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THE FORCE BETWEEN
NUCLEONS

Even before describing any further experiments to study the force between two
nucleons, we can already guess at a few of the properties of the nucleon-nucleon
force:

1. At short distances it is stronger than the Coulomb force; the nuclear force,

can overcome the Coulomb repulsion of protons in the nucleus.

2. At long distances, of the order of atomic sizes, the nuclear force is negligibly
feeble; the interactions among nuclei in a molecule can be understood based
only on the Coulomb force.

3. Some particles are immune from the nuclear force; there is no evidence from
atomic structure, for example, that electrons feel the nuclear force at all.

As we begin to do experiments specifically to explore the properties of the
nuclear force, we find several other remarkable properties:

4. The nucleon-nucleon force seems to be nearly independent of whether the.

nucleons are neutrons or protons. This property is called charge indepen-
dence.

5. The nucleon—nucleon force depends on whether the spins of the nucleons are
parallel or antiparallel.

6. The nucleon-nucleon force includes a repulsive term, which keeps the
nucleons at a certain average separation,

7. The nucleon—nucleon force has a noncentral or tensor component. This part
of the force does not conserve orbital angular momentum, which is a
constant of the motion under central forces.

In this chapter we explore these properties in detail, discuss how they are
measured, and propose some possible forms for the basic nucleon-nucleon
interaction.

4.1 THE DEUTERON

A deuteron (*H nucleus) consists of a neutron and a proton. (A neutral atom of
H is called deuterium.) It is the simplest bound state of nucleons and therefore
gives us an ideal system for studying the nucleon—nucleon interaction. For
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nuclear physicists, the deuteron should be what the hydrogen atom is for atomic
physicists. Just as the measured Balmer series of electromagnetic transitions
between the excited states of hydrogen led to an understanding of the structure of
hydrogen, so should the electromagnetic transitions between the excited states of
the deuteron lead to an understanding of its structure. Unfortunately, there are
no excited states of the deuteron—it is such a weakly bound system that the only
“excited states” are unbound systems consisting of a free proton and neutron.

Binding Energy

The binding energy of the deuteron is a very precisely measured quantity, which
can be determined in three different ways. By spectroscopy, we can directly
determine the mass of the deuteron, and we can use Equation 3.25 to find the
binding energy. Using the mass doublet method described in Section 3.2, the
following determinations have been made (we use the symbol D for 2H):

m(CH,,) — m(CgDy) = (9.289710 + 0.000024) X 1073 u
and
m(CsDy,) — m(C4Dg) = (84.610626 + 0.000090) X 1073 u.
From the first difference we find, using 1.007825037 u for the 'H mass,
m(*H) = 2.014101789 + 0.000000021 u
and from the second,
m(*H) = 2.014101771 £ 0.000000015 u

These precise values are in very good agreement, and using the measured 'H and
neutron masses we can find the binding energy

B = [m(*H) + m(n) — m(*H)| c® = 2.22463 + 0.00004 MeV

We can also determine this binding energy directly by bringing a proton and a

" neutron together to form *H and measuring the energy of the y-ray photon that

is emitted:
- H+n-2H+y
The deduced binding energy, which is equal to the observed energy of the photon

" less a small recoil correction, is 2.224589 + 0.000002 MeV, in excellent agree-

ment with the mass spectroscopic value. A third method uses the reverse reaction,
called photodissociation,

y+?H->'H+n

-in which a y-ray photon breaks apart a deuteron. The minimum y-ray energy that
accomplishes this process is equal to the binding energy (again, corrected for the
recoil of the final products). The observed value is 2.224 + 0.002 MeV, in good
agreement with the mass spectroscopic value.

As we discussed in Section 3.3, the average binding energy per nucleon is about
‘8 MeV. The deuteron is therefore very weakly bound compared with typical
nuclei. Let’s see how we can analyze this result to study the properties of the
uteron.
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Figurg 4.1 The spherical square-well potential is an approximation to the nuclear
potential. The depth is — V,,, where V, is deduced to be about 35 MeV. The bound
staltle of the deuteron, at an energy of about —2 MeV, is very close to the top of the
well.

To simplify the analysis of the deuteron, we will assume that we can represent
th.e nucleon—nucleon potential as a three-dimensional square well, as shown in
Figure 4.1:

v(r)= -V, forr<R
=0 forr > R (4.1)

This‘ is 'of course an oversimplification, but it is sufficient for at least some
qualitative conclusions. Here r represents the separation between the proton and
the neutron, so R is in effect a measure of the diameter of the deuteron. Let’s
assume that the lowest energy state of the deuteron, just like the lowest energy
state of the hydro_gen atom, has Z= 0. (We justify this assumption later in this
section when we discuss the spin of the deuteron.) If we define the radial part of
Y(r) as u(r)/r, then we can rewrite Equation 2.60 as ’

h? d’u

e + V(r)u(r) = Eu(r) (4.2)
This ‘expression looks exactly like the one-dimensional Equation 2.4, and the
solutions can be written in analogy with Equations 2.47. For r < R,

u(r) = Asin k;r + Beos kyr (4.3)
with k, = \2m(E + ¥,)/A?, and for r > R,
u(r) = Ce %"+ De*hr (4.4)

with k, = { —2mE/h*>. (Remember, E < 0 for bound states.) To keep the wave
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Figure 4.2 The deuteron wave function for R = 2.1 fm. Note how the exponential
joins smoothly to the sine at r = R, so that both u(r) and du/dr are continuous. If
the wave function did not “turn over” inside r = R, it would not be possible to
connect smoothly to a decaying exponential (negative slope) and there would be
no bound state.

function finite for » — oo we must have D = 0, and to keep it finite for r — 0 we
must have B = 0. (¢ depends on u(r)/r; as r = 0, u(r) also must go to zero.)
Applying the continuity conditions on u and du/dr at r = R, we obtain

kl cot klR = _k2 (45)

This transcendental equation gives a relationship between ¥, and R. From
electron scattering experiments, the rms charge radius of the deuteron is known
to be about 2.1 fm, which provides a reasonable first estimate for R. Solving
Equation 4.5 numerically (see Problem 6 at the end of this chapter) the result is
V, = 35 MeV. This is actually quite a reasonable estimate of the strength of the
nucleon—nucleon potential, even in more complex nuclei. (Note, however, that
the proton and neutron are very likely to be found at separations greater than R;
see Problem 4.)
We can see from Figure 4.1 how close the deuteron is to the top of the well. If
the nucleon—nucleon force were just a bit weaker, the deuteron bound state
. would not exist (see Problem 3). We are fortunate that it does, however, because
the formation of deuterium from hydrogen is the first step not only in the
proton-proton cycle of fusion by which our sun makes its energy, but also in the
formation of stable matter from the primordial hydrogen that filled the early
universe. If no stable two-nucleon bound state existed, we would not be here to
_discuss it! (For more on the cosmological consequences of the formation of
deuterium in the early universe, see Chapter 19.)
. The deuteron wave function is shown in Figure 4.2. The weak binding means
that () is just barely able to “turn over” in the well so as to connect at r = R
* with the negative slope of the decaying exponential.

b

Spin and Parity

"Ihe.total angular momentum I of the deuteron should have three components:
.th)e individual spins s, and s, of the neutron and proton (each equal to ), and
the orbital angular momentum ¢ of the nucleons as they move about their
ommon center of mass:

I=sn+sp+[ (4'6)
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4.2 NUCLEON -NUCLEON SCATTERING

Although the study of the deuteron gives us a number of clues about the
nucleon—nucleon interaction, the total amount of information available is limited.
Because there are no excited states, we can only study the dynamics of the
nucleon—nucleon interaction in the configuration of the deuteron: ¢= 0, parallel
spins, 2-fm separation. (Excited states, if they were present, might have different £
values or spin orientations.) To study the nucleon-nucleon interaction in differ-
ent configurations, we can perform nucleon-nucleon scattering experiments, in
which an incident beam of nucleons is scattered from a target of nucleons. If the
target is a nucleus with many nucleons, then there will be several target nucleons
within the range of the nuclear potential of the incident nucleon; in this case the
observed scattering of a single nucleon will include the complicated effects of

multiple encounters, making it very difficult to extract the properties of the -

interaction between individual nucleons, We therefore select a target of hydrogen
so that incident particles can scatter from the individual protons. (It is still
possible to have multiple scattering, but in this case it must occur through
scattering first from one proton, then from another that is quite far from the first
on the scale of nuclear dimensions. If the probability for a single encounter is
small, the probability for multiple encounters will be negligible. This is very
different from the case of scattering from a heavier nucleus, in which each single
encounter with a target nucleus consists of many nucleon-nucleon interactions.)

Before we discuss the nuclear scattering problem, let’s look at an analogous
problem in optics, the diffraction of waves at a small slit or obstacle, as shown in
Figure 4.3. The diffraction pattern produced by an obstacle is very similar to that
produced by a slit of the same size. Nuclear scattering more resembles diffraction
by the obstacle, so we will concentrate our discussion on it. There are three

features of the optical diffraction that are analogous to the scattering of nucleons:

1. The incident wave is represented by a plane wave, while far from the obstacle
the scattered wave fronts are spherical. The total energy content of any
expanding spherical wave front cannot vary; thus its intensity (per unit area)
must decrease like 72 and its amplitude must decrease like r i,

2. Along the surface of any spherical scattered wave front, the diffraction is
responsible for a variation in intensity of the radiation. The intensity thus
depends on angular coordinates § and o.

3. A radiation detector placed at any point far from the obstacle would record
both incident and scattered waves,

To solve the nucleon—nucleon scattering problem using quantum mechanics,
we will again assume that we can represent the interaction by a square-well
potential, as we did in the previous section for the deuteron. In fact, the only
difference between this calculation and that of the deuteron is that we are
concerned with free incident particles with E > 0. We will again simplify the
Schrédinger equation by assuming ¢= 0. The justification for this assumption
has nothing to do with that of the identical assumption made in the calculation
for the deuteron. Consider an incident nucleon striking a target nucleon just at its
surface; that is, the impact parameter (the perpendicular distance from the center
of the target nucleon to the line of flight of the incident nucleon) is of the order
of R =1 fm. If the incident particle has velocity v, its angular momentum

¥
Y
i
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Incident Outgoi ng
plane waves circular (spherical) waves

Figure 4.3 Representation of scattering by (top) a small ppenmg and (boctitc;rrrrx\)aﬁ
small obstacle. The shading of the wavefronts shqws regions of Igrge; an Sme
intensity. On the right are shown photographs of diffraction by a cnrc; ar %r; ang
and an opadque circular disk. Source of photog'raphs:.M. Cagnet, M. 6rzanc ,

J. C. Thrierr, Atlas of Optical Phenomena (Berlin: Springer-Verlag, 1962).

relative to the target is mwR. The relative angular momentum betvyelen 'thei
nucleons must be quantized in units of %; that is, mvR = £h in semic assicl:a
notation. If mvR <« A, then only £=0 interac‘upns are likely to occur. Thus
v <« h/mR and the corresponding kinetic energy is estimated as

A2 h%? (200 MeV - fm)®

= > = 20 MeV
2mR*  2mc’R*  2(1000 MeV)(1 fm)
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If the incident energy is far below 20 MeV, the £= 0 assumption is justified. We
will consider only low-energy scattering, for which the #= 0 assumption is valid.

The nucleon-nucleon scattering problem will be solved in the center-of-mass
coordinate system (see Appendix B). The mass appearing in the Schrédinger
equation is the reduced mass, which in this case is about half the nucleon mass.

The solution to the square-well problem for » < R is given by Equation 4.3; as
before, B = 0 in order that u(r)/r remain finite for » — 0. For r > R, the wave
function is

u(r) = C’sin k,r + D’ cos k,r (4.12)
with k, = y2mE/h*. It is convenient to rewrite Equation 4.12 as
u(r) = Csin(k,r + 8) (4.13)
where
C'=Ccosd and D’'=Csind (4.14)
The boundary conditions on u and du/dr at r = R give
Csin(k,R + 8) = Asin k,R (4.15)
and
k,Ccos(k,R + 8) = k,Acos kR (4.16)
Dividing,
kycot(k,R + 8) = ky cot ky R (4.17)

Again, we have a transcendental equation to solve; given E (which we control
through the energy of the incident particle), V;, and R, we can in principle solve
for 6.

Before we discuss the methods for extracting the parameter 8 from Equation
4.17, we examine how & enters the solution to the Schrodinger equation. As
Vo = 0 (in which case no scattering occurs), k; — k, and § — 0. This is just the
free particle solution. The effect of ¥, on the wave function is indicated in Figure
4.4. The wave function at » > R has the same form as the free particle, but it has
experienced a phase shift 8. The nodes (zeros) of the wave function are “pulled”
toward the origin by the attractive potential. (A repulsive potential would “push”
the nodes away from the origin and would give a negative phase shift.) We can
analyze the incident waves into components according to their angular momen-
tum relative to the target: /= 0 (which we have been considering so far), £= 1,
and so on. Associated with each ¢ there will be a different solution to the
Schrodinger equation and a different phase shift 8,.

Let us see how our square-well problem relates to more general scattering
theory. The incident wave is (as in the optical analogy) a plane wave traveling in
the z direction:

Vincidens = A€ (4.18
incident

Let the target be located at the origin. Multiplying by the time-dependent factor
gives

1r”(Z, t) = Agilkz—wi) (4.19)

which always moves in the +z direction (toward the target for z < 0 and away
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Figure 4.4 The effect of a scattering potential is to shift the phase of the scattered

wave at points beyond the scattering regions, where the wave function is that of a free
particle.
' : 3 ikr
from it for z > 0). It is mathematically easier to work with §pher10a1 waves e’ /r
and e~ %" /r, and multiplying with e~ shows that e'*" gives an outgoing wave
’ .

and e *" gives an incoming wave. (A more rigorous treatment of scattenig
theory, including terms with £> 0, is given in Chapter 11.) For £= 0 we can take

Vo = —{{e—k— - e_ikr] (4.20)

incident — 2ik v r

The minus sign between the two terms keqps Y finite fqr r —>‘0, ancll usn:gog:e
coefficient A for both terms sets the amphtudes‘ of the incoming an 01(11 gtrog
waves to be equal. We assume that the scattering does not create c;lr e’,_ir v
particles, and thus the scattering cannot change the ampl%tydes of the e ot
e~k terms (since the squared amplitudes give the probab111t1e§ to ‘detec;l 1nczniln
ing or outgoing particles). All that can result from the scattering is a chang

phase of the outgoing wave:

iCkr+8) —ikr
41 £ ] (421)

where 8 is the change in phase.
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Manipulation of Equation 4.13 gives the relationship between 8 and 8y:

¥(r)

C
7sin(kr +8,)

C eilhr+8o) _ o—ilkr+8g)

r 2i
C  [eitkr+25y) o—ikr
=5 e"a"[ - (4.22)
i r r

Thus B = 28, and A4 = kCe~ %,
To evaluate the probability for scattering, we need the amplitude of the
scattered wave. The wave function Y represents all waves in the region r > R,

and to find the amplitude of only the scattered wave we must subtract away the
incident amplitude:

ll’scattex‘ed = ¢ - ¢incident
A eikr
- ( e2i80 . 1)
2ik ¥
The current of scattered particles per unit area can be found using Equation 2.12
extended to three dimensions:

(4.23)

Y/ ay Iy
J = — | yF— — 24
-]scattered 2mi (‘IJ dr dr "I/) (4 2 )
hl4)?
= ml krlz sin? §,, (4.25)
and the incident current is, in analogy with Equation 2.22
hk|A|?
Jincident = m (426)

The scattered current is uniformly distributed over a sphere of radius r. An
element of area 24 on that sphere subtends a solid angle d§ = sin 6 46 d¢ at
the scattering center; see Figure 4.5. The differential cross section do/dQ is the
probability per unit solid angle that an incident particle is scattered into the solid
angle dQ; the probability do that an incident particle is scattered into d€ is the
ratio of the scattered current through dQ to the incident current:

- (jscattered )(rZ dﬂ)
j incident

Using Equations 4.25 and 4.26 for the scattered and incident currents, we obtain

do

(4.27)

do  sin*§,

wn - e (4.28)

The total cross section o is the total probability to be scattered in any direction:
do

Al dQ (4.29)

e gien
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Figure 4.5 The basic geometry of scattering.

In general, do/dQ varies with direction over the surface of the sphere_; in the
special case of £= 0 scattering, do/d{} is constant and comes out of the integral:
do

o=4r—

dQ

2
_ 4 sin” §, (4.30)

k2
Thus the /= 0 phase shift is directly related to the probability for scattering to
occur. That is, we can evaluate 8, from our simple square-well model, Equauon
417, find the total cross section from Equation 4.30, and compare with the

experimental cross section. ' o
We now return to the analysis of Equation 4.17. Let us assume the incident

energy is small, say E < 10 keV. Then k, = \/;’l(VO + E)/h* = 092 fm™~!, with
Vo =135 MeV from our analysis of the deuteron bound state, and k,

= V2mE/h* < 0.016 fm~L, If we let the right side of Equation 4.17 equal —a,
— —k,cot k,R (4.31)

then a bit of trigonometric manipulation gives
cos k,R + (a/k,)sin k,R
1+ a?/k?2

2

sin? §, = (4.32)

and so

o
o= —W2 cosk,R + k—sin k,R (4.33)
2

k2 + a

Using R = 2 fm from the study of the H bound state gives @ = 0.2 fm %, Thus
k3 < a? and k,R < 1, giving

4
0= —(1+aR) =46b (4.34)
(44
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Figure 4.6 The neutron-proton scatteri i

! : ering cross section at low energy. Data
taken from a review by R. K. Adair, Rev. Mod. Phys. 22, 249 (1950), with ag)z;itional
recent results from T. L. Houk, Phys. Rev. C 3, 1886 (1970).

where 1 barn (b) = 1028 m?, This result suggests that the cross section should be
constant at low energy and should have a value close to 4-5 b.

Figure 4.6 shows the experimental cross sections for scattering of neutrons b
protons. The cross section is indeed constant at low energy, and it decreases Wiﬂ}l/
E at 1arg§ energy as Equation 4.33 predicts, but the low-energy cross section, 20.4
b, is not in agreement with our calculated value of 4-5 b. T
' Eor the solution to this discrepancy, we must study the relative spins of the
mmdcfnt and‘scattered nucleons. The proton and neutron spins (each
combine to give a total spin § = §p + s, that can have magnitude either 0 or 1
The S =1 combination has three orientations (corresponding to z componenté
+1,0, —1) and the S = 0 combination has only a single orientation. For that
reason, the S = 1 combination is called a ripler state and the S = 0 co.mbination
is cal‘led a si‘nglet state. Of the four possible relative spin orientations, three are
associated with the triplet state and one with the singlet state. As th’e incident
nucleon approaghps the target, the probability of being in a triplet state is 3 /4
and' thg prgbablllty of being in a singlet state is 1/4. If the scattering cro
section is different for the singlet and triplet states, then 8 oo

3) can

o= %": + %os (4.35)

where o, and.oS are the cross. sections for scattering in the triplet and singlet

states, respect1v§1y. In estimating the cross section in Equation 4.34, we used

i)ai(rameterj1 zblt)alnf;d from the deuteron, which is in a S = 1 state. We therefore

ake o, = 4.6 b and using the measured value of ¢ = 20.4 .

cross section, we deduce ' b for the low-energy
o,=678b

;l;h1t§ calcyla:ﬁon 'indlicates that there is an enormous difference between the cross
ctions 1n the singlet and triplet states—that is, the ]

P , nuclear force must be spin
hE\f/en frpm our investigation of the deuteron, we should have concluded that
the force 1s spin dependent. If the neutron—proton force did not depend on the
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relative direction of the spins, then we would expect to find deuteron bound
states with S = 0 and S = 1 at essentially the same energy. Because we find no
S = 0 bound state, we conclude that the force must be spin dependent.

We can verify our conclusions about the singlet and triplet cross sections in a
variety of ways. One method is to scatter very low energy neutrons from
hydrogen molecules. Molecular hydrogen has two forms, known as orthohydro-
gen and parahydrogen. In orthohydrogen the two proton spins are parallel, while
in parahydrogen they are antiparallel. The difference between the neutron scatter-
ing cross sections of ortho- and parahydrogen is evidence of the spin-dependent
part of the nucleon-nucleon force.

Our discussion of the cross section for neutron—proton scattering is inadequate
for analysis of scattering of neutrons from H, molecules. Very low energy
neutrons (E < 0.01 eV) have a de Broglie wavelength larger than 0.05 nm, thus
greater than the separation of the two protons in H,. The uncertainty principle
requires that the size of the wave packet that describes a particle be no smaller
than its de Broglie wavelength. Thus the wave packet of the incident neutron
overlaps simultaneously with both protons in H,, even though the range of the
nuclear force of the individual neutron—proton interactions remains of the order
of 1 fm. The scattered neutron waves ¥; and y, from the two protons will
therefore combine coherently; that is, they will interfere, and the cross section
depends on [, + ¥,|% not |§;]? + |¥,|* We cannot therefore simply add the
cross sections from the two individual scatterings. (At higher energy, where the
de Broglie wavelength would be small compared with the separation of
the protons, the scattered waves would not interfere and we could indeed add the
cross sections directly. The reason for choosing to work at very low energy is
partly to observe the interference effect and partly to prevent the neutron from
transferring enough energy to the H, molecule to start it rotating, which would
complicate the analysis. The minimum rotational energy is about 0.015 eV, and
so neutrons with energies in the range of 0.01 eV do not excite rotational states of

the molecule.)

To analyze the interference effect in problems of this sort, we introduce the
scattering length a, defined such that the low-energy cross section is equal to
4ma’:

lim o = 47a® (4.36)
k=0
- Comparison with Equation 4.30 shows that
sin §
a= + lim (4.37)
k=0

The choice of sign is arbitrary, but it is conventional to choose the minus sign.
Even though the scattering length has the dimension of length, it is a parameter

that represents the strength of the scattering, not its range. To see this, we note

from Equation 4.37 that 8§, must approach 0 at low energy in order that ¢ remain

finite. Equation 4.23 for the scattered wave function can be written for small §,

as

] ikr eikr

‘Pscattered =4 —k— — = —da

Thus a gives in effect the amplitude of the scattered wave. .

(4.38)
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Figure 4.7 (a) Wave function for triplet np scattering for a laboratory neutron
energy of ~ 200 keV and a well radius of 2.1 fm. Note the positive scattering

length. (b) Wave function exhibiting a negati i i
gative scattering length. Th
be the case for singlet np scattering. 9 e s happens to

The sign of the. scattering length also carries physical information. Figure 4.7
shows representations of the triplet and singlet scattered wave functions u(r). At

low energy we can write a = —§,/k and the scattered wave function, Equation
4.13, becomes : ' ’

u(r) = Csink,(r — a) (4.39)

T!lel value of a i§ given by the point at which u(r) passes through zero. The
t;lp et wave function for r < R looks just like the bound state wave function for
t e‘deuteron: u(r)‘ ‘turns over” for r < R to form the bound state. The value of
ff' is theref’ore positive. Because there is no singlet bound state, u(r) does not
v\‘;ﬁrn over” for r < R, so it reaches the boundary at » = R with positive slope.

tent.wle macllce the smooth connection at » = R to the wave function beyond the
potential and extrapolate to u(r) =0, we find that a,, the si i

| H b e S

length, is negative, ) inglet seattering
meur :l:stt}llmate‘ o, = 4.6 b from the properties of the deuteron leads to a, = +6.1

, and the estimate of o, = 67.8 b needed to reproduce the ob :

: ; . served

section gives a, = —23.2 fm. P ot eross

The theory of neutron scattering from orthd— and parahydrogen gives
Cpara = 573, + a,)’ (4.40)

Oortho — Opara + 129(at - as)2 (441)

where‘the numerical coefficients depend on the speed of the incident neutron.
F;lquaalons 4.40” and 4.41 are written for neutrons of about 770 m/s, slower even
than “thermal” neutrons (2200 m/s). The measured cross sections, corrected for

1
d
e
¢

T
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absorption, for neutrons of this speed are o,,, = 3.2 £ 0.2 b and oy, = 108 £
1 b. If the nuclear force were independent of spin, we would have o, = o and
a, = ag thus o,,, and o,,,, would be the same. The great difference between the
measured values shows that a, # a, and it also suggests that a, and ¢, must
have different signs, so that —3a, = a; in order to make o,,, small. Solving
Equations 4.40 and 4.41 for a, and a, gives

a.= —23.55+ 012 fm

S

a,= +5.35 + 0.06 fm

consistent with the values deduced previously from o, and o, A description of
these experiments can be found in G. L. Squires and A. T. Stewart, Proc. Roy.
Soc. (London) A230, 19 (1955).

There are several other experiments that are sensitive to the singlet and triplet
scattering lengths; these include neutron diffraction by crystals that contain
hydrogen (such as hydrides) as well as the total reflection of neutron beams at
small angles from hydrogen-rich materials (such as hydrocarbons). These tech-
niques give results in good agreement with the above values for a, and a,.

The theory we have outlined is valid only for /= 0 scattering of low-energy
incident particles. The £=0 restriction required particles of incident energies
below 20 MeV, while our other low-energy approximations required eV or keV
energies. As we increase the energy of the incident particle, we will violate
Equation 4.36 long before we reach energies of 20 MeV. We therefore still have
/= 0 scattering, but at these energies (of order 1 MeV) equations such as 4.38 are

not valid. This case is generally treated in the effective range approximation, in
which we take

1 1
kcotd, = —‘; + Erokz + . (4-42)

and where terms in higher powers of k are neglected. The quantity a is the
zero-energy scattering length we already defined (and, in fact, this reduces to
Equation 4.37 in the k = 0 limit), and the quantity ry is a new parameter, the
effective range. One of the advantages of this representation is that a and r,
characterize the nuclear potential independent of its shape; that is, we could
repeat all of the calculations done in this section with a potential other than the
square well, and we would deduce identical vatues of a and r, from analyzing the
experimental cross sections. Of course there is an accompanying disadvantage in
that we can learn little about the shape of the nuclear potential from an analysis
in which calculations with different potentials give identical results!

Like the scattering lengths, the effective range is different for singlet and triplet
states. From a variety of scattering experiments we can deduce the best set of
¢= 0 parameters for the neutron—proton interaction:

a,=-23715 £ 0015 fm @, =5423 £ 0.005 fm
r,= 273 £003fm 1o =1748 £ 0.006 fm

S

As a final comment regarding the singlet and triplet neutron—proton interac-
tions, we can try to estimate the energy of the singlet n-p state relative to the
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bound triplet state at —2.22 MeV. Using Equations 4.34, 4.31, and 4.5 we would

dedu(fe that the energy of the singlet state is about +77 keV. Thus the singlet
state is only slightly unbound.

4.3 PROTON_PROTON AND N }
INTERACTIONS EUTRON - NEUTRON

There is one very important difference between the scattering of identical
n}lcleons (proton—proton and neutron-neutron scattering) and the scattering of
different nucleons (neutron-proton scattering). This difference comes about
because the identical projectile and target nucleons must be described by a
?omrgon wave function, as discussed in Section 2.7. Because nucleons have spin
5, their wave functions must be antisymmetric with respect to interchange of the
nucleqns. If we again consider only low-energy scattering, so that /= 0, inter-
chal_lgmg the spatial coordinates of the two particles gives no change in sign.
(Th1§ situation is somewhat analogous to the parity operation described in
Sect%on 2.6.) Thus the wave function is symmetric with respect to interchange of
spatial coordinates and must therefore be antisymmetric with respect to inter-
change of spin coordinates in order that the total (spatial times spin) wave
function be antisymmetric. The antisymmetric spin wave function is of the form
of .Equffttion 2.76 and must correspond to a total combined spin of 0; that is, the
spin orientations must be different. Only singlet spin states can thus contribute to
the scattering. (At higher energies, the antisymmetric £= 1 spatial states can
occur, accompanied by only the symmetric triplet spin states.)

The derivation of the differential cross section relies on another feature of
quantum physics. Consider Figure 4.8, which represents the scattering of two
identical particles in the center of mass reference frame. Since the particles are

!

~__“

-0

Figqre 4.8 Scattering of identical particles in the center-of-mass system. One
parthle emerges at the angle 6 and the other at # — 8; because the particles are
identical, there is no way to tell which particle emerges at which angle, and
therefore we cannot distinguish the two cases shown. ’
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identical, there is no experimental way to distinguish the two situations in the
figure. The scattered wave function must therefore include contributions for
scattering at 6 and at = — 6. When we square the scattered wave function to
calculate the cross section, there will be a term proportional to the interference
between the parts of the wave function that give scattering at  and at 7 — 6.
This interference is a purely quantum effect that has no classical analog.

Let’s first consider scattering between two protons; the wave function must
describe both Coulomb and nuclear scattering, and there will be an additional
Coulomb-nuclear interference term in the cross section. (The scattered wave
function must include one term resulting from Coulomb scattering and another
resulting from nuclear scattering; the Coulomb term must vanish in the limit
e — 0, and the nuclear term must vanish as the nuclear potential vanishes, in
which case 8, — 0. When we square the wave function to find the cross section,
we get a term that includes both the Coulomb and nuclear scattering.) The
derivation of the cross section is beyond the level of this text; for discussions of
its derivation and of early work on proton-proton scattering, see J. D. Jackson
and J. M. Blatt, Rev. Mod. Phys. 22, 77 (1950). The differential cross section is

do e \2 1 1 1 cos| In tan®(8,/2)]
a9\ 47, 4T2{sin4(0/2) T cost(6/2)  sin?(0,/2)cos?(6/2)

2 5 cos[ 8, + 1 1n sin?(6/2)]  cos[8 + 7 1ncos2(6/2)]
— o (sindo) sin?(8,2) * c0s2(8,2)
4 . 2 .
+ ;Fsm 80} (4.43)

Here T is the laboratory kinetic energy of the incident proton (assuming the
target proton to be at rest), 4 is the scattering angle in the center-of-mass system,
8, the £= 0 phase shift for pure nuclear scattering, and n = (e*/4me hc)B -l=
a/B, where a is the fine-structure constant (with a value of nearly ) and
B = v/c is the (dimensionless) relative velocity of the protons. The six terms in
brackets in Equation 4.43 can be readily identified: (1) The sin™*(8/2) is
characteristic of Coulomb scattering, also known as Rutherford scattering. We
discuss this further in Chapter 11. (2) Since the two protons are identical, we
cannot tell the case in which the incident proton comes out at # and the target
proton at 7 — 6§ (in the center-of-mass system) from the case in which the
incident proton comes out at 7 — 0 and the target proton at 6. Thus the
scattering cross section must include a characteristic Coulomb (Rutherford) term
sin~4(7 — 0)/2 = cos~4(6/2). (3) This term describes the interference between
Coulomb scattering at § and at = — 0. (4 and 5) These two terms result from the
interference between Coulomb and nuclear scattering. (6) The last term is the
pure nuclear scattering term. In the limit e — O (pure nuclear scattering), only
this term survives and Equation 4.43 reduces to Equation 4.28, as it should.
Although it may be complicated in practice, the procedure for studying the
proton—proton interaction is simple in concept: since §, is the only unknown in
Equation 4.43, we can measure the differential scattering cross section as a
function of angle (for a specific incident kinetic energy) and extract &, from the
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Flgure 4.9 The cross section for low-energy proton-proton scattering at an
incident proton energy of 3.037 MeV. Fitting the data points to Equation 4.43 gives
the s-wave phase shift §, = 50.966°. The cross section for pure nuclear scattering

would be 0.165 b; the observation of values of the cross section smaller than the -

pure nuclear value is evidence of the interference between the Coulomb and

nuclear parts of the wave function. Data from D. J. Knecht et al., P
1031 (1966). .» Phys. Rev. 148,

best fit of the results to Equation 4.43. Figure 4.9 shows an example of such data
from yvhich it is deduced that 8, = 50.966° at T = 3.037 MeV. From many such,
lepoerlments we can observe the dependence of &, on energy, as shown in Figure

The next step in the interpretation of these data is to represent the scattering in
terms of energy-independent quantities such as the scattering length and effective
range, as we did in Equation 4.42. Unfortunately, this cannot easily be done
because the Coulomb interaction has infinite range and even in the k — 0 limit
we cannot neglect the higher-order terms of Equation 4.42. With certain modifi-
cations, however, it is possible to obtain an expression incorporating the effects

of Coulomb and nuclear scattering in a form similar to Equation 4.42 and thus to -
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Figure 4.10 The s-wave phase shift for pp scattering as deduced from the
experimental results of several workers.

obtain values for the proton—proton scattering length and effective range:

a= —7.82 4 0.01 fm
rp= 279+ 0.02 fm

The effective range is entirely consistent with the singlet np values deduced in the
previous section. The scattering length, which measures the strength of the
interaction, includes Coulomb as well as nuclear effects and thus cannot be
compared directly with the corresponding np value. (It is, however, important to
note that a is negative, suggesting that there is no pp bound state; that is, the
nucleus 2He does not exist.) The comparison of the pp and np scattering lengths
will be discussed further in the next section.

The study of neutron-neutron scattering should be free of the effects of the
Coulomb interaction that made the analysis of proton—proton scattering so
complicated. Here the difficulty is an experimental one—although beams of
neutrons are readily available, targets of free neutrons are not. Measurement of
neutron—neutron scattering parameters therefore requires that we use a nuclear
reaction to create two neutrons in relative motion within the range of each other’s
nuclear force. As the two neutrons separate, we have in effect a scattering
experiment. Unfortunately, such reactions must also create a third particle, which
will have interactions with both of the neutrons (individually and collectively),
but the necessary corrections can be calculated with sufficient precision to enable
values to be extracted for the neutron—neutron scattering length and effective
range. The experiments that have been reported include the breakup of a
deuteron following capture of a negative meson (7~ +2H — 2n + v) and
following neutron scattering (n +2H - 2n + p). It is also possible to deduce the
nn parameters from comparison of mirror reactions such as *He +2H — *H + 2p
and H +2H — *He + 2n, using known pp parameters as an aid in calculating
the final-state effects of the three particles. The analysis of these (and other)
experiments gives the neutron-neutron parameters

a=—16.6+0.5fm
rp=2.66 % 0.15 fm

As with the proton-proton interaction, the negative scattering length shows
that the two neutrons do not form a stable bound state. (It is tempting, but
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incorrect, to explain the nonexistence of the di-proton as arising from Coulomb
repulsion. No such temptation exists for the di-neutron, the nonexistence of
which must arise from the spin dependence of the nuclear interaction. Reviewing
the evidence, we first learned that the deuteron ground state is a spin triplet and
that no bound spin singlet state exists. We then argued that, because identical
fermions must have total antisymmetric wave functions and because the lowest
state is expected to be a spatially symmetric £= 0 state, the di-proton and

di-neutron systems must have antisymmetric, or singlet, spin states which are
unbound.)

4.4 PROPERTIES OF THE NUCLEAR FORCE

Based on the low-energy properties described in the previous sections, we can
learn many details about the nuclear force, When we include results from higher
energy experiments, still more details emerge. In this section we summarize the
main features of the internucleon force and in the next section we discuss a
particular representation for the force that reproduces many of these details.

The Interaction between Two Nucleons Consists to Lowest Order
of an Attractive Central Potential

In this chapter we have used for this potential a square-well form, which
simplifies the calculations and reproduces the observed data fairly well. Other
more realistic forms could just as well have been chosen, but the essential
conclusions would not change (in fact, the effective range approximation is
virtually independent of the shape assumed for the potential). The common
characteristic of these potentials is that they depend only on the internucleon
distance r. We therefore represent this central term as V,(r). The experimental
program to study V,(r) would be to measure the energy dependence of
nucleon-nucleon parameters such as scattering phase shifts, and then to try to
choose the form for V,(r) that best reproduces those parameters.

The Nucleon - Nucleon Interaction is Strongly Spin Dependent

This observation follows from the failure to observe a singlet bound state of the
deuteron and also from the measured differences between the singlet and triplet
cross sections. What is the form of an additional term that must be added to the
potential to account for this effect? Obviously the term must depend on the spins
of the two nucleons, s, and $,, but not all possible combinations of 5, and s, are
permitted. The nuclear force must satisfy certain symmetries, which restrict the
possible forms that the potential could have, Examples of these symmetries are
parity (r — —r) and time reversal (t = —1). Experiments indicate that, to a high
degree of precision (one part in 107 for parity and one part in 10° for time
reversal), the internucleon potential is invariant with respect to these operations.
Under the parity operator, which involves spatial reflection, angular momentum
vectors are unchanged. This statement may seem somewhat surprising, because
upon inverting a coordinate system we would naturally expect all vectors defined

ey cmor T I

i
g,
8
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in that coordinate system to invert. However, angular momentum is not a t_r)ue_ or
polar vector; it is a pseudo- or axial vector that does not invert when ;;1 . 1’;1
This follows directly from the definition r X p or can })e inferred from a 1lag£gn
of a spinning object. Under the time-reversal operation, all motions (inclu ; g
linear and angular momentum) are reverse_d. Thus terms sugh as s, or 1s? o ri
linear combination As, + Bs, in the potential ‘would violate tlme-gevezrsa 1nv51
ance and cannot be part of the nuclear potential; terms such as s;, sX]f)rfSIh s,
are invariant with respect to time reversal apd are the.refore allowe(_l. ( 1 o tb e:ﬁ
terms are also invariant with respect to parity.) The simplest term 11nvo Vgl% . (iet
nucleon spins is s, ¢ s,. Let’s consider the: value of s; * s, for singlet and trip
states. To do this we evaluate the total spin § = s, + 5,

S2=8+8=(s,+5,) (s +5,)
=st+52+ 2505,
Thus
5108, = 2(8? — 52— 53) (4.44)

To evaluate this expression, we must remember that in quantum rpechanlcs ag
squared angular momenta evaluate as s2 = A%s(s + 1); see Section 2.5 an
Equation 2.69.

(s1°5,) = [S(S + 1) — 5,(51 + 1) — 5,(s5, + 1)] * (4.45)

With nucleon spins s; and s, of 1, the value of s, * s, is, for triplet (S = 1)
states:

(s108) =310+ D) =35 +1) - 3G+ )] = 4n> (4.46)
and for singlet (S = 0) states:
2352
(sos)y =3[00+1) = 3(3 +1) - J(3 + V)]A* = =30 (4.47)

Thus a spin-dependent expression of the form s, ¢ s,V () can be included in the

" potential and will have the effect of giving different calculated cross sections for

singlet and triplet states. The magnitude of ¥, can be 'adjusted to give t_he correct
differences between the singlet and triplet cross sections and the radial depen-
dence can be adjusted to give the proper dependence on energy.

We could also write the potential including ¥, and V, as

V(r) = _(ﬂ _ %)Vl(r) + (slh'z” + %)Vg(r) (4.48)

where V() and V,(r) are potentials that separately give the proper singlet and
triplet behaviors.

The Internucleon Potential Includes a Noncentral Term, Known as
a Tensor Potential

Evidence for the tensor force comes primarily from the observed quadr'upol‘e
moment of the ground state of the deuteron. An s-state (£ = 0) wave f11fnct1qn is
spherically symmetric; the electric quadrupole moment varyshes. Wave unc;uons
with mixed ¢ states must result from noncentral potentials. This tensor force
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must be of the form V(r), instead of V(r). For a single nucleon, the choice of a
certain direction in space is obviously arbitrary; nucleons do not distinguish
north from south or east from west. The only reference direction for a nucleon is
its spin, and thus only terms of the form s * r or s X r, which relate r to the
direction of s, can contribute. To satisfy the requirements of parity invariance,
there must be an even number of factors of r, and so for two nucleons the
potential must depend on terms such as (s r)(sy°F) or (5, X r)- (55 X F).
Using vector identities we can show that the second form can be written in terms
of the first and the additional term $1 * 8,5, which we already included in ¥(r).
Thus without loss of generality we can choose the tensor contribution to the
internucleon potential to be of the form Vr(r)Sy,, where Vi(r) gives the force
the proper radial dependence and magnitude, and

S =3(sy r)(s,or)/r?2 - $1° 8, (4.49)

which gives the force its proper tensor character and also averages to zero over all
angles.

The Nucleon —Nucleon Force Is Charge Symmetric

This means that the proton—proton interaction is identical to the neutron—neu-
tron interaction, after we correct for the Coulomb force in the proton—proton
system. Here “charge” refers to the character of the nucleon (proton or neutron)
and not to electric charge. Evidence in support of this assertion comes from the
equality of the pp and nn scattering lengths and effective ranges. Of course, the
Pp parameters must first be corrected for the Coulomb interaction. When this is
done, the resulting singlet pp parameters are '

a=-171+ 0.2 fm
ro = 2.84 + 0.03 fm

These are in very good agreement with the measured nn parameters (a = —16.6

£ 0.5 fm, 7, = 2.66 + 0.15 fm), which strongly supports the notion of charge
symmetry.

The Nucleon - Nucleon Force Is Nearly Charge Independent

This means that (in analogous spin states) the three nuclear forces nn, pp, and
pn are identical, again correcting for the pp Coulomb force. Charge indepen-
dence is thus a stronger requirement than charge symmetry. Here the evidence is
not so conclusive; in fact, the singlet np scattering length (—23.7 fm) seems to
differ substantially from the pp and nn scattering lengths (~17 fm). However, we
see from Figure 4.11 that large negative scattering lengths are extraordinarily
sensitive to the nuclear wave function near r = R, and a very small change in
can give a large change in the scattering length. Thus the large difference between
the scattering lengths may correspond to a very small difference (of order 1%)
between the potentials, which (as we see in the next section) is easily explained by
the exchange force model.

e
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Figure 4.11 Very small changes in the nucleon-nucleon wave function near

. r= R can lead to substantial differences in the scattering length when the extrapo-

lation is made (compare Figure 4.7b).

The Nucleon - Nucleon Interaction Becomes Repuilsive at
Short Distances

This conclusion follows from qualitative considerations of the r}uclear density: as
we add more nucleons, the nucleus grows in §uch a way.that its central de?suy
remains roughly constant, and thus son}etbmg is keeping the nucleons 1rom
crowding too closely together. More quantitatively, we can study nucleon—nucleon

_scattering at higher energies. Figure 4.12 shows the deduced singlet s-wave phase

shifts for nucleon-nucleon scattering up to 500 MeV. (At thes_e energies, phase
shifts from higher partial waves, p and d for example, also contribute to the cross
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i shifts from neutron-proton scattering at medium en-
::gil:e?T‘:\: :ha-r:gee imﬁzes-wave phase shift from positiye to nggative at apout 300
MeV shows that at these energies the incident nucleon is probing a repulsive core
in the nucleon—nucleon interaction. a, 3S,; @, 'S;; O, 'P,. Data from M. MacGregor
et al., Phys. Rev. 182, 1714 (1969).
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sections. The s-wave phase shifts can be easily extracted from the differential
scattering measurements of do/dQ vs 6 because they do not depend on 4.) At
about 300 MeV, the s-wave phase shift becomes negative, corresponding to a
change from an attractive to a repulsive force. To account for the repulsive core,
we must modify the potentials we use in our calculations. For example, again
choosing a square-well form to simplify the calculation, we might try

V(r) = +00 r < RCOI‘C
= I/O Rcore S r S R
=0 r>R (4.50)

and we can adjust R until we get satisfactory agreement with the observed

s-wave phase shifts. The value R, = 0.5 fm gives agreement with the observed
phase shifts. '

The Nucleon - Nucleon Interaction May Also Depend on the
Relative Velocity or Momentum of the Nucleons

Forces depending on velocity or momentum cannot be represented by a scalar
potential, but we can include these forces in a reasonable manner by introducing
terms linear in p, quadratic in p, and so on, with each term including a
characteristic V(). Under the parity operation, p — — P, and also under time
reversal p — —p. Thus any term simply linear in P 1s unacceptable because it
violates both parity and time-reversal invariance. Terms of the form r* p or
r X p are invariant with respect to parity, but still violate time reversal. A
possible structure for this term that is first order in p and invariant with respect
to both parity and time reversal is V(r)(r X p) + S, where § = s, + s, is the total
spin of the two nucleons. The relative angular momentum of the nucleons is
£=r X p, and therefore this term, known as the spin-orbit term in analogy with
atomic physics, is written ¥, (r)¢+S. Although higher-order terms may be
present, this is the only first-order term in p that satisfies the symmetries of both
parity and time reversal.

The experimental evidence in support of the spin-orbit interaction comes from
the observation that scattered nucleons can have their spins aligned, or polarized,

in certain directions. The polarization of the nucleons in a beam (or in a target) is
defined as

_N(1) - N(J)
CN(1) + N (L)

where N(1) and N(|) refer to the number of nucleons with their spins pointed
up and down, respectively. Values of P range from +1, for a 100% spin-up
polarized beam, to —1, for a 100% spin-down polarized beam. An unpolarized
beam, with P = 0, has equal numbers of nucleons with spins pointing up and
down.

Consider the scattering experiment shown in Figure 4.13a, in which an
unpolarized beam (shown as a mixture of spin-up and spin-down nucleons) is
incident on a spin-up target nucleon. Let’s suppose the nucleon—nucleon interac-
tion causes the incident spin-up nucleons to be scattered to the left at angle 8

(4.51)
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Scattered
nucleons

Figure 4.13 An unpolarized beam (shown as a mix.ture of §pin-up and. spln-dovs:n
nucleons) is scattered from a target that can have either spin up or spin down. .n
part a, the incident nucleons with spin up are scattered to the left at angig 8, while
those with spin down are scattered to the right at — 4. Part b can pe ot.)ta|.n.ed from
part a by viewing from below or by rotating 180° about thg beam dlrecthn, it shows
that the same conclusions follow in scattering from a spin-down polarized target.

and the incident spin-down nucleons to be scattered to the right at angle —#.
Part b of the figure shows the same experiment viewed frorq below or glse rotated
180° about the direction of the incident beam. We can also interpret Figure 4.13b
as the scattering of an unpolarized beam from a spin-down target nuclgon, and
once again the spin-up incident nucleons scatter to the left and the sp1n-‘down
nucleons scatter to the right. The results would be th.e same, even in an
unpolarized target, which would contain a mixture of spin-up {md spin-down
nucleons: when an unpolarized beam is scattered from an unpqlanzed target, the
spin-up scattered nucleons appear preferentially at § and the spin-down scattered
nucleons at —6. . ' '

Although this situation may appear superﬁaally to violate re‘:ﬂectlon symmetry
(parity), you can convince yourself that this is not so by sketching the experiment
and its mirror image. Parity is conserved if at angle. 0 we observe a net
polarization P, while at angle — 8 we observe a net polgnza’qon of —?’.

Let’s now see how the spin-orbit interaction can give rise to ‘.ths type of
scattering with polarization. Figure 4.14 shows .two nuc_:leons with spin up
incident on a spin up target, so that S = 1. (Scattering that includes .only s waves
must be spherically symmetric, and therefore there can b‘e no pola}rlzatlc?ns. The
p-wave (£= 1) scattering of identical nucleons has an ant1syr’nmetnc spatial wave
function and therefore a symmetric spin wave function.) Let s assume that V()
is negative. For incident nucleon 1, £=rXp 'is Qown (1n.to the pgge), and
therefore /- S is negative because £ and § point in opposite directions. The
combination ¥V, (r)£* § is positive and so there is a repulsive force between the
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Figure 4.14 Top view of nucleon-nucleon scattering experiment. All spins point
up (ogt of t_ht_a paper). Incident nucleon 1 has r X p into the paper, and thus ¢- §.is
negative, giving a repulsive force and scattering to the left. Incident nucleon 2 has

Ir;; p out of the paper, resulting in an attractive force and again scattering to the
eft.
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Figure 4.15 As the incident energy in proton - proton scattering increases, the

maximum polarization increases. From R. Wilson, The Nucleon— Nucleon Interac-
tion (New York: Wiley-Interscience, 1963).
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Vitn
spin singlet, L = 1

Va(r)
spin triplet,
L=20
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Vi)
spin singlet, L = 0
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spin triplet, L = 0
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spin triplet, L = 1
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Figure 4.16 Some representative nucleon—nucleon potentials. Those shown
include the attractive singlet and triplet terms that contribute to s-wave scattering,
the repulsive term that gives one type of p-wave (L = 1) scattering, and the
attractive tensor and spin-orbit terms. All potentials have a repulsive core at
r = 0.49 fm. These curves are based on an early set of functional forms proposed
by T. Hamada and |. D. Johnston, Nucl. Phys. 34, 382 (1962); other relatively similar
forms are in current use. '

target and incident nucleon 1, which is pushed to the left. For nucleon 2, ¢ points
up, £+ § is positive, and the interaction is attractive; incident nucleon 2 is pulled
toward the target and also appears on the left side. Spin-up incident nucleons are
therefore preferentially scattered to the left and (by a similar argument) spin-down
nucleons to the right. Thus the spin-orbit force can produce polarized scattered
beams when unpolarized particles are incident on a target.

At low energy, where s-wave scattering dominates, we expect no polarization.
As the incident energy increases, the contribution of p-wave scattering increases
and there should be a corresponding increase in the polarization. Figure 4.15
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shows that this expectation is correct. From the variation of P with 6 and with
energy, we can make deductions about the form of V(7).

The general topic of polarization in nuclear reactions is far more complicated
than we have indicated in this brief discussion. We should also consider the effect
on the measured cross sections of using polarized beams and polarized targets,
which we do in Chapter 11.

From this enormous set of experimental information (total and differential
cross sections, spin dependence, polarizations), it is possible to propose a set of
phenomenological potentials ¥(r) that give reasonable agreement with the ob-
served nucleon-nucleon data. These potentials can then be used in calculations
for more complicated nuclei. As an example, Figure 4.16 illustrates one such set
of potentials. As is usually the case, negative potentials give an attractive force
and positive potentials give a repulsive force. Notice how the potentials incorpo-
rate such features as the range of the interactions, the repulsive core, the strong
attractive s-wave phase shifts, the repulsive p-wave phase shifts, and charge
independence (since no distinctions are made for the characters of the nucleons).

4.5 THE EXCHANGE FORCE MODEL

The phenomenological potentials discussed in the previous section have been
fairly successful in accounting for a variety of measured properties of the
nucleon-nucleon interaction. Of course, the ability of these potentials to give
accurate predictions would be improved if we added more terms to the interac-
tion. For example, we could have included a term that is second-order in the
momentum dependence (proportional to £2), we could write potentials that are
different for each ¢ value, and so on. Each new term in the potential may
improve the calculation, but it may be at the expense of simplicity. It also serves
to make us lose sight of our main objective: to understand the nucleon-nucleon
interaction. Simply because we have included enough potentials to do accurate
calculations does not mean we have improved our understanding of the funda-
mental character of the nucleon-nucleon interaction. We therefore try to pos-
tulate a physical mechanism for the nucleon-nucleon force that will yield
potentials similar to those that have already proven to be successful in calcu-
lations,

A successful mechanism is that of the exchange force. There are two principal
arguments in support of the presence of exchange forces in nuclei. The first
comes from the saturation of nuclear forces. The experimental support for
saturation comes from the relatively constant nuclear density and binding energy
per nucleon as we go to heavier nuclei. A given nucleon seems to attract only a
small number of near neighbors, but it also repels at small distances to keep those
neighbors from getting too close. (We explained this behavior in the previous
section by choosing a central potential that was of finite range and had a
repulsive core.) We encounter exactly the same sort of behavior in molecules.
When we bring two atoms together to form a diatomic molecule, such as one with
covalent bonding, electrons are shared or exchanged between the two atoms, and
a stable molecule forms with the atoms in equilibrium separated by a certain

LS S b At it s P

THE FORCE BETWEEN NUCLEONS 109

X 91 Mev
% 105 Mev
¢ 137 MevV
$ 153 Mev
5 300 Mev
$ 290 MeV
A 580 MeV
4 580 Mev

do/dQ (mb/steradian)

120 150 180
9cm
Figure 4.17 The neutron-proton differential cross section at medium energies.
The strong forward-scattering peak (near 0°) is expected; the equally s?rong
backward peak (near 180°) is evidence for the exchange force. From R. Wilson,
The Nucleon- Nucleon Interaction (New York: Wiley-Interscience, 1963).

distance. If we try to force the atoms closer together, the overlap of th_e filled
electronic shells causes a strong repulsive force. Furthermore, approaching the
molecule with a third atom may result only in very weak forces between the first
two atoms and the third; if all of the valence electrons are occupied in the ﬁ{st.set
of bonds, none are available to form new bonds. Nuclear forces show a similar
saturation character.

~ Another argument in favor of the exchange force model comes from the study
of np scattering at high energies. Figure 4.17 shows the np differential crois
section. There is a strong peak in the cross section at forward z.lngl'es near 0°,
corresponding to a small momentum transfer between the p.rOJectlle an.d the
target. We can estimate the extent of this forward peak by studying the maximum
momentum transfer in the following way: For small deflection angles, sm_H =4
= Ap/p where p is the momentum of the incident particle and Ap is the
transverse momentum added during the collision. If F is the average force that
acts during the collision time A¢, then Ap = FAt. The force F is. —dV/dr, and
thus the average force should be of the order of V,/R, where V is t'he depth of
the nucleon—nucleon square-well potential and R is its range. (Evsan if the actual
potential is not at all constant, such as the central term of Flgl.lr'e 4.1.6, the
average value of dV/dr should be of the order of V,/R.) The collision time At
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should be of the order of R /v, where v is the projectile velocity. Thus

A FAr 1VyR W |2
gL _ 20 _ "2 N _ % (4.52)
P p pRv pv 2T

where T is the projectile kinetic energy. For the energies shown in Figure 4.17,
this gives values of @ in the range of 10° or smaller. We certainly do not expect to
see a peak at 180°! Although it is tempting to regard this “backward” peak in the
center of mass frame as the result of a head-on collision in which the incident
particle has its motion reversed, our estimate above indicates such an explanation
is not likely to be correct.

A more successful explanation can be found in the exchange model if, during
the collision, the neutron and proton exchange places. That is, the forward-mov-
ing neutron becomes a proton and the backward-moving (in the center-of-mass
system) proton becomes a neutron. The incident nucleon then reappears in the
laboratory as a forward-moving nucleon (now a proton), consistent with our
estimate of the small deflection angle in nucleon—nucleon scattering.

In summary, both the saturation of nuclear forces and the strong backward
peak in np scattering are explained by exchange forces. In the former case,
“something” is exchanged between nucleons to produce a sort of saturated bond.
In the second case, “something” is exchanged between nucleons and actually
changes their character.

In the early development of classical physics, objects were said to interact by
means of “action at a distance.” Somehow one object mysteriously transmitted
through space its force on the other object. The great development in nineteenth-
century theoretical physics was the introduction of the concept of fields,
according to which one object establishes throughout space a force field (electro-
magnetic and gravitational fields are examples) and the second object interacts
only with the field, not directly with the first object. Maxwell showed in the case
of electromagnetism how the fields were transmitted through space. The major
development of twentieth-century physics is quantum mechanics, according to
which all exchanges of energy must occur in bundles of a discrete size. The
classical field is smooth and continuous, and to bring classical field theory into
agreement with quantum theory, the field itself must be quantized. That is,
according to quantum field theory, the first object does not set up a classical field
throughout space but instead emits field quanta. The second object can then
absorb those field quanta (and reemit them back to the first object). The two
objects interact directly with the exchanged field quanta and therefore indirectly
with each other. ’

In view of the preceding discussion, it is natural to associate the “something”
that is exchanged in the nucleon—nucleon interaction with quanta of the nuclear
field. For a spin- 3 neutron to turn into a spin- 5 proton, it is clear that the
exchanged particle must have integral spin (0 or 1) and must carry electric
charge. In addition, if we wish to apply the same exchange-force concepts to nn
and pp interactions, there must also be an uncharged variety of exchanged
particle. Based on the observed range of the nuclear force, we can estimate the
mass of the exchanged particle. Let us assume that a nucleon (which we denote
by N, to include both neutrons and protons) emits a particle x. A second nucleon
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absorbs the particle x:
N; > N; +x

x+N,—» N,

How is it possible for a nucleon to emit a particle of mass energy m,c* and 'still
remain a nucleon, without violating conservation of energy? It is not pgsmble,
unless the emission and reabsorption take place within a short enough time At
that we are unaware energy conservation has been violated. Since the limits qf
our ability to measure an energy (and therefore to determine whether energy is
conserved) are restricted by the uncertainty principle, if At < B/(mc?), we will

. . 2
‘be unaware that energy conservation has been violated by an amount AE = m.c”.

The maximum range of the force is determined by the maximum distance that
the particle x can travel in the time Atz. If it moves at speeds of the order of c,
then the range R can be at most

he 200 MeV - fm
R=cAt=— = (4.53)

2
mc m,c

where we have used a convenient approximation for hc. Equation 4.53 gives a
useful relationship between the mass energy of the exchanged partiqles and the
range of the force. For nuclear forces with a range of about 1 fm, it is clear that
we must have an exchanged particle with a mass energy of the order of 200 MeV.

Such particles that exist only for fleeting instants and allow us to violate
conservation of energy (and momentum— the emitting and absorbing nucleons
do not recoil) are known as virtual particles. We can observe the force that
results from the exchange of virtual particles, but we cannot observe the particles
themselves during the exchange. (Exchanged virtual particles can be ic'lentical
with ordinary particles, however. According to field theory, the Coulomb interac-
tion between electric charges can be regarded as the exchange of virtual photons,
which have properties in common with ordinary real photons.)

The exchanged particles that carry the nuclear force are called mesons (from
the Greek “meso” meaning middle, because the predicted mass was between the
masses of the electron and the nucleon). The lightest of the mesons, the 7-meson
or simply pion, is responsible for the major portion of the longer range _(1.0 to 1.5
fm) part of the nucleon—nucleon potential. To satisfy all the varieties of the
exchanges needed in the two-nucleon system, there must be three pions, with
electric charges of +1, 0, and —1. The pions have spin 0 and rest energies of
139.6 MeV (for 7 *) and 135.0 MeV (for 70). At shorter ranges (0.5-1.0 fm),
two-pion exchange is probably responsible for the nuclear binding; at much
shorter ranges (0.25 fm) the exchange of «w mesons (mc? = 783 MeV) may
contribute to the repulsive core whereas the exchange of p mesons (mc? = 769
MeV) may provide the spin-orbit part of the interaction. Further properties of
these mesons are discussed in Chapter 17.

The differing masses for the charged and neutral pions may e;xplain the
possible small violation of charge independence we discussed previously. The
single pion that is exchanged between two identical nucleons must bea 7%

n,-on+7° 7%°+n,-n,

pop 7’ 74P,
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Charged pion exchange will not work:
n, —=>p, +a” but 7~ +n, = ?
pp—>n +at but #* 4+ p, = ?

because there are no nucleons with charges —1 or +2. (There are excited states
of the nucleon with these charges, as we discuss in Chapters 17 and 18, but these
high-energy states are unlikely to contribute substantially to the low-energy
experiments we have discussed in this chapter.) However, the neutron—proton
interaction can be carried by charged as well as neutral pions:

n,->n +7° 2%+ p,->p,
n —>py+w” 7~ +p,—>n,

This additional term in the np interaction (and the difference in mass between the
charged and neutral pions) may be responsible for the small difference in the
potential that produces the observed difference in the scattering lengths.

The meson-exchange theory of nuclear forces was first worked out by Yukawa
in 1935; some details of his work are summarized in Chapter 17. Meson exchange
can be represented by a potential in the basic form of r~le~"/R where R is the
range of the force (R = i/m ¢ = 1.5 fm for pions). A more detailed form for the
one-pion exchange potential (called OPEP in the literature) is

e—r/R
r/R

Here g2 is a dimensionless coupling constant that gives the strength of the
interaction (just as e? gives the strength of the electromagnetic interaction) and
M is the nucleon mass. This particular potential describes only the long-range
part of the nucleon-nucleon interaction; other aspects of the interaction are
described by other potentials.

The exchange-force model enjoyed a remarkable success in accounting for the
properties of the nucleon—nucleon system. The forces are based on the exchange
of virtual mesons, all of which can be produced in the laboratory and studied
directly. The pion is the lightest of the mesons and therefore has the longest range.
Exploring the nucleus with higher energy probes (with shorter de Broglie wave-
lengths) allows us to study phenomena that are responsible for the finer details of
the nuclear structure, such as those that occur only over very short distances.
These phenomena are interpreted as arising from the exchange of heavier mesons.
Studying the spatial and spin dependence of these detailed interactions allows us
to deduce the properties of the hypothetical exchanged meson. On the other
hand, particle physicists are able to observe a' large variety of mesons from
high-energy collisions done with large accelerators. Among the debris from those
collisions they can observe many varieties of new particles and catalog their
properties. Nuclear physicists are then able to choose from this list candidates for
the mesons exchanged in various details of the nucleon—nucleon interaction. This
slightly oversimplified view nevertheless emphasizes the close historical relation-
ship between nuclear physics and elementary particle physics.

3R?

=M 1+3_R+_)
r

v(r) 3(Mc?)n?

(4.54)

7’2

{31 8+ 8y,
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PROBLEMS

1. What is the minimum photon energy necessary to dissociate H? Take the
binding energy to be 2.224589 MeV.

2. (a) Use the continuity and normalization conditions to evaluate the coeffi-
cients 4 and C in the deuteron wave functions, Equations 4.3 and 4.4.

(b) From the resulting wave function, evaluate the root-mean-square radius
of the deuteron.

3. The condition for the existence of a bound state in the square-well potential
can be determined through the following steps:

(a) Using the complete normalized wave function, Equations 4.3 and 4.4,
show that the expectation value of the potential energy is

1
V= fxp* Vdy = —VOAZ[%R - 4—kls1n2k1R]

(b) Show that the expectation value of the kinetic energy is

(T h—f:’ v

2m 797

2
dv

h2 k2 .2
EAZ k2R + Lk, sin2k,R + — sin kR

I

(c) Show that, for a bound state to exist, it must be true that (7') < — (V).

(d) Finally, show that a bound state will exist only for V) > 7%#%/8mR?
and evaluate the minimum depth of the potential that gives a bound
state of the deuteron.

(Note: This calculation is valid only in three-dimensional problems. In
the one-dimensional square well (indeed, in all reasonably well-behaved
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10.

11.

12.

13.

14.

15.

attractive one-dimensional potentials) there is always at least one bound
state. Only in three-dimensional problems is there a critical depth for the
existence of a bound state. See C. A. Kocher, 4m. J. Phys. 45, 71 (1977).)

What fraction of the time do the neutron and proton in the deuteron spend
beyond the range of their nuclear force?

From Equation 4.5, plot ¥ against R for R in the range of 1.0 to 3.0 fm.
Discuss the sensitivity of ¥ to R.

(a) Show that Equation 4.5 can be written in the transcendental form
x = —tan bx, where x = |~ (V, + E)/E. BEvaluate the parameter b for
R = 2 fm. Note that in Equation 4.2, m is the reduced mass m pMa/(m, +
m ), which is approximately m, /2. (b) Solve the transcendental equation in
two ways: graphically and iteratively using a programmable calculator or
computer. For a review of using iterative techniques on similar equations,
see K. S. Krane, Am. J. Phys. 50, 521 (1982).

Assuming a deuteron wave function of the form of Equation 4.9, deduce
why there is a cross-term (that is, a term proportional to a,ay) in the
expression for the electric quadrupole moment, Equation 4.11, but not in
the expression for the magnetic dipole moment, Equation 4.10.

Evaluate the energy of the magnetic dipole—dipole interaction in the
deuteron, and compare with the nuclear binding energy. Consider separately
the cases in which the nucleon spins are perpendicular to and parallel to the
line joining the nucleons.

Find the scattering cross section of the “hard sphere”:
V(ry=o forr<R
=0 forr > R

Suppose the binding energy of the deuteron were much weaker, say 10 keV.
Evaluate the resulting neutron—proton s-wave cross section.

Show that the singlet neutron—proton state is unbound and evaluate its
energy.

Antiprotons (p) and antineutrons (7i) can be produced at several accelerator
facilities throughout the world. Discuss the properties of the following
systems in comparison with those discussed in this chapter: (a) np bound
state; (b) np bound state; (c) Tip s-wave scattering; (d) Pp scattering.

Solve the Schrédinger equation for the potential given in Equation 4.50 for
s-wave neutron-proton scattering. Find an expression that relates the
s-wave phase shift to the core radius, and find the value of R, that causes
the phase shift to go negative, as in Figure 4.12.

In a measurement of the pp differential cross section, the result do /dQ =
0.111 b/steradian was obtained at a laboratory energy of 4.2 MeV and a
laboratory scattering angle of 30°. What is the corresponding s-wave phase
shift?

Suppose the nucleon-nucleon force were stronger, so that the deuteron had
the following bound states:

State A is the “well-known” ground state with the properties discussed in
this chapter. State B is very close to state A. At a large energy gap AF
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C.DEF
AE

B r=2

A I=1

above states A and B are four states, C, D, E, and F. There are no other

states near C, D, E, and F.

(a) What is the most likely value of the relative orbiFal angular momentum
of the nucleons in state B? What is the relative ongntatlon of the
nucleon intrinsic spins in state B, and what is the resulting value of the
total angular momentum I in state B? . .

(b) In states C, D, E, and F the nucleons have the same relative orbital
angular momentum (but different from state A). Make a rea}sonable
guess at the value of the orbital angular momentum and justify your
choice.

(¢) By considering the possible couplings of the orbital angular momentum
and the intrinsic spins of the two nucleons, show that there.must be only
four states in the excited multiplet, and give the four possible values of
the total angular momentum I and the parity. ‘

(d) Assuming the energy gap AE to result primarily from.the' “centrlpete} ”
contribution to the potential, estimate AE. Be sure to justify any choice
of parameters you use in your estimate. o

Low-energy (s-wave) neutrons are scattered from protons, and the distribu-
tion of “recoil” protons is to be observed and gnalyzed. Let the neutron
scattering angle be § in the laboratory coordinate system, and let the
incident neutron kinetic energy be 7. (a) Show that the protons emerge at
an angle ¢ = 90° — @ with respect to the direction of the 1nc1flegt neutrons.
(b) Show that T. = T,cos’§ and T, =T, sin® @, where T’ signifies the
energy after the scattering. (c) Show that the laboratory and center-of-rpass
cross sections are related by (do/df),,, = (4cos 8)(do/dR) . (d) Given
that the scattering is independent of direction in the center-of-mgss system,
show that (in the laboratory system) do/dT; = o/T,, where ¢ is the total
cross section. This latter result shows that the number of recoil pro,tons
observed at any particular energy Ty (0 < T < T}) is ipdependent of T;. ()
What is the angular distribution of the recoil protons in the laboratory?




