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Objectives:Objectives:
In this section, we learn about:

Solving Quadratic Equations by Factoring
Solving Quadratic Equations by Taking Square Roots
Solving Quadratic Equations by Completing the Square
Solving Quadratic Equations by Using the Quadratic Formula
Th Di i i t f Q d ti E tiThe Discriminant of a Quadratic Equation
Application of Quadratic Equation
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Definition of a Quadratic Equation ي  Definition of a Quadratic Equationالتربيعيةالمعادلة ربي

A quadratic equation in x is an equation that can be written in the

standard form
ax2 + b x + c = 0

where a, b, and c are real numbers with a ≠ 0.

A quadratic equation in x is also called a second-degree polynomial 
equation in x.q
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The Zero Product Principlep
If the product of two algebraic expressions is zero, then at least 
one of the factors is equal to zero.

If  A · B = 0   ,   then  A = 0  or B = 0.

zeroproduct

4Bassam Al Absi10/23/2007



Q d i i b l d bQuadratic equations can be solved by:
1. Factoring
2 Taking square roots of both sides2. Taking square roots of both sides 
3. Completing the square
4. Using the quadratic formulag q
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1 Solving a Quadratic Equation by Factoring1. Solving a Quadratic Equation by Factoring

a) If necessary, rewrite the equation in the form 
ax2 + bx + c = 0,   moving all terms to one side, 
thereby obtaining zero on the other side.

b) Factor.

c) Apply the zero product principle setting each factorc) Apply the zero-product principle, setting each factor 
equal to zero.

S l h i id) Solve the equations in step c.
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Ex 1 Factor and Solve the quadratic equation: 01072 =+− xxEx 1 Factor and Solve the quadratic equation: 0107 =+xx

Sol: 1. Solving a Quadratic 
Equation by Factoring

0)5()2( =−− xx a) If necessary, rewrite the 
equation in the form 

ax2 + bx + c = 0,   

2 0  or  5 0x x− = − = moving all terms to one 
side, thereby obtaining 
zero on the other side.

b) Factor.
2 5 c) Apply the zero-product 

principle, setting each 
factor equal to zero.

d) Solve the equations in

2           5x x= =

d) Solve the equations in 
step c.
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Sol:
Ex 2Solve the quadratic equation 4x2 = 2x
Sol:
4x2 – 2x = 0

( )

1. Solving a Quadratic 
Equation by Factoring

2x(2x –1) = 0

2x = 0  or  2x – 1 = 0

a) If necessary, rewrite the 
equation in the form 

ax2 + bx + c = 0,   
moving all terms to one 

x = 0 x = 1⁄2

A check shows that the solution set for the

side, thereby obtaining 
zero on the other side.

b) Factor.
c) Apply the zero-productA check shows that the solution set for the 

given equation is {0, 1⁄2}.
c) Apply the zero product 

principle, setting each 
factor equal to zero.

d) Solve the equations in 
step cstep c.
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Sol:
Ex 3 Solve the quadratic equation ( x – 1) ( x+3 ) = 5
Sol:

( x – 1) ( x + 3 ) = 5 1. Solving a Quadratic 
Equation by Factoring

Notice that the zero product principle dose not apply here

Not zero

x2 +2x – 8 = 0

( x + 4 ) ( x – 2) = 0

a) If necessary, rewrite the 
equation in the form 

ax2 + bx + c = 0,   
moving all terms to one 

x + 4 = 0  or x –2 = 0

x = – 4 or x = 2

side, thereby obtaining 
zero on the other side.

b) Factor.
c) Apply the zero-productx   4 or x  2

A check shows that the solution set for the 
given equation is {– 4, 2 }

c) Apply the zero product 
principle, setting each 
factor equal to zero.

d) Solve the equations in 
step cstep c.
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2 The Square Root Method:2. The Square Root Method:
If x is an algebraic expression and c is a positive real number, then 
x2 = c has exactly two solutions  c±
Equivalently, 2If  ,    th e n   .x c x c= = ±

c±

Ex 4 Solve by the square root method:

a. 4x2 = 20

Sol: a) x2 = 5 Divide both sides by 4

b. (x – 2)2 +6= 0

y

5±=x Apply the square root method

{ }The solution set is   { }.5,5−
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Sol: b) (x – 2)2 + 6 = 0
2. The Square Root 
Method:Sol: b)

2 6x − = ± −

(x 2) + 6  0 Method:
1. If necessary write the 
equation in the form x2 = c
2 Apply the square root

(x – 2)2 = − 6 
2 6x − = ± −

2 6x i= ±

2. Apply the square root 
property 
Or equivalently,

The solution set is   { }2 6 , 2 6 .i i− + 2If ,    then  .x c x c= = ±
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3 Completing the square المربع Completing the square .3اآمال اآمال المربع
If x2 + bx is a binomial, then by adding           a perfect square 
trinomial will result.  That is,

,
2

2

⎟
⎠
⎞

⎜
⎝
⎛b

22

.
22

22
2 ⎟

⎠
⎞

⎜
⎝
⎛ +=⎟

⎠
⎞

⎜
⎝
⎛++

bxbbxx

Note that  ( b / 2)² is   the square of half the coefficient of x

Expression Add Complete the Square

x² −12x
212 36

2
−⎛ ⎞ =⎜ ⎟
⎝ ⎠

x² −12x+36 = (x − 6)²
2⎜ ⎟

⎝ ⎠

2 3x x+
2

3 3⎛ ⎞
=⎜ ⎟

2
3 32 3x x x

⎛ ⎞
+ + = +⎜ ⎟3x x+

2 4
=⎜ ⎟

⎝ ⎠
3

4 2
x x x+ + = +⎜ ⎟

⎝ ⎠
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Ex 5 Solve by completing the square: x2 – 6x + 2 = 0

Sol: x2 – 6x + 2 = 0 Notice that this equation cannot be factored?Sol:

x2 – 6x = – 2

Add b h id ( 6 ⁄ 2)2 ( 3)2 9 ( )
2b⎛ ⎞

x 6x + 2  0 Notice that this equation cannot be factored?

Move the constant to the R.H.S.

x2 6x + ( 3)2 = 2 + 9

Add           to both sides (– 6 ⁄ 2)2 = (–3)2 = 9 ( to complete the square)
2
b⎛ ⎞

⎜ ⎟
⎝ ⎠

x – 6x + (– 3) = – 2 + 9

x2 – 2 · x· 3 +(– 3 )² = – 2 + 9 Notice that the terms in the left 
side form a perfect square

i iFirst 
square

Twice 
First 
times
second

last 
square

(x – 3)2 = 7
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(x – 3)2 = 7

73 ±=−x 73±=x

( )

The solution set is { }3 7, 3 7 .− +

E 6 S l b l ti th 3 2 2 + 4 0Ex 6 Solve by completing the square 3x2 – 2x + 4 = 0

This equation cannot be factored ?3 2 2 + 4 0
Sol:

0423 2

=+− xx

This equation cannot be factored ?3x2 – 2x + 4 = 0

Divide both sides by 3
3333

+

0
3
4

3
22 =+− xx

y

33
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0
3
4

3
22 =+− xx

1412 2
⎞⎛

3
4

3
22 −=− xx Move the constant to the R.H.S.

33

9
1

3
4

3
1

3
2 2

2 +−=⎟
⎠
⎞

⎜
⎝
⎛−+− xx Complete the square

N i h h i h l f
2

2 1 1 4 1⎛ ⎞ Notice that the terms in the left 
side form a perfect square

2 1 1 4 12
3 3 3 9

x x ⎛ ⎞− ⋅ ⋅ + − =− +⎜ ⎟
⎝ ⎠

First Twice 
last

1 11111 2
⎞⎛ Apply the square 

square First 
times
second

last 
square

3 9
x⇒ − = ± −

9
11

3
1

−=⎟
⎠
⎞

⎜
⎝
⎛ −x

1 11

root property

1 11 1 11⎧ ⎫⎪ ⎪1 11
3 3

x i⇒ = ± The solution set is
1 11 1 11,
3 3 3 3

i i
⎧ ⎫⎪ ⎪+ −⎨ ⎬
⎪ ⎪⎩ ⎭
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4. The Quadratic FormulaQ
The solutions of a quadratic equation in standard form

ax2 + b x + c = 0ax + b x + c  0,
with a ≠ 0, are given by the quadratic formula

42bb ± .
2

42

a
acbbx −±−

=

Ex 7   Solve the equation                         using the quadratic formula.3x2 =  2x – 4 
Sol:

The coefficient are  a = 3, b = – 2, c = 4.
3x2 – 2x + 4 = 0 Rewrite the equation in standard  from

)3(2
)4)(3(4)2()2( 2 −−±−−=x
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4842 −±
= Simplify

6

6
442 −±

=
Simplify

6
2 2 11

6
i±

= Principle square root of a negative real number

2(1 11 )
2 3

i±
=

⋅
Simplify

1 11
3 3

x i= ± Standard form of a complex number.

1 1 1
The solutions are:

1 1 1
3 3

i±
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i i i i i GDiscriminant 
D = b2- 4ac 

Kinds of Solutions to  
ax2+bx+c = 0 

Graph of
Y = ax2+bx+c 

5

10

D > 0 2 distinct real solutions
10 0 10

5

5

D = 0 1 real solution 
(a double solution)

 
x

10 0 10

10

(a double solution)

10

x
15

D < 0 N0 real solutions
2 complex solutions 

 10 0 10

5

10
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Ex 8 a ) State the number of solutions of the following equation 
without solving the equation:  x2 +3x+3=0

Sol: acbD 42 −= a = 1, b = 3, c = 3.
)3)(1(49−=D

03129 <−=−=D
The equation has two complex conjugate solutions

b) Find all values of K such that the equation 4x2 +Kx+25=0 has 
tl l ti ( d bl l ti )exactly one solution( a double solution).

Sol:
In this example  a= 4, b = K, c = 25

2 4D b ac⇒ = −
2 4 4 25 0K⇒ − ⋅ ⋅ = 2 400 0K⇒ − =

= 0

19Bassam Al Absi

20K⇒ = ±
10/23/2007



Ex 9 A 12-foot ladder is leaning against a building How high onEx 9 A 12 foot ladder is leaning against a building. How high on 
the building will the ladder reach when the bottom of the 
ladder is 4 feet from the building? 

Sol:
12 ft

Ladder

W
al

l

222 412 x+=
f

x W

Ground

216144 x=−

2

4 ft

1282 =x

128±=x Negative sign is rejected ?
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Sum and Product of the roots Theorem
Let  ax2 + bx + c = 0, where a, b, and c are real numbers with a ≠ 0, 
be a quadratic equation. Then x1 and x2 are roots of the equation 

if d l ifif and only if 

a
cxxand

a
bxx =

−
=+ 2121 .

aa

Ex 10 If the Sum and product of the roots of  x2 +3x+3=0 are A 
d B i l Fi d A Band B respectively. Find A+B 

Sol: a = 1, b = 3, c = 3.

1 2 3bx x
a
−

+ = = − 3A⇒ = −
0A B⇒ + =

1 2and  . 3cx x
a

= = 3B⇒ =
0A B⇒ + =

21Bassam Al Absi10/23/2007



Ex 11 If 3 is a solution of the equation Kx2 +3x+9=0 , then find :q ,
a) the value of K.
b) the other solution.

Sol:
Since x = 3 is a solution, then it satisfies the equation, i.e.
K( 3 )2 +3(3 )+9 0 th K 2K(  3 )2 +3(3 )+9=0 , thus K = −  2

c
The equation becomes −  2 x2 +3x+9=0 

To find the other solution, one way is to use 1 2.x x
a

=

( ) 2where wehav 3 . 9e
2

x =( ) 2 2−

the other solution is 3x⇒ =
−
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Ex 12 If m and n are the solutions of the equation 2x2 −2 x+1=0 , q ,
then find the equation whose solutions are 3m and 3n .

Sol:
Since m and n is a solution, then m + n = − b /a  and mn = c/ a, 
i e (*i.e. that is, m+n = 1  and mn = 1 /2  (* )

the equation whose solutions are 3m and 3n is  ( x − 3m ) ( x − 3n) = 0

( )2 3 9 0 Writing the equation ins tandard from

( )2 11
2

3 9 0x ⎛ ⎞− + =⎜ ⎟
⎝ ⎠

( )2 3 9 0x m n x mn− + + =

Using  equations in * 

Writing the equation ins tandard from

( )
2⎜ ⎟

⎝ ⎠

( )2

the equations whose solutions are 3m and 3n is 

3 9 011 ⎛ ⎞+ ⎜ ⎟
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2

x ⎛ ⎞− + =⎜ ⎟
⎝ ⎠
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