


2  Theoretical Preliminaries 
 
2.1  Effective compliance matrix 

Based on physical insight, the following compliance matrix 
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in which the thermodynamic constraint requirement 
 
                    ijjjii EE ν=ν                                   (2) 

 
has been insured. 
 

 
2.2  Bounding surface 

In order to construct a rational model accounting for damage 
growth, concepts are borrowed from incremental theory of 
plasticity in general and the bounding surface plasticity 
model in particular as introduced by Dafalias and Popov 
[22].  Plasticity bounding surface model as proposed by 
Dafalias, requires definition of multiple surfaces in stress 
space.  However, the fundamental surfaces in the present 
work are best described in strain-energy release space, as 
proposed by Suaris et al. [24] 
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                     0)( 2/1 =−= oiio RRRf                      (5) 

 

where, f is the loading function surface, F is the bounding 
surface, fo is a limit fracture surface [24].  The loading 
function surface (f) is defined in terms of thermodynamic-
force conjugates, Ri, where, 
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where ρΛ is the strain energy density and iR  is an image 

point on F = 0 associated with a given point Ri on f = 0 
defined by a mapping rule 
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  2/1)/( iic RRRb =                     (8) 

 
with the mapping parameter b ranging from an initial value 
of ∞ to a limiting value of 1 on growth of loading surface to 
coalesce with bounding surface.  Rc, critical strain energy 
release rate, is a parameter of the model and is calibrated to 
the standard uniaxial compression test, and is suggested to 
be 1.29.  Ro defines the initiation of microcracking which 
occurs at about 40% of the peak stress as indicated by 
experimental results, and it varies with the compressive 
strength of concrete as: 
 

                         oco EfR /)4.0(2 2′β=                           (9) 

 
Damage is hypothesized to accumulate at levels of strain 
energy release rate resulting in the loading surface (f) 
traversing the limit fracture surface (fo) and rupture in the 
damage sense is said to occur when ‘f’ grows large enough to 
coalesce with the bounding surface F fixed in the Ri space.  
  
 
It can be argued from the above discussion that Rc should 

also vary with the compressive strength of concrete, fc′, like 

Ro.  At this point it seems appropriate to discuss the role of 

parameters α and β.  It is true that Rc will vary with fc′, but 

with the introduction of α and β it does not matter that Rc is 
fixed or varying.  α and β control the movement of the 
loading surface which describes the onset of damage or 
failure, i.e. higher values of α and β means faster movement 
of loading surface and hence lower peak stress, as it will 
reach the bounding surface much earlier than with lower 
values of α and β.  This makes the model flexible enough to 
accommodate normal as well as high strengths of concrete. 
 
 
2.3  Damage evolution 

The damage growth is determined from the loading surface, 
f, as 
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With bRk c /= , equation of loading becomes 

                0)()(),( 2/1 =ω−= piii kRRkRf                (11) 

 
where pω , the norm of accumulated damage is defined as, 
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Consistency condition df = 0 
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From (6) 
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Substituting in (13) 
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Substituting (10) in (12) 
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Using (10), (11) and (17) in (15) and solving for dλ yields 
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Introducing H = 
p

k

ω∂
∂

= damage modulus, it can be 

measured experimentally in a uniaxial compression test and 
the same form is assumed for more general stress paths. 
 
In the present work, H is expressed as a function of the 
distance between the loading and the bounding surface, 
given by 
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where D = 2.65 is a constant and < > are Macaulay brackets 
that set the quantity within it to zero if the value is negative.  
The normalized distance δ between the loading and 
bounding surfaces is given by 
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δ = δin corresponds to Ro when the loading surface first 
crosses the limit fracture surface [24]. 
 
 
3  Incremental Stress-Strain Relations 
 
3.1  Elasto-damage compliance matrix 

Total form of stress-strain law can be expressed as 
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The incremental form of Equation (21) is given by 
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or 
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where dλ is defined in Equation (18), and ed
ijC  is the elasto-

damage compliance matrix as defined in Equation (24).  
Equation (25) is useful in a stress control testing. 
 
 
3.2  Elasto-damage stiffness matrix 

The constitutive equation for strain control can be expressed 
as  
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where 
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the complementary strain energy density. 
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The incremental form of Equation (26) is given by 
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where dλ is defined in Equation (31), and ed
ijD  is the elasto-

damage stiffness matrix as defined explicitly in Equation 
(33).  Equation (34) is useful in strain control testing. 
 
 
4  Application of Proposed Elasto-Damage Model 
 
4.1  Uniaxial compression 

The strain energy density ρΛ for uniaxial compression is 
given by 
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Substituting for the compliance [ ]C
~

, and setting α = 0 (as it 
is used primarily as a parameter for matching peak strengths 
in tension testing), one obtains 
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The thermodynamic relation 
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From symmetry, ω2 = ω3 = ω and ω1 = 0 by virtue of 
Equation (41), yields 
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Differentiating Rj with respect to ωi and εi and substituting 
along with (46) into (31) yields 
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Finally, Equation (33) yields incremental stress-strain 
relationship for strain control testing as 
 

    ( ) 122
1

2

622
1

2
4

)(3

)((8
)( ε











εβ+
εβ

−=σ d
BWEH

BWE
BWEd

o

o
o       (48) 

 
where )1( βω−=BW . 



 
Similarly, it can be shown that proceeding in a similar way 
incremental stress-strain relationship for stress control 
testing can be expressed as 
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4.2  Uniaxial tension 

Following the same logic as in the case of uniaxial 
compression, it can be shown that for strain control testing 
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where )1( 1αω−=AW , and for stress control testing 
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4.3  Biaxial compression 

Predictive ability of the proposed elasto-damage model for a 
multi-axial stress path is investigated for the biaxial stress 
state defined by σ1 = σ2 = σ.  The 2×2 compliance and 
stiffness matrices for a general two-dimensional state of 
stress as a special case of Equations (1) are given by 
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whose inverse may be written as: 
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Proceeding in a manner analogous to the uni-dimensional 
stress state, following is the resulting sequence of salient 
equations: 
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Using σ1 = σ2 = σ, the inversion of Equation (54) yields 
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Components R1 and R2 = 0 due to the non-negativity of ωi.  
Also 
 

          
)1(

)1(2 3
2
1

3 ν−
βω−βε

= oE
R                    (57) 

 
Following the same steps as for uniaxial case, together with 
ω1 = ω2 = 0 and ω3 = ω, leads to the following incremental 
σ−ε relationship for equal biaxial compression 
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This form is useful for strain control, however, for stress 
control the procedure will be similar to that for uniaxial case.  
The incremental stress-strain relationship for equal biaxial 
compression is expressed as 
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5  Determination of Regression Coefficients 
 
The parameters α, β and γ are functions of initial modulus of 
elasticity, Eo, uniaxial compressive strength, cf ′ , and 

normalized strain invariants, 
3
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principal and deviatoric strain, respectively.  The suggested 
forms of α, β and γ are as follows: 
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or   
 
 α = 0    (σ1, σ2 < 0) 
 

),( oc Ef ′α=α      (σ1, σ2 ≥ 0)     (path independent)     (61) 

 
Phenomenological evidence is the essential guide in deciding 
if a particular stress state corresponds to a path dependent or 
path independent loading I1, J2 computed at the beginning of 
load increment. 
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 γ = 0     (for all other stress states) 
 
where, 
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These parameters were calibrated by regressing against 
experimental σ−ε data for different cf ′ .  The range of cf ′  
used in regression varies from 4,000 psi to 17,400 psi, and is 
listed in Table 1.  Stress paths used in regression are listed in 
Table 2. 
 
 

cf ′  (psi) Eo (106 psi) νo 
  4000 3.605 0.19 
  9434 6.023 0.19 
13062 6.444 0.19 
17416 7.126 0.19 

         ACI Equation  cc fE ′= 57000   (fc′ in psi) 

                                       cf ′= 4730   (fc′ in MPa) 

         Wee et al. [32]  Ec = 102000 (fc′)1/3   (fc′ in MPa) 
 

Table 1: Range of cf ′  used in regression 

 
 

σ1/σ2 for α σ1/σ2 for β 
           −1 0 
           −0.25 0.2 
           −0.125 0.5 
           −0.1 0.8 
           −0.075 1.0 
           −0.05  
           −0.025  

 
Table 2: Stress paths for determination of α, β 

 
 
Regression was carried out in two steps as illustrated by 
Desai [30] and shown in Figure 1.  In the first step, for a 
particular cf ′  and Eo, α or β is determined by matching the 

peak stress to experimental data for varying stress ratios 
σ1/σ2.  Then this data is regressed using the proposed form 
of α or β (Equations (60) & (62)) to obtain α0, α1, α2, α3 or 
β0, β1, β2, β3.  At the end of this step, one has a set of αi’s 

and βi’s, where i = 0,1,2,3. 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Flow chart for two-step regression 
 
 
This process is then repeated for all the listed cf ′ .  The sets 

of αi’s and βi’s are then further regressed using the proposed 

functional forms of αi’s and βi’s (Equation (65)) to obtain 

αi1, αi2, αi3, αi4 or βi1, βi2, βi3, βi4. 
 

For determination of iγ ’s and the path independent βα, , 

regression is carried only once, since these parameters are 
presumed to be a function only of cf ′  and Eo. 

 
Final form of αi’s, βi’s and γ is as follows: 
 
•  α for path-dependent stress states 
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•  α for path-independent stress states 
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•  β for path-dependent stress states 
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•  β for path-independent stress states 
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•  γ for path-independent stress states 
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Depending on the state of stress (σ1, σ2), the following 
combinations of α, β and γ are proposed as shown in Table 
3. 
 
 
6  Results 
 
Results predicted by the proposed model discussed in earlier 
sections are verified for uniaxial and biaxial loading 
conditions by comparing them with the available 
experimental results.  A strain control programme is used for 
plotting curves for predicted stress-strain response, 
volumetric dilatation and apparent Poisson’s ratio for 
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Table 3: Combinations of α, β and γ 

 
 
multiaxial loading conditions and is shown schematically in 
Figure 2. 
 
Three different concretes (concrete A, fc′ = 4,000 psi (27.6 

MPa), concrete B, fc′ = 9,434 psi (65 MPa) and concrete C, 

fc′ = 17,416 psi (120 MPa) were selected for comparison of 
predicted results of the model under uniaxial and biaxial 
loading conditions.  For the case of uniaxial compression, 
comparison with experimental results of Wischers [31] and 
Wee et al. [32] shows that the predicted curves for concretes 
A and B (Figures 3 and 4) are stiffer and less ductile than the 
experimental curves i.e. the predicted peak stress compares 
quite well but the strains are somewhat on the lesser side.  
This can be attributed to the absence of plastic strains.  
Additional plastic strains will shift the curves to the right, 
making it comparable with the experimental values.  Curve 
for concrete C, Figure 5, is in close agreement with the 
experimental curve [32] both in terms of peak stress and 
peak strain.  It is evident from Figures 3–5 that the model 
can capture the increasing brittleness and decreasing 
ductility with the increase in uniaxial compressive strength 
quite effectively. 
 
Figures 3–7 reflect the predictive capability of the model to 
capture the phenomenological behaviour of volumetric 
dilatation.  In Figures 3–5, curves for lateral strains are 
shown in which the increase in lateral strains as the stress 
reaches the peak stress is clearly visible.  This increase in 
lateral strains is due to the dramatic increase in apparent 
Poisson’s ratio (Figure 6), which results in the change of 
sign of dilatancy (volumetric strain) as shown in Figure 7.  It 
can be seen from the figure that under compression concrete 
always exhibits this phenomenon irrespective of the stress 
paths.  Figure 6 represents the change in Poisson’s ratio for 
all the three concretes.  The curves are similar to the ones 
predicted by Krajcinovic and Fonseka [15] and Voyiadjis 
and Abu-Lebdeh [25].  Curves predicted 
 
 

 
in the present study are more consistent with the observed 
behaviour since the change in Poisson’s ratio is more evident 
near the peak stress, while the change in Poisson’s ratio is 
evident right from the onset of damage in the curves 
predicted by Krajcinovic and Fonseka [15] and Voyiadjis 
and Abu-Lebdeh [25]. 
 
For the case of uniaxial tension, softening in post-peak zone 
of stress-strain plots for all the concretes has been captured 
by the model effectively as shown in Figure 8.  Shapes of the 
stress-strain plots correlate with the experimental results of 
Gopalaratnam and Shah [33]. 
 
For the case of biaxial compression, comparison with the 
experimental results of Kupfer et al. [34], Figures 9 and 10, 
indicates that the predicted peak stress envelope is in close 
agreement with the experimental peak stress. 
 
It should be noted that this remarkable correlation with 
experimental data was obtained by introducing three 
parameters (α, β and γ) in the effective compliance matrix 

C
~

, on the basis of available 2-D data for concrete.  Since it 
is already shown that this rather simple approach is capable 
of capturing almost all the observed phenomenological 
trends of concrete, incorporation of more three dimensional 
data will yield a more rigorous model capable of predicting 
multiaxial behaviour of concrete. 
 
 
7  Conclusions 
 
An elasto-damage bounding surface model for monotonic 
behaviour of normal and high strength concrete is developed 
in this paper.  A generalized compliance matrix is proposed 
in the principal coordinate system based on 
phenomenological evidences and physical insight.  Typical 
behavioural trends of concrete are taken into account by 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Flow chart for strain control programme 
 
 
introducing three new parameters α, β and γ in the proposed 
compliance matrix. 
 
Results presented in the paper demonstrate that the proposed 
model predicts the behaviour of concrete under multiaxial 
monotonic loadings adequately.  Almost all the essential 
features of concrete including the volumetric dilatation are 
captured by the model.  Absence of plastic strains has 
resulted in stiffer stress-strain curves, therefore, it is 
recommended to include the effect of plastic deformation in 
modelling the behaviour of concrete. 
 
In order to make the model general and applicable to real 
three dimensional problems, work is in progress and more 
triaxial data will be incorporated in determining the 
regression coefficients. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

Figure 3: Stress-strain curves for uniaxial compression 

(fc′ = 4000 psi) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

Figure 4: Stress-strain curves for uniaxial compression 

(fc′ = 9434 psi) 
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Figure 5: Stress-strain curves for uniaxial compression 

(fc′ = 17416 psi) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6: Apparent Poisson’s ratio 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7: Volumetric dilatation for different stress paths 

(fc′ = 4000 psi) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 8: Stress-strain curves for uniaxial tension 
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Figure 9: Biaxial strength interaction curve for concrete 
(fc′ = 4000 psi) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10: Biaxial strength interaction curve for concrete 

(fc′ = 9434 psi) 
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