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A Mathematicallheoryof Communication

By C.E. SHANNON

INTRODUCTION

HE recentdevelopmentof variousmethodsof modulationsuchas PCM and PPM which exchange

bandwidthfor signal-to-noiseatio hasintensifiedtheinterestin ageneratheoryof communicationA
basisfor suchatheoryis containedn theimportantpapersof Nyquist andHartley? on this subject.In the
presenpaperwe will extendthetheoryto includea numberof new factors,in particularthe effect of noise
in thechannelandthe savingspossibledueto thestatisticalstructureof the original messaganddueto the
natureof thefinal destinatiorof theinformation.

The fundamentaproblemof communicationis that of reproducingat one point eitherexactly or ap-
proximatelya messageelectecht anothemoint. Frequentiythe messagebave meaning thatis they refer
to or arecorrelatecaccordingto somesystemwith certainphysicalor conceptuakntities. Thesesemantic
aspect®f communicatiorareirrelevantto theengineeringproblem.Thesignificantaspecis thattheactual
messagés oneselectedroma setof possiblemessagesThe systemmustbe designedo operatefor each
possibleselectionnotjusttheonewhichwill actuallybechosersincethisis unknowvn atthetime of design.

If thenumberof messagem thesetis finite thenthis numberor ary monotonicfunctionof this number
canberegardedasa measureof the informationproducedwhenone messagés chosenfrom the set, all
choicesbeing equallylikely. As was pointedout by Hartley the mostnaturalchoiceis the logarithmic
function. Althoughthis definition mustbe generalizeadonsiderablywhenwe considerthe influenceof the
statisticsof the messagendwhenwe have a continuousrangeof messagesye will in all casesusean
essentialljogarithmicmeasure.

Thelogarithmicmeasurés morecorvenientfor variousreasons:

1. It is practicallymoreuseful. Parameter®f engineeringmportancesuchastime, bandwidth,number
of relays,etc.,tendto vary linearly with the logarithmof the numberof possibilities. For example,
addingonerelayto agroupdoubleshe numberof possiblestatef therelays.It addsl to thebase2
logarithmof this number Doubling the time roughly squareghe numberof possiblemessagespr
doubleghelogarithm,etc.

2. It is nearetto our intuitive feelingasto thepropermeasureThis is closelyrelatedto (1) sincewein-
tuitively measuresgntitiesby linearcomparisorwith commonstandardsOnefeels,for example that
two punchedcardsshouldhave twice the capacityof onefor informationstorage andtwo identical
channeldwice the capacityof onefor transmittinginformation.

3. It is mathematicallymoresuitable.Many of thelimiting operationsaresimplein termsof the loga-
rithm but would requireclumsyrestatemenin termsof the numberof possibilities.

The choiceof alogarithmicbasecorrespondso the choiceof a unit for measuringnformation. If the
base? is usedthe resultingunits may be called binary digits, or more briefly bits, a word suggestedy
J.W. Tukey. A device with two stablepositions,suchasa relay or a flip-flop circuit, canstoreonebit of
information.N suchdevicescanstoreN bits, sincethetotal numberof possiblestatess 2\ andlog, 2N = N.
If thebaselOis usedthe unitsmaybecalleddecimaldigits. Since

log, M = log;oM/log;2
= 3.32log; oM,
INyquist,H., “Certain FactorsAffecting TelegraphSpeed, Bell SystenTechnical Journal, April 1924,p. 324;“Certain Topicsin

TelggraphTransmissiomheory’ A.l.LE.E.Trans.,v. 47, April 1928,p.617.
2Hartley, R. V. L., “Transmissiorof Information’ Bell SystenTedhnical Journal, July 1928,p. 535.
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Fig. 1—Schematidiagramof a generacommunicatiorsystem.

a decimaldigit is about3% bits. A digit wheelon a deskcomputingmachinehasten stablepositionsand
thereforehasa storagecapacityof onedecimaldigit. In analyticawork whereintegrationanddifferentiation
areinvolvedthe basee is sometimesuseful. The resultingunits of informationwill be callednaturalunits.
Changerom thebasea to baseb merelyrequiresmultiplicationby log, a.

By a communicatiorsystemwe will meana systemof the type indicatedschematicallyin Fig. 1. It
consistof essentiallyfive parts:

1.

An informationsourcewhich producesmessager sequencef messaget becommunicatedo the
receving terminal. The messagenay be of varioustypes:(a) A sequencef lettersasin atelegraph
of teletypesystem;(b) A singlefunction of time f(t) asin radio or telephory; (c) A function of
time andothervariablesasin blackandwhite television — herethe messagenaybethoughtof asa
function f (x,y,t) of two spacecoordinatesndtime, thelight intensityat point (x,y) andtimet ona
pickuptubeplate;(d) Two or morefunctionsof time, say f (t), g(t), h(t) — thisis thecasein “three-
dimensional’soundtransmissioror if thesystemis intendedo serviceseveralindividual channelsn
multiplex; (e) Severalfunctionsof severalvariables—in colortelevisionthemessageonsistof three
functionsf (x,y,t), g(x,y,t), h(x,y,t) definedin athree-dimensionalontinuum— we mayalsothink
of thesethreefunctionsas component®of a vectorfield definedin the region — similarly, several
black and white television sourcesvould produce‘messages'tonsistingof a numberof functions
of threevariables;(f) Variouscombinationsalsooccur, for examplein television with anassociated
audiochannel.

. A transmitterwhich operateon the messagen someway to producea signal suitablefor trans-

missionover the channel. In telephoty this operationconsistsmerely of changingsoundpressure
into a proportionalelectricalcurrent. In telegraphywe have an encodingoperationwhich produces
a sequenc®f dots,dashesandspaceon the channelcorrespondindo the messageln a multiplex
PCM systemthe differentspeechunctionsmustbe sampled,compressedguantizedand encoded,
andfinally interleaved properlyto constructthe signal. Vocodersystemstelevision and frequengy
modulationareotherexamplesof complex operationgappliedto the messagéo obtainthesignal.

. Thechannelis merelythe mediumusedto transmitthe signalfrom transmitterto recever. It maybe

apairof wires,a coaxialcable,a bandof radiofrequenciesa beamof light, etc. Duringtransmission,
or at oneof the terminals,the signalmay be perturbedby noise. This is indicatedschematicallyin
Fig. 1 by thenoisesourceactingon thetransmittedsignalto producetherecevedsignal.

. Thereceiverordinarily performsthe inverseoperationof thatdoneby the transmitterreconstructing

themessagérom thessignal.

. Thedestinationis the person(or thing) for whomthe messagés intended.



We wish to considercertaingeneralproblemsinvolving communicatiorsystems.To do this it is first
necessaryo representhe variouselementsnvolved asmathematicaéntities,suitablyidealizedfrom their
physicalcounterparts\We mayroughlyclassifycommunicatiorsystemsnto threemaincategories:discrete,
continuousandmixed. By a discretesystemwe will meanonein which both the messagendthe signal
areasequencef discretesymbols.A typical caseis telegraphywherethe messagés a sequencef letters
andthesignala sequencef dots,dashesndspacesA continuoussystems onein whichthemessagand
signalarebothtreatedascontinuoudunctions,e.g.radioor television. A mixedsystems onein which both
discreteandcontinuousrariablesappeare.g.,PCM transmissiorof speech.

We first considerthe discretecase. This casehasapplicationsnot only in communicatiortheory but
alsoin thetheoryof computingmachinesthe designof telephonesxchangesandotherfields. In addition
thediscretecaseformsafoundationfor the continuousandmixed caseshichwill betreatedn thesecond
half of the paper

PART |: DISCRETENOISELESSSYSTEMS

1. THE DISCRETE NOISELESS CHANNEL

Teletypeandteleggraphyaretwo simpleexamplesof a discretechanneffor transmittinginformation. Gen-
erally, adiscretechannelwill meana systemwherebya sequencef choicesrom afinite setof elementary
symbolsS, ..., S, canbetransmittedrom onepointto another Eachof the symbolsS is assumedo have
a certaindurationin time t; secondgnot necessarilythe samefor differentS, for examplethe dotsand
dashesn telegraphy). It is not requiredthatall possiblesequencesf the § be capableof transmissioron
the system;certainsequencesnly may be allowed. Thesewill be possiblesignalsfor the channel. Thus
in telegraphysupposehe symbolsare: (1) A dot, consistingof line closurefor a unit of time andthenline
openfor a unit of time; (2) A dash,consistingof threetime units of closureandoneunit open;(3) A letter
spaceconsistingof, say threeunitsof line open;(4) A word spaceof six unitsof line open.We mightplace
therestrictionon allowablesequencethatno spacegollow eachother(for if two letterspacesreadjacent,
they areidenticalwith aword space).The questionwe now considelis how onecanmeasurdhe capacity
of sucha channeto transmitinformation.

In the teletypecasewhereall symbolsare of the sameduration,andarny sequencef the 32 symbols
is allowed, the answeris easy Eachsymbolrepresentsive bits of information. If the systemtransmitsn
symbolspersecondt is naturalto saythatthe channehasa capacityof 5n bits persecond.This doesnot
meanthatthe teletypechannelwill alwaysbe transmittinginformationat this rate— this is the maximum
possiblerateandwhetheror nottheactualratereacheshis maximumdepend®n the sourceof information
whichfeedsthechannelaswill appeatater

In themoregenerakasewith differentlengthsof symbolsandconstraint®ontheallowedsequencesye
malke thefollowing definition: The capacityC of a discretechannels givenby

C=Lim M
T T
whereN(T) is thenumberof allowed signalsof durationT.

It is easilyseernthatin theteletypecasethis reducego the previousresult.It canbe shovn thatthelimit
in questionwill exist asa finite numberin mostcasesf interest. Supposeall sequencesf the symbols
Si,..., S areallowed andthesesymbolshave durationsts,...,ty. Whatis the channelcapacity? If N(t)
representthe numberof sequencesf durationt we have

N(t) = N(t —tg) + N(t —t2) + -+ + N(t = tn).

The total numberis equalto the sumof the numbersof sequenceendingin §,S,...,S, andtheseare
N(t —t1),N(t —t2),...,N(t — ty), respectiely. Accordingto awell-known resultin finite differencesN(t)
is theasymptotidor larget to AX) whereA is constanandX, is thelargestrealsolutionof thecharacteristic
equation:

XXt pxh=1



andtherefore

log

T
C=Lim _'?XO = logXo.

T—o0
In caseherearerestrictionson allowedsequencewe maystill oftenobtaina differenceequatiorof this
typeandfind C from the characteristiequation.In thetelegraphycasementionedabove

N(t) = N(t — 2) + N(t — 4) + N(t — 5) + N(t — 7) + N(t — 8) + N(t — 10)

aswe seeby countingsequencesf symbolsaccordingto the last or next to the last symbol occurring.
HenceC is — loguo Wherepyg is thepositive rootof 1= p? + p* + %+ p” + 8 + 410, Solvingthis we find
C=0.539.

A very generaltype of restrictionwhich may be placedon allowed sequencess the following: We
imagineanumberof possiblestatesas, ap, . .., am. For eachstateonly certainsymbolsfromthesetS,..., S,
canbe transmitted(differentsubsetdor the differentstates). Whenoneof thesehasbeentransmittecthe
statechangego a new statedependingooth on the old stateand the particularsymboltransmitted. The
telegraphcaseis a simpleexampleof this. Therearetwo statesdependingon whetheror not a spacewas
thelastsymboltransmitted.If so,thenonly a dot or a dashcanbe sentnext andthe statealwayschanges.
If not,any symbolcanbetransmittecandthe statechangedf aspacds sent,otherwiset remainghesame.
The conditionscanbeindicatedin alineargraphasshown in Fig. 2. Thejunctionpointscorrespondo the

DASH

WORD SPACE
Fig. 2—Graphicatepresentationf the constrainton telegraphsymbols.

statesandthelinesindicatethe symbolspossiblen a stateandtheresultingstate.In Appendix1 it is shovn
thatif the conditionson allowedsequencesanbedescribedn this form C will exist andcanbe calculated
in accordancevith thefollowing result:

Theoeml: Let bi(js) bethe durationof thes symbolwhich is allowablein statei andleadsto statej.
ThenthechannetapacityC is equaltologW wheréW is thelargestrealrootof thedeterminantagquation:

(s)
ZW_b” —(5”" =0

S

wheredi; = 1 if i = j andis zerootherwise.
For example,in thetelegraphcase(Fig. 2) the determinants:

-1 (W=24+ W4 o
W=34+wW=8 (w24w4-1)| "

On expansiorthis leadsto theequationgivenabove for this setof constraints.

2. THE DISCRETE SOURCE OF INFORMATION

We have seerthatundervery generatonditionsthelogarithmof thenumberof possiblesignalsin adiscrete
channelincreasedinearly with time. The capacityto transmitinformationcanbe specifiedby giving this
rateof increasethe numberof bits persecondequiredto specifythe particularsignalused.

We now considettheinformationsource How is aninformationsourceto bedescribednathematically
andhow muchinformationin bits perseconds producedn a givensource?The mainpoint atissueis the



effect of statisticalknowledgeaboutthe sourcein reducingthe requiredcapacityof the channelpy theuse
of properencodingof theinformation.In telegraphy for example the messaget betransmittecconsistof
sequencedf letters.Thesesequencedowever, arenotcompletelyrandom.In generalthey form sentences
andhave the statisticalstructureof, say English. The letter E occursmorefrequentlythanQ, the sequence
TH morefrequentlythan XP, etc. The existenceof this structureallows oneto make a saving in time (or
channekapacity)by properlyencodingthe messagsequencemto signalsequencesThisis alreadydone
to alimited extentin telegraphyby usingthe shortesthannekymbol,a dot, for the mostcommonEnglish
letter E; while theinfrequentletters,Q, X, Z arerepresentetdy longersequencesf dotsanddashesThis
ideais carriedstill furtherin certaincommercialcodeswherecommonwordsandphrasesrerepresented
by four- or five-lettercodegroupswith a considerablesaving in averagetime. The standardized@reeting
andanniversarytelegramsnow in useextendthisto the pointof encodinga sentencer two into arelatively
shortsequencef numbers.

We canthink of a discretesourceasgeneratinghe messagesymbolby symbol. It will choosesucces-
sive symbolsaccordingto certainprobabilitiesdependingin general,on precedingchoicesaswell asthe
particularsymbolsin question.A physicalsystem,or a mathematicamodelof a systemwhich produces
sucha sequencef symbolsgovernedby a setof probabilities,is known asa stochastiprocess. We may
considera discretesource therefore to be representetdy a stochastigprocess.Corversely ary stochastic
processvhichproducesadiscretesequencef symbolschoserfrom afinite setmaybeconsidere@discrete
source.Thiswill includesuchcasess:

1. NaturalwrittenlanguagesuchasEnglish,GermanChinese.

2. Continuousinformation sourcegshat have beenrendereddiscreteby somequantizingprocess.For
example the quantizedspeecHrom a PCM transmitteror a quantizedelevision signal.

3. Mathematicalcasesvherewe merely defineabstractlya stochastiqprocesswhich generates se-
guenceof symbols.Thefollowing areexamplesof this lasttype of source.

(A) Supposeve havefivelettersA, B, C, D, E whicharechosereachwith probability.2, successie
choicesbeingindependentThis would leadto a sequenc®f which the following is a typical
example.
BDCBCECCCADCBDDAAECEEAABBDAEECACEEBAEECBCE
AD.

This wasconstructedvith the useof a tableof randomnumbers?

(B) Usingthe samefive letterslet the probabilitiesbe .4, .1, .2, .2, .1, respectiely, with successie
choicesndependentA typical messagérom this sourceis then:
AAACDCBDCEAADADACEDAEADCABEDADDCECAAAAAD.

(C) A morecomplicatedstructureis obtainedif successie symbolsare not chosenindependently
but their probabilitiesdependon precedingletters. In the simplestcaseof this type a choice
dependnly on the precedingetter and not on onesbeforethat. The statisticalstructurecan
thenbedescribedy asetof transitionprobabilitiesp; (j), the probabilitythatletteri is followed
by letter j. Theindicesi and j rangeover all the possiblesymbols.A seconcequivalentway of
specifyingthestructurds to give the“digram” probabilitiesp(i, j), i.e.,therelatve frequeny of
thedigrami j. Theletterfrequencie$(i), (theprobabilityof letteri), thetransitionprobabilities
pi(j) andthedigramprobabilitiesp(i, j) arerelatedby thefollowing formulas:

p() = (i, i) =3 p(j,i) = p(i)p;()
J J J

p(i, ) = p(i)pi(j)
YR =3 p@)=7% plj) =1
J I N

3See for example,S. ChandrasekhatStochasticProblemsin PhysicsandAstronomy’ Reviews of ModernPhysicsv. 15, No. 1,

Januaryl943,p. 1.
4KendallandSmith, Tablesof RandonSamplingNumbes, Cambridge 1939.



As a specificexamplesupposéherearethreelettersA, B, C with the probabilitytables:

pi(j) i | p(i) p(i, j)

j j
A B C A B C
4 1 9 4 1
sl 15 % als 0B
AP LI A I S L
Clz 5 Cl x Cler 13 13

A typicalmessagé&om this sources thefollowing:

ABBABABABABABABBBABBBBBABABABABABBBACACAB
BABBBBABBABACBBBABA.
The next increasan compleity would involve trigramfrequenciedut no more. The choiceof
a letterwould dependon the precedingwo lettersbut not on the messagéeforethat point. A
setof trigramfrequencie(i, j,k) or equivalentlya setof transitionprobabilitiesp;j (k) would
be required.Continuingin this way oneobtainssuccessiely morecomplicatedstochastigro-
cessesln the generaln-gramcasea setof n-gramprobabilitiesp(is,iz, ... ,in) or of transition
probabilitiespi, ,i,,...,i,_, (in) is requiredto specifythe statisticalstructure.

(D) Stochasticprocessegan also be definedwhich producea text consistingof a sequenceof

“words? Supposeherearefive lettersA, B, C, D, E and 16 “words” in the languagewith
associateghrobabilities:

.10A .16BEBE .11CABED .04DEB
.04ADEB .04BED .05CEED .15DEED
.O5ADEE .02BEED .08DAB .01EAB

.01BADD .05CA .04DAD .O5EE

Supposesuccessie “words” arechoserindependentlyandareseparatedby a space.A typical
messagenightbe:

DAB EEA BEBEDEED DEB ADEE ADEE EE DEB BEBEBEBE BEBE ADEE BED DEED
DEED CEEDADEE A DEED DEED BEBE CABED BEBE BED DAB DEED ADEB.

If all the wordsare of finite lengththis procesds equvalentto oneof the precedingype, but
the descriptionmay be simplerin termsof the word structureand probabilities. We may also
generalizenereandintroducetransitionprobabilitiesbetweerwords,etc.

Theseartificial languagesre usefulin constructingsimple problemsand examplesto illustrate vari-
ouspossibilities. We canalsoapproximateo a naturallanguageby meansof a seriesof simpleartificial
languagesThe zero-ordempproximations obtainedoy choosingall letterswith the sameprobabilityand
independently Thefirst-orderapproximatioris obtainedby choosingsuccessie lettersindependentlyut
eachletter having the sameprobability that it hasin the naturallanguage’. Thus, in the first-orderap-
proximationto English, E is chosenwith probability .12 (its frequeng in normal English) and W with
probability .02, but thereis no influencebetweenadjacentettersand no tendeng to form the preferred
digramssuchasTH, ED, etc. In the second-ordeapproximationdigramstructureis introduced. After a
letteris chosenthe next oneis chosenin accordancevith the frequencieswvith which the variousletters
follow thefirst one. This requiresa table of digramfrequenciespi(j). In the third-orderapproximation,
trigramstructureis introduced.Eachletteris chosernwith probabilitieswhich dependn the precedingwo
letters.

3. THE SERIES OF APPROXIMATIONS TO ENGLISH

To give avisualideaof how this seriesof processeapproachealanguagetypical sequencem theapprox-
imationsto Englishhave beenconstructecandaregivenbelow. In all caseswve have assumea 27-symbol
“alphabet, the 26 lettersanda space.

SLetter digramandtrigramfrequenciesiregivenin SecetandUrgentby FletcherPratt,Blue RibbonBooks,1939.Word frequen-
ciesaretahulatedin RelativeFrequencyf EnglishSpeeb SoundsG. Dewey, Hanard University Press1923.



1. Zero-ordemapproximationsymbolsindependenandequiprobable).

XFOML RXKHRJIFFJUJZLPWCFWKCYJFFJEYVKCQSGHYDQRAMKBZAA CIBZL-
HJQD.

2. First-orderapproximatior(symbolsindependenibut with frequencie®f Englishtext).

OCRO HLI RGWR NMIELWIS EU LL NBNESEBYA TH EEI ALHENHTTPA OOBTTVA
NAH BRL.

3. Second-ordeapproximation(digramstructureasin English).

ON IE ANTSOUTINYS ARE T INCTORE ST BE S DEAMY ACHIN D ILONASIVE TU-
COOWE AT TEASONARE FUSOTIZIN ANDY TOBE SEACECTISBE.

4. Third-orderapproximatior(trigramstructureasin English).

IN NO IST LAT WHEY CRATICT FROURE BIRS GROCID PONDENOMEOF DEMONS-
TURESOF THE REPTAGIN ISREGQACTIONA OF CRE.

5. First-ordemwordapproximationRatherthancontinuewith tetragram, . . , n-gramstructuret is easier
andbetterto jump at this point to word units. Herewordsare chosenindependentlyout with their
appropriatdrequencies.

REPRESENTINGAND SPEEDIL IS AN GOODAPT OR COME CAN DIFFERENTNAT-
URAL HEREHE THEA IN CAME THE TOOFTO EXPERT GRAY COMETO FURNISHES
THE LINE MESSAGE HAD BE THESE.

6. Second-ordeword approximation.Theword transitionprobabilitiesarecorrectbut no further struc-
tureis included.

THE HEAD AND IN FRONTAL ATTACK ON AN ENGLISHWRITER THAT THE CHAR-
ACTEROFTHISPOINTIS THEREFOREANOTHERMETHOD FORTHE LETTERSTHAT
THE TIME OFWHO EVERTOLD THE PROBLEM FORAN UNEXPECTED.

Theresemblanceo ordinaryEnglishtext increasesjuite noticeablyat eachof theabove steps Notethat
thesesamplesave reasonablygoodstructureout to abouttwice therangethatis takeninto accounin their
construction.Thusin (3) the statisticalprocesdnsuresreasonableext for two-letter sequencedyut four-
lettersequenceBom the samplecanusuallybefitted into goodsentencedn (6) sequencesf four or more
wordscaneasilybeplacedin sentencewithout unusualbr strainedconstructionsThe particularsequence
of tenwords“attackon anEnglishwriter thatthe characteof this” is notatall unreasonabldt appearshen
thata sufficiently complex stochastiprocesaill give a satisactoryrepresentationf adiscretesource.

The first two sampleswvere constructedy the useof a book of randomnumbersin conjunctionwith
(for example?2) a tableof letter frequencies.This methodmight have beencontinuedfor (3), (4) and(5),
sincedigram,trigramandword frequeng tablesare available,but a simplerequivalentmethodwasused.
To construct(3) for example,oneopensa book at randomandselectsa letterat randomon the page. This
letter is recorded.The bookis thenopenedo anothempageandonereadsuntil this letteris encountered.
The succeedindetter is thenrecorded. Turning to anotherpagethis secondetter is searchedor andthe
succeedindetterrecordedgetc. A similar processvasusedfor (4), (5) and(6). It would beinterestingif
furtherapproximationgouldbe constructedbut thelaborinvolvedbecomesnormousat the next stage.

4. GRAPHICAL REPRESENTATION OF A MARKOFF PROCESS

Stochastiqrocessesf the type describedcabore areknown mathematicallyasdiscreteMarkoff processes
andhave beenextensiely studiedin the literature® The generalcasecanbe describedasfollows: There

6For a detailedtreatmeniseeM. Frechet,Méthodedesfonctionsarbitraires. Theorie desévenementen chaine dansle casd’un
nombe fini d’étatspossiblesParis, GauthietVillars, 1938.



exist a finite numberof possible“states”of a system;S;,S,...,S,. In additionthereis a setof transition
probabilities,p;(j), the probability thatif the systemis in stateS it will next go to stateS;. To make this
Markoff processnto aninformationsourcene needonly assumehataletteris producedor eachtransition
from onestateto another The stateswill correspondo the“residueof influencefrom precedindetters.
Thesituationcanberepresentedraphicallyasshovn in Figs.3, 4 and5. The“states”arethejunction

Fig. 3—A graphcorrespondingo the sourcein exampleB.

pointsin thegraphandtheprobabilitiesandlettersproducedor atransitionaregivenbesidehecorrespond-
ing line. Figure3 is for the exampleB in Section2, while Fig. 4 correspondso the exampleC. In Fig. 3

Fig. 4—A graphcorrespondingo the sourcein exampleC.

thereis only onestatesincesuccessie lettersareindependentin Fig. 4 thereareasmary statesasletters.
If atrigram examplewereconstructedherewould be at mostn? statescorrespondingo the possiblepairs

of lettersprecedinghe onebeingchosen.Figure5 is a graphfor the caseof word structurein exampleD.
HereS correspond$o the“space”symbol.

5. ERGODIC AND MIXED SOURCES

As we have indicatedabore a discretesourcefor our purposesanbe consideredo be representedby a
Markoff process.Among the possiblediscreteMarkoff processeshereis a groupwith specialproperties
of significancein communicatiortheory This specialclassconsistsof the “ergodic” processesand we
shallcall thecorrespondingourcesrgodicsourcesAlthougharigorousdefinitionof anergodicprocesss
somavhatinvolved,thegeneraldeais simple.In anergodicproces&verysequenceroducedy theprocess
is the samein statisticalproperties. Thusthe letter frequenciesdigram frequenciesgtc., obtainedfrom
particularsequencesyill, asthe lengthsof the sequencefcrease approachdefinite limits independent
of the particularsequenceActually this is not true of every sequencdut the setfor which it is falsehas
probabilityzero.Roughlythe ergodic propertymeansstatisticalhomogeneity

All theexamplesof artificial languagegivenabove areergodic. This propertyis relatedto the structure

of the correspondingyraph. If the graphhasthe following two propertie$ the correspondingprocesswill
beemgodic:

1. Thegraphdoesnotconsistof two isolatedpartsA andB suchthatit isimpossibleto gofrom junction
pointsin partA to junctionpointsin partB alonglinesof thegraphin thedirectionof arronvs andalso
impossibleto go from junctionsin partB to junctionsin partA.

"Thesearerestatement termsof thegraphof conditionsgivenin Fréchet.



2. A closedseriesf linesin thegraphwill all arrovsonthelinespointingin thesameorientationwill be
calleda“circuit.” The“length” of acircuit is thenumberof linesin it. Thusin Fig. 5 seriesBEBESis
acircuit of length5. Thesecondoropertyrequiredis thatthe greatestommondivisor of the lengths
of all circuitsin thegraphbeone.

Fig. 5—A graphcorrespondingo the sourcein exampleD.

If thefirst conditionis satisfiedout the secondneviolatedby having thegreatestcommondivisor equal
tod > 1, thesequenceklave a certaintype of periodicstructure.Thevarioussequencefall into d different
classesvhich are statisticallythe sameapartfrom a shift of the origin (i.e., which letterin the sequencés
calledletter 1). By a shift of from 0 upto d — 1 ary sequenceanbe madestatisticallyequivalentto ary
other A simpleexamplewith d = 2 is the following: Therearethreepossiblelettersa,b,c. Lettera is
followedwith eitherb or c with probabilities% and% respectiely. Eitherb or c is alwaysfollowedby letter
a. Thusatypical sequencés

abacacacabacababacac.

Thistype of situationis not of muchimportanceor ourwork.

If thefirst conditionis violatedthegraphmaybeseparatethto a setof subgraphgachof which satisfies
thefirst condition.We will assumehatthe secondconditionis alsosatisfiedfor eachsubgraphWe havein
this casewhatmaybe calleda “mixed” sourcemadeup of a numberof purecomponentsThecomponents
correspondo thevarioussubgraphslf Li,Lo,L3,... arethecomponensourcesve maywrite

L= piL1+ pol2+ psLa+---

wherep; is the probabilityof thecomponensourcel;.

Physicallythe situationrepresenteik this: Thereareseveral differentsourced.1,Ly,L3,... whichare
eachof homogeneoustatisticalstructure(i.e., they areergodic). We do not know a priori which is to be
used,but oncethe sequenceatartsin a given purecomponent,, it continuesndefinitelyaccordingto the
statisticalstructureof thatcomponent.

As an exampleone may take two of the processeslefinedabore andassumep; = .2 andp; = .8. A
sequencérom the mixedsource

L=.2L1+.8L,

would be obtainedby choosingdfirst L1 or L, with probabilities.2 and.8 andafterthis choicegeneratinga
sequencérom whicheverwaschosen.



Exceptwhenthecontraryis statedwe shallassume sourceto beergodic. Thisassumptiorenableone
to identify averageslonga sequencevith averagesvertheensemblef possiblesequencéthe probability
of a discrepang being zero). For examplethe relative frequeny of the letter A in a particularinfinite
sequencevill be,with probabilityone,equalto its relative frequeng in theensemblef sequences.

If B is the probabilityof statei andp;(j) thetransitionprobabilityto statej, thenfor the procesgo be
stationanyit is clearthatthe P mustsatisfyequilibriumconditions:

P =% Rpi(i).

In theemgodiccaset canbeshavn thatwith ary startingconditionsthe probabilitiesP; (N) of beingin state
j afterN symbolsapproachheequilibriumvaluesasN — oo,

6. CHOICE, UNCERTAINTY AND ENTROPY

We have representea discreteinformationsourceasa Markoff process.Canwe definea quantitywhich
will measurein somesensehow muchinformationis “produced”by sucha processor better at whatrate
informationis produced?

Supposeve have a setof possibleeventswhoseprobabilitiesof occurrenceare p1, p2,-..,pn. These
probabilitiesareknown but thatis all we know concerningwvhich eventwill occur Canwe find a measure
of how much“choice” is involvedin the selectionof theeventor of how uncertainve areof the outcome?

If thereis suchameasuresayH (p1, pz,-- -, Pn), it is reasonabléo requireof it thefollowing properties:

1. H shouldbecontinuousn the p;.

2. If all the p; areequal,p; = % thenH shouldbe a monotonicincreasingunction of n. With equally
likely eventsthereis morechoice,or uncertaintywhentherearemorepossiblesvents.

3. If achoicebebrokendown into two successie choicesthe original H shouldbe the weightedsum
of theindividual valuesof H. The meaningof thisis illustratedin Fig. 6. At theleft we have three

1/2 i 1/2
1/3
2/3
™ > 1/3
1/3>1/6

Fig. 6—Decompositiorof a choicefrom threepossibilities.

possibilitiesp; = % P2= % p3 = %. Ontheright we first choosebetweerntwo possibilitieseachwith

probability%, andif thesecondccursmake anotherchoicewith probabilities%, % Thefinal results
have the sameprobabilitiesasbefore.We require,in this specialcase that

11 1y g/l 1y, 1g¢2 1
H(3,3,5) =H(3,3) +3H(5,3)-

The coeficient % is the weightingfactorintroducedbecausehis secondchoiceonly occurshalf the
time.

In Appendix2, thefollowing resultis established:
Theoem2: TheonlyH satisfyingthe threeabose assumptionss of theform:

n
H=-K lei log pi
i=
whereK is a positive constant.
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Thistheoremandtheassumptionsequiredfor its proof, arein noway necessarjor the presentheory
It is givenchiefly to lenda certainplausibility to someof our laterdefinitions.Therealjustificationof these
definitions,however, will residein theirimplications.

Quantitiesof theform H=—3 pilog p; (theconstanK merelyamountdgo a choiceof aunit of measure)
play acentralrole in informationtheoryasmeasuresf information,choiceanduncertainty Theform of H
will berecognizedasthatof entrogy asdefinedin certainformulationsof statisticalmechanic®wherep; is
the probability of a systembeingin cell i of its phasespace.H is then,for example,theH in Boltzmanns
famousH theorem We shallcallH = — 3 p;logpi theentropy of thesetof probabilitiesps,..., pn. If xisa
chancevariablewe will write H(x) for its entrogy; thusx is notanargumentof a functionbut a labelfor a
numberto differentiateit from H(y) say theentrofy of thechancevariabley.

Theentrofy in the caseof two possibilitieswith probabilitiesp andg = 1— p, namely

H = —(plogp+ qlogq)

is plottedin Fig. 7 asafunctionof p.

1.0

v
: / \
BITS ¢

6o 1 2 3 4 b5 6 7 8 9 10

p
Fig. 7—Entroyy in the caseof two possibilitieswith probabilitiesp and(1— p).

The quantity H hasa numberof interestingpropertieswhich further substantiatét as a reasonable
measuref choiceor information.

1. H =0if andonly if all the p; but onearezero,this onehaving the valueunity. Thusonly whenwe
arecertainof the outcomedoesH vanish.OtherwiseH is positive.

2. For agivenn, H is a maximumandequalto logn whenall the p; areequal,i.e., % This is also
intuitively the mostuncertairsituation.

3. Supposdherearetwo events,x andy, in question,with m possibilitiesfor the first andn for the
second. Let p(i, j) be the probability of the joint occurrenceof i for the first and j for the second. The
entropy of thejoint eventis

Hy) = =3 p(i,])logp(, j)
]
8See for example,R. C. Tolman,Principlesof StatisticalMedanics,Oxford, Clarendon1938.
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while

p(i, bgip
I7J

p(i, ngp
1]

It is easilyshawn that
H(xy) <HX) +H(y)

with equalityonly if theeventsareindependenti.e., p(i, j) = p(i) p(j)). Theuncertaintyof ajoint eventis
lessthanor equalto the sumof theindividual uncertainties.

4. Any changeoward equalizatiorof the probabilitiespy, p2, - . ., pn increase$i. Thusif p1 < p2 and
we increasep;, decreasing, anequalamountsothat p; and p; aremorenearlyequal,thenH increases.
More generallyif we performary “averaging”operationonthe p; of theform

= aijp;
J

wherey;ajj = ¥ ;a; =1, andall &;j > 0, thenH increasegexceptin the specialcasewherethis transfor
mationamountgo no morethana permutatiorof the p; with H of courseremainingthe same).

5. Supposéherearetwo chancesventsx andy asin 3, not necessarilyndependentFor ary particular
valuei thatx canassumehereis a conditionalprobability pi(j) thaty hasthevalue j. Thisis givenby

p(i, J)

We definetheconditionalentropyof y, Hy(y) astheaverageof theentropy of y for eachvalueof x, weighted
accordingo the probabilityof gettingthatparticularx. Thatis

pi(j) =

Zp P)logpi(]

This quantitymeasurefow uncertainwe areof y ontheaveragewhenwe know x. Substitutinghevalueof
pi(j) weobtain

He(y) == p(i,))logp(, i)+ > p(i,j)logy p(, )
1) J

or
H(X,y) = H(X) + Hx(y)-

Theuncertainty(or entropy) of thejoint eventx,y is theuncertaintyof x plusthe uncertaintyof y whenx is
known.

6. From3 and5 we have
HO) +H(y) 2 H(xy) = H(x) + Hx(y)-
Hence
H(y) > Hx(y)-

Theuncertaintyof y is neverincreasedby knowledgeof x. It will bedecreasednless<andy areindependent
events,in which caseit is notchanged.

12



7. THE ENTROPY OF AN INFORMATION SOURCE

Considera discretesourceof thefinite statetype consideregbove. For eachpossiblestatei therewill bea
setof probabilitiesp;(j) of producingthe variouspossiblesymbolsj. Thusthereis anentropy H; for each
state.The entropy of thesourcewill be definedasthe averageof theseH; weightedin accordancevith the
probabilityof occurrencef the statesn question:

H=Y PH

= -3 Ppi(j)logpi(j)-
I,)

Thisis the entrogy of the sourceper symbolof text. If the Markoff processs proceedingat a definitetime
ratethereis alsoanentropy persecond

H =Y fiH;
2
wheref; is theaveragefrequeng (occurrencepersecond)f statei. Clearly
H' =mH

wheremis the averagenumberof symbolsproducedpersecondH or H' measuretheamountof informa-
tion generatedby the sourcepersymbolor persecond.If thelogarithmicbaseis 2, they will represenbits
persymbolor persecond.

If successfie symbolsareindependenthenH is simply — S pilog pi wherep; is the probability of sym-
boli. Supposen this casewe consideralong messag®f N symbols.It will containwith high probability
aboutp; N occurrencesf thefirst symbol, p2N occurrencesf thesecondetc. Hencethe probability of this

particularmessagevill beroughly
_ PN PN peN
P=pP1 P n

or

logp=N? pilogp
I

logp=—NH
. logl/p
H= N

H is thusapproximatelythelogarithmof thereciprocalprobabilityof atypicallongsequenceividedby the
numberof symbolsin the sequenceThe sameresultholdsfor arny source.Statedmorepreciselywe have
(seeAppendix3):

Theoem3: Givenary e > 0 and$ > 0, we canfind anNp suchthatthe sequencesf ary lengthN > Ng
fall into two classes:

1. A setwhosetotal probabilityis lessthane.

2. Theremainderall of whosemembersave probabilitiessatisfyingtheinequality

logp™?!
N

~H|<s.

. logp~?! .
In otherwordswe arealmostcertainto have gp very closeto H whenN is large.

A closelyrelatedresultdealswith the numberof sequencesf variousprobabilities.Consideragainthe
sequencesf lengthN andlet thembe arrangedn orderof decreasingrobability We definen(q) to be
the numberwe musttake from this setstartingwith the mostprobableonein orderto accumulatea total
probabilityq for thosetaken.

13



Theoem4: |
i 1090(@)

N—o0

=H

whenq doesnotequall or1.
We mayinterpretiogn(qg) asthe numberof bitsrequiredto specifythe sequencevhenwe consideronly

the mostprobablesequencewith atotal probabilityq. Then M is the numberof bits per symbolfor

the specification.The theoremsaysthatfor large N thiswill beindependentdf g andequalto H. Therate
of growth of thelogarithmof the numberof reasonablyprobablesequencess givenby H, regardlesof our
interpretatiorof “reasonablyprobablé€. Dueto theseresultswhich areprovedin Appendix3, it is possible
for mostpurposeso treatthelong sequenceasthoughtherewerejust 2HN of them,eachwith a probability
2-HN,
The next two theoremsshaov thatH andH' can be determinedby limiting operationsdirectly from

the statisticsof the messagsequencesyithout referencdo the statesandtransitionprobabilitiesbetween
states.

Theoemb5: Letp(B;) betheprobabilityof asequenc®; of symbolsfrom thesource.Let
1
Gn =N .Z p(Bi)log p(B;)

wherethesumis over all sequenceB; containingN symbols.ThenGy is a monotonicdecreasingunction
of N and
Lim Gy = H.
N—soc0
Theoemé6: Let p(B;,S;) be the probability of sequences; followed by symbol S; and pg,(S;) =
p(Bi,S;j)/p(Bi) betheconditionalprobability of S afterB;. Let

Fv=—> p(Bi,Sj)logpe (Sj)
5]

wherethe sumis over all blocksB; of N — 1 symbolsandover all symbolsS;j. ThenFy is a monotonic
decreasindunctionof N,

Fn =NGn — (N = 1)Gn-1,
Gy = 1 =N

N_NZ )

FNSGNa

andLimy_eo Fy =H.

Theseesultsarederivedin Appendix3. They shav thata seriesof approximationso H canbeobtained
by consideringonly the statisticalstructureof the sequencesxtendingover 1,2,...,N symbols.Fy is the
betterapproximation. In fact Ry is the entropy of the NI orderapproximatiorto the sourceof the type
discussedbove. If thereare no statisticalinfluencesextendingover morethanN symbols,thatis if the
conditionalprobability of the next symbolknowing the preceding N — 1) is not changedy aknowledgeof
ary beforethat,thenFy = H. Fy of courseis the conditionalentrofy of the next symbolwhenthe (N — 1)
precedingonesareknown, while Gy is theentrogy persymbolof blocksof N symbols.

Theratio of theentropy of a sourceto themaximumvalueit couldhave while still restrictedo thesame
symbolswill becalledits relativeentropy. This, aswill appeatater, is the maximumcompressiopossible
whenwe encodénto thesamealphabetOneminustherelative entrogy is theredundancyTheredundang
or ordinary English, not consideringstatisticalstructureover greaterdistancegshanabouteight letters, is
roughly50%. This meanghatwhenwe write Englishhalf of whatwe write is determinedy the structure
of thelanguageandhalfis choserfreely. Thefigure 50%wasfoundby severalindependentethodsvhich

14



all gaveresultsin this neighborhoodOneis by calculationof the entropy of theapproximationgo English.
A secondmethodis to deletea certainfraction of the lettersfrom a sampleof Englishtext andthenlet
someoneattemptto restorethem. If they canbe restoredwvhen50% are deletedthe redundang mustbe
greaterthan50%. A third methoddepend®n certainknown resultsin cryptography

Two extremesof redundang in Englishprosearerepresentety Basic Englishandby Jamesloyce’s
book FinnggansWake. The BasicEnglishvocahulary is limited to 850 wordsandthe redundang is very
high. Thisis reflectedin the expansionthatoccurswhena passagés translatednto BasicEnglish. Joyce
ontheotherhandenlagesthevocalulary andis allegedto achieve a compressiomf semanticontent.

The redundang of a languages relatedto the existenceof crossverd puzzles. If the redundang is
zeroary sequencef lettersis a reasonabléext in the languageandary two-dimensionahrray of letters
formsacrossvord puzzle.If theredundangis too highthelanguagemposegoo mary constraintgor large
crossvord puzzlego be possible A moredetailedanalysisshovsthatif we assumehe constraintsmposed
by thelanguageareof a ratherchaoticandrandomnature Jarge crossvord puzzlesarejust possiblewhen
theredundang is 50%. If theredundang is 33%,three-dimensionalrossvord puzzlesshouldbe possible,
etc.

8. REPRESENTATION OF THE ENCODING AND DECODING OPERATIONS

We have yet to representnathematicallythe operationgperformedby the transmitterandrecever in en-
codinganddecodingthe information. Either of thesewill be calleda discretetransducerTheinputto the
transducers asequencef input symbolsandits outputa sequencef outputsymbols.Thetransducemay
have aninternalmemorysothatits outputdependsot only onthe preseninput symbolbut alsoonthe past
history. We assumeéhattheinternalmemoryis finite, i.e., thereexist a finite numbermm of possiblestatesof
thetransduceandthatits outputis a function of the presentstateandthe preseninput symbol. The next
statewill beasecondunctionof thesetwo quantities.Thusatransducecanbedescribedy two functions:

Yn = f(Xn,0n)
ant1 = g(%,an)

where

X is then® inputsymbol,

an is thestateof thetransducewhenthen™ input symbolis introduced,

Yn is the outputsymbol(or sequencef outputsymbols)producedvhenx, is introducedf thestateis ax.

If theoutputsymbolsof onetransducecanbeidentifiedwith theinputsymbolsof a secondthey canbe
connectedn tandemandthe resultis alsoa transducerlf thereexists a secondransducewhich operates
ontheoutputof thefirst andrecoversthe originalinput, thefirst transducewill be callednon-singulaand
thesecondwill becalledits inverse.

Theoem7: The outputof a finite statetransducedriven by a finite statestatisticalsourceis a finite
Statestatisticalsource with entropy (perunit time) lessthanor equalto that of the input. If the transducer
is non-singulathey areequal.

Let a representhestateof the sourcewhich produces sequencef symbolsx;, andlet 8 bethe stateof
thetransducewhich producesin its output,blocksof symbolsy;. Thecombinedsystencanberepresented
by the“productstatespace’of pairs(a, 3). Two pointsin thespaceg a1, 81) and(ay, 32), areconnectedy
aline if a1 canproduceanx which change®; to 82, andthis line is giventhe probability of thatx in this
case.Theline is labeledwith theblock of y; symbolsproducedy thetransducerTheentrogy of theoutput
canbecalculatedastheweightedsumoverthestateslf we sumfirston g eachresultingtermis lessthanor
equalto the correspondingermfor «, hencethe entropy is notincreasedlf thetransduceris non-singular
letits outputbe connectedo theinversetransducerlf H;, H} andHj arethe outputentropiesof thesource,
thefirst andsecondransducersespectiely, thenH; > Hj > HS = Hj andthereforeH] = HJ.
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Supposeve have a systemof constraint®n possiblesequencesf thetypewhich canberepresentedy

alineargraphasin Fig. 2. If probabilitiespi(js) wereassignedo thevariouslinesconnectingstatei to statej
thiswould becomea source.Thereis oneparticularassignmenivhich maximizegheresultingentropy (see
Appendix4).
Theoem8: Let the systemof constraintsconsideredas a channelhave a capacityC = logW. If we
assign
(9 _ Bj, -0
P = giW !

wherel i(js) is thedurationof thes" symbolleadingfrom state to statej andtheB; satisfy
(9
Bi=3 BW
S

thenH is maximizedandequalto C.

By properassignmenbf the transitionprobabilitiesthe entrogy of symbolson a channelcanbe maxi-
mizedatthe channekapacity

9. THE FUNDAMENTAL THEOREM FOR A NOISELESS CHANNEL

We will now justify our interpretationof H asthe rate of generatingnformationby proving thatH deter
minesthe channekapacityrequiredwith mostefficientcoding.

Theoem9: Let a sourcehave entroy H (bits persymbo) anda channelhave a capacityC (bits per
secongl. Thenit is possibleto encodethe outputof the sourcein sucha way asto transmitat the average

C . L ) . )
rateﬁ — e symbolsperseconcdbverthe channelvheree is arbitrarily small. It is not possibleto transmitat

C
an averagerategreaterthanﬁ )

To cornversepartof thetheoremthat ¢ cannotbe exceededmay be provedby notingthatthe entropy

of thechanneinputperseconds equalto thatof thesource sincethetransmittermustbe non-singularand
alsothis entrogy cannotexceedthe channekapacity HenceH’ < C andthe numberof symbolspersecond
=H'/H <C/H.

Thefirst part of the theoremwill be provedin two differentways. Thefirst methodis to considerthe
setof all sequencesf N symbolsproducedy thesource.For N largewe candivide theseinto two groups,
onecontaininglessthan2(H+MN membersandthe secondcontaininglessthan2RN membergwhereR is
thelogarithmof thenumberof differentsymbols)andhaving atotal probabilitylessthanu. As N increases
n andy approacteero. The numberof signalsof durationT in the channels greaterthan2(C-9T with 8
smallwhenT is large.if we choose

H
T= ( c + )\) N

thentherewill bea sufficientnumberof sequencesf channesymbolsfor the high probabilitygroupwhen
N andT aresuficiently large (howeversmallA) andalsosomeadditionalones.The high probabilitygroup
is codedin an arbitrary one-to-oneway into this set. The remainingsequencearerepresentedby larger
sequencesstartingand endingwith one of the sequencesot usedfor the high probability group. This
specialsequenceactsasa startandstopsignalfor a differentcode. In betweenra suficienttime is allowed
to give enoughdifferentsequenceor all thelow probabilitymessagesThiswill require

R
Ti= (E‘HO)N

whereyp is small. The meanrateof transmissiorin messagsymbolspersecondvill thenbe greatetthan
-1
T T B H R
[““”N”N] - [(1—5)(E +) +5(6+¢)]
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As N increase$, A andy approactzeroandtherateapproache ¢ .

Anothermethodof performingthis codingandtherebyproving thetheoremcanbedescribedsfollows:
Arrangethe messagesf length N in order of decreasingprobability and supposeheir probabilitiesare
p1> P2> P3 - > pn. LetPs= 2?1 pi; thatis Ps is the cumulative probabilityup to, but notincluding, ps.
Wefirst encodento abinarysystem.Thebinarycodefor messags is obtainedoy expandingPs asabinary
number Theexpansionis carriedout to ms placeswheremy is theintegersatisfying:

1 1
log, — <ms< 1+4log, —.
Ps Ps

Thusthe messagesf high probability arerepresentetty shortcodesandthoseof low probability by long
codes Fromtheseinequalitieswve have

o < Ps< omT

The codefor P; will differ from all succeedingnesin oneor moreof its ms placessinceall theremaining
P areatleastzirns largerandtheir binary expansionghereforediffer in thefirst mg places.Consequentill
the codesaredifferentandit is possibleto recoserthe messagérom its code. If the channelsequenceare
not alreadysequencesf binarydigits, they canbe ascribedbinarynumbersn anarbitraryfashionandthe
binary codethustranslatednto signalssuitablefor thechannel.

The averagenumberH; of binary digits usedper symbolof original messagés easilyestimated.We
have

1
Hi = N z MsPs.
But 1 1 1 1 1
N Z('OQZE) Ps< 2 MsPs< iy Z(1+Iogzp—s) Ps
andtherefore,
Gn <Hp <G+ %

As N increase$sy approachesl, theentropy of thesourceandH; approachesl.

We seefrom this thatthe inefficiency in coding,whenonly a finite delayof N symbolsis used,need
not be greaterthan % plus the differencebetweenthe true entropy H andthe entrory Gy calculatedfor
sequencesf lengthN. Thepercentexcessime neededvertheidealis therefordessthan

GnN 1
H + HN L

This methodof encodingis substantiallythe sameas one found independentlypy R. M. Fano? His
methodis to arrangghe messagesf lengthN in orderof decreasingrobability. Divide this seriesinto two
groupsof asnearly equalprobability aspossible. If the messagés in the first groupits first binary digit
will be 0, otherwisel. The groupsaresimilarly divided into subsetof nearlyequalprobability andthe
particularsubsetdetermineghe secondbinary digit. This procesds continueduntil eachsubseftcontains
only onemessagelt is easilyseerthatapartfrom minordifferenceggenerallyin thelastdigit) thisamounts
to the samething asthe arithmeticprocessiescribedabove.

10. DISCUSSION AND EXAMPLES

In orderto obtainthe maximumpower transferfrom ageneratoto aload,atransformemustin generabe
introducedsothatthe generatoasseenfrom theload hasthe loadresistanceThe situationhereis roughly
analogousThetransducewhich doesthe encodingshouldmatchthe sourceto the channeiin a statistical
senseThesourceasseenfrom thechannethroughthetransduceshouldhave the samestatisticalstructure

9TechnicalReportNo. 65, The Researctiaboratoryof ElectronicsM.I.T., March17,1949.
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asthe sourcewhich maximizesthe entrofy in the channel.The contentof Theorem9 is that, althoughan
exactmatchis notin generalpossible we canapproximatet ascloselyasdesired.Theratio of the actual
rateof transmissiorto the capacityC may be calledthe efficiency of the codingsystem.This is of course
equalto theratio o theactualentropy of thechannekymbolsto the maximumpossibleentroyy.

In general,ideal or nearlyideal encodingrequiresa long delayin the transmitterandrecever. In the
noiselesgasewhich we have beenconsideringthe mainfunctionof this delayis to allow reasonablyood
matchingof probabilitiesto correspondindengthsof sequencesWith a good codethe logarithm of the
reciprocalprobabilityof along messagenustbe proportionalto the durationof thecorrespondingignal,in
fact

logp~t
-
mustbe smallfor all but asmallfractionof thelong messages.

If asourcecanproduceonly oneparticularmessagés entrofy is zero,andno channels required.For
example,a computingmachinesetup to calculatethe successie digits of = producesa definitesequence
with no chanceelement.No channelis requiredto “transmit” this to anothemoint. Onecould constructa
secondnachingo computeghesamesequencatthepoint. However, thismaybeimpractical.ln suchacase
we canchooseo ignoresomeor all of the statisticalknowledgewe have of the source.We might consider
the digits of 7 to be arandomsequencén thatwe constructa systemcapableof sendingary sequenc®f
digits. In a similar way we may chooseto usesomeof our statisticalknowledgeof Englishin constructing
a code,but not all of it. In sucha casewe considerthe sourcewith the maximumentrogy subjectto the
statisticalconditionswe wish to retain. The entropy of this sourcedetermineghe channelcapacitywhich
is necessarandsuficient. In thew examplethe only informationretainedss thatall the digits arechosen
from the set0,1,...,9. In the caseof Englishonemight wish to usethe statisticalsarzing possibledueto
letterfrequenciesbut nothingelse. Themaximumentrogy sources thenthefirst approximatiorto English
andits entropy determinesherequiredchannekapacity

As a simpleexampleof someof theseresultsconsidera sourcewhich producesa sequencef letters
\(:Ar/wors]erfrom amongA, B, C, D with probabilities], 1, £, 1, successie symbolsbeingchoserindependently

e have

_C‘

H=—(}logi+ ilog:+ Zlog})
= I bits persymbol
Thuswe canapproximatea codingsystemto encodemessagefom this sourceinto binary digits with an

averageof 421 binarydigit persymbol.In this casewe canactuallyachieze thelimiting valueby thefollowing
code(obtainedby the methodof the secondproof of Theoren®):

A 0
B 10
C 110
D 111

Theaveragenumberof binarydigits usedin encodingasequencef N symbolswill be
2
N(%x1+%x2+§x3) =IN.

It is easilyseenthatthe binary digits 0, 1 have probabilities%, % sothe H for the codedsequences one
bit persymbol. Since,on the average we have % binary symbolsperoriginal letter, the entropieson atime
basisarethe same.The maximumpossibleentrogy for theoriginal setis log4 = 2, occurringwhenA, B, C,
D have probabilities}, 7, 3, . Hencetherelative entrofy is §. We cantranslatethe binarysequencegito
theoriginal setof symbolson atwo-to-onebasisby thefollowing table:

00 A
01 B
10 (o4
11 D
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Thisdoubleprocesghenencodeshe original messag@to the samesymbolsbut with anaveragecompres-
sionratio £.

As asecondxampleconsidera sourcewhich produces sequencef A'sandB’swith probability p for
Aandq for B. If p<« gqwehave

H = —logpP(1-p)*~"
= —plogp(1— p)*~P/P

= plog=
o

In sucha caseonecanconstructa fairly goodcodingof themessagen a0, 1 channeby sendinga special
sequencesay0000,for theinfrequentsymbolA andthena sequenc@ndicatingthe numberof B's following
it. This could be indicatedby the binary representatiomvith all numberscontainingthe specialsequence
deleted All numberaupto 16 arerepresentedsusual;16is representetly the next binarynumberafter16
which doesnot containfour zeros,namelyl7= 10001 etc.

It canbeshawvn thatasp — 0 the codingapproacheglealprovidedthelengthof thespecialsequencés
properlyadjusted.

PART II: THE DISCRETECHANNEL WITH NOISE

11. REPRESENTATION OF A NOISY DISCRETE CHANNEL

We now considerthe casewherethe signalis perturbedoy noiseduringtransmissioror atoneor the other
of the terminals. This meansthat the receved signalis not necessariljthe sameas that sentout by the
transmitter Two casegnay be distinguished.If a particulartransmittedsignalalways produceghe same
recevedsignal,i.e.,therecevedsignalis adefinitefunctionof thetransmittedsignal thentheeffectmaybe
calleddistortion. If this functionhasaninverse— no two transmittedsignalsproducingthe samereceved
signal— distortion may be corrected,at leastin principle, by merely performingthe inversefunctional
operatiorontherecevedsignal.

The caseof interesthereis thatin which the signaldoesnot alwaysundego the samechangein trans-
mission.In this casewe mayassumeherecevedsignalE to bea functionof thetransmittedsignalSanda
secondvariable thenoiseN.

E=f(SN)
The noiseis consideredo be a chancevariablejust asthe messagevasabove. In generalit mayberepre-
sentedby a suitablestochastiqrocess.The mostgeneralype of noisy discretechannele shall consider
is ageneralizatiorof thefinite statenoise-freechanneldescribedgreviously. We assumea finite numberof
statesanda setof probabilities

Po,i (B,1)-

Thisis theprobability, if thechanneis in statea andsymboli is transmittedthatsymbolj will bereceved
andthechanneleft in stated. Thusa andg rangeover the possiblestatesj over the possibletransmitted
signalsandj overthepossibleecevedsignals.In thecasewvheresuccessie symbolsareindependentlyer
turbedby the noisethereis only onestate andthe channels describedy the setof transitionprobabilities
pi(j), the probability of transmittedsymboli beingrecevedasj.

If anoisychannels fed by asourcetherearetwo statisticalprocesseatwork: thesourceandthenoise.
Thustherearea numberof entropiesthat canbe calculated.First thereis the entropy H(x) of the source
or of theinput to the channel(thesewill be equalif the transmitteris non-singular). The entrogy of the
outputof thechannelj.e., therecevedsignal,will bedenotedoy H(y). In thenoiselessaseH (y) = H(x).
Thejoint entropy of inputandoutputwill beH(x,y). Finally therearetwo conditionalentropiesHy(y) and
Hy(x), theentrogy of the outputwhentheinputis known andcorversely Amongthesequantitieswe have
therelations

H(x,Y) = H(x) + Hi(y) = H(y) + Hy(x).

All of theseentropiescanbe measurean a persecondr apersymbolbasis.
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12. EQUIVOCATION AND CHANNEL CAPACITY

If the channelis noisy it is notin generalpossibleto reconstructhe original messager the transmitted
signalwith certaintyby ary operationon the recevedsignalE. Thereare,however, waysof transmitting
theinformationwhich areoptimalin combatingnoise.This s the problemwhichwe now consider

Supposéherearetwo possiblesymbols0O and 1, andwe aretransmittingat a rateof 1000symbolsper
secondwith probabilitiespy = p1 = % Thusour sourceis producinginformationat the rate of 1000bits
per second. During transmissiorthe noiseintroduceserrorsso that, on the average,1 in 100is receved
incorrectly(a0 as1, or 1 as0). Whatis the rateof transmissiorof information? Certainlylessthan1000
bits per secondsinceabout1% of the receved symbolsare incorrect. Our first impulsemight be to say
therateis 990 bits per secondmerelysubtractinghe expectednumberof errors. This is not satisactory
sinceit fails to take into accountherecipients lack of knowledgeof wherethe errorsoccutr We may carry
it to an extremecaseand supposehe noiseso greatthatthe receved symbolsareentirely independenof
thetransmittedsymbols. The probability of receving 1 is % whatever wastransmittedandsimilarly for O.
Thenabouthalf of therecevedsymbolsarecorrectdueto chancealone andwe would be giving thesystem
creditfor transmitting500bits persecondvhile actuallyno informationis beingtransmittecatall. Equally
“good” transmissiorwould be obtainedby dispensingwith the channelentirely andflipping a coin at the
receving point.

Evidentlythe propercorrectionto applyto the amountof informationtransmitteds the amountof this
informationwhich is missingin therecevedsignal,or alternatvely the uncertaintywhenwe have receved
a signalof whatwasactuallysent. Fromour previousdiscussiorof entropy asa measuref uncertaintyit
seemgeasonabl¢o usethe conditionalentropy of the messageknowing therecevedsignal,asa measure
of this missinginformation. This is indeedthe properdefinition,aswe shallseelater Following thisidea
the rate of actualtransmissionR, would be obtainedby subtractingfrom the rate of production(i.e., the
entropy of thesourcethe averagerateof conditionalentropy.

R=H(X) — Hy(x)

Theconditionalentrogy Hy(x) will, for corveniencebpe calledtheequiocation.It measuretheaverage
ambiguityof therecevedsignal.

In the exampleconsideredbove, if a0 is recevedthe a posterioriprobabilitythata 0 wastransmitted
is .99,andthata 1 wastransmitteds .01. Thesefiguresarereversedf alis receved. Hence

Hy(x) = —[.9910g9.99+ 0.0110g0.01]
= .081bits/symbol

or 81 bits persecondWe maysaythatthe systems transmittingat a rate1000— 81 = 919bits persecond.
In theextremecasewherea0 is equallylikely to berecevedasaO or 1 andsimilarly for 1, thea posteriori
probabilitiesare, 1 and
Hy(x) = —[3l0g3 + 3 log3]
= 1 bit persymbol

or 1000bits persecond Therateof transmissioris thenO asit shouldbe.

Thefollowing theorenygivesadirectintuitive interpretatiorof theequivocationandalsosenesto justify
it asthe uniqueappropriatemeasure We considera communicatiorsystemandan obserer (or auxiliary
device) who canseebothwhatis sentandwhatis recovered(with errorsdueto noise).This obsenrernotes
theerrorsin therecoveredmessagandtransmitsdatato thereceving pointover a “correctionchannel’to
enablethereceverto correcttheerrors.Thesituationis indicatedschematicallyn Fig. 8.

Theoem10: If the correctionchannelhasa capacityequalto Hy(X) it is possibleto so encodethe
correctiondataasto sendit overthis channelandcorrectall but anarbitrarily smallfractione of theerrors.
Thisis notpossiblef thechannetapacityis lessthanHy(x).
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Fig. 8—Schematidiagramof a correctionsystem.

Roughlythen, Hy(x) is the amountof additionalinformationthat mustbe suppliedper secondat the
receving pointto correcttherecevedmessage.

To prove the first part, considerlong sequencesf received messagev’ and correspondingpriginal
messagdl. Therewill belogarithmicallyTHy(x) of the M’s which couldreasonablyhave producedeach
M’. Thuswe have THy(x) binarydigitsto sendeachT secondsThis canbedonewith e frequeng of errors
onachannebf capacityHy(x).

Thesecondpartcanbe provedby noting,first, thatfor any discretechancevariablesx, y, z

Hy(x,2) > Hy(x).
Theleft-handsidecanbeexpandedo give
Hy(2) + Hyz(x) > Hy(X)
Hy(%) > Hy(X) = Hy(2) > Hy(3) —H(2).

If weidentify x astheoutputof thesourcey astherecevedsignalandz asthesignalsentoverthecorrection
channelthentheright-handsideis theequivocationlesstherateof transmissiomverthecorrectionchannel.
If the capacityof this channeis lessthanthe equivocationtheright-handsidewill begreatetthanzeroand
Hyz(x) > 0. Butthisis theuncertaintyof whatwassent,knowing boththerecevedsignalandthecorrection
signal.If thisis greatetthanzerothe frequeng of errorscannotbearbitrarily small.

Example:

Suppos¢heerrorsoccuratrandomin asequencef binarydigits: probability p thatadigitiswrongandg=1—p
thatit is right. Theseerrorscanbe correctedf their positionis known. Thusthe correctionchannelneedonly
sendinformationasto thesepositions.This amountgo transmittingfrom a sourcewhich producesinary digits
with probability p for 1 (incorrect)andq for O (correct).This requiresa channelof capacity

—[plogp+qlogq]
whichis the equivocationof the original system.
Therateof transmissiorR canbewrittenin two otherformsdueto theidentitiesnotedabove. We have
R=H(x)

=H(y)
=H(X) +H(y) = H(x).



Thefirst definingexpressiorhasalreadybeeninterpretedasthe amountof informationsentlessthe uncer
tainty of whatwassent.Thesecondneasuretheamountrecevedlessthe partof thiswhichis dueto noise.
Thethird is the sumof thetwo amountdessthejoint entrofy andthereforein a sensas the numberof bits
perseconccommonto thetwo. Thusall threeexpressionhave a certainintuitive significance.

The capacityC of a noisy channelshouldbe the maximumpossiblerate of transmissioni.e., the rate
whenthesources properlymatchedo the channel We thereforedefinethe channekapacityby

C = Max(H (x) — Hy(x))

wherethe maximumis with respecto all possibleinformationsourcesusedasinput to the channel.If the
channels noiselessty(x) = 0. Thedefinitionis thenequivalentto thatalreadygivenfor anoiselesghannel
sincethe maximumentroyy for the channels its capacityby Theorem8.

13. THE FUNDAMENTAL THEOREM FOR A DISCRETE CHANNEL WITH NOISE

It may seemsurprisingthatwe shoulddefinea definitecapacityC for a noisy channelsincewe cannever
sendcertaininformationin suchacase.lt is clear however, thatby sendingheinformationin aredundant
form the probability of errorscanbereduced.For example,by repeatinghe messagenary timesandby a
statisticaltudyof thedifferentrecevedversionsof themessagéheprobabilityof errorscouldbemadevery
small. Onewould expect,however, thatto make this probability of errorsapproacteero,the redundang
of the encodingmustincreasandefinitely; andthe rateof transmissiorthereforeapproacteero. This is by
no meangdrue. If it were,therewould not be a very well definedcapacity but only a capacityfor a given
frequeng of errors,or a given equivocation;the capacitygoing down asthe error requirementsare made
morestringent.Actually the capacityC definedabove hasa very definitesignificancelt is possibleto send
informationattherateC throughthe channelith assmalla frequencyof errors or equivocatiorasdesied
by properencoding.This statemenis not truefor ary rategreaterthanC. If anattemptis madeto transmit
atahigherratethanC, sayC + Ry, thentherewill necessarilypeanequivocationequalto or greatetthanthe
excessR;. Naturetakespaymentoy requiringjustthatmuchuncertaintysothatwe arenot actuallygetting
ary morethanC throughcorrectly

Thesituationis indicatedin Fig. 9. Therateof informationinto the channels plottedhorizontallyand
the equivocationvertically. Any pointabove the heary line in the shadedegion canbe attainedandthose
belov cannot. The pointsontheline cannotin generabe attained put therewill usuallybetwo pointson
theline thatcan.

Theseresultsarethe mainjustificationof the definitionof C andwill now beproved.

Theoemll: Letadiscretechannehave thecapacityC andadiscretesourcetheentropy persecondH.
If H < C thereexistsa codingsystemsuchthatthe outputof the sourcecanbetransmittecbver thechannel
with anarbitrarily small frequeng of errors(or an arbitrarily small equivocation). If H > C it is possible
to encodéahe sourcesothatthe equivocationis lessthanH — C + € wheree is arbitrarily small. Thereis no
methodof encodingwhich givesanequiocationlessthanH — C.

The methodof proving the first part of this theoremis not by exhibiting a codingmethodhaving the
desiredpropertiesput by shaving that sucha codemustexist in a certaingroupof codes.In factwe will

QUNNNNANN
ATTAINABLE
REGION

(o H(x)

Fig. 9—Theequivocationpossiblefor agiveninputentropy to achannel.
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averagethe frequeny of errorsover this groupandshow thatthis averagecanbe madelessthane. If the
averageof a setof numberss lessthane theremustexist at leastonein the setwhich is lessthane. This
will establisithe desiredresult.

ThecapacityC of anoisychannehasbeendefinedas
C = Max(H(x) — Hy(x))

wherex is theinputandy the output. The maximizationis over all sourcesvhich might be usedasinputto
thechannel.

Let S beasourcewvhichachiezesthemaximumcapacityC. If thismaximumis notactuallyachieredby
ary source(but only approacheasa limit) let § be a sourcewhich approximateso giving the maximum
rate. SUppos&y is usedasinputto thechannel We considetthe possiblegransmittecandrecevedsequences
of alongdurationT. Thefollowing will betrue:

1. Thetransmittedsequencetall into two classesa high probabilitygroupwith about2™® members
andtheremainingsequencesf smalltotal probability.

2. Similarly the receired sequencesave a high probability setof about2™® membersand a low
probabilitysetof remainingsequences.

3. Eachhigh probability outputcould be producedby about2™®) inputs. The total probability of all
othercasess small.

4. Eachhigh probability input could resultin about2™® outputs. The total probability of all other
resultsis small.

All thee’'s andé’s implied by the words“small” and“about” in thesestatementapproactzeroaswe
allow T to increaseandS, to approachthe maximizingsource.

The situationis summarizedn Fig. 10 wherethe input sequencesare points on the left and output
sequencepointson the right. The upperfan of crosslines representshe rangeof possiblecausedor a
typical output. Thelower fanrepresentthe rangeof possibleresultsfrom atypical input. In bothcaseghe
“small probability” setsareignored.

M
.

oH xT
HIGH PROBABILITY HWT
MESSAGES HIGH PROBABILITY

RECEIVED SIGNALS

2H, ()T
REASONABLE CAUSES
N FOR EACH E o

2Hx(y)T
REASONABLE EFFECTS 4
FOR EACH M

Fig. 10—Schematicepresentationf therelationsbetweerinputsandoutputsin achannel.
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Now supposeve have anothersourceS, producinginformationat rate R with R < C. In the period T
this sourcewill have 2R high probability messagesWe wish to associateéhesewith a selectionof the
possiblechannelinputsin suchaway asto geta smallfrequeng of errors.We will setup this association
in all possibleways(using,however, only the high probability groupof inputsasdeterminedy the source
S) andaveragethefrequeng of errorsfor this large classof possiblecodingsystems.This is the sameas
calculatingthefrequeng of errorsfor arandomassociatiorof the messageandchanneinputsof duration
T. Suppose particularoutputy; is obsened. Whatis the probability of morethanonemessagérom S,
in the setof possiblecausef y;? Thereare2'® messagesdlistributedat randomin 2™ points. The
probabilityof a particularpointbeinga messagés thus

2T(R-H(¥)
Theprobabilitythatnoneof thepointsin thefanis amessagéapartfrom theactualoriginatingmessageis
P [1— 2TR-H 2™

Now R < H(x) — Hy(x) soR—H(x) = —Hy(x) —n with  positive. Consequently

P=[1-2"TH=Tn] 2T

approachegasT — )
1—-27T,

Hencethe probability of anerrorapproachegeroandthefirst partof thetheoremis proved.

The secondpartof thetheoremis easilyshavn by notingthatwe could merelysendC bits persecond
from the source,completelyneglecting the remainderof the information generated.At the recever the
neglectedpartgivesanequivocationH (x) — C andthe parttransmittecheedonly adde. Thislimit canalso
beattainedn mary otherways,aswill be shovn whenwe considetthe continuousase.

Thelaststatemenof thetheorems asimpleconsequencef our definitionof C. Supposeve canencode
asourcewith H(x) = C+ ain suchaway asto obtainanequivocationHy(x) = a— e with € positive. Then

H(X) —Hy(x) =C+e¢

with e positive. This contradictghe definitionof C asthe maximumof H(x) — Hy(x).

Actually morehasbeenprovedthanwasstatedn thetheorem f theaverageof asetof positive numbers
is within e of zero,afractionof at mosty/e canhave valuesgreaterthan/e. Sincee is arbitrarily smallwe
cansaythatalmostall the systemsarearbitrarily closeto theideal.

14. DISCUSSION

The demonstratiorof Theorem11, while not a pure existenceproof, hassomeof the deficienciesof such
proofs. An attemptto obtaina goodapproximatiorto ideal codingby following the methodof the proofis
generallyimpractical.In fact,apartfrom somerathertrivial casesandcertainlimiting situationsno explicit
descriptionof a seriesof approximationto the ideal hasbeenfound. Probablythis is no accidentbut is
relatedto thedifficulty of giving anexplicit constructiorfor agoodapproximatiorto arandomsequence.
An approximatiorto theidealwould have the propertythatif the signalis alteredin a reasonablevay
by the noise,the original canstill be recovered. In otherwordsthe alterationwill notin generalbring it
closerto anothereasonablsignalthanthe original. Thisis accomplisheétthe costof a certainamountof
redundang in the coding. The redundang mustbe introducedin the properway to combatthe particular
noisestructureinvolved. However, ary redundang in the sourcewill usuallyhelpif it is utilized at the
receving point. In particular if the sourcealreadyhasa certainredundang and no attemptis madeto
eliminateit in matchingto thechannelthis redundang will helpcombatnoise.For example,in anoiseless
telegraphchannelonecould save about50%in time by properencodingof the messagesThisis not done
andmostof the redundang of Englishremainsin the channelymbols. This hasthe advantage however,
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of allowing considerablanoisein the channel.A sizablefraction of the letterscanbe recevedincorrectly
andstill reconstructedby the context. In factthis is probablynot a badapproximatiorto theidealin mary
casessincethe statisticalstructureof Englishis ratherinvolved andthe reasonabl&nglishsequenceare
nottoofar (in the sensaequiredfor theorem)rom arandomselection.

As in the noiselesscasea delayis generallyrequiredto approactthe ideal encoding. It now hasthe
additionalfunction of allowing a large sampleof noiseto affect the signalbeforearny judgmentis made
at the receving point asto the original messagelncreasinghe samplesize always sharpenghe possible
statisticalassertions.

Thecontentof Theoreml1 andits proof canbeformulatedin a somevhatdifferentway which exhibits
theconnectiorwith thenoiselesgasemoreclearly Considethepossiblesignalsof durationT andsuppose
asubsebf themis selectedo beused.Letthosein thesubsetll beusedwith equalprobability, andsuppose
thereceveris constructedo selectastheoriginal signal,the mostprobablecausefrom the subsetwhena
perturbedsignalis receved. We defineN(T, g) to bethemaximumnumberof signalswe canchooseor the
subsesuchthatthe probabilityof anincorrectinterpretationis lessthanor equalto g.

logN(T,q)

Theoem12: IT_im = C, whereC is thechannekapacity providedthatq doesnotequalO or
—00

1.
In otherwords, no matterhow we setout limits of reliability, we candistinguishreliably in time T

enoughmessaget® correspondo aboutCT bits,whenT is sufficiently large. Theoreml2 canbecompared
with the definitionof the capacityof a noiselesg€hannelgivenin Sectionl.

15. EXAMPLE OF A DISCRETE CHANNEL AND ITS CAPACITY

A simpleexampleof a discretechannels indicatedin Fig. 11. Therearethreepossiblesymbols.The first
is never affectedby noise. The secondandthird eachhave probability p of comingthroughundisturbed,
and g of being changednto the other of the pair. Let a = —[plogp+ glogq] andlet P, Q andQ be

——0
p
TRANSMITTED q RECEIVED
SYMBOLS SYMBOLS
p

Fig. 11—Exampleof adiscretechannel.

the probabilitiesof usingthe first, secondandthird symbolsrespectiely (the last two beingequalfrom
consideratiorof symmetry).We have:

H(x) = —PlogP — 2QlogQ
Hy(X) = 2Qa.

Wewishto chooseP andQ in suchaway asto maximizeH (x) — Hy(x), subjecto theconstrain®P -+ 2Q = 1.
Hencewe consider

U = —PlogP — 2QlogQ — 2Qa + A(P+ 2Q)

ou
P =-1-logP+A=0
oU
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Eliminating A

logP=1logQ+a
P=Qe*=Q8
Ié; 1
P=— =—.
B8+2 Q B8+2
The channekapacityis then
B+2
C=log——.
778

Notehow this checkghe obviousvaluesin thecasep =1 andp= % In thefirst, 3 = 1 andC = log3,
which is correctsincethe channelis then noiselesswith three possiblesymbols. If p = % 8 =2and
C = log2. Herethe secondand third symbolscannotbe distinguishedat all and act togetherlike one
symbol. Thefirst symbolis usedwith probabilityP = % andthe secondandthird togethemwith probability
%. This maybedistributedbetweerthemin ary desiredwvay andstill achieve the maximumcapacity

For intermediatevaluesof p the channelcapacitywill lie betweenlog2 andlog3. The distinction
betweerthe secondandthird symbolsconveys someinformationbut notasmuchasin the noiselessase.
Thefirst symbolis usedsomavhatmorefrequentlythanthe othertwo becaus®f its freedomfrom noise.

16. THE CHANNEL CAPACITY IN CERTAIN SPECIAL CASES

If the noiseaffects successie channelsymbolsindependentlyit can be describedby a setof transition
probabilitiesp;j. Thisis the probability, if symboli is sent,thatj will bereceved. Thechannekapacityis
thengivenby the maximumof

=3 Pipijlogy Ppij+ > Ppijlogpij
|7J [ |7J

wherewe varythe P, subjectio S P, = 1. This leadsby themethodof Lagrangeo theequations,

Psj
YiPpij

Zpsjlog =u s=12,....
]

Multiplying by Ps andsummingon s shavs thaty = —C. Let theinverseof pg; (if it exists)be hg sothat
S shepsj = 6&tj. Then:

> hapsjlogpsj —log) Rpir =—-C hs.

5] [ 5

Hence:
> Ppe= exp[Czhs + hepsjlog ps,-]
| S S,)

or,
P = Zhit exp[Czha + zhstpsj |ngsj] .
S S,)

Thisis thesystenof equationgor determininghe maximizingvaluesof B, with C to bedeterminedso
thaty P = 1. Whenthis is doneC will bethe channelcapacity andthe P the properprobabilitiesfor the
channekymbolsto achiese this capacity

If eachinputsymbolhasthe samesetof probabilitiesonthelinesemegingfrom it, andthesames true
of eachoutputsymbol,the capacitycanbeeasilycalculated Examplesareshavn in Fig. 12. In sucha case
Hyx(y) is independentf the distribution of probabilitieson theinput symbols,andis givenby — 3 p;log p;
wherethe p; arethevaluesof thetransitionprobabilitiesfrom arny input symbol. The channekapacityis

Max[H(y) — Hx(y)] = MaxH(y) + } pilogpi.
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Fig. 122—Example®f discretechannelsith the sametransitionprobabilitiesfor eachinput andfor eachoutput.

Themaximumof H(y) is clearlylogmwheremis thenumberof outputsymbols sinceit is possibleo make
themall equallyprobableby makingtheinput symbolsequallyprobable The channekapacityis therefore
C = logm+ Z pilogpi.
In Fig. 12ait would be
C=log4—log2=log2.
This couldbeachiezedby usingonly the 1stand3d symbols.In Fig. 12b
C=log4— 3log3— %log6
=log4—log3— %log2
= log %2%.
In Fig. 12cwe have
C=log3— }log2— log3— £log6

=log 73
233365
Supposéhe symbolsfall into severalgroupssuchthatthe noisenever causes symbolin onegroupto
be mistalen for a symbolin anothergroup. Let the capacityfor the nth groupbe C, (in bits per second)
whenwe useonly the symbolsin this group. Thenit is easilyshavn that, for bestuseof the entireset,the

total probability P, of all symbolsin the nth groupshouldbe
2Cn
= ZW
Within a groupthe probabilityis distributedjust asit would be if thesewerethe only symbolsbeingused.
Thechannekapacityis

Pn

C= Iogzzcn.
17. AN EXAMPLE OF EFFICIENT CODING

Thefollowing example,althoughsomevhatartificial, is a casein which exactmatchingto a noisy channel
is possible.Therearetwo channekymbols,0 and1, andthenoiseaffectsthemin blocksof sevensymbols.
A block of serenis eithertransmittedwvithout error, or exactly onesymbolof the sevenis incorrect. These
eightpossibilitiesareequallylikely. We have

C =Max[H(y) = Hx(y)]
= 7[7+§logg]
= 4 bits/symboal
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An efficient code,allowing completecorrectionof errorsandtransmittingat the rateC, is the following
(foundby a methoddueto R. Hamming):

Let a block of seven symbolsbe X1, X, ...,X7. Of theseXs, X5, X and X7 are messagesymbolsand
choserarbitrarily by thesource.The otherthreeareredundantindcalculatedasfollows:

Xs ischosertomake a=Xs+ Xs+Xg+ X7 even
X2 " “ “ 13 B — X2 + X3 + x6+ X7 13
Xl " “ “ 13 ,_Y — Xl + & + X5 + X7 13

Whenablock of sevenis receveda, 8 andy arecalculatecandif evencalledzero,if oddcalledone. The
binarynumbera 3+ thengivesthe subscripbof the X; thatis incorrect(if 0 therewasno error)1°

PART IIl: CONTINUOUSINFORMATION

We now considerthe casewherethe signalsor the messagesr both arecontinuouslyvariable,in contrast
with the discretenatureassumedheretofore.To a considerablextentthe continuouscasecanbe obtained
througha limiting procesdrom the discretecaseby dividing the continuumof messageandsignalsinto a
large but finite numberof smallregionsandcalculatingthe variousparametergvolvedon a discretebasis.
As the size of the regionsis decreasedheseparametersn generalapproachas limits the propervalues
for the continuouscase. Thereare, however, a few new effectsthat appearandalso a generalchangeof
emphasisn thedirectionof specializatiorof the generakresultsto particularcases.

We will not attempt,in the continuouscase to obtainour resultswith the greatesggenerality or with
the extremerigor of pure mathematicssincethis would involve a greatdeal of abstractmeasureheory
andwould obscurehe mainthreadof the analysis.A preliminarystudy however, indicatesthatthe theory
canbeformulatedin a completelyaxiomaticandrigorousmannemwhich includesboththe continuousand
discretecasesindmary others.Theoccasionalibertiestakenwith limiting processes thepresentinalysis
canbejustifiedin all casef practicalinterest.

18. SETSAND ENSEMBLES OF FUNCTIONS

We shall have to dealin the continuouscasewith setsof functionsandensemble®f functions. A setof
functions,asthe nameimplies,is merelya classor collectionof functions,generallyof onevariable time.
It canbe specifiedby giving an explicit representationf the variousfunctionsin the set,or implicitly by
giving a propertywhich functionsin the setpossesandothersdo not. Someexamplesare:

1. Thesetof functions:
fa(t) = sin(t +9).

Eachparticularvalueof § determines particularfunctionin theset.
2. Thesetof all functionsof time containingno frequencie®verW cyclespersecond.
3. Thesetof all functionslimited in bandto W andin amplitudeto A.
4. Thesetof all Englishspeectsignalsasfunctionsof time.

An ensemblef functionsis a setof functionstogetherwith a probability measurevherebywe may
determinehe probability of a functionin the sethaving certainpropertiest! For examplewith the set,

fo(t) = sin(t +8),

we maygive a probabilitydistribution for 8, sayP(#). Thesetthenbecomesnensemble.
Somefurtherexamplesof ensemblesf functionsare:

10For somefurtherexamplesof self-correctingcodesseeM. J. E. Golay “Noteson Digital Coding’, Proceeding®f the Instituteof

RadioEnginees, v. 37,No. 6, June,1949,p. 637.
111n mathematicalerminologythe functionsbelongto a measurespacevhosetotal measurés unity.
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1. A finite setof functionsfy(t) (k= 1,2,...,n) with the probability of fx beingpy.

2. A finite dimensionafamily of functions
flag,a,...,an;t)
with a probabilitydistribution onthe parameters;:

p(a17 (RN 7an)-

For examplewe could considettheensemblalefinedby
n
f(as,...,an,01,...,0nt) = Za sini(wt + 6;)
i=

with theamplitudesy distributednormallyandindependentlyandthe phase$; distributeduniformly
(from O to 27) andindependently

3. Theensemble
t sinmr(2Wt—n)

f(a,t) = DI e vy

with thea; normalandindependenall with the samestandardieviation/N. Thisis arepresentation
of “white” noise bandlimited to thebandfrom 0 to W cyclespersecondandwith averagepowerN.12

4. Let pointsbedistributedon thet axisaccordingto a Poissordistribution. At eachselectedoointthe
function f (t) is placedandthedifferentfunctionsadded giving theensemble

[ee]

z ft+1t)

k=—o0

wherethety arethe pointsof the Poissordistribution. This ensembleanbe consideredsatype of
impulseor shotnoisewhereall theimpulsesareidentical.

5. Thesetof EnglishspeecHunctionswith the probabilitymeasurgivenby thefrequeng of occurrence
in ordinaryuse.

An ensemblef functionsf,, (t) is stationaryif thesameensembleesultswhenall functionsareshifted
ary fixedamountin time. Theensemble

fa(t) = sin(t +8)
is stationanyif ¢ is distributeduniformly from O to 2. If we shift eachfunctionby t; we obtain
fo(t+t1) =sin(t+t1+6)
=sin(t +¢)

with ¢ distributed uniformly from 0 to 2x. Eachfunction haschangedbut the ensembleas a whole is
invariantunderthetranslation.The otherexamplesgivenabove arealsostationary

An ensembles ergodic if it is stationary and thereis no subsetof the functionsin the setwith a
probabilitydifferentfrom 0 and1 whichis stationary Theensemble

sin(t +8)

12This representatioran be usedas a definition of bandlimited white noise. It hascertainadvantagesn thatit involves fewer
limiting operationghando definitionsthat have beenusedin the past. The name“white noise; alreadyfirmly entrenchedn the
literature,is perhapssomevhat unfortunate.In opticswhite light meanseitherary continuousspectrumas contrastedvith a point
spectrumpr aspectrumwhichis flat with wavelengti{whichis notthe sameasa spectrunflat with frequeng).
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is ergodic. No subsebf thesefunctionsof probability# 0, 1 is transformednto itself underall time trans-
lations.Ontheotherhandtheensemble

asin(t +8)

with a distributednormallyandé uniformis stationarybut not ergodic. The subsebf thesefunctionswith
a betweerD and1, for example,is stationaryandhasa probabilitynotequalto O or 1.

Of the examplesgiven, 3 and 4 are ergodic, and 5 may perhapsbe consideredso. If anensemblds
ergodic we may say roughly that eachfunctionin the setis typical of the ensemble.More preciselyit is
known thatwith anergodicensembl@naverageof ary statisticovertheensemblés equal(with probability
1) to an averageover the time translationsof a particularfunction of the set!® Roughly speaking.each
functioncanbe expectedastime progressedp go through,with the properfrequeng, all the corvolutions
of ary of thefunctionsin theset.

Justaswe mayperformvariousoperation®©n numberr functionsto obtainnen numbersor functions,
we can perform operationson ensembledo obtain nev ensembles.Supposefor example,we have an
ensembleof functions f,(t) andan operatorT which givesfor eachfunction f,(t) a resultingfunction
ga(t):

ga(t) =Tfq (t)

Probabilitymeasurés definedfor thesetg, (t) by meansf thatfor thesetf, (t). Theprobabilityof acertain
subsebf theg, (t) functionsis equalto thatof the subsebf the f, (t) functionswhich producemembersf
the givensubsebf g functionsunderthe operationT. Physicallythis corresponds$o passinghe ensemble
throughsomedevice, for example,a filter, a rectifier or a modulator The outputfunctionsof the device
form theensembla, (t).

A device or operatorT will becalledinvariantif shiftingtheinput merelyshiftstheoutput,i.e.,if

ga(t) =Tfq (t)

implies
ga(t +tl) =T fa(t +t1)

for all f,(t) andall t;. It is easilyshavn (seeAppendix5) thatif T is invariantandthe input ensembles
stationarythenthe outputensemblés stationary Likewiseif the input is ergodic the outputwill alsobe
ergodic.

A filter or arectifieris invariantunderall time translationsTheoperatiorof modulationis not, sincethe
carrierphasegivesa certaintime structure.However, modulationis invariantunderall translationswvhich
aremultiplesof the periodof the carriet

Wiener has pointed out the intimate relation betweenthe invarianceof physicaldevicesundertime
translationsandFouriertheory'4 He hasshawn, in fact, thatif adeviceis linearaswell asinvariantFourier
analysiss thentheappropriatanathematicatool for dealingwith the problem.

An ensemblef functionsis the appropriatenathematicatepresentationf the messageproducedoy
a continuoussource(for example,speech)pf the signalsproducedby a transmitter and of the perturbing
noise.Communicatiortheoryis properlyconcernedashasbeenemphasizetly Wiener notwith operations
onparticularfunctions but with operation®nensemblesf functions.A communicatiorsystenis designed
notfor a particularspeectunctionandstill lessfor a sinewave, but for theensemblef speecHunctions.

13This is the famousergodic theoremor ratherone aspeciof this theoremwhich wasproved in somavhat differentformulations
by Birkoff, von Neumann.and Koopman,and subsequentlgeneralizedoy Wiener Hopf, Hurewicz and others. The literatureon
emgodic theoryis quite extensive andthe readeris referredto the papersof thesewriters for preciseandgeneralformulations;e.g.,
E. Hopf, “Ergodentheori& ,Ergebnissaler Mathematikundihrer Grenzgbiete v. 5; “On CausalityStatisticsandProbability’ Journal
of Mathematicsand Physicsy. XlII, No.1,1934;N. Wiener “The ErgodicTheorent, Duke Mathematicallournal, v. 5, 1939.

14Communicatiortheoryis heaily indebtedto Wienerfor muchof its basicphilosophyandtheory His classicNDRC report,
Thelnterpolation, Extrapolationand Smoothingof StationaryTime Series(Wiley, 1949), containsthe first clearcut formulationof
communicatiortheoryasa statisticalproblem,the studyof operationson time series.This work, althoughchiefly concernedvith the
linear predictionandfiltering problem,is animportantcollateralreferencen connectiorwith the presentpaper We may alsorefer
hereto Wieners Cybernetic§Wiley, 1948),dealingwith thegeneraproblemsof communicatiorandcontrol.
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19. BAND LIMITED ENSEMBLES OF FUNCTIONS

If afunctionof time f(t) is limited to the bandfrom 0 to W cyclespersecondt is completelydetermined
by giving its ordinatesat a seriesof discretepointsspacedz\l,v secondspartin the mannerindicatedby the

following result®
Theoem13: Let f(t) containno frequenciesverW. Then

sinm(2Wt — n)
an w(2Wt —n)
where n
X=1(zy)

In thisexpansionf (t) is representedsa sumof orthogonafunctions.ThecoeficientsX, of thevarious
termscan be consideredas coordinatesn an infinite dimensional‘function spac€. In this spaceeach
functioncorrespondto preciselyonepointandeachpointto onefunction.

A functioncanbe consideredo be substantiallylimited to atime T if all the ordinatesX, outsidethis
interval of time arezero.In this caseall but 2TW of the coordinatewill bezero. Thusfunctionslimited to
abandw anddurationT correspondo pointsin aspaceof 2TW dimensions.

A subsebf thefunctionsof bandW anddurationT correspond$o aregionin this space For example,
thefunctionswhosetotal enegy is lessthanor equatlto E correspondo pointsin a2TW dimensionasphere
with radiusr = v/2WE.

An ensemblef functionsof limited durationandbandwill berepresentetdy a probability distribution
p(xa,...,%n) inthecorresponding dimensionaspacelf theensemblés notlimited in timewe canconsider
the2TW coordinatesn agiveninterval T to represensubstantiallythe partof thefunctionin theintenal T
andthe probability distribution p(x1, ..., X,) to give the statisticalstructureof the ensembldor intervals of
thatduration.

20. ENTROPY OF A CONTINUOUS DISTRIBUTION

Theentropy of adiscretesetof probabilitiesps, ... ., pn hasbeendefinedas:

H=—3 pilogpi.

In an analogousmannerwe definethe entrofy of a continuousdistribution with the densitydistribution
function p(x) by:

—/_m p(x) log p(x) dx.
With ann dimensionabistribution p(xa,...,x,) we have

/ / p X1y, X% |Og p(X17 -3 Xn ) Xm T an-

If we have two amgumentsx andy (which may themselesbe multidimensionalthe joint and conditional
entropieof p(x,y) aregivenby

H(xy) =— / p(x,y) log p(x,y) dxdy
and

//pxy Iog ;/) dxdy

/ p(x,y) Iog ;/) dxdy

15For a proof of this theoremandfurther discussiorseethe authors paper‘Communicatiorin the Presencef Noise” publishedn
the Proceeding®f theInstituteof RadioEnginees, v. 37,No. 1, Jan.,1949,pp. 10-21.
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where
mwzfmxww
py) = [ Plxy)dx.

The entropiesof continuoudistributionshave most(but not all) of the propertiesof the discretecase.
In particularwe have thefollowing:

1. If xislimited to acertainvolumev in its spacethenH (x) is amaximumandequalto logv whenp(x)
is constan{1/v) in thevolume.

2. With ary two variablesx, y we have
H(xy) <H(X) +H(y)

with equalityif (andonly if) x andy areindependenti.e., p(x,y) = p(X) p(y) (apartpossiblyfrom a
setof pointsof probabilityzero).

3. Considerageneralizedwveragingoperationof thefollowing type:

P) = [ aley)p9 dx

with
[ateyax= [axydy=1, a(x,y) > 0.
Thenthe entroy of the averageddistribution p'(y) is equalto or greaterthanthat of the original
distribution p(x).
4. We have
H(xy) = H(X) + Hx(y) = H(y) + Hy(x)
and

Hx(y) < H(y)-

5. Let p(x) beaone-dimensionalistribution. Theform of p(x) giving amaximumentropy subjecto the
conditionthatthe standardieviation of x befixedato is GaussianTo shav this we mustmaximize

HOO = - [ PO9log POy dx
with
azz/p(x)xzdx and 1:/p(x)dx

asconstraintsThis requirespy the calculusof variationsmaximizing

[ 1=P(910gp() + AP(OXE + p(9] dx.
Theconditionfor thisis
—1—logp(X) + A+ =0
andconsequentlyadjustingthe constantgo satisfythe constraints)
1

p(X) = me—(xz/&rz).
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Similarly in n dimensionssupposghe seconcbrdermomentsof p(xy,...,X,) arefixedatAjj:

Ajj :/.../xixjp(xl,...,xn)dxl---dxn.

Thenthe maximumentrogy occurs(by a similar calculation)when p(xg, ... ,Xs) is then dimensional
Gaussiaristribution with the secondbrdermomentsh;;.

. Theentropy of aone-dimensionabaussiamistribution whosestandardleviationis ¢ is givenby
H(x) = logv2reo.
Thisis calculatedasfollows:

1 02209
2no

p(x) =
2
—logp(x) = logv/2ro + 52
HOO = - [ PO9logp() dx
2
= / p(X) log V2o dx+ / P(xX) 57 dx
=logVv2ro + 20722

= logVv2ro +log+/e
=logVv2reo.

Similarly then dimensionalGaussiardistribution with associatequadraticform &;j is givenby

1
aj|2
(33 a000)

P(X1y--.s%n) =
andthe entrofy canbe calculatedas
H = log(2re)"/?|a; |_%

where|a;j| is thedeterminanwhoseelementsarea;;.

. If xis limited to a halfline (p(x) = 0 for x < 0) andthefirst momentof x is fixedat a:
a= / p(x)xdx,
0
thenthe maximumentrogy occurswhen
1
— g /3
p(x) = e

andis equalto logea

. Thereis oneimportantdifferencebetweerthe continuousanddiscreteentropies.In thediscretecase
the entrofy measuresn an absoluteway the randomnessf the chancevariable. In the continuous
casethe measuremeris relativeto the coordinatesystem If we changecoordinateshe entrogy will
in generachangeln factif we changeo coordinates; - - - y, thenew entroyy is givenby

H(y) = /---/p(xl,--.,xn)J(g) log p(xl,...,xn)J()—y() dys ---dyn
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whereJ (>—<) is the Jacobiarof the coordinatdaransformationOn expandingthelogarithmandchang-
ing the variableso x; - - - X,, we obtain:

//pxl, X IogJ(y)dxl...dxn.

Thusthenew entroyy is theold entrofy lesstheexpectedogarithmof the Jacobianin thecontinuous
caseheentropy canbe considered measuref randomnesgelativeto anassumedtandad, namely
the coordinatesystemchosenwith eachsmallvolumeelementdx; - - - dx, givenequalweight. When
we changehecoordinatesystentheentropy in the new systemmeasuretherandomneswhenequal
volumeelementsly; - - - dy,, in thenew systemaregivenequalweight.

In spiteof this dependencen the coordinatesystemthe entrogy conceptis asimportantin the con-

tinuouscaseasthediscretecase.This is dueto thefactthatthe derived conceptf informationrate

andchannelcapacitydependon the differenceof two entropiesandthis differencedoesnot depend
onthecoordinateframe,eachof thetwo termsbeingchangedy thesameamount.

Theentropy of acontinuoudistribution canbenegative. The scaleof measurementsetsanarbitrary
zerocorrespondingp auniformdistributionoveraunitvolume. A distributionwhichis moreconfined
thanthis haslessentrogy andwill benegative. Theratesandcapacitieswill, however, alwaysbenon-
negative.

9. A particularcaseof changingcoordinatess the lineartransformation
Yi = aijX.
|
In this casethe Jacobiaris simply thedeterminanta;;| = and

H(y) = H(X) + log|a;j]-
In the caseof arotationof coordinategor ary measurereservingransformation)) = 1 andH (y) =
H(x).
21. ENTROPY OF AN ENSEMBLE OF FUNCTIONS

Consideranergodicensemblef functionslimited to a certainbandof width W cyclespersecondLet

P(X1,..-5%n)

be the densitydistribution function for amplitudesxy, ..., X, at n successie samplepoints. We definethe
entropy of theensembleerdegreeof freedomby

H'= —Lim= / /pxl, SXn)logp(Xa, ..., Xn) dXg ... dXn.

n—oo N

We may also definean entrogy H per secondby dividing, not by n, but by thetime T in seconddor n
samplesSincen=2TW, H = 2WH'.
With white thermalnoisep is Gaussiarandwe have

=logv2mweN,
H =W log2reN.

For a given averagepower N, white noisehasthe maximumpossibleentrogy. This follows from the
maximizingpropertieof the Gaussiamistribution notedabove.

Theentropy for a continuousstochastigprocesshasmary propertiesanalogougo thatfor discretepro-
cessesln the discretecasethe entropy wasrelatedto the logarithmof the probability of long sequences,
andto the numberof reasonablyrobablesequencesf long length. In the continuouscaseit is relatedin

34



a similar fashionto thelogarithmof the probability densityfor a long seriesof samplesandthe volumeof
reasonablhigh probabilityin the functionspace.
More preciselyif we assumep(xy,...,Xn) continuousn all thex; for all n, thenfor suficiently largen

n

<€

for all choicesof (x1,...,X,) apartfrom a setwhosetotal probabilityis lessthand, with § ande arbitrarily
small. This follows form the ergodicpropertyif we divide the spacanto alarge numberof smallcells.

The relation of H to volume can be statedas follows: Underthe sameassumptiongonsiderthe n
dimensionalspacecorrespondingo p(xi,...,X,). LetVy(q) be the smallestvolumein this spacewhich
includesin its interior a total probabilityg. Then

n—oo n
providedq doesnotequalO or 1.

Thesaesultsshawv thatfor largen thereis aratherwell-definedvolume(atleastin thelogarithmicsense)
of high probability, andthat within this volumethe probability densityis relatively uniform (againin the
logarithmicsense).

In the white noisecasethe distribution functionis givenby

P
p(xl7“‘7xn) - (27TN)n/2 exp 2N in *

Sincethis depend®nly on $ ><1-2 the surfacesof equalprobability densityare spheresandthe entiredistri-
bution hassphericalsymmetry The region of high probability is a sphereof radiusy/nN. As n — « the
probability of beingoutsidea sphereof radiusy/n(N + €) approachegerohoweversmalle and% timesthe
logarithmof the volumeof the sphereapproachekg+v/2reN.

In the continuouscaset is corvenientto work notwith theentrogy H of anensembldut with aderived
guantity which we call the entropy power. This is definedasthe power in a white noiselimited to the
samebandasthe original ensemblendhaving the sameentropy. In otherwordsif H' is the entropy of an
ensembléts entrofy poweris

1 :
N; = ore exp2H’.
In the geometricapicturethis amountg¢o measuringhe high probabilityvolumeby the squaredadiusof a
spherehaving the samevolume. Sincewhite noisehasthe maximumentrogy for agivenpower, theentropy
power of ary noiseis lessthanor equalto its actualpower.

22. ENTROPY LOSSIN LINEAR FILTERS

Theoem14: If anensembléaving anentrofy Hy perdegreeof freedomin bandW is passedhrougha
filter with characteristitY (f) the outputensembléasanentrogy

1
Ho=H;+— | log|Y(f)|2df.
2 1+W/Wog| ()]

Theoperatiorof thefilter is essentiallyalineartransformatiorof coordinateslf wethink of thedifferent
frequeny componentsisthe original coordinatesystemthe new frequeny componentaremerelytheold
onesmultiplied by factors. The coordinatetransformatiormatrix is thusessentiallydiagonalizedn terms
of thesecoordinatesThe Jacobiarof thetransformatioris (for n sineandn cosinecomponents)

J= _I_E[IY(fi)l2 = expy log|Y (fi)[?
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TABLE |

ENTROPY| ENTROPY
GAIN POWER |POWER GAIN IMPUL SE RESPONSE
FACTOR |IN DECIBELS
1
1w --- .
w > 1 868 siré(t/2)
e t2/2
0 w 1
1
1—w? --—> 2\4 sint  cost
E (3) —533 {t_3_t_2}
0 w 1
1
1—w3 --—> j cot—1 cog = sint
0.411 -3.87 6|: @ _?+t_3:|
0 w 1
1
JI—2 - 2\ 2 J(t
l-ws = i (%) _267 LA0)
e 2t
0 w 1
1
|
|
|
I 1 1
— —8.68 — |cog1— a)t —cost
: 2o atz[ {1-a) ]
~a
0 w 1

wherethe f; areequallyspacedhroughthe bandw. This becomesn the limit

expviv/wlog|Y(f)|2df.

SincelJ is constanits averagevalueis the sameguantityandapplyingthetheoremon the changeof entrogy
with a changeof coordinatestheresultfollows. We mayalsophraset in termsof the entropy power. Thus
if theentrofy power of thefirst ensemblas N; thatof theseconds

Nlexpviv/wlog|Y(f)|2df.

Thefinal entrofy power is theinitial entropy power multiplied by the geometricmeangain of thefilter. If
thegainis measuredh db, thenthe outputentrogy powerwill beincreasedy thearithmeticmeandb gain
overW.

In Tablel the entropy power losshasbeencalculatedandalsoexpressedn db) for a numberof ideal
gaincharacteristicsTheimpulsive responsesf thesefilters arealsogivenfor W = 27, with phaseassumed
to beO.
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The entroyy lossfor mary othercasescan be obtainedfrom theseresults. For examplethe entrogy
power factor1/€? for thefirst casealsoappliesto ary gain characteristiobtainfrom 1 —w by a measure
preservingransformatiorof thew axis. In particulara linearly increasingyain G(w) = w, or a“saw tooth”
characteristibetween0 and 1 have the sameentropy loss. The reciprocalgain hasthe reciprocalfactor
Thus1/w hasthefactore?. Raisingthegainto ary power raisesthefactorto this power.

23. ENTROPY OF A SUM OF TWO ENSEMBLES

If we have two ensemblesf functionsf, (t) andgs (t) we canform anew ensembldy “addition” Suppose
the first ensembléhasthe probability densityfunction p(xi, ..., X,) andthe secondj(xy,...,%n). Thenthe
densityfunctionfor thesumis givenby the corvolution:

r(xl,-..,xn):/---/p(yl,---,yn)Q(xl—yl,---,xn—yn)dyl---dyn.

Physicallythis correspondso addingthe noisesor signalsrepresentetby the original ensemblesf func-
tions.
Thefollowing resultis derivedin Appendix6

Theoem15: Lettheaveragepower of two ensemble$eN; andN, andlet their entrofy powersbeN
andN,. Thentheentrogy powerof thesum,Ns, is boundedby

N1+N> < N3 < Ny+No.

White Gaussiamoisehasthe peculiarpropertythatit canabsorbary othernoiseor signalensemble
which maybeaddedo it with aresultantentrogy power approximatelyequalto the sumof the white noise
power andthesignalpower (measuredrom the averagesignalvalue,whichis normallyzero),providedthe
signalpoweris small,in a certainsensecomparedo noise.

Considerthe function spaceassociatedvith theseensemblediaving n dimensions. The white noise
correspondso thesphericalGaussiamistributionin this space.Thesignalensemble&orrespondso another
probability distribution, not necessarilyGaussiaror spherical.Let the secondnomentsof this distribution
aboultits centerof gravity bea;;. Thatis, if p(xy,...,Xn) is thedensitydistribution function

= [+ [ pox—a) (- @) dba -+

wherethe ¢; arethe coordinatesf the centerof gravity. Now & is a positive definitequadraticform, and
we canrotateour coordinatesystento alignit with the principaldirectionsof thisform. &; is thenreduced
to diagonalform bj. We requirethateachb; be smallcomparedo N, the squaredadiusof the spherical
distribution.
In this casethe corvolutionof thenoiseandsignalproduceapproximatelya Gaussiamistributionwhose
correspondingjuadratidorm is
N + bj.

Theentroy power of this distributionis
1/n
[Mv+b0)]

or approximately

1/n

= [(N)n—i- Zbii(N)n_l]
=N+ % Z bii .

Thelasttermis the signalpower, while thefirst is the noisepower.
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PART IV: THE CONTINUOUSCHANNEL

24. THE CAPACITY OF A CONTINUOUS CHANNEL

In acontinuoushannetheinputor transmittedsignalswill becontinuousunctionsof time f(t) belonging
to a certainset,andthe outputor received signalswill be perturbedversionsof these. We will consider
only the casewhereboth transmittedandreceved signalsarelimited to a certainbandW. They canthen
bespecifiedfor atime T, by 2TW numbersandtheir statisticalstructureby finite dimensionadistribution

functions.Thusthe statisticof thetransmittedsignalwill be determinedy

P(x1,...,Xn) = P(X)
andthoseof the noiseby the conditionalprobability distribution

Pag,eoon (Y15 -, Yn) = Px(Y).

The rateof transmissiorof informationfor a continuouschannelis definedin a way analogougo that
for adiscretechannelpamely
R=H(x) — Hy(x)

whereH (x) is theentrogy of theinputandHy(x) theequivocation.ThechannekapacityC is definedasthe
maximumof Rwhenwe vary theinput over all possibleensemblesThis meanghatin afinite dimensional
approximatiorwe mustvary P(x) = P(x,...,X,) andmaximize

/P ) logP(X dx+//P %Y) Iog ))/) dxdy.

This canbewritten

/ P(x,y)log ZE 38/) dxdy

usingthefactthat / / P(x,y) logP(x) dxdy = / P(x)logP(x) dx. Thechannekapacityis thusexpresseds
follows:

XY)
C= IT_Ln;l\él%x / P(x,y) Iog =0 dxdy.

It is obviousin this form thatR andC arelndependenbf the coordinatesystemsincethe numerator
P(x.y)
POJP(y) _ _ _
ary one-to-onevay. This integral expressiorfor C is moregenerathanH(x) — Hy(x). Properlyinterpreted
(seeAppendix7) it will alwaysexist while H(x) — Hy(x) mayassumeanindeterminatéorm co — o in some
cases.This occurs for example,if x is limited to a surfaceof fewer dimensionghann in its n dimensional

approximation.

If the logarithmicbaseusedin computingH(x) andHy(x) is two thenC is the maximumnumberof
binary digits that can be sentper secondover the channelwith arbitrarily small equivocation,just asin
the discretecase. This can be seenphysically by dividing the spaceof signalsinto a large numberof
small cells, sufficiently small so thatthe probability densityPx(y) of signalx beingperturbedo pointy is
substantiallyconstanbveracell (eitherof x ory). If thecellsareconsideredsdistinctpointsthesituationis
essentiallithesameasadiscretechannelndthe proofsusedtherewill apply. Butit is clearphysicallythat
this quantizingof the volumeinto individual pointscannotin ary practicalsituationalter the final answer
significantly providedtheregionsaresuficiently small. Thusthe capacitywill bethelimit of thecapacities
for thediscretesubdvisionsandthisis just the continuouscapacitydefinedabove.

Onthemathematicasideit canbeshawn first (seeAppendix7) thatif u is themessagex is thesignal,
y is therecevedsignal(perturbedy noise)andv is therecoreredmessage¢hen

H(X) — Hy(x) > H(u) — Hy(u)

anddenominatoin log ——=— will be multiplied by the samefactorswhenx andy aretransformedn
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regardlessof what operationsare performedon u to obtainx or ony to obtainv. Thusno matterhow we
encodehe binary digits to obtainthe signal,or how we decodethe recevvedsignalto recoser the message,
the discreteratefor the binary digits doesnot exceedthe channelcapacitywe have defined. On the other
hand,it is possibleundervery generakonditionsto find acodingsystenfor transmittingbinarydigits atthe
rateC with assmallanequivocationor frequeng of errorsasdesired.Thisis true,for example,if, whenwe
take a finite dimensionabpproximatingspaceor the signalfunctions,P(x,y) is continuousn bothx andy
exceptat a setof pointsof probabilityzero.

An importantspecialcaseoccurswhenthe noiseis addedto the signalandis independentf it (in the
probabilitysense)ThenP(y) is afunctiononly of the (vector)differencen = (y — x),

Px(y) = Q(y_ X)

andwe canassigna definite entrofy to the noise(independenbf the statisticsof the signal), namelythe
entropy of thedistribution Q(n). This entrogy will bedenotedby H(n).

Theoem16: If thesignalandnoiseareindependerdéndtherecevedsignalis thesumof thetransmitted
signalandthe noisethenthe rateof transmissioris

R=H(y) - H(n),
i.e.,theentropy of therecevedsignallessthe entrofy of the noise. Thechannekapacityis

C= I\F/,I(il)xH(y) —H(n).

We have, sincey = x+n:
H(xy) =H(x,n).

Expandingheleft sideandusingthefactthatx andn areindependent
H(y) + Hy(x) = H(X) + H(n).

Hence
R=H(x) — Hy(x) = H(y) — H(n).

SinceH (n) is independenof P(x), maximizingR requiresmaximizingH (y), theentropy of thereceived
signal. If therearecertainconstraintoon the ensembleof transmittedsignals,the entrogy of the receved
signalmustbe maximizedsubjectto theseconstraints.

25. CHANNEL CAPACITY WITH AN AVERAGE POWER LIMITATION

A simple applicationof Theorem16 occurswhenthe noiseis a white thermalnoiseandthe transmitted
signalsarelimited to a certainaveragepower P. Thentherecevedsignalshave an averagepower P+ N
whereN is the averagenoisepower. The maximumentropy for the recevedsignalsoccurswhenthey also
form awhite noiseensembleincethisis thegreatespossibleentroyy for apower P+ N andcanbeobtained
by a suitablechoiceof transmittedsignals,namelyif they form a white noiseensemblef power P. The
entropy (persecondpf therecevvedensembleés then

H(y) = Wlog2re(P+ N),

andthenoiseentrofy is
H(n) =WIlog2reN.

The channekapacityis
P+N

N

C=H(y)—H(n)=WlIlog

Summarizingve have thefollowing:
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Theoem17: Thecapacityof achannebf bandW perturbedby white thermalnoisepowerN whenthe
averageransmittepoweris limited to P is givenby

P+N

C:WIogT

This meansthat by sufficiently involved encodingsystemswe can transmitbinary digits at the rate

P+N . . N . . .
Wlog, bits persecondwith arbitrarily small frequeng of errors. It is not possibleto transmitat a

higherrateby any encodingsystemwithouta definitepositive frequeng of errors.

To approximatehis limiting rateof transmissiorthetransmittedsignalsmustapproximatein statistical
propertiesa white noise® A systemwhich approacheshe ideal rate may be describedas follows: Let
M = 25 samplesf white noisebe constructeatachof durationT. Theseareassignedinarynumbersrom
0to M —1. At thetransmitterthe messagesequencesare broken up into groupsof s andfor eachgroup
the correspondingnoisesampleis transmittedasthe signal. At the receverthe M samplesareknown and
the actualrecevedsignal (perturbedby noise)is comparedvith eachof them. The samplewhich hasthe
leastR.M.S.discrepang from therecevedsignalis choserasthetransmittedsignalandthe corresponding
binary numberreconstructed.This processamountsto choosingthe mostprobable(a posterior) signal.
ThenumberM of noisesamplesusedwill dependon thetolerablefrequeng e of errors,but for almostall
selection®f samplesve have

.. logM(e,T) P+N
LimLim —————~ =Wlog——
el—)n(;Tl—To T o9 N ’

sothatno matterhow smalle is chosenwe can,by taking T sufficiently large, transmitasnearaswe wish

to TWlog P:\_I N

- P . . .
Formulassimilar to C = Wlog for the white noise casehave beendevelopedindependently

by several otherwriters, althoughwith somevhat differentinterpretations.We may mentionthe work of
N. Wienet” W. G. Tuller,18 andH. Sullivanin this connection.

In the caseof anarbitraryperturbingnoise(not necessarilyhite thermalnoise)it doesnot appeathat
themaximizingprobleminvolvedin determiningthe channekapacityC canbe solvedexplicitly. However,
upperandlowerboundscanbesetfor C in termsof the averagenoisepower N thenoiseentropy power Nj.
Theseboundsaresufiiciently closetogetherin mostpracticalcasego furnisha satishctorysolutionto the
problem.

Theoem18: The capacityof a channelof bandW perturbedby an arbitrarynoiseis boundedby the
inequalities

binarydigitsin thetimeT.
+N

P+N; P+N

W log N <C<Wilog N
1 1

where

P = averagetransmittepower
N = averagenoisepower
N1 = entropy power of the noise.

Here againthe averagepower of the perturbedsignalswill be P+ N. The maximumentrogy for this
power would occurif the receved signal were white noiseand would be Wlog2re(P + N). It may not
be possibleto achieve this; i.e., theremay not be ary ensembleof transmittedsignalswhich, addedto the

18This and other propertiesof the white noise caseare discussedrom the geometricalpoint of view in “Communicationin the
Presencef Noise’, loc. cit.

17Cyberneticsloc. cit.

18TheoreticalLimitations on the Rate of Transmissiorof Information’ Proceedingsof the Institute of Radio Enginees, v. 37,
No. 5, May, 1949,pp.468-78.
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perturbingnoise produceawhite thermalnoiseat therecever, but atleastthis setsanupperboundto H (y).
We have, therefore

C =MaxH(y) —H(n)
<WIlog2re(P+ N) —Wlog2reN;.

This is theupperlimit givenin thetheorem.Thelower limit canbe obtainedby consideringherateif we
malke thetransmittedsignala white noise,of power P. In this casethe entrogy power of therecevedsignal
mustbe at leastasgreatasthatof a white noiseof power P+ N; sincewe have shavn in Theoreml5 that
theentropy power of the sumof two ensembless greatetthanor equalto thesumof theindividual entropy
powers.Hence

MaxH (y) > Wlog2re(P+ N;)

and

C > WIlog2re(P+ N;) —Wlog2reN
P+Ng

=Wlog N
1

As P increasesthe upperand lower boundsin Theorem18 approacheachother so we have asan

asymptoticate
P+N

Ny
If thenoiseis itself white, N = N; andtheresultreducedo theformulaprovedpreviously:

Wilog

C:WIog(1+ ;)

If the noiseis Gaussiarbut with a spectrumwhich is not necessarilfflat, N; is the geometricmeanof
thenoisepower overthevariousfrequenciesn thebandW. Thus

Ny = expviv/wlogN(f)df

whereN(f) is thenoisepoweratfrequengy f.
Theoem19: If we setthecapacityfor a giventransmittepowerP equalto
P+N-—n

C=WIlog N
1

thenn is monotonicdecreasin@sP increasesndapproache8 asalimit.
Supposeghatfor a givenpower P; thechannekapacityis

PL+N—m

W log N
1

This meansthat the bestsignal distribution, say p(x), whenaddedto the noisedistribution q(x), givesa
receveddistribution r (y) whoseentropy poweris (P1 + N —1n1). Let usincreasehepowerto P; + AP by
addingawhite noiseof power AP to thesignal. The entrogy of therecevedsignalis now atleast

H(y) =Wlog2re(P1 +N—n1+ AP)

by applicationof the theoremon the minimum entrogy power of a sum. Hence,sincewe canattainthe
H indicated the entropy of the maximizingdistribution mustbe at leastasgreatandsn mustbe monotonic
decreasingTo shaw thatn — 0 asP — o considera signalwhich is white noisewith alarge P. Whatever
theperturbingnoise therecevvedsignalwill beapproximatelyawhite noise,if P is sufiiciently large,in the
senseof having anentrogy powerapproaching® + N.
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26. CHANNEL CAPACITY WITH A PEAK POWER LIMITATION

In someapplicationghetransmitteiis limited notby theaveragepower outputbut by the peakinstantaneous
power. The problemof calculatingthe channelcapacityis thenthat of maximizing (by variation of the
ensemblef transmittedsymbols)

H(y) —H(n)
subjectto the constraintthatall the functionsf(t) in the ensemblée lessthanor equalto /S, say for all
t. A constraintof this type doesnot work out aswell mathematicallyasthe averagepower limitation. The

. . . . S . .
mostwe have obtainedfor this caseis a lower boundvalid for all N’ an“asymptotic” upperbound(valid

S . S
for large N) andanasymptoticvalueof C for N small.

Theoem?20: The channelcapacityC for a bandW perturbedby white thermalnoiseof power N is

boundecby

2'S
> ==
C_Wlogw TN’

whereS is the peakallowedtransmittepower. For sufficiently Iarge%

2
=S+ N
C<Wilog %(1+ €)

wheree is arbitrarily small. As % — 0 (andprovidedthebandW startsatQ)

C/Wlog(1+§) -1

We wish to maximizethe entropy of therecevedsignal. If N is largethis will occurvery nearlywhen

we maximizethe entropy of thetransmittecensembile.

Theasymptotiaupperboundis obtainedoy relaxingthe conditionsontheensemblel et ussupposehat
thepoweris limited to Snotateveryinstantof time, but only atthe samplepoints. Themaximumentrogy of
thetransmittecensemblainderthesenvealenedconditionss certainlygreatetthanor equalto thatunderthe
original conditions.This alteredproblemcanbe solvedeasily Themaximumentrogy occursif the different
samplesareindependenandhave adistribution functionwhichis constanfrom —v/Sto ++/S. Theentrogy
canbe calculatedhs

Wlog4S

Thereceivedsignalwill thenhave entropy lessthan

Wlog(4S+ 2reN)(1+¢)

withe — 0 as§ — o0 andthe channelcapacityis obtainedby subtractinghe entrogy of the white noise,

Wlog2reN:
2

2S5+ N
Wlog(4S+ 2reN)(1+€) —Wlog2reN= W log %(H €).

Thisis thedesiredupperboundto thechannekapacity
To obtainalowerboundconsidethesamesnsemblef functions.Let thes€functionsbe passedhrough
anidealfilter with a triangulartransfercharacteristic.The gainis to be unity at frequeng 0 anddecline
linearly down to gain O at frequeng W. We first shav that the outputfunctionsof the fgter have a peak
sin2xWit

power limitation Sat all times(not justthe samplepoints). First we notethata pulseW
iy

thefilter produces

goinginto

1 siré mWi

2 (mWt)2
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in the output. This functionis never negative. The inputfunction(in the generakase)canbe thoughtof as

thesumof a seriesof shiftedfunctions .
sin2r\Wit

a 2nWit

wherea, theamplitudeof thesamplejs notgreatethan+/S. Hencetheoutputis thesumof shiftedfunctions
of thenon-ngyative form above with the samecoeficients. Thesefunctionsbeingnon-neyative, thegreatest
positive valuefor ary t is obtainedwvhenall coeficientsa have their maximumpositive valuesj.e., v/S. In
this casethe input functionwasa constanof amplitudev/S andsincethefilter hasunit gainfor D.C., the
outputis thesame Hencethe outputensembldiaspeakpower S.

The entroyy of the outputensemblecan be calculatedfrom that of the input ensembleby usingthe
theoremdealingwith sucha situation. The outputentroyy is equalto the input entropy plusthe geometric

meangainof thefilter:
W W oW 2
29f _ __
/O logG olf_/0 log( — ) df =-2w.

Hencetheoutputentropy is
Wlog4S—2W = WIlog %S
andthe channekapacityis greaterthan

2 S
Wloggﬁ.

. S . . .
We now wishto shaw that,for small N (peaksignalpoweroveraveragewhite noisepower), thechannel
capacityis approximately

S
C_Wlog(1+ N)'

. S S . . .
More preC|serC/WIog(1+ N) -1 asN — 0. Sincethe averagesignalpower P is lessthanor equal

to thepeaks, it followsthatfor all 5
P S
< — | < — .
C _Wlog(1+ N) _Wlog(1+ N)

Thereforejf we canfind anensembl@f functionssuchthatthey correspondo aratenearlyW log (1+ 5)

andarelimited to bandW andpeakStheresultwill be proved. Considerthe ensemblef functionsof the
following type. A seriesoft samplehave thesamevalue,either++/Sof —/S, thenthenext t samplehave
the samevalue,etc. Thevaluefor a seriesis choserat random,probability% for +/S and% for —v/S. If

this ensemblée passedhrougha filter with triangulargain characteristiunit gainat D.C.), the outputis

peaklimited to +S. Furthermoreheaveragepoweris nearlySandcanbemadeto approactthis by takingt

sufficiently large. Theentrofy of thesumof thisandthethermalnoisecanbefoundby applyingthetheorem
onthesumof anoiseanda smallsignal. This theoremwill applyif

S
IS

: - . .S :
is sufiiciently small. This canbe ensuredy taking — smallenough(aftert is chosen).Theentroy power
will be S+ N to ascloseanapproximatiorasdesiredandhencetherateof transmissiormsnearaswe wish

to
S+N
Wlog(T).
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PART V: THE RATE FORA CONTINUOUSSOURCE

27. FIDELITY EVALUATION FUNCTIONS

In the caseof a discretesourceof information we were able to determinea definite rate of generating
information,namelytheentrofy of theunderlyingstochastiprocessWith acontinuousourcethesituation
is considerablymore involved. In the first placea continuouslyvariablequantity can assumean infinite
numberof valuesandrequires thereforeaninfinite numberof binary digits for exact specification.This
meanghatto transmitthe outputof a continuoussourcewith exactrecoveryatthereceving pointrequires,
in general,a channelof infinite capacity(in bits per second). Since,ordinarily, channelshave a certain
amountof noise,andthereforea finite capacity exacttransmissioris impossible.

This, however, evadestherealissue. Practically we arenot interestedn exacttransmissiorwhenwe
have a continuoussource,but only in transmissiorto within a certaintolerance.The questionis, canwe
assignadefiniterateto a continuoussourcevhenwe requireonly a certainfidelity of recosery, measuredh
asuitableway. Of course asthefidelity requirementareincreasedheratewill increaselt will beshovn
thatwe can,in very generalcasesdefinesucha rate, having the propertythatit is possible by properly
encodingthe information,to transmitit over a channelwhosecapacityis equalto theratein questionand
satisfythefidelity requirementsA channebf smallercapacityis insufficient.

It is first necessaryo give a generalmathematicaformulationof the ideaof fidelity of transmission.
Considerthe setof messagesf a long duration,say T seconds.The sourceis describedby giving the
probabilitydensity P(x), in theassociatedpacethatthesourcewill selecthemessage question A given
communicatiorsystemis describedfrom the externalpoint of view) by giving the conditionalprobability
Px(y) thatif message is produceddy thesourcetherecoreredmessagatthereceving pointwill bey. The
systemasawhole(includingsourceandtransmissiosystemjs describedy theprobabilityfunctionP(x, y)
of having message andfinal outputy. If this functionis known, the completecharacteristicsf the system
from the point of view of fidelity areknown. Any evaluationof fidelity mustcorrespondnathematically
to anoperationappliedto P(x,y). This operationmustat leasthave the propertiesof a simpleorderingof
systemsi.e.,it mustbe possibleto sayof two systemsepresentebdly P1(X,y) andP,(x,y) that,accordingo
ourfidelity criterion,either(1) thefirst hashigherfidelity, (2) the seconchashigherfidelity, or (3) they have
equalfidelity. This meanghata criterionof fidelity canbe representetty a numericallyvaluedevaluation
function

V(P(x,Y))

whoseargumentrangesover possibleprobability functionsP(x,y). The function v(P(x,y)) orderscom-
municationsystemsaccordingto fidelity, andfor conveniencewe take lower valuesof v to correspondo
“higher fidelity.”

We will now shav that undervery generalandreasonableassumptionshe function v(P(x, y)) canbe
writtenin a seeminglynuchmorespecializedorm, namelyasan averageof a function p(x,y) overtheset
of possiblevaluesof x andy:

v(POY) = [[ POuy)p(xy)dxdy.

To obtainthis we needonly assume1) thatthe sourceand systemareergodic so thata very long sample
will be,with probabilitynearly1, typical of theensembleand(2) thatthe evaluationis “reasonable’in the
sensehatit is possible by observinga typical input andoutputx; andy;, to form atentatve evaluation
on the basisof thesesamplesandif thesesamplesareincreasedn durationthe tentative evaluationwill,
with probability 1, approachthe exact evaluationbasedon a full knowledgeof P(x,y). Let the tentatve
evaluationbe p(x,y). Thenthefunctionp(x,y) approachegsT — «) aconstanfor almostall (x,y) which
arein the high probabilityregion correspondingo the system:

p(%,y) = V(P(x,y))

andwe may alsowrite
p(x) = [[ PO Y)p(xy) dxdy
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since

// P(x,y) dxdy = 1.
This establisheshe desiredresult.

The function p(x,y) hasthe generalnatureof a “distance”betweerx andy.® It measuresiow unde-
sirableit is (accordingto our fidelity criterion)to receve y whenx is transmitted.The generakesultgiven
above canberestatedasfollows: Any reasonablevaluationcanberepresentedsanaverageof a distance
function over the setof messageandrecoseredmessageg andy weightedaccordingto the probability
P(x,y) of gettingthe pairin questionprovidedthedurationT of themessagebetakensuficiently large.

Thefollowing aresimpleexamplesof evaluationfunctions:

1. R.M.S.criterion.
v= (x(t) — ()

In this very commonlyusedmeasuref fidelity the distanceunction p(x,y) is (apartfrom a constant
factor) the squareof the ordinary Euclideandistancebetweenthe pointsx andy in the associated
functionspace.

o9 = 5 [ [0 -y et

2. Frequenyg weightedR.M.S. criterion. More generallyone canapply differentweightsto different
frequeny componentbeforeusingan R.M.S. measureof fidelity. Thisis equivalentto passinghe
differencex(t) — y(t) througha shapingfilter andthendeterminingthe averagepower in the output.

Thuslet
e(t) = x(t) - y(t)
and
f(t) = /_m e(r)k(t — ) dr
then

ooy =1 [ 102t

3. Absoluteerrorcriterion.
1 /T
Py =7 [ X0 - (o]t
0

4. Thestructureof theearandbraindetermingmplicitly anumberof evaluationsappropriatén thecase
of speector musictransmissionThereis, for example,an“intelligibility” criterionin which p(x,y)
is equalto the relative frequeng of incorrectly interpretedwords when message(t) is receved
asy(t). Although we cannotgive an explicit representatiof p(x,y) in thesecasesit could, in
principle, be determinedby sufficient experimentation. Someof its propertiesfollow from well-
known experimentatesultsin hearing.e.g.,theearis relatively insensitve to phaseandthesensitvity
to amplitudeandfrequeng is roughlylogarithmic.

5. Thediscretecasecanbeconsideredsaspecializationn whichwe havetacitly assume@nevaluation
basednthefrequeng of errors.Thefunctionp(x,y) is thendefinedasthenumberof symbolsin the
sequencg differing from the correspondingymbolsin x divided by the total numberof symbolsin
X.

1t is nota“metric” in thestrictsensehowever, sincein generalt doesnotsatisfyeitherp(x,y) = p(y, x) or p(x,y) + p(¥,2) > p(x, 2).
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28. RATE FOR A SOURCE RELATIVE TO A FIDELITY EVALUATION

We arenow in a positionto definea rate of generatingnformationfor a continuoussource.We aregiven
P(x) for the sourceandan evaluationv determinedby a distancefunction p(x,y) which will be assumed
continuousn bothx andy. With a particularsystemP(x,y) thequality is measuredy

v=[[ pxy)Pix,y) dxay.

Furthermoreherateof flow of binarydigits correspondingo P(x,y) is

R= //P XY) Iog 2/) dxdy.

We definetherateR; of generatingnformationfor agivenqualityv1 of reproductiorto bethe minimumof
R whenwe keepv fixedatv;, andvary Px(y). Thatis:

R1—Mln//ny log P(X?

dxd
POOPly) Y

subjectto the constraint:
V1= / / P(X,y)p(x,y) dxdy.

This meansthat we considey in effect, all the communicationsystemsthat might be usedand that
transmitwith the requiredfidelity. The rate of transmissiorin bits per seconds calculatedfor eachone
andwe chooseahathaving the leastrate. This latter rateis the ratewe assignthe sourcefor thefidelity in
guestion.

Thejustificationof this definitionliesin thefollowing result:

Theoem?21: If asourcehasarateR; for avaluationvy it is possibleto encodehe outputof thesource
andtransmitit overa channebf capacityC with fidelity asnearv; asdesiredprovidedR; < C. Thisis not
possiblaf Ry > C.

Thelaststatemenin thetheorenfollowsimmediatelyfrom thedefinitionof Ry andpreviousresults.If
it werenottrue we couldtransmitmorethanC bits persecondover a channelof capacityC. Thefirst part
of the theoremis proved by a methodanalogougo that usedfor Theoreml11. We may; in thefirst place,
divide the (x,y) spacento alarge numberof smallcellsandrepresenthe situationasa discretecase.This
will not changethe evaluationfunction by morethanan arbitrarily smallamount(whenthe cellsarevery
small) becausef the continuity assumedor p(x,y). SupposehatPi(x,y) is the particularsystemwhich
minimizestherateandgivesR;. We choosdrom the high probabilityy’'s a setatrandomcontaining

2(Ri+e)T

membersvheree — 0 asT — ». With large T eachchosenpoint will be connectedy high probability
lines(asin Fig. 10)to asetof X's. A calculationsimilarto thatusedin proving Theoreml1 showvsthatwith
large T almostall x's arecoveredby thefansfrom the chosery pointsfor almostall choicesof they's. The
communicatiorsystemto be usedoperatesasfollows: The selectedpointsare assignedinary numbers.
Whena message is originatedit will (with probability approachindl asT — ) lie within at leastone
of thefans. The correspondindpinary numberis transmittedor oneof themchoserarbitrarily if thereare
several)overthechanneby suitablecodingmeango give a smallprobability of error SinceR; < C thisis
possible At thereceving pointthe corresponding is reconstructedndusedastherecoreredmessage.

The evaluationv; for this systemcan be madearbitrarily closeto v; by taking T sufficiently large.
Thisis dueto the factthatfor eachlong sampleof message(t) andrecoreredmessageg(t) the evaluation
approaches; (with probability1).

It is interestingto notethat, in this systemthenoisein therecoseredmessagés actuallyproducedoy a
kind of generalquantizingat thetransmitterandnot producedy the noisein thechannel It is moreor less
analogouso the quantizingnoisein PCM.
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29. THE CALCULATION OF RATES

Thedefinitionof therateis similarin mary respectso the definitionof channekapacity In theformer

R= Mln//nyIog T ’(;)dxdy

with P(x) andv; :/ P(x,y)p(X,y) dxdy fixed. In thelatter

C= Max/ P(x,y) Iog ’BE)y) dxdy

with P (y) fixedandpossiblyoneor moreotherconstraint{e.g.,an averagepower limitation) of the form

K= [f P(x,Y)A(xy) dxdy.
A partialsolutionof the generaimaximizingproblemfor determiningherateof a sourcecanbe given.
UsingLagranges methodwe consider

// [ (%) log 5 ’()y)+uP(x,y)p(x,y)+V(X)P(x,y) dxdy.

Thevariationalequation(\whenwe take thefirst variationon P(x, y)) leadsto
R/(x) = B(x)e ()

where) is determinedo give therequiredfidelity andB(x) is choserto satisfy

/ B(x)e A0V dx = 1

This shavs that, with bestencoding the conditionalprobability of a certaincausefor variousrecevved
y, By/(x) will declineexponentiallywith thedistanceunctionp(x,y) betweerthex andy in question.
In thespeciakasewherethedistancdunctionp(x,y) dependsnly onthe (vector)differencebetweerx
andy,
,D(X,y) = p(X_y)
we have
/ B(x)e Y dx = 1.

HenceB(x) is constantsaya, and
R(x) = ae” Ap(x=y)

Unfortunatelytheseformal solutionsaredifficult to evaluatein particularcasesndseento beof little value.
In fact,theactualcalculationof rateshasbeencarriedoutin only afew very specialcases.

If thedistancdunctionp(x,y) isthemeansquaraliscrepang betweernx andy andthemessagensemble
is white noise theratecanbe determinedin thatcasewe have

R= Min[H(x) — Hy(X)] = H(x) — MaxHy(X)

with N = (x—y)2. ButtheMaxHy(x) occurswheny— x is awhite noise,andis equalto Wi log2reN where
W, is the bandwidthof themessagensembleTherefore

R=W;log2reQ— W log2reN

:Wllog%

whereQ is theaveragemessag@ower. This provesthefollowing:

47



Theoem?22: Theratefor a white noisesourceof powerQ andbandW relative to anR.M.S. measure
of fidelity is
Q

N
whereN is theallowed meansquareerrorbetweeroriginal andrecoveredmessages.

More generallywith any messagsourcewe canobtaininequalitiesboundingtheraterelatveto amean
squareerrorcriterion.

Theoem23: Theratefor ary sourceof bandW, is boundecby

Q Q
N N

whereQ is theaveragepower of thesourcefQ1 its entropy power andN the allowedmeansquareerror.

R=W;log

W, log <R<Wlog

Thelower boundfollows from the factthatthe MaxHy(x) for agiven (x—y)2 = N occursin thewhite
noisecase.Theupperboundresultsif we placepoints(usedin theproofof Theoren21) notin thebestway
but at randomin a sphereof radius,/Q — N.
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APPENDIX 1
THE GROWTH OF THE NUMBER OF BLOCKS OF SYMBOLS WITH A FINITE STATE CONDITION

LetN; (L) bethenumberof blocksof symbolsof lengthL endingin statei. Thenwe have
Nj(L) = 3 N(L-bf)
S

Wherebilj , bizj,...,b{‘j‘ arethelengthof thesymbolswhich maybechoserin statei andleadto statej. These
arelineardifferenceequationsandthe behaior asL — o mustbe of thetype

Nj = AjW-.
Substitutingn the differenceequation
(s)
AJWL — AjWL_bij
2
or

(s)
Aj=S AW
1,S

(s)
2z -s)aso
| S
For thisto be possiblethe determinant

DW) = |aij| =

(s)
YRR
S
mustvanishandthis determinedV, whichis, of coursethelargestrealrootof D = 0.
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ThequantityC is thengivenby

WL
C=Lim 7|092€JW

L—o0

= logW

andwe alsonotethatthe samegrowth propertiegesultif we requirethatall blocksstartin the same(arbi-
trarily chosen)ktate.
APPENDIX 2

DERIVATION OF H = — ¥ pilogpi

LetH (%, %, ceo %) = A(n). Fromcondition(3) we candecompos@ choicefrom s™ equallylikely possi-

bilities into a seriesof m choicesfrom s equallylikely possibilitiesandobtain

A(S™) = mA(s).

Similarly o "
A(t") = nA(t).

We canchoosen arbitrarily largeandfind anmto satisfy
SN <N < ML)
Thus,takinglogarithmsanddividing by nlogs,

m logt m 1 logt
Reimcneh o 7o«
n—logs n logs

wheree is arbitrarily small. Now from the monotonicpropertyof A(n),

A(ST) S A" <A™
MA(s) < NA(t) < (Mm+ 1A(S).

Hence dividing by nA(s),

m_At) —m 1 m Al)
nSAeSnta ﬁ‘@\“
%—:g—g;‘<26 A(t) =Klogt

whereK mustbe positive to satisfy(2). N
Now supposeve have a choicefrom n possibilitieswith commeasurablprobabilitiesp; = —;] where

the n; areintegers. We canbreakdown a choicefrom § n; possibilitiesinto a choicefrom n poslsibilities
with probabilitiesps, . . ., py andthen,if theith waschosenachoicefrom n; with equalprobabilities.Using
condition(3) again,we equatehetotal choicefrom y nj ascomputeddy two methods

Klog ni=H(p,...,pn) + K pilogni.
Hence
H= K[Z pilogy ni—3 p Iogni]
n
=-KYpi Iogz—;]i =—K pilogp:.

If the p; areincommeasurablehey may be approximatedy rationalsandthe sameexpressiormusthold
by our continuityassumptionThusthe expressiorholdsin general.The choiceof coeficientK is a matter
of corvenienceandamountdo the choiceof aunit of measure.
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APPENDIX 3
THEOREMS ON ERGODIC SOURCES

We assumehesourceo beergodicsothatthestronglaw of largenumbersanbeapplied. Thusthenumber
of timesagivenpathp;; in thenetwork is traversedn along sequencef lengthN is aboutproportionato
theprobabilityof beingati, sayP,, andthenchoosinghis path,P pijN. If N is largeenoughthe probability
of percentagerror+4 in thisis lessthane sothatfor all but a setof smallprobabilitythe actualnumbers
lie within thelimits

(P pij £ d)N.

Hencenearlyall sequencebave a probability p givenby

P pij=8)N

p= |_|Pi(j

andlo% is limited by

IO% = (Ppij £ d)logpij
or

IO%—ZHpijlogmk -
This provesTheorems3.

Theorem¥ follows immediatelyfrom this on calculatingupperandlower boundsfor n(q) basednthe
possiblerangeof valuesof p in Theorem3.
In the mixed (not ergodic) caseif
L=3 pili
andtheentropiesof thecomponentareH; > Hy > --- > Hy we have the

Theoem: Limy—w % = (q) is adecreasingtepfunction,

s—1

S
o(q) =Hs intheintenal Z ai <g< Zai.

To prove theorems5 and 6 first note that Fy is monotonicdecreasingpecauseancreasingN addsa
subscripto aconditionalentrogy. A simplesubstitutiorfor pg, (S;) in thedefinitionof Fy shovsthat

Fn =NGn — (N—1)Gn-1

. . ) 1 . .
andsummingthisfor all N givesGy = N z F.. HenceGy > Fy andGy monotonicdecreasingAlso they
mustapproachthe samdimit. By usingTheorem3 we seethatLimy— Gy = H.

APPENDIX 4
MAXIMIZING THE RATE FOR A SYSTEM OF CONSTRAINTS

Supposewve have a setof constraintson sequencesf symbolsthatis of the finite statetype and canbe

representethereforeby alineargraph,asin Fig. 2. Let li(js) bethelengthsof the varioussymbolsthatcan
occurin passingrom statei to statej. Whatdistribution of probabilitiesP, for the differentstatesand pi(js)
for choosingsymbolsin statei andgoingto statej maximizegherateof generatingnformationunderthese
constraints?The constraintglefinea discretechannelandthe maximumratemustbe lessthanor equalto
the capacityC of this channelsinceif all blocksof largelengthwereequallylik ely, this ratewould result,

andif possiblethiswouldbebest.We will shav thatthisratecanbeachiezedby properchoiceof theP, and

P} -
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Theratein questions

-Siish p,J)Iog pl(s)
SiisP |p,s)15(s)
Let 9 Bi g
Py =g W
whereB; satisfytheequations
a:zaw%?

1,S

This homogeneousystemhasa non-vanishingsolutionsinceW is suchthatthe determinanbf the coefi-
cientsis zero:

(s)
_Z”s —5”‘:0.

The p,( S definedthusaresatishictorytransitionprobabilitiesfor in thefirst place,

>l =5 gw

B.
= — = 1
Bi
sothatthe sumof the probabilitiesfrom any particularjunction pointis unity. Furthermorehey arenon-
negative ascanbeseerfrom a consideratiomf thequantities; givenin Appendix1. TheA; arenecessarily
non-ngativeandthe B; satisfya similar systemof equationsut with i and j interchangedThisamountgo
reversingthe orientationon thelines of thegraph.

Substitutinghe assumedaluesof pi(js) in thegeneralkquatiorfor theratewe obtain
_ 5Rp logghw

sz.J)l R

IongPpls)Z Y — 5 Pp{ logB; + 3 Pp logB
Eppls)e S)

=logW =_C.

Hencetheratewith this setof transitionprobabilitiesis C andsincethis ratecouldnever beexceededhisis
themaximum.

APPENDIX 5

Let S; be ary measurablsubsebf the g ensembleand S, the subsetof the f ensemblaevhich givesS;
undertheoperationT. Then

S=TS.
LetH* betheoperatomwhich shiftsall functionsin a setby thetime A. Then

H*S =H TS, =TH*S
sinceT is invariantandthereforecommuteswvith H*. Henceif m[S is the probabilitymeasureof the setS

MHAS] = MTHAS)] = MH*S)



wherethe secondequality is by definition of measurean the g space,the third sincethe f ensemblds
stationaryandthelastby definitionof g measurexgain.This shavsthattheg ensemblés stationary

To prove that the ergodic propertyis presered underinvariantoperationsjet S be a subsetof theg
ensemblavhichis invariantunderH?, andlet S, bethesetof all functionsf whichtransforminto S;. Then

H*S, =HMS,=TH S =5
sothatH*S; in includedin S for all A. Now, since
MH*S] = mS] = m(Sy]

thisimplies
H'S =%

for all A with m[Sp] # 0, 1. This contradictiorshavsthatS; doesnotexist.
APPENDIX 6

TheupperboundNsz < N; + N, is dueto the factthatthe maximumpossibleentropy for a power Ny + N,
occurswhenwe have awhite noiseof this pawer. In this casethe entrogy poweris N + No.

To obtainthe lower bound, supposewve have two distributionsin n dimensionsp(x;) andq(x) with
entropy powersN; andN,. What form shouldp and g have to minimize the entrogy power N3 of their
convolutionr (x):

= / Py a(xi — ¥i) dyi-
Theentrofy Hs of r is givenby
Hs = —/r(xi)logr(x;)dxi.

We wish to minimizethis subjectto the constraints
- / p(xi) log p(x;) dx;

- [ 4t toga(x) dx

U=- / [r(¥) logr () + Ap(x) log p(x) + pq(X) logg(x)] dx

oU = —/[[1+Iogr(x)]5r(x)+)\[1+Iog p(X)]8p(X)
+ p[1+ logq(x)]éa(x)] dx.

If p(x) is variedataparticularargumentx; = s, thevariationin r(x) is

or(x) =q(xi —s)

We considerthen

and
/q s)logr(x) dx; — Alogp(s) =

andsimilarly whenq is varied.Hencethe conditionsfor aminimumare
/q % —s)logr(x) dx = —Alogp(s)

/p s)logr(x)dx = —ulogq(s)-
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If we multiply thefirst by p(s) andthesecondy q(s) andintegratewith respecto s we obtain

or solvingfor A andu andreplacingin theequations
Hl/q % —s)logr(x) dx = —Hzlogp(s)
Hz/p s)logr(x) dx = —Hslogq(s).
Now supposep(x;) andq(x;) arenormal

A n/2
p0x) = l(zgin/z &xp—3 Y A

By 172
(2;)”/2 exp—% Z BijXiX;.

Thenr(x) will alsobenormalwith quadratidorm G;;. If theinversesof theseformsarea;j, bij, ¢ij then

a(x) =

Cij = ajj + bij.

We wish to shav thatthesefunctionssatisfythe minimizing conditionsif andonly if &; = Kbj; andthus
givetheminimumHs underthe constraintsFirstwe have

logr(x) = Iog |C|J|— ZCinin
n
/Q(Xi —s)logr(x)dx = §|OQZ|QJ|— 3> Gijssi—3 > Cijhij.
This shouldequal

Hz[n

|2 |A|J| 3> Ajss

. . H . H . . .
whichrequiresAjj; = H—le. In this caseAjj = H—lBij andbothequationseduceto identities.
3 2

APPENDIX 7

Thefollowing will indicateamoregenerandmorerigorousapproacho thecentraldefinitionsof commu-
nicationtheory Considera probabilitymeasurespacevhoseelementsareorderedpairs(x, y). Thevariables
X, y areto beidentifiedasthe possibleransmittedandrecevedsignalsof somelong durationT. Let uscall
thesetof all pointswhosex belongsto a subsets; of x pointsthe strip over S, andsimilarly the setwhose
y belongto $ the strip over S. We divide x andy into a collectionof non-overlappingmeasurablsubsets
X; andY; approximateo therateof transmissiorR by

sz. Y; Iog%

where

P(X)) istheprobabilitymeasuref thestrip overX;
P(Yi) istheprobabilitymeasuref thestripover;
P(X,Y;) istheprobabilitymeasuref theintersectiorof thestrips
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A furthersubdvision cannever decreas®;. For let X; bedividedinto X; = X{ + X{ andlet

P(Y1))=a P(X1) =b+c
P(X1) =b P(X,Y) =d
P(X{)=c P(X{,Y)=e

P(X,Y1) =d+e
Thenin thesumwe have replacedfor the X1, Y; intersection)

d+e d e
(d+e)|ogm by dloga)+eloga:

It is easilyshowvn thatwith thelimitation we haveonb, ¢, d, €,

d+e]™®_ die

b+c = bdce
and consequentlyhe sumis increased.Thusthe variouspossiblesubdvisionsform a directedset, with
R monotonicincreasingwith refinemenibf the subdvision. We may defineR unambiguoushasthe least

upperboundfor Ry andwrite it

1 P(x,y)
R T // P(x,y)log POOP(Y) dxdy

This integral, understoodn the above sensejncludesboththe continuousanddiscretecasesandof course
mary otherswhich cannotbe representeth eitherform. It is trivial in this formulationthatif x andu are
in one-to-onecorrespondenceheratefrom u toy is equalto thatfrom x toy. If vis ary functionof y (not
necessarilyith aninverse)thenthe ratefrom x to y is greaterthanor equalto that from x to v since,in

the calculationof the approximationsthe subdvisionsof y are essentiallya finer subdvision of thosefor

v. More generallyif y andv arerelatednot functionally but statistically i.e., whenwe have a probability
measurespace(y,v), thenR(x,v) < R(x,y). This meanghatarny operationappliedon the receved signal,
eventhoughit involvesstatisticalelementsgdoesnotincreaser.

Anothernotion which shouldbe definedpreciselyin an abstractformulation of the theoryis that of
“dimensionrate; thatis the averagenumberof dimensiongequiredper secondto specify a memberof
anensembleln the bandlimited case2W numbergper secondaresufficient. A generaldefinitioncanbe
framedasfollows. Let f,(t) be anensembleof functionsandlet pt[f, (1), f5(t)] be a metric measuring
the “distance”from f, to fg overthetime T (for examplethe R.M.S. discrepang over this interval.) Let
N(e,d,T) betheleastnumberof elementsf which canbe chosernsuchthatall elementwf the ensemble
apartfrom a setof measur@ arewithin thedistance: of atleastoneof thosechosenThuswe arecovering
the spaceto within e apartfrom a setof smallmeasurd. We definethedimensionrate A for the ensemble
by thetriple limit

A= LimLim Lim 129N©&9.T)
550 e=0T—w  Tloge
Thisis a generalizatiorof the measuraype definitionsof dimensionin topology andagreeswith theintu-
itive dimensiorratefor simpleensemblesvherethedesiredresultis obvious.
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