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Rotation – Chapter 11

1. Translation and Rotation

• If an object moves without spinning, the motion is pure translational.

• If an object spins about an axis, the motion is pure rotational (e.g. the motion of 
wheels, the blades of helicopters, etc.).

2. Rotational Variables

• The SI unit of θ is radian (rad), which is a pure number 
because it is a ratio.

• The angle in rad is positive if it is counterclockwise with 
respect to the positive x axis.

s
rθ =

21 360 2rrev radr
π π= = = 1 57.3 0.159rad rev= =

• Consider a rigid body that can rotate with all its parts locked 
together and without any change in its shape. Every point of 
the body moves in a circle whose center lies on the axis of 
rotation, and every point moves through the same angle 
during a particular time interval

• The angular positionangular position θθ of the reference line is the angle of 
the line relative to a fixed direction, which we take as the 
zero angular position.
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• The angular displacement is :

• The SI unit of θ is radian (rad), which is a pure number 
because it is a ratio.

• An angular displacement in the counterclockwise direction 
is positive, and one in the clockwise direction is negative..

2 1θ θ θ∆ = −

• The instantaneous angular velocity is :

• The SI unit of ω is rad/s
• The angular velocity ω is positive if the 

rotation is counterclockwise.

0
lim
t

d
t d t
θ θω

∆ →
∆= =∆

• The instantaneous angular acceleration
α is :

• The SI unit of α is rad/s2. 

0
lim
t

d
t d t
ω ωα

∆ →
∆= =∆
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3. Are Angular Quantities Vectors?

• We use the right-hand rule to point to the directions of angular 
displacement θ, angular velocity ω, and angular acceleration α.

• Although we use the arrow sign sometimes, these quantities are 
not real vectors. 

• For vectors, the addition :

• However, the addition 

if the rotation axes for     and    
are different.

a b b a+ = +

1 2 2 1θ θ θ θ+ ≠ +

1θ
2θ

• For rotations about a fixed axis, then

1 2 2 1θ θ θ θ+ = +
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4. Rotation with Constant Angular Acceleration

For the special case of pure rotation about a fixed axis with constant angular 
acceleration α , we have :

TABLE 11-1 Equations of Motion for Constant Linear Acceleration and for Constant Angular Acceleration

Equation Number Linear Equation Missing Variable Angular Equation Equation Number

(2-11) v = v0 + at x - x0 θ - θ0 ω = ω0 + αt (11-12)

(2-15) x - x0 = v0t + ½ at 2 v ω θ - θ0 = ω0t + ½ αt 2 (11-13)

(2-16) v2 = v0
2 + 2a(x - x0) t t ω2 = ω0

2 + 2α(θ - θ0) (11-14)

(2-17) x - x0 = ½ (v0 + v)t a α θ - θ0 = ½ (ω0 + ω)t (11-15)

(2-18) x - x0 = vt - ½ at 2 v0 ω0 θ - θ0 = ωt - ½ αt 2 (11-16)
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5. Relating the Linear and Angular Variables

• The positionposition :
• Note that for all linear-angular relations, we must use the 

radian unit.
• The speed :

s rθ=

d s d rd t d t
θ= v rω=

• The period of revolutionperiod of revolution T for constant angular velocity: 

2 rT v
π= 2T π

ω=

ta rα=d v d rd t d t
ω=

• The tangential accelerationtangential acceleration

• For a particle in a circular path, the centripetal accelerationcentripetal acceleration is :

( )radian measure

( )radian measure

( )radian measure

( )radian measure

ta

ra
2

2
r

va rr ω= =

• points radially inward

( )radian measure

ra
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6. Kinetic Energy of Rotation
• Treat the rigid body (rotating about a fixed axis) as a collection of particles with different 

speeds, mi is the mass of the ith particle and vi is its speed. The kinetic energy of the rotating 
rigid body can be calculated as the sum of the all the kinetic energies of all such particles

2 2 2 21 1 1 1
1 1 2 2 3 32 2 2 2 i iK m v m v m v m v= + + +⋅⋅⋅ =∑

The particles move with different vi but the same ω. Using v = ω r

( )2 2 21 1
2 2( )i i i iK m r m rω ω= =∑ ∑

ri is the radius of the circle mi makes about the rotational axis or in 
other words is the perpendicular distance to the rotational axis 
from the mass mi. The figure shows cross sectional view of the 
rigid body; z-axis is the rotational axis.

2
i iI m r=∑• Define the moment of inertiamoment of inertia, I (or rotational inertiarotational inertia) as:

21
2K Iω=⇒

• Note that ω must be in radian unit. The SI unit for I is kg.m2 and it is a scalar.
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7. Calculating the rotational Inertia
Calculating moment of Inertia for continuous extended bodies

2 2 2
0

lim
i

i im i
I r m r dm r dVρ

∆ →
= ∆ = =∑ ∫ ∫
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Parallel Axis Theorem
• Note that the moments of inertia are different for different axes of rotation (even for the 

same object)

21
2 MrI = 23

2 MrI =

( )a ( )b

• Let h be the perpendicular distance between the axis that we need and the axis through the 
center of mass (remember these two axes must be parallel). Then the rotational inertia I
about the required axis is

2
comI I M h= + parellel axis theorem−

• For example, we can apply parallel axis theorem in the case of (a) and (b) above.
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8. Torque
( )( sin )r Fτ φ=

( sin )( )r F r Fτ φ ⊥= =

or :

• We define torque of      as

( )( sin ) tr F r Fτ φ= =

• Torque is positive if the direction of 
rotation is counterclockwise.

• Torque is negative if the direction 
of rotation is clockwise.

• The SI unit of torque is N.m (Note 
that the unit of work J is also N.m . 
However, the name J is exclusively 
reserved for work). 

or :
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• It is clear that torque can also be defined as 

• We use the right-hand rule, sweeping the fingers of the right hand from    to    . The 
outstretched right thumb then gives the direction of   .

• When several torques act on a body, the net torque is the sum of the individual torques, 
taking into account of positive and negative torques. 

r x Fτ = torque defined as a vector productof r and F

r F
τ

9. Newton’s Second Law for Rotation

'Newton s second law for rotationnet Iτ α=

• Note that     must be in radian unit. α

Proof : t tF ma=

t tF r ma rτ = =
,ta rα= 2( ) ( )m r r mrτ α α= =Since

The quantity in parentheses is the moment 
of inertia of the particle about the rotation 
axis, therefore Iτ α=
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10. Work and Rotational Kinetic Energy

One dimensional Motion
f

i
W d

θ

θ
τ θ= ∫

Rotation about a fixed axis
f

i

x

x
W F d x= ∫ work

W F d= ⋅ ifW τ θ θ 
 
 

= −,work constant torque

2 21 1
2 2i if fK K K I I Wω ω∆ = − = − =

work kinetic energy theorem
2 21 1

2 2i if fK K K mv mv W∆ = − = − =

dWP F vd t= = dWP d t τ ω= =power
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TABLE 11-3 Some Corresponding Relations for Translational and Rotational Motion

Pure Translation (Fixed Direction) Pure Rotation (Fixed Axis)

Position x Angular position θ

Velocity v = dx/dt Angular velocity ω = dθ/dt

Acceleration a = dv/dt Angular acceleration α = dω/dt

Mass m Rotational inertia I

Newton's second law Fnet = ma Newton's second law τnet = Iα

Work Work

Kinetic energy Kinetic energy

Power (constant force) P = Fv Power (constant torque) P = τω

Work–kinetic energy theorem W = ∆K Work–kinetic energy theorem W = ∆K

∫= xdFW

2
2
1 vmK = 2

2
1 IK ω=
∫= θτdW


