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2.4 QUADRATIC FUNCTIONS

" JE
Objectives:

In this section, we learn about:
> Writing the equation of a parabola in standard from
> Sketching the graph of a parabola, knowing its:
domain.
Vertex.
Axis of symmetry.
x and y intercepts.
Range.
Increasingness and decreasingness intervals.
> Applications.
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Definition:
e Let a, b, and ¢ be real numbers a # 0. The function
f(x)=ax+bx+c
is called a quadratic function.
*The graph of a quadratic function is a vertical parabola (.S 28) |

*Every parabola is symmetric about a line called the axis of
symmetry (JEUL ) sas),

I
. . . y - ax?
* The intersection point of the : f09 —axcrbxeg
parabola and the axis of symmetry is I
called the vertex (w+.) of the :
parabola. vertex
I
I X
axis of
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Graph of a Quadratic Function:

The quadratic function f (x) =ax?>+ b x + ¢ can be written ( using
completing the square) in the standard form

fx)=a(x-h)?*+k (@a=0)

where

h=—b/2a and k=f(h)=f(-b/2a)

The domain of f is all real numbers, unless otherwise stated.
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The graph of f has the following

characteristics: a>0
Case 1: opens upward
> Vertex (h, k). y

|
»axis of symmetry X = h :I
»Minimum value of y is k |
»Range: [K,0) |

h
>1 i h : g
ncreasing:
8 (h, ) vertex N2 . — 3 k
» Decreasing: (- oo, h) minimum |: ¥
» The y-interceptis f(0) =c. i
[ 2
» The x-intercepts are x = b+ 2b — dac Lif B> —4ac>0
a
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Case2: a<0 a<o0 y
opens downward

»Vertex (h, k).

»axis of symmetry X = h
»Maximum value of y is K
»Range: (—o0, k]

> Increasing: (— o,h )

»Decreasing: (h, o)

» The y-intercept is f(0) =c.

i —b+b -
» The x-intercepts are x = @

,ifb2—4ac20
2a
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Ex1 Consider the function f(x)=2 x2+ 4 x + 3
Write the function in the standard form.
1. Find the vertex.
Find the axis of symmetry.
Find , if any, the maximum value of the function.
Find , if any, the minimum value of the function.
Find the range of the function.

Find the interval(s) of increasing and decreasing.

A o B

Sketch the graph of the function and show on the graph the
intercept(s), the vertex, and the axis of symmetry.
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a) f(X)=2x2+4x+3
Sol
. h= _£ — 4 —_
2a  2(2)
k=f(h)="1f(-1)=1
The standard form 1is:
f(x)=a(x—h)’+k
=2(x+1)* +1




So the equation s
2. The vertex is (h, k) = (-1, 1) | F(¥)=2(x—(=1))* +

1
A
|
h k

3. The axis of symmetry: X=h
X=-1

4. f(x) has no maximum value( since it opens upwards).

5. The minimum value ofis k= 1.

6. The range= [k, oo) = [1, oo)
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7.f(x) is increasing on  (h, o)=(-1, «)
f(x) is decreasingon (- o, h)=(- o, —1)

8. x-intercept(s):

y=0=>2x>+4x+3=0= no real solutions

= no Xx — intercept

y-intercept:

X =0 = Yy =3 = they-intercept is (0, 3)
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Hence ,the graph of f(x) is as shown below:

The graph opens up since
a=2>0

x=-1

_34

4t
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Ex 2 Use completing the square to graph, the following function, find

the vertex and y and X-intercepts of f(X)=-x> +6x+ 7.
f(x)=—x> +6x+7 original equation y
fO)=—(x2-6x)+7 factor out —1
f(X)=—(X2-6x+9)+7+9 complete the square
f(x)=—(x-3)2+16 standard form
a < 0 — parabola opens downward. 0, 7)
h=3, k=16 — axis X =3, vertex (3, 16).

Find the X-intercepts by solving (-1,0
X% +6X+7=0. ’
(x+7)(x+1)=0 factor

X=7,x=-1 y-intercepts (0,7),

X-intercepts (7, 0), (1, 0) f(x) = X2+ 6X+7
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3,16)

X=3

12
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Ex 3 Find the quadratic function in X whose graph has ( attains ) its
minimum value at (2, 1) and passes through the point (0, 4)

Sol The equation, in standard form, is f(x)=a(x-h)’+k
Since the quadratic function graph attains it minimum at the vertex
then,(h,k)=(2,1) = f(x)=a(x-2)"+1

the graph passes through the point (0, 4)
Substitute x=0andy=4 => 4=a(0-2)>+1

3
= a= 2 Thus, the quadratic function is

= f(x)=%(x—2)2+1
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EX 4 Find an equation for the parabola shown in the below graph.
y=1(x)
(0, Y

Sol (2,-1)
f(x)=a(x—h)>+k , (standard form)
f(x)=a(x—-2)>+(-1), vertex (2,-1)=(h,k)

Since (0, 1) is a point on the parabola: f(0)=a(0—-2)> -1

1=4a-1and a=

f(x):%(x—2)2+(—1):> f(x):%x2—2x+1

| —
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EX 5 Find two numbers whose sum is 8 and whose product is a
maximum.

Sol Let the numbers be X and y
Their sumis8: x+y=8 (1)
Their product: p= Xy ( 2 )

Now, we need p to be maximum ?
To achieve this goal, write p as a function in ONE variable ?

Notice that from (1), = x=8—y

) The graph of pisa
= P= y(8 - y) =—y +8y parabola that opens
8 downward. 1t
:>y=h=_2 1 =4 attains its max.
(_ ) area at the vertex
and x=8—-4=4 of its graph.
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Ex 6 If x is a real number, then find the maximum area of a
rectangle of length 3+2x and width 1— 2x.
Sol
Area= (3 +2x)(1—2x)
A(x)=—4x"—4x+3

—4 1 The graph of A ( x)
—— | is a parabola that
2 (— 4) 2 | opens downward.
Thus, the max. area is It attains its max.
area at the vertex

The areais max. if x=h=-—

-1 -1 2 -1 of its graph.
k=A — |=—4| — | -4] — [+3
2 2 2

=4 units square
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Ex 7 If x=3 is the axis of symmetry of the parabola

y=—2x*+cx+2,thenfind C.
Sol

The axis of symmetry of the parabola is
_—b
2a

—C

x=h
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Ex 8 A basketball is thrown from the free throw line from a

height of six feet. What is the maximum height of the
ball if the path of the ball is given by: — 3 X > + 4 X + 2

Let H(x)=-3x"+4x+2

The graph of h ( x) is a parabola that opens downward. It attains its
max. height at the vertex of its graph.

Sol

Thus, the max. height is,

oo (2)es(2) ea(2) 22 g
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Ex 9 Use completing the square technique to graph the
parabola g (X)=-3x2—-2x+1

Sol Factor out — 3 from the x terms
2
f(x)=—3(x2+§x )+1

2 I 1
=-3(x’+=x +———)+I1
f(x) (x 3x 5 9)

f(x)=—3(x2+%x +é)+1+l

3
f(x)=—3 (x+§) +§
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2
thus the equation becomes f (x)=-3 (x - (—%D 3

1
The axis of symmetry is the vertical line x+—=0

verex (~3.4]
ertex 33

y—interceptis y=—-3(0)?—2(0)+1

3X2+2x—-1=0
x=—1,1/3

X — intercept is
—-3x2=-2x+1=0

11/28/2007 Bassam Al Absi

W

20

11/28/2007

10



