Solution of the final Exam of Phys302 (072)

(1) (a) The minimum energy required occurs when the p and 
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 are at rest after the collision in LAB system since the momentum before collision = 0 . By conservation of energy
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(b)
From the Lagrangian
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we compute
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;       β = u / c
(3)

Then, from (2) and (3), the Lagrange equation of motion is
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from which
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Using the relation
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we can rewrite (4) as
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This is easily integrated to give
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where E is the constant of integration.

The value of E is evaluated for some particular point in phase space, the easiest being x = a; ( = 0:
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From (8) and (9),
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However 
H = u p – L;     where  
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H = p2c2/(γ m c2) – [mc2(1-1/γ) –kx2/2] 


    =  (1/ γ m c2)[p2c2+m2c4] – mc2 + kx2/2


    =  (1/E) [E2] - mc2 + kx2/2


   =  E - mc2 + kx2/2


  =  T + kx2/2 = T + U

(2)
The initial conditions are
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The 
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 are all zero while 
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 are given by [see Eq. (13.8b)]
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from which
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(Notice that the even modes are all missing, as expected from the symmetrical nature of the initial conditions.)

Now, from Eq. (13.11),
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and 
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According to Eq. (13.5),
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Therefore,
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Notice that some of the odd modes—those for which 
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—are absent.

(2b) The equations of motion are (m2 = 2 m1)
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Assuming solutions of the form
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(2)

we find that the equations in (1) become
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(3)

which lead to the secular equation for 
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Noting m2 = 2 m1, we have
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(5)

We notice that 
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 is always real and positive.

Inserting the values for 
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 into either of the equations in (3), we find
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and
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The ortho-normality conditions give
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And         
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Then
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and
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where
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The general solution of Eq (1) can be written as
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Where the normal coordinates η1 and η2 satisfy equation of the form
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Thus using Eq (13), (6) and (7), the normal coordinates become
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And
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The normal coordinate η1 can be determined when η2=0 i.e. when 
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Which we call the antisymmetrical mode (out of phase mode).

Also the normal coordinate η2 can be determined when η1=0 i.e. when 
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Which we call the symmetrical mode (in phase mode).

 (3a) From the given force, we find
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Therefore, the condition of stability becomes [see Eq. (8.93)]
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or,
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Therefore, if 
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, the orbit is stable.

(b)
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Conservation of 
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Substituting into 
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Simplifying gives
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The equation for conservation of energy is
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Substituting (1) into (2) gives a quadratic in 
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Using the quadratic formula (taking the positive sign since 
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) gives:
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Substituting this into the previous expressions for cos ( and sin ( and dividing gives
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(4a) 
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Choose the coordinates x, y, z as in the diagram. Then, the velocity of the particle and the rotation frequency of the Earth are expressed as
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so that the acceleration due to the Coriolis force is
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This acceleration is directed along the y axis. Hence, as the particle moves along the z axis, it will be accelerated along the y axis:
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Now, the equation of motion for the particle along the z axis is
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where 
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 is the initial velocity and is equal to 
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 if the highest point the particle can reach is h:
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From (3), we have
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but the initial condition 
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 implies c = 0. Substituting (5) into (7) we find
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Integrating (8) and using the initial condition y(t = 0) = 0, we find




[image: image86.wmf]22

0

1

cos

3

ygtvt

wl

éù

=-

êú

ëû


(9)

From (5), the time the particle strikes the ground (z = 0) is
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Substituting this value into (9), we have




[image: image89.wmf]32

00

0

32

3

0

2

84

1

cos

3

4

cos

3

vv

ygv

gg

v

g

wl

wl

éù

=-

êú

ëû

=-


(11)

If we use (6), (11) becomes
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The negative sign of the displacement shows that the particle is displaced to the west.

(4b)
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Initially:
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Thus
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From Eq. (11.102)
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From Eq. (11.131)
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(2) becomes
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From (1), we may construct the following triangle
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Substituting into (3) gives
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