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Gravitation — Chapter 14

Newton’s Law of Gravitation

In 1665 Isaac Newton suggested that every body in the universe attracts every other body;
this tendency of bodies to move towards each other is called GRAVITATION.

Newton proposed a FORCE LAW: my -

mm,
9

F=G (Newton's Law of Gravitation)

r

G is called the gravitational constant = 6.67x10""  N.m?/kg?
= 6.67x101 mkg~ls2
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Gravitation — Chapter 14

Shell Theorem

Newton’s Law as mentioned in the last slide applies strictly to particles. What about real objects
of finite size? For example how do we find the gravitational force between an apple and the

earth? Newton solved the apple — Earth problem by proving an important theorem called shell
theorem:

A uniform spherical shell of matter attracts a particle that is outside the shell as if all the
shell’s mass were concentrated at it’s center.

Earth can be thought of as a nest of such shells.
) Thus from the apple’s point of view the Earth
<—'F—Tm does behave like a particle, one that is located
r

M at the center of the Earth and has a mass equal
| to that of the Earth.
F=G Mzm
r
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Gravitation — Chapter 14

Gravitation and the Principle of Superposition

Sample Problem 14-1

Figure 14-4a shows an arrangement of three particles, particle 1 having mass m; = 6.0 kg
and particles 2 and 3 having mass m, = m; = 4.0 kg, and with distance a = 2.0 cm. What is
the net gravitational force F’l that acts on particle 1 due to the other particles?

=4.00x10°N

C(z”;? ~1.00x106 N
a

The force on particle 1 from the other two particles is found by adding (vectorially) the forces
particle 2 and 3 would individually exert on particle 3 if only one of them (2 or 3) is the other
particle present. This is an example of applying the Principle of Superposition:

Fi,net _F +F = Fvl et = \/(Fi2)2 +(_F13)2 F12 J_F13
z\/(4.00x10‘6N)2-|—(—1.009610‘6N)2 =4.1x10%N
F 1 400x10°N
=tan~! 12 =tan~' = =-76° ==76°+180°=104°
O=tan™ = =t oo xioo Ny 0 SO
20-Dec-03 Lecture notes by Dr. M. S. Kariapper 3/17

KFUPM - PHYSICS



Sample Problem 14-2

Gravitation — Chapter 14

Figure 14-5a shows an arrangement of five particles, with masses m, = 8.0 kg, m, = m; =
my =ms = 2.0 kg, and with a = 2.0 cm and &= 30°. What is the net gravitational force
on particle 1 due to the other particles?

finally :

H

20-Dec-03

G mm;

also F;=Fj5= )

and (Fl,net) :(Fl3+FlS) =2F);c080

-11_..3 2
tzzplscosg:zGM_g"s cos o (667 x107" m’/kg-5?)(8.0kg)(2.0kg)
" a (0.020 m)>

=4.6x10°N
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Gravitation — Chapter 14

Gravitation Near Earth’s Surface

Assuming the earth to be a uniform sphere of mass M, the magnitude of the gravitational
force F' on a particle of mass, located outside earth a distance » from earth’s center is:

M
Fe | T F:Gr—;”

r

!

If the particle is released it will fall toward the center of earth, as
a result of the gravitational force F, with an acceleration we shall

call the gravitational acceleration a,.

F=ma Newton’s second law

g

M, - GM
G r;n:mag = ag_ 7"2

Thus for objects on the
surface of the earth:

ag(at r:Re):

However, the gravitational acceleration a, as calculated above can differ from the actual
measurement of the frree fall acceleration g!
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Gravitation — Chapter 14

The table below shows values of @, computed for various altitude above earth’s surface.
The actual free fall acceleration g of a particle will differ from 4, (calculated) over the

earth’s surface for three reasons: [ . .
L. Earth is not uniform
il. Earth is not a perfect sphere
iii. Earth rotates

TABLE 14-1 Variation of a, with Altitude

Altitude (km)  a, (m/ s?)

0 9.83
8.8 9.80
36.6 9.71
400 8.70
35700 0.255

Altitude Example

Mean Earth surface

Mt. Everest

Highest manned balloon

Space shuttle orbit

Communications satellite
|
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Gravitation — Chapter 14

Earth is not uniform. The density of earth || The Earth is not a sphere. The Earth’s
Is not uniform. 1 radius is greater at its equator by 21 km
than at its poles.

_ =
S N

Density (10® kg/m?)

S N B~ O @©

o 1 2 3 4 5 6 7

Distance from center (10° m)

The Earth rotates by an axis passing through its north and south poles. .

N —mag =m(-w*R) 4 "\
/ R \\
The measured weight is the normal force of the scale. N =mg (' \_mh ‘}
mg =ma, —m(w*R) i /
measured | [ magnitude of | mass times \\\\_’//
weight gravitational force | |centripetal acceleration &
OR by cancellingm = |g=a,—®*R NT
Crale—\\
I

free-fall | _[gravitational | [ centripetal
acceleration acceleration | |acceleration
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Gravitation — Chapter 14

5. Gravitation Inside Earth

* A uniform shell of matter exerts no net gravitational force on a particle located in side it.

* The gravitational force at a point r measured from the center of Earth comes entirely
from the mass within the sphere of radius r.

Sample Problem 14-2 « In Pole to Pole, an early science fiction story by George

i B Griffith, three explorers attempt to travel by capsule through a
T naturally formed (and, of course, fictional) tunnel directly from

/ \ the south pole to the north pole. According to the story, as the
by \I capsule approaches Earth's center, the gravitational force on the
I > explorers becomes alarmingly large and then, exactly at the
|

/ center, it suddenly but only momentarily disappears. Then the
b 4 capsule travels through the second half of the tunnel, to the

R L

L north pole.

Check Griffith's description by finding the gravitational force
on the capsule of mass m when it reaches a distance  from
Earth's center. Assume that Earth is a sphere of uniform density
r (mass per unit volume).
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Gravitation — Chapter 14

Sample Problem 14-2

The gravitational force at distance r from the center is :

e —

//// \\\
// \\\\ F= ijzw ins
‘\\ I = /' ' 4773
P SRR
so= F =4”GTm'OI’
The force points toward the center = |F=-KF where K :%#

The force obeys Hooke’s Law, which means that the mass would oscillate like an object on a
spring.
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Gravitation — Chapter 14

Gravitational Potential Energy

G Mm
v

U=—- (gravitational potential energy)

« The potential energy approaches zero as r approaches infinity. U, =0

« The potential energy is negative at a finite value of r.

For a system of three particles: / \
U=_ Gmm, N Gmm, N Gm,m, / ’23\
1/'12 ’/'13 r23 mq 719 mo

Proof of Potential Eneroy Equation for Earth (M) + a particle of mass m system

r

Work done by the gravitational force on the object from R to infinity : - ‘f
W= F()-dF = [ F(r)drcosg I _GMm g, l
-+ $=180 andF:GA/zlm =
r
o0
Ry r R R R J_

P.E. change = - Work Done by Gravitational Force (chapter 8, page 1)

U, ~U=-W = U=W=—GRM
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Gravitation — Chapter 14

Path Indifference for Conservative Forces

* The change in potential energy is independent of the path taken.

« The change in potential energy only depends on the values at the
beginning and end points.

» This result is true because potential energy is a conservative force.

* An example of a non-conservative force is frictional force.

* Note that the potential energy for the system Earth (M) + a mass m

at a point R is given by U—_GMm

R H

* Inchapter 8, section 3, we derived that U, ~U(on earth's surface) =mgh
where /4 is the height of mass m above the Earth’s surface.

» Are the two equations the same (will you get the same expression
for AU near earth’s surface)? Prove! (Hint: You can use the fact

R, (radius of the earth) > h and also use the equation: (;—[;4 = 92).

(4

20-Dec-03 Lecture notes by Dr. M. S. Kariapper
KFUPM - PHYSICS

11/17



Gravitation — Chapter 14

Potential Energy and Force

Derive the force from the potential energy function:

po_dU_ d{_GMm] __GMm

R Pl 2

The minus sign means that the force on mass m points radially inward toward mass M.

The Escape Speed

Consider a projectile of mass m, leaving the surface of a planet with escape speed v,.. It has

GMm

kinetic energy K given by LmvZ,. and a potential energy given by U = R

When the projectile reaches infinity (escaped the attraction of the planet), it stops and thus
has no kinetic energy (minimum initial velocity or the escape velocity is just enough to make
the projectile reach the infinity only; no more energy left). It also has zero potential energy
because U, =0 .

From the principle of conservation of energy E; = E;

GMm 2GM
%mvgsc+(—TJ=O+O = Vese ==
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Gravitation — Chapter 14

Sample Problem 14-5

* An asteroid, headed directly toward Earth, has a speed of 12 km/s relative to the planet when
it is at a distance of 10 Earth radii from Earth's center. Neglecting the effects of Earth's
atmosphere on the asteroid, find the asteroid's speed v, when it reaches Earth's surface.

K +U, =K +U,
SN
lmV 2_GMm=lmv.2_GMm
27 R, 270 10R,
2. 2,2GM [ 1
= L R, Ll 10}
:(12x103m/sz)+2(6.67x10‘11m3/kg-sz)(5.98x1024 kg) 0 9
6.37 x10° '
=2.567 x 108 m?/ s?
— vf=1.60x104m/s:16km/s
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Gravitation — Chapter 14

7.  Planets and Satellites: Kepler’s Laws

1.  The Law of Orbits: All planets move in elliptical orbits, with the Sun at one focus.

1 *
d e -~ S
. July 26@

|
~ s »

-~ —
il T B

* Fand F'are the focal points; and the sun is at one focus F.

* a=semimajor axis

= e
g \ #October 14
]\/[// o June 6
6 A - .
F

* September 4

* e = eccentricity — such that ea is the distance from the center of the ellipse to either focus

ForF'
* R, = aphelion — farthest from the sun

* R, = perihelion —nearest to the sun

20-Dec-03 Lecture notes by Dr. M. S. Kariapper
KFUPM - PHYSICS

14/17


http://faculty.kfupm.edu.sa/phys/mohamedk/text/retrograde.htm

Gravitation — Chapter 14

2.  The Law of Areas: A line that connects a planet to the Sun sweeps out equal areas in
the plane of the planet’s orbit in equal times; that is, the rate d4/dt at which it
sweeps out area A 1s constant.

E_5
\ M /
\ Click
N
L ME !

\’““(—)"E'
Ad~Lr’AG L=rp =(r)(mv))
2
dA _dAdo =mr-w
Gi=dod =2

Kepler’s second law is indeed equivalent to the law of conservation of angular momentum.
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Gravitation — Chapter 14

3.  The Law of Periods: The square of the period of any planet is proportional to the
cube of the semimajor axis of the orbit.

s
r ™ — GMm
/ o 2Er=mas SR = (@)
/// / \\ o
[ \ 27 T2 = an” |3 — T2 oc 3
i — Y57 GM | '
\\ M /
L /// This equation holds also for elliptical orbits, provided we replace » with
S, 7 a, the semimajor axis of the ellipse. In general one can say:
T_j — constant| for every planetary orbit around a given massive body
a

TABLE 14-3  Kepler's Law of Periods for the Solar System

Semimajor Axis Period T*a?
Planet a (1019 m) T (y) (107 ym?)
Mercury 579 0.241 2.99
Venus 10.8 0.615 3.00
Earth 15.0 1.00 2.96
Mars 228 1.88 2.98
Jupiter 77.8 11.9 3.01
Saturn 143 29.5 298
Uranus 287 34.0 2.98
Neptune 450 165 2.99
Pluto 590 248 299
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Satellites: Orbits and Energy

Gravitation — Chapter 14

Equating the gravitational force and centripetal force :

Since the potential energy is :

GMm v
=m

72

r

1 ZZGMm
Z = K Imy 5
U=_GMm
r

Therefore, for a satellite in a circular orbit, we have the relation :

&

For a satellite in a circular orbit, the total energy E is the negative of the kinetic energy K

20-Dec-03

__U
K= 2

__GMm
5= 2r

E=-K
__GMm
E= 2a

(circular orbit)

(circular orbit) v F=K+U-=

(circular orbit)

(elliptical orbit, in general)
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