Translation and Rotation

Rotation — Chapter 11

. If an object moves without spinning, the motion is pure translational.

. If an object spins about an axis, the motion is pure rotational (e.g. the motion of
wheels, the blades of helicopters, etc.).

Rotational Variables

P

Rotation
Body
axis \4 4 ’

v Reference line

Consider a rigid body that can rotate with all its parts locked
together and without any change in its shape. Every point of
the body moves in a circle whose center lies on the axis of
rotation, and every point moves through the same angle
during a particular time interval

Rotation
axis

12/1/2003

The angular position 6 of the reference line is the angle of
the line relative to a fixed direction, which we take as the
zero angular position.

The SI unit of f1is radian (rad), which is a pure number
because it is a ratio.

=5
v

1rev=360"=2%"—27 rad  lrad=57.3°=0.159 rev

r
The angle in rad is positive if it is counterclockwise with
respect to the positive x axis.
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Rotation — Chapter 11

Referenceline | o The angular displacement 1s :
Atty AO=6,-0,
86 S, * The SI unit of #1is radian (rad), which is a pure number
because it is a ratio.

B,\02

0

x * An angular displacement in the counterclockwise direction
is positive, and one in the clockwise direction is negative..

Rotation axis

The instantaneous angular velocity is : » The instantaneous angular acceleration
o= lim A0 _d0 s
A0 At dt :
a= lim Aw_do

The SI unit of @ is rad/s A0 At dt

The angular velocity  is positive if the *  The SI unit of o is rad/s?.

rotation is counterclockwise.
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Rotation — Chapter 11

3.  Are Angular Quantities Vectors?

*  We use the right-hand rule to point to the directions of angular
displacement &, angular velocity @, and angular acceleration a.

» Although we use the arrow sign sometimes, these quantities are
not real vectors.

~ y y
&
 For vectors, the addition :
’ L L V. L 12
(a) ad+b=b+a

. . « However, the addition

— 0,+06,#0,+0,

) |

C].’
if the rotation axes for@ and — ’
0, are different. /

» For rotations about a fixed axis, then 3

| |
(®) () 91 + 92 = 92 + (91 x pinsics .
(el
z z
(a) ®)
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Rotation — Chapter 11

4.  Rotation with Constant Angular Acceleration

For the special case of pure rotation about a fixed axis with constant angular
acceleration o, we have :

TABLE 11-1  Equations of Motion for Constant Linear Acceleration and for Constant Angular Acceleration

Equation Number Linear Equation Missing Variable Angular Equation Equation Number

(2-11) v=y, +at X - X, 0- 6, o = o, *+at (11-12)
(2-15) X-X,= Vot + Vs at? v ® 0- 0,= oyt + YV at? (11-13)
(2-16) V2 = v 2 + 2a(x - X,) t t o2 = 0 2 +2a(0 - 6) (11-14)
(2-17) X=X, =% (v, + V)t a @ 0- 0y=" (0, + o)t (11-15)
(2-18) X-x,=vt-Ysat? v, ®, 0- 0,=ot-"%at? (11-16)
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5. Relating the Linear and Angular Variables

y » The position : s=0r (radian measure)
Circle bre . .
raveled by P Note that for all linear-angular relations, we must use the
, radian unit
an  The speed :

Rgasin ds_do, V=wr (radian measure)
dt dt

(@ * The period of revolution T for constant angular velocity:

'™\

_27xr _2z

(radian measure)
v @

» The tangential acceleration a,

N
| X
Rotation
axis dv_do, a=ar (radian measure)
dt dt t

®) » For a particle in a circular path, the centripetal acceleration a, 1is :

&N

2 :
V. _ 2y (radian measure)
r

a,=

a, points radially inward
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6. Kinetic Energy of Rotation

« Treat the rigid body (rotating about a fixed axis) as a collection of particles with different
speeds, m; is the mass of the /" particle and v, is its speed. The kinetic energy of the rotating
rigid body can be calculated as the sum of the all the kinetic energies of all such particles

_1 1 |

\ K=Imyv?+im,v,? +Llmyv*+ szv
3 The particles move with different v, but the same w. Usingv = @ r
em K=>m(ony :%(zmi'?z)wz
r; 1s the radius of the circle m; makes about the rotational axis or in
o other words is the perpendicular distance to the rotational axis

from the mass m;. The figure shows cross sectional view of the
rigid body; z-axis is the rotational axis.

» Define the moment of inertia, I (or rotational inertia) as: |I = Zml.rl.2

= Kz%[a)2

«  Note that @ must be in radian unit. The SI unit for / is kg.m? and it is a scalar.
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Calculating the rotational Inertia
Calculating moment of Inertia for continuous extended bodies
hm ZrzAm J' r2dm = I r?pdV
. Axis Axis A;u/
. ‘\\
Hoop about : Solid cylinder
. .- _ Annular cylinder 4 T
central axis ﬁ' (or ring) about by (or disk) ab_out
central axis central axis
R P L
R ‘~_\.“"_’,,-"
I=MR* @)y | I=4M(RT + RY) by | 1=1MR? (c)
Axis i i .
‘ Solid cylinder Axis Thin rod about s Solid sphere
{or dizk) about axis throueh center = i about any
'x central diameter ;\ perpen dlgculal to diameter
~ | - length 2R
1‘ - L ‘ ’j_,_,L
R ‘\.\“ ~ AN \:‘a"' p
I=%MR”* +{s ML? (d) I=HML? (e} | I= 2MR* )
Axis . Axis. Axis Slab about
_ Thin Pl Hoop about any perpendicular
spherical shell E Ry : diameter axis through
] about any 1 . center
2R diameter |
I=4%MR? (¢) | I=1MR? () | I=fHM(a®+b%) (i)
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Parallel Axis Theorem

* Note that the moments of inertia are different for different axes of rotation (even for the

same object)

Mr? I Z%Mr2

(a) (b)

| —

» Let /2 be the perpendicular distance between the axis that we need and the axis through the

center of mass (remember these two axes must be parallel). Then the rotational inertia /
about the required axis is

I=1.,+Mh? parellel —axis theorem

* For example, we can apply parallel axis theorem in the case of (a) and () above.
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Torque
«  We define torque of #

as |7=(r)(F sing)

:
o . i A
P or . T:(I")(FSin¢)=l"E A vl
Rotation 45
o r Rotation
axis
. |
0
()
¥ i)
: * Torque is positive if the direction of
or: [r=(rsmg)(F)=rF rotation is counterclockwise.
HanE Lineof _ * Torque .is n;:gative if the direction
axis action.of X of rotation is clockwise.
0 » The SI unit of torque is N.m (Note
of F However, the name J is exclusively
() reserved for work).
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« It is clear that torque can also be defined as

F=FxF| torquedefined as a vector productof ¥and F

«  We use the right-hand rule, sweeping the fingers of the right hand from 7 toF . The
outstretched right thumb then gives the direction of 7.

*  When several torques act on a body, the net torque is the sum of the individual torques,
taking into account of positive and negative torques.

9. Newton’s Second Law for Rotation

7,..,=la| Newton's second law for rotation

* Note that @ must be in radian unit.

Proof : ) F,=ma,
2\ \ tr=F,r=ma,r
P F S\ )
oS Since a,=ar, t=m(ar)r=(mr*)a

The quantity in parentheses is the moment

A" of inertia of the particle about the rotation
0 . axis, therefore 7=1«
o Rotation axis
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10. Work and Rotational Kinetic Energy

One dimensional Motion Rotation about a fixed axis

sz.;_dex — work — sz'jfrdﬁ

W=F.d <+— work,constant torque— W:z'(é’f—ﬁi)

work kinetic energy theorem

_ _ 2 2 _ _ _ 2 2 _
AK—Kf—Ki—%mvf —tmvs=W AK—Kf—KZ.—%Ia)f —tlao~=W
dt dt
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TABLE 11-3 Some CorresEondini Relations for Translational and Rotational Motion

Pure Translation (Fixed Direction)

Position

Velocity

Acceleration

Mass

Newton's second law
Work

Kinetic energy

Power (constant force)

Work—kinetic energy theorem
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X
v = dx/dt
a = dv/dt
m

Fret = ma
W= [Fdx
K=1mv’
P=Fv
W= AK

Pure Rotation (Fixed Axis)

Angular position
Angular velocity
Angular acceleration
Rotational inertia
Newton's second law
Work

Kinetic energy

Power (constant torque)

Work—kinetic energy theorem
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o = dg/dt

a = do/dt

/

Tt =l

W=[tdo

K=1lo’

P = mo

W= AK
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