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Learning Objectives

+To be able to state different Laplace
transform properties

+To be able to apply different properties to
simplify calculations of Laplace transform
or Inverse Laplace transform
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Definition of Laplace Transform

F(s) = L{f (t)}= j: f (t)e dt

(0= LR} = j
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Linear Properties of Laplace Transform

L{a f(t)+bg(t)j=aLi f(t)}+bL{g(t);

Proof :

e 0]

L{iaf(t)+bg(t)}=[(a f(t)+bg(t))edt = j f (t)edt + T g(t)e dt

0

a f (t)edt + j bg(t)e dt
0

=a j f (t)e dt +Db j g(t)e dt
0 0

=aL{f(t)}+bL{g(t)}
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Linear Properties of Laplace Transform

L{a f(t)+bg(t)j=aL{ f(t)j+bL{g(t)]

Special Cases:

Multiplication by constant

Lia f(t)}=aL{f(t)]

Addition of two functions

L{ f () +g(t)j=L{ f(t)j+L{gt)]
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Multiplication by Exponential

Let L{f(t)}=F(s) then

L{f(t) e™}=F(s+a)

Proof :

o0

L{ f(t) e‘at}= j f(t)e e dt =T f(t)e **'dt = F(s+a)

0
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Multiplication by Exponential

Examples

L{ f(t) e‘at}: F(s+a)
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Useful Identities

e’ =cos(@)+ jsin(P)
e )% =cos(@) - jsin(k)

cos(b) :%( 19
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Example

Proof of Laplace Transform of sin Function

f (t) =sin(wt) Laplace > F(s) = : @ :
Transform S t+w

= j f(t)e dt = j sin(at)edt =
0

0

(e}t — g i ot = Ue’“" dt - je Jet Stdtj

1 o
2jils—jo s+jo) s°+o°
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Example
cosine Function

f (t) = cos(wt) Laplace
Transform

o0

F(s) = j f(t)e dt =]O cos(mt)e Sdt

0

TE (e"“’t +e I )e‘“dt :i[]o ele~stdt + Te"“’te“dt)
0 2 2 0 0

( 1 1 j s
T | T2, 2
S+ jJo S—Jw) S t+w

CISE302_L5 Dr. Samir Al-Amer 2008 Ve



Multiplication by time
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Laplace Transform of Derivative

(df (1)
§ dt J

(d2f(t)

L+

- =SF(s)— f(0)

B L= 5?F (s) — sf (0) — f (0)

. dt2 y,
(def(t)
dt’

\ J

L= s*F(s) —s*f (0) —sf (0)— f(0)
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Laplace Transform of Derivative

Example

Apply Laplace trasform to the ODE
X(t) +3x(t) + 2x(t) =1, x(0) =4,%(0)=5

Solution: { }=sF(s) f(0)

f(t)
L{ = } s?F(s) - sf (0) — f (0)

L{R(t) +3%() + 2x(t) } = L{u(t) }
57X () — 5x(0) — %(0) |+ 3[sX () — X(0)] + 2X (5) = %

[32X (S) —4s—5]+ 3[sX(s) —4]+2X(s) :%
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Laplace Transform of Integrals

\

L{j; £ (1)dA j:%F(s)

’
t

e **sin(z)dz }: ?

1
(s+2)° +1

Example : L<\ j

0

L{e % sin(t)|=

1
s((s+2)° +1)

L{ j;e—” sin(z)dz}:
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Laplace Transform of Functions with Delay

Let L{f(t)}=F(s) Then
L{ f(t—d)u(t—d)}=e"*F(s)

f(t) ! f(t-d)u(t-d)

/N

d
F(s) e F(s)
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Laplace Transform of Functions with Delay

Example
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Properties of Laplace Transform

(0 t<0
f(t)=7At 0<t<L
0 t>L

f(t) = Atu(t) ~A(t—L)u(t—L)— ALu(t—L) .
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Properties of Laplace Transfor

Slope =A
Slope =A AL
L L
Slope =A
= < F(s)= AZ— Aize‘LS _ALien
— /‘ S S S
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Properties of Laplace Transform

.= s®F (s)—s?f(0)-sf(0)- f(0)

}: s"F(s)-s""f(0)—... —s fT(0)~ fV(0)
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Initial Value& Final Value Theorems

Initial Value f (0+) and Final Value f ()

can be obtained directly from F(s)
with out the need to obtain
Inverse Laplace Transfrom
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Initial Value Theorem

f(O+)=lim s F(s)

S—0

the valueof thefunctionat theinitialtime
IS obtained by takingthelimitlim s F(s)

S—0

If F(s) is not strictly proper then initial condition will
be unbounded due to presence of impulse function
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Final Value Theorems

f(c0) = |irT01 s F(s)
provided F(s) has no poleson thein the right half
of the complex planeand with a possible exception

of single poleat the origin.

Examples:

G(s) = S+95 () = S+4
(s+2)(s-3) s(s+2)(s+3)
We canobtain f (o) but not g(oo).
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Final value theorem

2 2

Fe)=—~> -8 , 3
(s+D(s+4) (s+1) (s+4)

f(t)= Ee‘t —Ee‘4t fort>0
3 3

2 2
f(o)=—e " ——e* =0
(c0) 3 3

foo) = lim—2 -9 g
20 (s+1)(s+4) (0+1)(0+4)
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Final value theorem

F(s) = 2 -9 .
(s—D(s+4) (s-1) (s+4)

f(t) _2e 20 gort>0
5 5

2 2
.|: 0 :_eoo__e—4oo:OO
() =€ ¢

f(oo)=lim—2> - 0
=0 (s—1)(s+4) (0-1)(0+4)

Remember we can apply final value theorem if
all polesof sF(s) have negative real parts

0| Not valid
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At)=0 fort=0
f Stydt=1 £>0

|
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St)=0 fort=0 L{ L) }=
fg Sty dt=1, £>0

f(c) if ce[a,b]
0 otherwise

[ &t-c) fdt=-

sampling property
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At)=0 fort=0
f Stydt=1 £>0

|
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You can consider the unit
Impulse as the limiting case
for a rectangle pulse with

unit area as the width of the
pulse approaches zero
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oAt)=0 fort=0
f St dt=1, £>0

sampling property

Lb Kt—0) f(t)dt:;f(c) if ce[a,b]

0 otherwise

CISE302_L5 Dr. Samir Al-Amer 2008



[ > Jt—2) cos(3t)dt = cos(6)

5
jl At—3)eldt=¢"

fS St—3) etdt=0




Time delay

/o

g(t)=T(t-2)
G(s)=F(s)e™
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Summary

+apply different Laplace transform
properties to simplify calculations of
Laplace transform or Inverse Laplace
transform
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