ has its maximum value when ¢ = 0, which




