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Chapter 10
Rotational motion

Important Terms

Angular Displacement “ & in radians

S
0= o where s is the length of arc and r is the radius.

Angular Velocity “@”

The rate at which € changes.
Angular Acceleration; Constant Angular Acceleration “«”

The rate at which the angular velocity changes.
Instantaneous speed, or point’s linear speed (or, tangential speed)

ds dé
Vt =—=—=f®w.
dt dt
Linear acceleration (or, tangential acceleration)
dv, dw
=—t=r—=ra.
dt dt
Centripetal acceleration
dv, do
dt dt
Equations and Symbols
S s = length of arc
0= T r = radius
v = velocity
W= "mA_sz_H 0 =angle in radians
a0 At dt @= Angular velocity
o = lim Ao _ d_a) « = angular acceleration
A0 At dt V, = Linear (tangential) velocity
a, = tangential acceleration
V, = d_S =r d_6? =rw a, = Radial (Centripetal) acceleration
dt dt
dv, dw
dt dt
2
V. ro
a =-‘= (r) =ro’
r r

Basic Requirements:

1. To be familiar with the angular terminologies, such as Angular: displacement,
velocity and acceleration.

2. To relate the linear and angular variables.

Master the kinematic equations in case of rotation.

4. Differentiate between tangential and centripetal acceleration

w
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10-1 ROTATIONAL VARIABLES

So far in our study of physics we have (with few exceptions) dealt with particles,
objects whose spatial dimensions were unimportant for the questions we were asking. We
now deal with the (elementary!) aspects of the motion of extended objects, objects whose
dimensions are important.

The objects that we deal with are those which maintain a rigid shape (the mass points
maintain their relative positions) but which can change their orientation in space. They can
have translational motion, in which their center of mass moves but also rotational motion, in
which we can observe the changes in direction of a set of axes that is “glued to” the object.
Such an object is known as a rigid body. We need only a small set of angles to describe the
rotation of a rigid body. Still, the general motion of such an object can be quite complicated.

Translation vs. Rotation

— ”y y
o @ O
—-
Translaton Fuotation Trmslation
& Fotation

Since this is such a complicated subject, we specialize further to the case where a line
of points of the object is fixed and the object spins about a rotation axis fixed in space. When
this happens, every individual point of the object will have a circular path, although the
radius of that circle will depend on which mass point we are talking about. And the
orientation of the object is completely specified by one variable, an angle & which we can
take to be the angle between some reference line “painted” on the object and the x axis
(measured counter-clockwise, as usual).

Because of the nice mathematical properties of expressing the measure of an angle in
radians, we will usually express angles in radians all through our study of rotations; on
occasion, though, we may have to convert to or from degrees or revolutions. Revolutions,
degrees and radians are related by:

1 revolution = 360° = 27 radians —

1 revolution i/ )
_, |fevoltion . I/ @/(n ¥ 9
1 radians '. SsasAe

[Later, because of its importance, we will deal with the [ Zoires te rominz coject iz oeared 2 dismnes 7 from the ax.
motion of a (round) object which rolls along a surface | sstss cbjsctromtes throughan angte € it moves a disance =.

without slipping. This motion involves rotation and
translation, but it is not much more complicated than rotation about a fixed axis.]
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Angular Displacement “6”
As a rotating object moves through an angle @ from the P N

starting position, a mass point on the object at radius r will move a A R PO
distance s ; s length of arc of a circle of radius r, subtended by the [ g /”'\ 7
angle €. When @ is in radians, these are related by - e
S . . ‘ /
0=—, @ in radians (1) N 4z

r e i o
If we think about the consistency of the units in this equation, we

see that since s and r both have units of length, & is really dimensionless; but since we are
assuming radian measure, we will often write “rad” next to our angles to keep this in mind.

Notes:

= We will assume that @ is + if it is counterclockwise from the + x axis.

@ Although & has both magnitude and direction it is not generally considered a vector
quantity because addition of angular displacements is not communicative. Only in the
limiting case of A& can an angular displacement be considered a vector.

< Normally we are interested in @ as a function of time or &(t).

< 1 revolution = 360° = 2x radians

& 1 radian = 57.3° = 0.159 revolutions

= A complete revolution is some multiple integers of 2z radians, e.g. (N % 27 ): 2x, 4x, 67,
etc.

& If a body rotates about a fixed axis then all the particles will have same angular

displacement (although linear displacement will differ from particle to particle in
accordance with the distance of particles from the axis of rotation).

Simple Example:

a- What angle in radians is subtended by an arc that has length 1.80 m and is part of a circle
of radius 1.20 m?

b- Express the same angle in degrees.

c- The angle between two radii of a circle is 0.620 rad. What arc length is subtended if the
radius is 2.40 m?

Answer:

a- The equation @ =2 relates arc-length, radius and subtended angle. We find:
r

s 180m

r 1.20m

b- To express this angle in degrees use the relation: 360 deg = 2z rad (or, 180" = 7 rad).
Then we have:

=1.50 rad

1.50 rad = (1.50 rad)( 180 j =85.9°
7 rad
c- We can find the arc length subtended by an angle ¢ by the relation: s =ré&. Then for an
angle of 0.620 rad and radius 2.40m, the arc-length is
s =r8=(2.40 m)(0.620) =1.49 m.



Prof. Dr. I. Nasser Chapter10_|I November 16, 2017

Angular Velocity “ @™ is “the rate at which 6 changes”.

If in a time period At the object has rotated through an angular displacement A6 then we
define the average angular velocity for that period as:

A6
_27 2
Oug = @
A more interesting quantity is found as we let the time period At be vanishingly small.

This gives us the instantaneous angular velocity, @:
. AO d@

w=lim—=— 3)

At—0 At dt

Angular velocity has units of rad/s, or equivalently, 1/s or s".

In more advanced studies of rotational motion, ¢ of a rotating object is defined in
such a way that it is a vector quantity. For an object rotating counterclockwise about a fixed
axis, this vector has magnitude @ and points outward along the axis of rotation. For our
purposes, though, we will treat 0 as a number which can be positive or negative, depending

on the direction of rotation.
(a) (b)

Notes:

& (¥ has the same value for all particles in a rotating system.

< Tangential velocity, which depends upon distance from the rotational axis, varies
depending upon radius.

AO
T Wy = rad/s

& Angular velocity is a psuedovector. The direction is determined from the right hand rule
(RHR).

< |f one curls their right hand around the axis of rotation with their fingers pointing in the
direction of rotation, their thumb then gives the direction of the angular momentum
vector.

< Note that the direction of the angular velocity vector is along the axis of rotation rather
than in the direction of motion.

In 1D, velocity v has a sign (+ or —) depending on

L1
. . . . . . . Ve
direction. Likewise, for fixed-axis rotation, o has a . (5)
sign convention, depending on the sense of rotation. . ) e
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Simple Example: What is the angular speed in radians per second of
b- the Earth in its orbit about the Sun and

c- the Moon in its orbit about the Earth?

Answer:

b- The Earth goes around in a (nearly!) circular path with a period of one year. In seconds,
this is:

L f36R.25day 24hry /3600sY
lyr = (1vr) :

) =3.156 « 107 s
lday J/ \ 1hr ;I "

In one year its angular displacement is 2x radians (all the way around) so its angular
speed is

1yr

_ Ag _ 2
T At (3156 % 107s)

w =1.99 x 1077 =d

c- How long does it take the moon to go around the earth? any good reference source will
tell you that it is 27.3 days. Converting to seconds, we have:

L\W}I =236 = 1|:|65

In that length of time the angular displacement of the moon is 2= so its angular speed is

24 hr Yy ¢ 3600:
F =27.3days = (27.3 days) (%) 36005

1day

n 4

FaX:) Py .
W= = =266 x 107" =
Af (236  10°8) . .

Angular Acceleration; Constant Angular Acceleration “«”

“The rate at which the angular velocity changes” is the angular acceleration of the object. If
the object’s (instantaneous) angular velocity changes by A@ within a time period At | then
the average angular acceleration for this period is
Aw

OZan = E (4)
But as you might expect, much more interesting is the instantaneous angular acceleration,
defined as:

Ao do

a=lim—=

_do (5)
At—0 At dt

Notes:
< Angular acceleration has the same value for all particles in a rotating system.

A
> Oy =29 rad/s?
At

& Angular acceleration is another psuedovector and its direction is also determined from the
RHR.
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10-2 ROTATION WITH CONSTANT ANGULAR ACCELERATION
We can derive simple equations for rotational motion if we know that ¢« is constant.

(Later we will see that this happens if the “torque” on the object is constant.) Then, if 6, is

the initial angular displacement, @, is the initial angular velocity and ¢« is the constant
angular acceleration, then we find:

®=a,+at (6)

0=0, +oo0t+%05t2 (7)

o’ =a)+2a(0-0,) (8)
1

0=0,+; (o, +o)t 9)

where @ and @ are the angular displacements and velocity at time t . €, and @, are the

values of the angle and angular velocityat t =0.
These equations have exactly the same form as the kinematic equations for one—
dimensional linear motion given in Chapter 2. The correspondences of the variables are:

X —>0, Voo a—>>a

It is almost always simplest to set £, =0 in these equations, so you will often see Eqs. 6—9
written with this substitution already made.

Table 10-1 Equations of Motion for Constant Linear Acceleration and for Constant Angular Acceleration

Equation Linear Missing Angular Equation
Number Equation Variable Equation Number
(2-11) v =+ at X —Xp g— t w=wy+ al (10-12)
(2-15) X — X = vt + 3at? v ) #— 6y = oyl +3af’ (10-13)
(2-16) v2 = v§ + 2a(x — xo) t ! o = i + 2a(0 — ) (10-14)
(2-17) X —Xxg= %(n, + v a @ 00— Gy = -é(wu + w)t (10-15)
(2-18) X—Xg=wv— _éu:f Vo wy 0— 6y = et — gm: (10-16)

Problem A wheed initially at rest, is votated with a uniform angular acceleration. The wheel votates through

an angle o, in first one second and through an additional angle &, in the next one second. The

.o O
ratio —= 1s
1)1

(2) 4 (b) 2 (e} 3 (d)t
" . »on —r <sn g 1% o - . ) 1 .
Solution: (¢} Angular displacement in first one second #; :ml,l' v wenll)  [From &=ayes—ar]

Now agmin we will consider mat:on from the rest and angular displacement in total two seconds

6 +8, =—a(2)” =1a |
. ats p . 4
Solving (i) and (i) we get &, - ': and 6.

Example: Calculate the required time for a wheel, initially at rest, to turn through 10 full
revolutions if it can accelerate at a rate of 1z rad/s’.
Answer: given that & =17 rad/s’, §—60 =10x27x rad, and @ =0 rad/s, then

06, =a),t+%at2

207 rad=0t+_ (Ir radis’) (1) = t=63s
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Example: A wheel spins at a rate of 30 revs/sec 30 revs/s =60 x rad/s comes to a

complete stop in 10 seconds. Find:
a) the angular acceleration of the wheel
b) the number of revolutions the wheel undergoes before it comes to a stop

Answer: giventhat At=10s, @ =60z rad/s, @, =0, and take € =0, then

o, —a 0-607 rad
a) a)f=a),+at = o= = :—67[_2
At 10 S
b) use
2_ 2 0-(607)°
& = +2a(0-0,) = (0-6,)=2"L (607)" _ 3007 rad

2a 2(—6 )
Or, we can use

60—, = mt+ ot” =60 7(10)+ 2 (-67)(10)" =300 7 rad.

Since there are 2 77 radians per revolution, this yields 150 revolutions of the wheel.

Example: A car engine is idling at mo= 500 rev/min at a traffic light. When the light turns
green, the crankshaft rotation speeds up at a constant rate to ® = 2500 rev/min over an
interval of 3.0 s. The number of revolutions the crankshaft makes during these 3.0 s is:

Answer:
M:(a), + o jAt :(500+ ZSOOJ(rev )3:75 e
2 2 60 -
Example: The angular position of a point on the rim of a rotating wheel is wla
given by s
G
o(t) = 4.0t —3.0t> +t°, \

.. . . . . . =
where @ is in radians if t is given in seconds.

a- What are the angular velocitiesatt =2.0sand t =4.0s?

b- What is the average angular acceleration for the time interval that beginsat t =2.0 s and
endsatt =4.0s?

c- What are the instantaneous angular accelerations at the beginning and end of this time
interval?

Answer:

a- In the problem we are given the angular position & as a function of time. To find the

(instantaneous) angular velocity at any time, use Eg. 3 and find:
___f.!'.ﬁ‘_;f«_ oo
l.-.-llfll = E = E [fi.'.'f —_ 3.'.” +f .’]
= 4.0 — 6.0t 4 3.0¢2
where, if T is given in seconds, @ is given in rad/s .
The angular velocities at the given times are then

w(2.08) = 4.0 — 6.0(2.0) + 3.0(2.0)* = 4.0 =2d
w(4.08) = 4.0 —6.0(4.0) + 3.0{4.0* = 28,0224

b- Since we have the values of @ andt =2.0sand t =4.0 s, Eq. 4 gives the average
angular acceleration for the interval:
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Aw  (2800d _gpm=d
At (4.0s — 2.08)
= 120%

The average angular acceleration is 12.0 rad/s?.

c- We find the instantaneous angular acceleration from Eq. 5:

alt) = ii=j—f[:4.lil—ﬁ.lilt+3.lilt2;]
= —G.0+6.0f

where, if t is given in seconds, ¢ is given in rad/s?.
Then at the beginning and end of our time interval the angular accelerations are:
a(2.05) = —6.0 + 6.0(2.0) = 6.0 =2

a(4.0s) = —6.0 + 6.0(4.0) = 18.073
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H.W. Sample problem 10.01
The angular position of a point on the rim of a rotating wheel is given by

6(t) =-1.00 —0.600t + 0.250t2,
where @ is in radians if t is given in seconds.

H.W. At what time, t_. ., does @(t) reach the minimum value? What is @(t)at t_. ?

Answer: Calculate a(t)=0 tofind t,, =1.20s,and O(t,,)=—1.36 rad ~—77.9°

min

Example: An electric motor rotating a grinding wheel at 100 rev/min is switched off.
Assuming constant negative angular acceleration of magnitude 2.00 rad/s?,

(a) How long does it take the wheel to stop?

(b) Through how many radians does it turn during the time found in (a)?

Answer:

(a) Convert the initial rotation rate to radians per second:

100 L = [ell:ll:l L."M'I (gﬁhﬂ) .'1_11_11]1:] =105 md
min , min J \ Gls | ]

lrev ,

When the wheel has stopped then of course its angular velocity is zero. Since we know @), ,
@ and a we can use Eq. 6 to get the elapsed time:

(w_a)O)

w=o,+at = 1=
o

and we get:
(00— 10.5 =2dy

it = ﬁ:’—l = ':“.2'-1.
(—2.002) s

The wheel takes 5.24 s to stop.

(b) We want to find the angular displacement 0 during the time of stopping. Since we know
that the angular acceleration is constant we can use Eq 9, and it might be simplest to do so.
Then we have:

B =Ly +w)t = 110,52 4 0)(5.245) = 27.51ad .

The wheel turns through 27.5 radians in coming to stop.
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10-3 RELATING THE LINEAR AND ANGULAR VARIABLES
As we wrote in Eg. 1, when a rotating object has an angular displacementAH, then a

point on the object at a radius r travels a distance S = '@ . This is a relation between the
angular motion of the point and the “linear” motion of the point (though here “linear” is a bit
of a misnomer because the point has a circular path). The distance of the point from the axis
does not change, so taking the time derivative of this relation give the instantaneous speed of
the particle as:
ds do
Vi, =—=—=
dt dt
which we similarly call the point’s linear speed (or, tangential speed ) to distinguish it from
the angular speed. Note, all points on the rotating object have the same angular speed but
their linear speeds depend on their distances from the axis.
Similarly, the time derivative of the Eq. 10 gives the linear acceleration of the point:
dv, do
a=—t=r—-=
dt dt
Here it is essential to distinguish the tangential acceleration from the centripetal
acceleration that we recall from our study of uniform circular motion. It is still true that a
point on the wheel at radius r will have a centripetal acceleration given by:

ro (20)

ra (11)

2 2
m:%zggﬁﬂ# (12

These two components specify the acceleration vector of a point on a rotating object. (Of
course, if « is zero, then @, = 0and there is only a centripetal component.)

Example: What is the angular speed of a car traveling at 50 km/h and rounding a circular
turn of radius 110 m?

Answer:
To work consistently in Sl units, convert the speed of the car:

107 m 1hr )
-~ km v KIOLG - m
= Al = {H0 —_— =139%
YEE R TR ( 11{111) (SEIZIIZIE =

The relation between the car's “linear” speed v and its angular speed w as it goes around
the track is v = rw. This gives:
v 13.9%

== —n126=d
r 110m =

Example: A disk, of radius 6.0 cm, is free to rotate at a constant rate of 1200 rpm about
its axis. Find:
a- the radial acceleration
b- the tangential acceleration.
Answer:
a_

w=1200 rpm =1200x E—g =125.7 rad/s

~.a =-—= Ra’ = (0.06)x (125.7)> = 948 m/s>

r

o<

b- a =0;since w is constant.

10
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Example: An astronaut is being tested in a centrifuge. The centrifuge has a radius of 10 m
and, in starting, rotates according to &(t) =0.30t* , where t in seconds gives @ in radians.

When t = 5.0 s, what are the astronaut’s

(a) Angular velocity,

(b) Linear speed,

(c) Tangential acceleration (magnitude only) and
(d) Radial acceleration (magnitude only)?

Answer:

(a) We are given # as a function of time. We get the angular velocity from ite definition,

W= % = %[D.Eﬂltzj = (.60t

where we mean that when ¢ is in seconds, w is given in %d When ¢ = 5.0s this is

w=(0.60){5.0y= = 3.0md

{b) The linear speed of the astronaut is found from Eq. 10 (the linear or tangential speed
of a mass point):
v= o= (10m){0.60¢) = 6.0¢

where we mean that when ¢ is given in seconds, v is given in ™. When { = 5.0s this is

v =(6.0)(5.0) ™ = 30.0™

{c) The ({magnitude of the) tangential acceleration of a mass point is given by Eq. 11, We
will need the angular acceleration o, which is
do d
= — = —(0.60¢) = 0.60
=@ T @

so that
ar = Ra = (10m){0.60) =60% .

Here, since ar is constant we have written in the appropriate units, which are % . (Since
ar is constant, the answer is the same at = 5.0s as at any other time.)

{d) The radial acceleration of the astronanut is the centripetal acceleration.
From Eq. 12 we can get the magnitude of o, from:

ge = R’ = (10m)(0.60¢)° = 3.6
where we mean that if { is given in seconds, a. is given in % . When ¢ = 5.0s this is

a,=(3.6)(5.0)° 5 =007

12
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Extra Problems

Q1: A disk—a horizontal rotating platform—of radius r is initially at rest, and then begins to
accelerate constantly until it has reached an angular velocity @ after 2 complete revolutions.
What is the angular acceleration of the disk during this time? Ans: o* /8~

Answer: Given the quantities: @, =0, 6, =0, 6, =2x 2, then, the angular acceleration of

the disk can be determined by using rotational kinematics:
w’ = u)ol +2a6

2 g )

0’ —-w, " (0N
Q@=————— B = ——
26 2(2°27x) 8nm

Q2: A rotating wheel moves uniformly from rest to an angular speed of 0.16 rev/s in 33 s.
a) Find its angular acceleration in rad/s?.

b) Would doubling the angular acceleration during the given period have doubled final
angular speed?

Answer: Given the quantities: @, =0, 8, =0, @, =0.16x 27 rad/s, and t = 33 s, then, the
angular acceleration of the disk can be determined by

a) Using the kinematic equation:
W =wp + at

From rest to an angular speed of 0.16 rev/s in 33s we should have:

Aw w — W 0.16 x 27 ' 9
Y = e = - = 30 rad/s”
Q : n 33 0.030 rad/s
a) For double the angular acceleration we should have:
Aw  2Aw
20 = 2 =
t

The angular speed will be doubled as We.II

13
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Q3: Arracing car travels on a circular track of radius 275 m. Suppose the car moves with a
constant linear speed of 51.5 m/s.

a) Find its angular speed.

b) Find the magnitude and direction of its acceleration.

Answer: Given that ' =275m, v, =v = 51.5m/s

a) Angular and linear (tangential) speed are always related through : V=V, =l®

v 51.5

= = 0.19rad/s

“/ — —
r 275

2
: : _ ) v

b) With a constant linear speed the acceleration is radial (a=a, =—=V, =rw as
r

_dv_

0
dr)

a = L = 2% - 9645 m/s?

Q4: A wheel 1.65 m in diameter lies in a vertical plane and rotates about its central axis with
a constant angular acceleration of 3.70 rad/s?. The wheel starts at rest at t = 0, and the radius
vector of a certain point P on the rim makes an angle of 57.3° with the horizontal at this time.
At t=2.00 s, find the following:

a) the angular speed of the wheel.

b) the tangential speed of the point P.

c) the total acceleration of the point P.

d) the angular position of the point P.

Answer: Given the quantities: o, =0, 6, =57.3’ xﬁ rad , a =3.70 rad/s®, att=2s,

then:
a) The wheel started at rest., therefore:
w = wg+at = at = 370x2 = 740rad/s
b) The tangential speed of point P located on the rim:
1.65 ' 14 o
v = rw = —/—x740 = 6.11m/s

¢) To calculate the total acceleration of theapoint P, we need to calculate both the radial and
tangential components

a; = ((IT; = r% =ra= 1;5 x 3.70 = 3.05 111/5"’
a, = 1’—2 = GIITI.,J = 45.18 m/s?

And finally: -

a = \/m = 4528 m/s?

Its direction £ with respect to the radius to P can be evaluated from

14
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t 3 a; 3.05
anfi=— = ——

an, 45.18
ie. =386
d)

| oy ' 1 _
0 = 6Oy+wot+ 50:12 = B7TIX 180 + 0+ 3 % 3.70 x 22
= 8.40 rad

Q: The angular position of a point on the rim of a rotating wheel of radius R is given by:
0(t)=6.0t+3.0t2-2.0t3

where 0 is in radians and t is in seconds. What is the average angular acceleration for a point

at R/2 for the time interval betweent=0and t=5s? —24 rad/s?

Answer

0(t)=6.0t+30t2-20t2 = o{1)=60+6.0t—6.0t2

0 (0)=60, o(5)=-114

— Aw -114-6

o= = =
At 5-0

24

=

Q: A uniform disk starts from rest and rotates, about fixed central axis, with a constant
angular acceleration. It reaches an angular velocity of 13.7 rad/s when it has completed 5.00
revolutions. What is the angular velocity when it has completed 9.00 revolutions? 18.4 rad/s

Answer: First calculate the acceleration
2

a_wf—w. (137’0
200 2x5(2x)

Second (9 revolutions) = Ja)f +2aA0 =~J0+2x2.987 x9x 277 =18.38 rad/s

=2.987 rad/s®

Q: A phonograph turntable rotating at 33.3 rev/min slows down and stops in 30 s after the
motor is turned off.
(a) Find its (uniform) angular acceleration in units of rev/min-.
(b) How many revolutions did it make in this time?
/

| X

Answer:

(a) Here we are given the initial angular velocity of the turntable and its final angular velocity
(namely zero, when it stops) and the time interval between them. We can use Eq. 6 to find

« , which we are told is constant. We have:

15
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(0—a,)

t
We don’t need to convert the units of the data to radians and seconds; if we watch our
units, we can use revolutions and minutes. Noting that the time for the turntable to stop is

t =30 s =0.50min, and with @, =33.3 rev/minand @ = 0 we find:
0— 333

= ———min — _§ET I
0.50 min rmin
The angular acceleration of the turntable during the time of stopping was —66.7 rev/min,
(The minus sign indicates a deceleration, that is, an angular acceleration opposite to the sense
of the angular velocity.)
(b) Here we want to find the value of @ att=0.50 min. To get this, we can use either

Eq. 7 or Eq. 9. With 6, =0, Eq. 9 gives us:
# = g+ L{wn+w)i
= 1(33.3 £ 4 0)(0.50 min)
= #H.33rev
The turntable makes 8.33 revolutions as it slows to stop.

w=o,+ot = a=

Q: A disk, initially rotating at 120 rad/s, is slowed down with a constant angular
acceleration of magnitude 4.0 rad/s2.

(a) How much time elapses before the disk stops?

(b) Through what angle does the disk rotate in coming to rest?

Answer:
(a) We are given the initial angular velocity of the disk, @, =120 rad/s. (We let the positive

sense of rotation be the same as that of the initial motion.) We are given the magnitude of the
disk’s angular acceleration as it slows, but then we must write

o=-405 .

The final angular velocity (when the disk has stopped!) is @ = 0. Then from Eq. 6 we can
solve for the time t:

(a)_wo)
wo=o,+at = 1=
(04
and we get:
(0 — 120 24) 200
T T{—do=h) TR

(b) We’ll let the initial angle be @, =0. We can now use any of the constant-« equations
containing @ to solve for it; let’s choose Eq. 8, which gives us:

o -}
o =) +2a(0) = gzu
2a
and we get:
(02 _ (190 md\2)
(0% — (120 22)=) = 1800 rad

2(—4.058)

The disk turns through an angle of 1800 radians before coming to rest.

Q: A wheel, starting from rest, rotates with a constant angular acceleration of
2.00 rad/s?. During a certain 3.00 s interval, it turns through 90.0 rad.

16
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(a) How long had the wheel been turning before the start of the 3.00 s interval?
(b) What was the angular velocity of the wheel at the start of the 3.00 s interval?

Answer:

(a)We are told that sometime after the wheel starts from rest we measure the angular
displacement for some 3.00 s interval and it is 9.00 rad. Suppose that we start measuring time
at the beginning of this interval; since this time measurement isn’t from the beginning of the

wheel’s motion, we’ll call it t,. Now, with the usual choice &, =0 we know that at

t =3.00 s we have @ =90.0 rad. Also ¢ =2.00 rad/s. Using Eq. 7 to get:
90.0rad = wp(3.00s) + 1(2.00 31)(3.00s)

which we can use to solve for @, :
wo(3.008) = 00.0rad — 1(2.00 %) (3.005)* = 81.01ad

so that

wy = 27.0 2

(Looking ahead, we can see that we’ve already answered part (b)!)

Now suppose we measure time from the beginning of the wheel’s motion with the variable 1.
We want to find the length of time required for @ to get up to the value 27.0 rad/s. For this
period the initial angular velocity is @, = 0 and the final angular velocity is 27.0 rad/s. Since

we have o we can use Eq. 6to get T:

a— Q@
o=0,+at = t=( ;)
(04
which gives
j27.0md _ pody
= ﬁL =13.5=
2.0 mad

This tells us that the wheel had been turning for 13.5 s before the start of the 3.00 s interval.
(b) In part (a) we found that at the beginning of the 3.00 s interval the angular velocity was
27.0 rad/s.

17
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Chapter 10

Rotational motion
Summary of last lecture:

November 16, 2017

motion
Classification displacemet velocity acceleration
. . . ds L dv
Linear S V=—o d=—
dt dt
Rotation 0 1) a

Important Terms

< Moment of inertia (rotational inertia) “ 1 > in kg.m?: a quantity expressing a body's
tendency to resist angular acceleration. For a point mass the moment of inertia is just
the mass times the square of perpendicular distance to the rotation axis, | = m r2. That
point mass relationship becomes the basis for all other moments of inertia. Total
moment of inertial is the sum of the products of the mass of each particle in the body

with the square of its distance from the axis of rotation
= Rotational kinetic energy “K, = 1&””

& Parallel axis theorem: can be used to determine the mass moment of inertia of
a rigid body about any axis, given the body's moment of inertia about a parallel axis
through the object's center of gravity and the perpendicular distance between the axes.

Equations and Symbols

S s = length of arc

0= r r = radius
AO do V= veIO(:lty _

o=Ilim—=—, 0 =angle in radians

At—0 At dt .

Ao do @= Angular velocity
a=A|tlﬁoA—t=E « = angular acceleration

ds_ do V, = Linear (tangential) velocity
t gt %t a, = tangential acceleration
V, @ . . .
& :d_tt =g = a, = Radial (Centripetal) acceleration
V2 (ra))z , | =moment of inertia (rotational inertia)
__t — . .
a - ro m; = mass of particles i.
M = total mass
_ 2
= Zmiri D = distance
1 2

Kot = EI @
| =1, +MD?

Basic Requirements:

1. Master the calculation of the moment of inertia of a system of particles.
2. Use the Parallel axis theorem to calculate the moment of inertia of a system of

particles.


http://hyperphysics.phy-astr.gsu.edu/hbase/mi.html#mix
https://en.wikipedia.org/wiki/Mass_moment_of_inertia
https://en.wikipedia.org/wiki/Rigid_body
https://en.wikipedia.org/wiki/Parallel_(geometry)
https://en.wikipedia.org/wiki/Center_of_gravity
https://en.wikipedia.org/wiki/Perpendicular
https://en.wikipedia.org/wiki/Distance
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10-4 KINETIC ENERGY OF ROTATION
Because a rotating object is made of many mass points in motion, it has Kkinetic
energy; but since each mass point has a different linear speed (v: ra)) our formula from

translational particle motion, K :%m v®no longer applies. If we label the mass points of the

rotating object asm, , having individual (different!) linear speeds Vv, , then the total kinetic
energy of the rotating object is

1 2
Krot = ZE rniVi
i

If r; is the distance of the it mass point form the axis, then v, =I; @ and we then have:
1 2 1 2 1 2 2
Kt =2 My =2>m (ro) :Z(Zmiri ja)
i i i

The sum Z m; I’i2 is called the moment of inertia for the rotating object (which we discuss
i

further in the next section), and usually denoted | . (It is also called the rotational inertia in

some books.) It has units of kg - m? in the Sl system. | of a body is a measure of the

rotational inertia of the body. With this simplification, our last equation becomes

K =1l (13)

rot 2

Example: Calculate the rotational inertia of a wheel that has a kinetic energy of 24, 400 J
when rotating at @ =602 revs/min.

Answer:

First, find the angular speed of the wheel in rad/s: @ =602 revs/min =63.0 rad/s.
Finally, we have

1 2K
Kot =Zle® = ="
2 2
()]
We get:
2(24, 400 1)
I =L3ﬁ“:|7= 12.3kg - m?
[Da.L =7

The moment of inertia of the wheel is 12.3kg - m®
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10-5 CALCULATING THE ROTATIONAL INERTIA
For a rotating object composed of many mass points, the moment of inertia | is given by

1 => " mr? (14)

| has units of kg -m? in the SI system, and as we use it in elementary physics, it is a scalar
(i.e. a single number which in fact is always positive). More frequently we deal with a
rotating object which is a continuous distribution of mass, and for this case we have the more
general expression (not required in our course)

I :Irzdm (15)
Here, the integral is performed over the volume of the object and at each point we evaluate

r?, where I is the distance measured perpendicularly from the rotation axis.

The evaluation of this integral for several cases of interest is a common exercise in multi-
variable calculus. In most of our problems we will only be using a few basic geometrical
shapes, and the moments of inertia for these are given in the Appendix.

Appendix:

Moments of Inertia for some shapes M is the total mass, a, b, and L are lengths, and R is the

radius.

(&) Shender rand (b) Stender nxl () Rectungular phate (d) Thin rectangular pla
axis through come 1xis through one end s through cemmer axks wlong edge

| | |
f .M { M [ M+ h ! Mo

Z Checkpoint 4

The figure shows three small spheres that rotate ,

about a vertical axis. The perpendicular distance i{g:’””" L 2M ook
between the axis and the center of each sphere is o N 3 m
given. Rank the three spheres according to their 4 Lg
rotational inertia about that axis, greatest first.

|l m

W 36 kg
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Example: As shown in the figure, three masses, of 1.5 kg -

each, are fastened at fixed position to a very light rod 2 ® UD}’ o oo
pivoted at one end. Find the moment of inertia for the : :
rotation axes shown

Answer: Apply the equation

3
| => mr? =mp” +myr +myr? =m(e? + 1/ +17) =1.5(1° + 2° + 3%) = 21 kg.m’

Example: The figure shows a rigid body consists of two particles

attached to a rod of negligible mass. The masses are m; = 2.00 kg and = ©

m2 = 1.00 kg and they are separated by a distance r =ry + r». :

(@) Find the moment of inertia of the body. Assume r1 = 0.33 m and r2 ®o— O
= 0.67 m are the distance between m; and the rotation axis and m;
and the rotation axis (the dashed, vertical line) respectively.

(b) What is the moment of inertia if the axis is moved so that is passes
through my?

(c) What is your comment on the two calculated values? Which one will be easy to rotate?

Answer:

(@) Apply the formula (14) of the moment of inertia, we can have
2

| => mr? =mr” +m,r;} =2.0(0.33%) +1.0(0.67°) = 0.67 kg.m*

(b)
2
| => mr? =mr?+m,r? =2.0(0.00") +1.0(1.00%) =1.00 kg.m’

Example: A rigid body consists of two particles attached toa  _ ,
rod of negligible mass. The rotational inertia of the system ) '.‘ %
about the axis shown in Figure is 10 kg m?. What is x1? A ;

Answer:

2
=Y mrZ=mr’+m,; = 10=1xx+2x2° =x=141m

Example: A hoop rolls without sliding on a horizontal floor. The ratio of its translational
Kinetic energy to its rotational kinetic energy (about its central axis) is
Answer: The ratio is

L v L
Kedge — 2 — 2 =1
K 1 1 2
nr 10 E(mRZ)(v/ R)
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Example: A solid sphere of mass m is fastened to another sphere of mass 2m by a thin rod
with a length of 3x. The spheres have negligible size, and the rod has negligible mass. What
is the moment of inertia of the system of spheres as the rod is rotated about the point located
at position x, as shown?

@ (an)

X 2lx 3Ix

L J

[P

Answer: Moment of inertia for a system of discrete masses is calculated as follows:
2
| =) mr? =m(x)” +2m(2x)* = 9mx?
i

Q3: Rigid rods of negligible mass lying along the y axis connect three particles. The system
rotates about the x axis with an angular speed of 2.10 rad/s.
y

4.00 kg b\ = 3.00 m

\

. X
O

2.00 kg @y= —200m

3.00 kg O‘ = —4.00m

a) Find the moment of inertia about the x axis.

. . . . 2
b) Find the total rotational kinetic energy evaluated from Kot = E o

c) Find the tangential speed of each particle.

d) Find the total kinetic energy evaluated from K., = > >my;
i

e) Your comment for b and d.

Answer:
_ e, S T N Trn I o LY | 1 P
2 B = > mar 4x3%24+2x224+3x4 92 kg.m
Ki = %Iwz = 05x92x2102 = 202.86J
b) 2

c) Different linear speeds for different radius. However, all particles are rotating at same
angular speed: V; = Lo
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Mass 1+ U1 =T1w=3Xx 2.10=6.30m/s

Mass 2: vo =7row =2 x 2.10 = 4.20 m/s

m=1rqw =4 x 2.10 = 8.4
Mass 3- vy = rqw = 4 10 =8.40 m/s

d) The total kinetic energy is:

Ki Z —m; 1
= 202.86J
e) Both expressions lead to the same value.

Q4: A pair of long, thin, rods, each of length L and mass M, are connected to a hoop of mass
M and radius L/2 to form a 4-spoked wheel as shown in the figure. Express all answers in
terms of the given variables and fundamental constants. Calculate the moment of inertia for
the entire spoked-wheel assembly for an axis of rotation through the center of the assembly
and perpendicular to the plane of the wheel.

—(4 x 6.30% + 2 x 4.20% + 3 x 8.40%)

b | =

-

Answer:
The moment of inertia for the spoked wheel is simply the sum of the individual moments of
inertia of its three components: the two long thin rods and the hoop around the outside:

Lt = Lroq ¥ L rog + L
1 =Ly lmesmr
12 12
2
Io=tmrslmrem (5) = mr
12 12 2 12

Example: Three point masses, i.e. they have no moment of inertia,
each of mass m are placed at the corners of an equilateral triangle of
side a. Calculate the moment of inertia of this system about an axis
passing along one side of the triangle. Choose the side AB.

Answer: The moment of inertia of system about AB side of triangle

3

" system

=1, + 1+ 1. =0+0+mx*=mx? _m[a\zl_j =Zma2
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Parallel Axis Theorem
Moment of inertia of a body about a given axis | is equal to the sum of

moment of inertia of the body about an axis parallel to given axis and fen

I
-

passing through center of mass of the body is |, and MD?, where
M is the mass of the body and D is the perpendicular distance »
between the two axes. This situation is shown in the figure. In symbol, = 7

the new moment of inertia of the object about the new axis will have a
new value I, given by

| =1, +MD? (16)
Eq. 16 is known as the Parallel Axis Theorem and is sometimes handy for computing

moments of inertia if we already have a listing for a moment of inertia through the object’s
center of mass.

Relates |, (axis through center-of-mass) to | w.r.t. some other axis: | =1, + MD?

(See proof in text.)

Z Checkpoint 5

The figure shows a book-like object (one side is
longer than the other) and four choices of rotation
axes, all perpendicular to the face of the object.
Rank the choices according to the rotational inertia
of the object about the axis, greatest first.

(1) (2) (3) (4)

Example: Calculate the moment of inertia for a rod about its end point.
Answer: Rod of length L, mass M i rodf

- : '
lw = ,MR® , d=L12 =

Pivot CWM

2 1 2, 1 2 1 2
I oy + Md® = EML+ZML _gML
Example: Moment of inertia of a disc about an axis through its center
of mass and perpendicular to its plane is I = % MR?. Calculate the

Pivot —

moment of inertia about an axis through its tangent perpendicular to
the plane

Answer: The moment of inertia about an axis through its tangent
perpendicular to the plane is given by:

| = I, + MR? :%MR2+MR2:§MR2
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Example: Four thin rods of same mass M and same length |, form a

square as shown in figure. Calculate the moment of inertia of this 4

system about an axis through center O and perpendicular to its plane. P
Answer: |, (rod) = 712 M ¢?

L ] (}
M.1. of rod AB about point P = % M ¢?

I

2
M.I.ofrodABaboutpointO=%M£2+M() =-M /¢

‘
2

w -
—

[by the theorem of parallel axis]

and the system consists of 4 rods of similar type so by the symmetry | = % M ¢2

system

Example: Three rings each of mass m and radius R are arranged as shown in
the figure. Calculate the moment of inertia of the system about YY .

Answer: |, (ring) = % mR? (1
M.l of system about YY ' .. 1
inertia of ring about CM, 1, = I, = M.I. of inertia of ring about a tangent ina ___/ "

ogstem = I + 1, + 15, where 1, = moment of

plane v

1
A =

=R (LR )R ) -

Example: Three identical thin rods, each of length L and mass M, z 1

are welded perpendicular to one another as shown in the figure. They
are placed along X, Y and Z-axes in such a way that one end of each of the
rod is at the origin. The moment of inertia of this system about Z axis is

1
Answer: g (rod) = = ML’
Moment of inertia of the system about z-axis can be find out by calculating

the moment of inertia of individual rod about z-axis 4

1

(=]

(&)
s

I2

Il

:Il+I2+I3:%ML2+%ML2+O:§ML2

Example: Find the moment of inertia of a uniform ring of radius R and massM 4§~
about an axis 2R from the center of the ring as shown in the Figure.
Answer: -

I, =1y, +Md?=MR?+M (2R)? =5MR"

Fae:

= = ML? because z-axis is the edge of rod 1 and 2 and I, = 0 because rod in lying on z-axis
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Extra Problems

Q: A uniform slab of dimensions: a = 60 cm, b = 80 cm, and -
¢ = 2.0 cm (see Figure) has a mass of 6.0 kg. Its rotational inertia ™**""7***"
about an axis perpendicular to the larger face and passing through :
one corner of the slab is:

Answer: Use the equation: | = 1,,+MD? _
| b t

M a b M
I=— (a2 +b)+ M| (2)? +(>)? |=—(a? +b?) = 2.0 kg.m?
= 1= @ ) [(2)+(2)} 3 (@) -20ks |

Q: Calculate the rotational inertia of a meter stick with .
mass 0.56 kg, about an axis perpendicular to the stick and
located at the 20 cm mark. [

Answer:
A picture of this rotating system is given in the figure. The stick is one meter long (being a
meter stick and all that) and we take it to be uniform so that its center of mass is at the 50 cm
mark. But the axis of rotation goes through the 20 cm mark.
Now if the axis did pass through the center of mass (perpendicular to the stick), we would
know how to find the rotational inertia; from Figure we see that it would be
1 1

loy = o ML = E(0.56) (1.00)* = 4.7 x10* kg.m?

The rotational inertia about our axis will not be the same.

T
[

-

[=

We note that our axis is displaced from the one through the CM by 30cm. Then the
Parallel Axis Thecrem (Eq.  16) tells us that the moment of inertia about cur axis is given
by

= Jr('M =+ ."l'sz
where Iy = 4.7 = 1072 kg - m*®, as we've already found, M is the mass of the rod and D is
the distance the axis is displaced (parallel to itself), namely 30cm. We get:

IT=47x10"kg - m® + (0.56kg)(0.80m)* = 9.7 = 102 kg - mm?

3o the rotaticnal inertia of the stick about the given aris is 0.097 kg - m®.

Q: In the Figure, two particles, each with mass m 0.85 kg, are fastened to each other, and to a
rotation axis at O, by two thin rods, each with length d = 5.6 cm and mass M = 1.2 kg. The
combination rotates around the rotation axis with the angular speed @ = 0.30 rad/s.
Measured about O, what are the combination’s

(a) rotational inertia and

(b) kinetic energy?

Revlatiom axis ) i
Rovlatiom axis
#—Riation axis
i
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Answer:

The particles are treated “point-like” in the sense that Eq. 10-33 yields their rotational inertia,
and the rotational inertia for the rods is figured using Table 10-2(e) and the parallel-axis
theorem (Eq. 10-36).

(a) With subscript 1 standing for the rod nearest the axis and 4 for the particle farthest from it,
we have

(2d)2

I4,0

Iy = g Md? +5md? :%(1.2 kg)(0.056 m)>+5(0.85 kg)(0.056 m)?

=0.023 kg -m°.
(b) Using Eq. 10-34, we have

K. =<1 af = % (2 M+ 5mj 4%’ =E 12 kg)+g(0.85 kg)}(0.056 m)2(0.30 rad/s)?

10
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Rotational motion

Basic Requirements:

1. Master the calculation of the rotational torque.

2. Calculate the power in case of rotational.

Basic Principles: Why is the handle on a door located far away from the hinge? Why is it
easier to loosen a nut using a long wrench? Why are long wheel-base cars more stable than

short wheel-base cars?

" V.
Hinge Handle

handle on a door is located far away
from the hinge

Interpreting Torque

Torque s due 1o the component of the force
perpendicular 1o the radial line
F =Fsing
The componcat of > ;(
F perpyvnsticular .
o the radial Ree
Catises 8 njoe >

-9 5
ol ’
: 2 The parudie]
,.,‘.,w dos
“T o concribute 10
i the tmgue

t=rF, =rFsing
loosen a nut using a long wrench

The “ability” of a force to rotate an object about an axis depends on two variables:

1. The magnitude of the force F.

2. The distance r between the axis of rotation and the point where the force is applied.

r

A 4

rotation ¢
axis

Try opening a door by applying the same force F at different points: r = outer edge, middle,
near hinge. You will quickly realize that the resulting motion of the door — the acceleration o
— depends on_F and r. It turns out that the “turning ability” of a force is simply the product
of F and r. The technical name for this turning ability is torque. Torgue comes from Latin

and means “to twist”.

M Checkpoint 7

The figure shows an overbead view of a meter stick that can pivot about the polnt Indicated, which is -

tn the left of the stick's midpoint. Two horizontal forces, K and IS, are applied to the stick. Only K is NG
J Pivon podme

shown. Force o i perpendicular to the stick and is applied at the right cod. 1f the stick is not o tarn,
(a) what should be the direction of £, and (b) should F; be greater than, less than, or equal to F,? *
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10-6 Torque “Is a force that causes a rotational acceleration of a rigid body about an axis
or motion of a single particle relative to some fixed point”.

1- Torque is a vector.
2- Torque is positive when the body rotate counterclockwise (convention)
3- Torque is negative when the body rotate clockwise (convention)

Suppose the force F (whose direction lies in the plane of rotation) is applied at a point r
(relative to the rotation axis which is the pivot). Suppose that the (smallest) angle between r
and F is ¢. Then the magnitude of the torque exerted on the object by this force is

|| =r(Fsing) (17)
By some very simple regrouping, this equation can be written as
r=r(Fsing)=rF,= r,  F= FxF

moment arm of F

SI unit of torque is N.m (same as the work); but Never use Joules as a unit of torque,
because Joules is a unit of work.

& Force causes linear acceleration.
& Torque causes angular acceleration.

If you want to easily rotate an object about an axis, you want a large lever arm r and a large
perpendicular force F.:

I bad l better I best
axis.\ -

no goad!
(FL=0)
no good!

(r=0)

M Checkpaint 6 i

P
F

marked 20 {for 20 cm ). All five forees on the stick are horizontal and have the samo magnitade

)
The figure shows an overbead view of a meter stick that can pivst about the dot ut the position " &j\l
R b G
PR

Rank the forces socording to the magnitude of the torque they produce, greatest first, -
2
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Example: Calculate the net torque (magnitude, in N.m, and direction) on a uniform beam
shown in the Figure about a point O passmg through its center.

Answer:
I) Tewor = Ta+ Tb

2) T.a=rax Fa =+ F,rasin(30°) k = (5N)(4m)(0.5) k
3) Tv =rs x Fy = + Fp 1y sin(30°) k = +(5N)(2m) (0.5) k

4) T = (10+5)kKN-m=15kNm

Example: The pull cord of an engine is wound around a drum of radius 6.00 cm. The cord is
pulled with a force of 75.0 N by the engine. What magnitude torque does the cord apply to
the drum?

Answer:
+F=T5N
r=nF
/— L
\ =rF
R=6.00 cm =(0.06m)75.0N)=4.5Nm

Q: A series of wrenches of different lengths is used on a hexagonal bolt, as shown below.
Which combination of wrench length and Force applies the greatest torque to the bolt?

1|~

Answer: The correct answer is c. Torque, the “turmng effect” produced by a force applied to

a moment-arm, is calculated according to z=FxF =r(Fsind), where @is the angle
between the vectors r and F. Here, each combination of wrench length and force produces a
net torque of LF except for answer c:

r=FxF =r(Fcosd) = L(2F cos30°) = /3LF
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10-7 NEWTON’S SECOND LAW FOR ROTATION

A force F acts on the particle. However. because the particle can move
only along the circular path, only the tangential component F; of the force (the
component that is tangent to the circular path) can accelerate the particie along
the path. We can relate F, to the particle’s tangential acceleration g, along the
path with Newton’s second law, writing The torque due to the tangential
component of the force causas

Fys=wia. an angular acceleration around
The torque acting on the particle is, from Eq. 1040, the rotation axis.
= Fr=mar. ¥
From Eq. 10-22 (g, = ar) we can write this as £ SN \
7 ~
r=m(ar)r = (mri)a. (10-43) .\ .
\. b
The quanlity in parentheses on the right is the rotational inertia of the particle " ",‘: d
about the rotation axis (see Eq. 10-33, but here we have only a single particle). .
Thus, using / for the rotational inertia, Eq. 10-43 reduces to
L/
7= 1la (radian measure). (10-44) Rod
f
If more than one force is applied to the particle, Eq. 10-44 becomes N *
“| M Rotation axis
Toe = ¢ (radian measure), (10-45) Figurs 10-77 A simple rigid body, free to

rotate about an axis through (. consists of
‘hic e 3 7 s ¢ o 3 isp ati r ried y 2t -
which we set out to prove. We can extend this equation to any rigid body rotating  ; particle of mass m fastened to the end of

aboul a fixed axis, because any such body can always be analyzed as an assembly  a rod of length r and negligible mass An
of single particles. applied force F causes the body to rotate.

T=la is the rotational analogue of F=ma.

> Newton’s Second Law “Linear Acceleration of an object is directly proportional to
the net force acting on it and inversely proportional to its mass (inertia).”

a cF,acl/ m=a=F/m

> Newton’s Second Law for Rotation “Angular Acceleration of an object is directly
proportional to the net feree torque acting on it and inversely proportional to its
‘mass rotational inertia.” @ <7, <1/l =>a=17/l

In Summary: we are going to use the following expressions for the torque
T

A\

la (1) = FxE (@

and the equation

oa=— 3
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Examples

Example: The flywheel of a stationary engine has a moment of inertia 0f 30 kg.m?. What
constant torque is required to accelerate the flywheel to an angular velocity of 900 rpm in 10
seconds, starting from rest?

Answer:

o, =900rpm =900 x 2z =94.2radls; @ =0
f 60

10

Example: A uniform thin rod of mass M = 3.0 kg and

length L = 2.0 m is pivoted at one end O and acted upon by

a force F = 8.0 N at the other end as shown in Figure.

Calculate the angular acceleration of the rod at the moment © & :
the rod is in the horizontal position as shown in this figure. - Lt

Answer: First calculate the M.1. about the pivot O using the PAT:

1 L 1
I, =gy + Md? =ML + M (<)? == ML 1
o= lon > V=3 @

7 do (94'2_0j:282.7 N.m:

F=g8.00HN

Then, use the torque equations as follows:

3|

gazcmﬁyx(a rxF=Fr, =FL (3)

Equating (2) = (3) implies

_FL 8x2 :4@ Counterclockwise

Iy 1322 S
39

Example: A uniform disk of radius 50 cm and mass 4 kg is
mounted on a frictionless axle, as shown in Figure. A light cord is
wrapped around the rim of the disk and a steady downward pull of
10 N is exerted on the cord. Find the tangential acceleration of a
point on the rim of the disk.
Answer: Apply Newton’s second law gives:

ma=F-T=0 = F=T (0

M=4Kkg
R =30cm
F=10N

Then, use the torque equations as follows:

on|

1
|wa=@MRﬂa @) rxF=Fr,=TR (3)

Equating (2) = (3) and using a:%implies

Ma=T = aziT:Zm:Sm/s2 Clockwise
2 M 4
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Example: A rigid bar with a mass M and length L is free to rotate about a frictionless hinge
at a wall, see figure a. The bar has a moment of inertia | = 1/3 ML? about the hinge, and is
released from rest when it is in a horizontal position as shown. What is the instantaneous
angular acceleration when the bar has swung down so that it makes an angle of 30° to the
vertical?

e r. ==sin30

f hinge rigid bar e

b 3000 4 / b 30004 /

Mg

Answer: The bar is accelerating angularly in response to the torque due to the force of
gravity acting on the center of mass. Its angular acceleration due to this torque 7 at the final
position, see figure (b), can be calculate as follows:

T

A

Ia:(;MLz)a L) er:FrL:Mg(;sinBOo) )

(1) = (2) implies

a=3—g Clockwise
i —

Note that:
1- At the horizontal position, we have the maximum torque: g (LsinQOO) =MgL/2-
2

2- At the vertical position, we have the minimum torque: Mg (Iz‘sinOO):O, i.e. no rotation

motion.
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Example: For the system in figure (a) with M =2.5kg, m=1.2 kg, andR=0.2 m, find
a,Tand .

AT
=
| g
ll’l[j\v"l ‘ma T
(@) (b) (©)

Answer: Draw the FBD for the masses, Figures (b) and (c), and then apply Newton’s 2" law
as follows:
1- For m: Figure (b), consider the motion is going down:

ma=mg—-T D,
2- For M: Figure (c), consider the rotation clockwise is positive:
T
102
loyar =5 MR'e () TR (3)
Equating (2) = (3) and using « = % implies
1
T ZEMa (4)
Substitute (4) in (1), we can have
2m 2x1.2 2
ma=mg--—Ma —a= g=———-=4.8m/s
M +2m 25+2x1.2
=>T= % Ma=6.0 N
o= % = 4—2 =24 rad/s® Clockwise

Example: A mass, m1 = 5.0 kg, hangs from a string and descends with a linear acceleration
“a”. The other end is attached to a mass mz = 4.0 kg which slides on a frictionless horizontal
table. The string goes over a pulley (a uniform disk) of mass M = 2.0 kg and radius R = 5.0
cm (see Figure a). Find the value of a.

M=20kg T

b

Answer: The equations of motion for the two masses are given by:

mla = mlg _Tl (1)! _ 3
ma=T, (2)}:(“*‘“2)&—”‘19“% IANE
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We are taking the clockwise direction is positive (see figure b, then

T
1
lewe =EMR20¢ (4) (T-T,)R (5

Equating (4) = (5) and using « = % implies

SMa=(T,-T,) (6
Use Egs. (3) and (6) to solve for a, one finds:

(m+m,)+M/2 s

Example: In Fig. 10-41, block 1 has mass m, = 0.460 kg, block 2 has mass -—-\
m, =0.500 kg, and the pulley, which is mounted on a horizontal axle with /

negligible friction, has radius R = 5.00 cm. When released from rest, block 2

falls 75.0 cm in 5.00 s without the cord slipping on the pulley. (a) What is "
the magnitude of the acceleration of the blocks? What are (b) tension T, and = |j
(c) tension T,? (d) What is the magnitude of the pulley’s angular pmhiﬂfgﬁlJ @
acceleration? (e) What is its rotational inertia?

Answer:
(a) We use constant acceleration kinematics. If down is taken to be positive and a is the

acceleration of the heavier block my, then its coordinate is given by y = Zat?, so
_ 2y 2(0.750 m)
T2 (5009)°
Block 1 has an acceleration of 6.00 x 102 m/s? upward.
(b) Newton’s second law for block 2 is m,g —T, =m,a, where m, is its mass and T, is the
tension force on the block. Thus,
T, =m,(g —a) = (0.500 kg) (9.8 m/s* —6.00x10* m/s* ) = 4.87 N.

(c) Newton’s second law for block 1 is mg—T, =—ma, where T, is the tension force on the
block. Thus,

-~

=6.00x1072 m/s2.

T, =m,(g +a) = (0.460 kg) (9.8 m/s” +6.00x10 > m/s’) =4.54 N.

(d) Since the cord does not slip on the pulley, the tangential acceleration of a point on the rim
of the pulley must be the same as the acceleration of the blocks, so

-2 2
a=2_ 600x10" m/s” _ 120rad/s’. Clockwise

R 500x107%m
(e) The net torque acting on the pulley is z = (T, —T,)R. Equating this to |« we solve for the
rotational inertia:

T.-T)R (4.87 N-4.54N)(5.00x107%m
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10-8 WORK AND ROTATIONAL KINETIC ENERGY
In linear motion, we knew that

AW = AK =K, — K, =%mvf —%mvf; W = I Fdx, if F is constant

At

Similarly, for rotational motion, we can have:
W =AK =K, -K =210} -] la;

O

W= Ird@zr(ef —6,) if z is constant
gi

P:dﬂ:

dt

rw  (power, rotation about fixed axis)

Example: A horizontally-mounted disk with moment of inertia | spins about a frictionless
axle. At time t =0, the initial angular speed of the disk is @ . A constant torque 7 is applied
to the disk, causing it to come to stop in time t . How much Power is required to dissipate the
wheel’s energy during this time?

Answer: Given that: @; =0, @ = @. The Power required to dissipate the wheel’s initial

energy is calculated using P=W/t, where W is the Work required to change the wheel’s
kinetic energy from its initial value to O:

_W _ _ _ 1, 2 1, 2 1, 2
P—E, W—AK—Kf—Ki—EIa)f—EIa)I —O—EIa)

P:AW: | &®

At 2t

5
Example: The engine delivers 1.20 x10 W to a plane fan at = 2400 rev/min =251 rad/s .

How much work does the engine do in one revolution?

Answer: SiNCe s=vt > f=wt: t= Q,then the periodic time will be: T = 2z s=0.025s.

w a
Consequently,

P:Tw:% = AW = PAT =1.2x10° x0.025=3000 J

Example: A grinding wheel of moment of inertia 0f 0.01 kg.m? is brought to rest, in 10
revolutions, from an initial angular velocity of @ =3000 rpm = 314.2 rad/s. What is the
power dissipated?

Answer:

1

W =AK =210’ = %(0.01)(314.2)2 -4935), A=

———__-02
(3000/60)

p-2K _47x10°W
At
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Sample Problem 10.11 Work, rotational kinetic energy, torque, disk

Analogous Linear and Angular Quantities

Linear Angular Relation

Linear displacement | S <> | Angular displacement % S=r@
Linear speed v <> | Angular speed W V=rw
Linear acceleration a | <> | Angular acceleration a a=ra
Mass (Inertia) m | <> | Moment of inertia I | =mr?
Force F | <> | Torque T I—FxF
Linear momentum mv | <> | Angular momentum mvr = lw
Linear impulse Ft | <> | Angular impulse 7t

Linear F =ma K.E.:%mv2 work = F s power = Fv

Angular 7=l K.E.=%Ico2 work = 7 9 power = 7 w

Section Summary We now have some understanding of why objects rotate the way they do.
We built the laws of rotational motion in analogy to Newton’s Laws of Motion for
translation,
» Newton’s First Law for Rotation
“Every object will move with a constant angular velocity unless a torque acts on it.”

» Newton’s Second Law for Rotation
“Angular acceleration of an object is directly proportional to the net torque acting on it and
inversely proportional to its rotational inertia.”

10
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Extra problems

Q. A string is wrapped around a solid disk of mass m, radius R. The
string is stretched in the vertical direction and the disk is released as
shown in the Figure. Find the tension (T) in the string.

Answer: ‘
ma=mg-T (1), A l /

laa=TR a=o = 1mR2(3j:TR = lma=T (2)
R 2 (R 2

1
g

. _2 _ 1
~2)->0 = a—3g:> T= 39

Q: A string (one end attached to the ceiling) is wound around a cellin

uniform solid cylinder of mass M = 2.0 kg and radius R = 10 cm (see W
Figure). The cylinder starts falling from rest as the string unwinds. The

linear acceleration of the cylinder is:

Answer: "l

ma=mg-T (1),

a

“l_a=TR; a=2 = mRz(ijoR = lma=T (2

1
2 R 2

~()=a= %g = 6.53 m/s®

Q: A 16 kg block is attached to a cord that is wound around the rim of a
flywheel of radius 0.20 m and hangs vertically, as shown in Fig 4. The 0
rotational inertia of the flywheel is 0.50 kg-m2. When the block is released

and the cord unwinds, the acceleration of the block is:
Answer: (| ‘,l
ma=mg-T (D,

a

“la=TR; a=— = 0.5(ﬁj:T x02 = T =125a (2)

a
R

- (1)=>16a=16g —12.5a = a= %g = 5.5m/s?

H.W.: A torque of 0.80 N.m applied to a pulley increases its angular speed from 45.0 rpm to
180 rpm in 3 seconds. Find the moment of inertia of the pulley.

Answer: 0.17 kg.m?

11
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Q: A uniform 2.0 kg cylinder of radius 0.15 m is suspended by two
strings wrapped around it, as shown in Figure 4. The cylinder
remains horizontal while descending. The acceleration of the center
of mass of the cylinder is:

Answer: Start with the equations of motion:

ma=mg-2T (1), Figured
la =2tr (2),
a=2 A,

r

With the given information | = %mrz, m=2kg, r=0.15m, one has:

R)=T :%ma

3 2 m
)= —ma=mg=>a=—0=653—
@ 3 g 39 %

Q: In Fig. 10-41, two blocks, of mass m; = 400 g and m, = 600 g, are connected 9\
by a massless cord that is wrapped around a uniform disk of mass M= 500 g and

radius R = 12.0 cm. The disk can rotate without friction about a fixed horizontal |~
axis through its center; the cord cannot slip on the disk. The system is released
from rest. Find (a) the magnitude of the acceleration of the blocks, (b) the tension
T1 in the cord at the left, and (c) the tension T2 in the cord at the right. o S
Answer:

We choose positive coordinate directions (different choices for each item) so that each is
accelerating positively, which will allow us to set a, =a, = Rer (for simplicity, we denote
this as a). Thus, we choose upward positive for m1, downward positive for mz and (somewhat
unconventionally) clockwise for positive sense of disk rotation. Applying Newton’s second
law to mym; and (in the form of Eq. 10-45) to M, respectively, we arrive at the following
three equations.

m

Tl_m19 =ma,
ng_Tz =ma,
TZR—TlR =la

() The rotational inertia of the disk is | =1 MR? (Table 10-2(c)), so we divide the third

equation (above) by R, add them all, and use the earlier equality among accelerations — to
obtain:

1
ng—rrygz(mlererE Mja

which yields a :%g ~1.57 m/s?.
(b) Plugging back in to the first equation, we find
T,=22mg=4.55N

where it is important in this step to have the mass in SI units: m; = 0.40 kg.
(c) Similarly, with m2 = 0.60 kg, we find

T, :%ng =4.94N.

12





