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PREFACE 

The last twenty years have witnessed an enormous development of 
nuclear physics. A large number of data have accumulated and 
many experimental facts are known. As the experimental techniques 
have achieved greater and greater perfection, the theoretical analysis 
and interpretation of these data have become correspondingly more 
accurate and detailed. The development of nuclear physics has 
depended on the development of physics as a whole. While there 
were interesting speculations about nuclear constitution as early as 
1922, it was impossible to make any quantitative theory of even the 
simplest nucleus until the discovery of quantum mechanics on the 
one hand, and the development of experimental methods sufficiently 
sensitive to detect the presence of a neutral particle (the neutron) on 
the other hand. The further development of our understanding of 
the nucleus has depended, and still depends, on the development of 
ever more powerful experimental techniques for measuring nuclear 
properties and more powerful theoretical techniques for correlating 
these properties. Practically every "simple," "reasonable," and 
"plausible" assumption made in theoretical nuclear physics has turned 
out to be in need of refinement; and the numerous attempts to derive 
nuclear forces and the properties of nuclei from a more" fundamental" 
approach than the analysis of the data have proved unsuccessful so 
far. Nuclear physics is by no means a finished edifice. It is very 
much to be hoped that simple fundamental laws can be discovered 
which will account for all the known properties of nuclei, and will 
allow us to predict new, unknown properties successfully. At present 
we must restrict ourselves to the investigation and correlation of all 
known nuclear properties on a semi-empirical basis. 

This book is devoted in its entirety to this task. Its subject matter 
is theoretical nuclear physics, by which we mean the theoretical con
cepts, methods, and considerations which have been devised in order 
to interpret the experimental material and to advance our ability to 
predict and control nuclear phenomena. 

Obviously, this book does not pretend to cover all aspects of theo
retical nuclear physics. We are forced to omit many details and 
special developments. The omissions are due partly to the lack of 
space and partly to the authors' lack of special knowledge. We hope 

v 



VI Preface 

that the study of this book will mak~ it somewhat easier for the reader 
to understand the original literature containing the material which is 
not covered in this book. 

We have restricted ourselves to phenomena involving energies 
below about 50 Mev, a region which is sometimes called classical 
nuclear physics. Thus we exclude the nuclear phenomena in cosmic 
rays as well as the phenomena associated with the production and 
absorption of mesons. The only exception to this rule is Chapter IV, 
which deals with nucleon-nucleon scattering experiments at energies 
up to 350 Mev and their interpretation in terms of nuclear forces. 

In general, we have omitted theoretical considerations which are 
not concerned directly with the properties of the nucleus itself. Thus 
we exclude, for example, the theory of the stopping of charged particles 
in matter, the theory of the diffraction and slowing down of neutrons, 
the theory underlying molecular beam and magnetic resonance 
experiments, and the theory of atomic hyperfine structure. Although 
all these subjects are important from an experimental point of view, 
their inclusion would have lengthened the book too much. We have 
also excluded subjects generally referred to as nuclear engineering, 
such as the theory of nuclear reactors. In so far as the relevant mate
rial has been declassified, adequate textbooks are already available. 
Unfortunately, the theory of nuclear fission (which properly belongs in 
this book) could be treated only in a very cursory manner, since too 
many relevant facts are still unavailable. 

We have completely omitted the discussion of the theories of nuclear 
forces based on the various meson field theories. The numerous 
attempts to predict nuclear forces on the basis of meson fields have 
led to brilliant insights and predictions regarding mesons, but they 
have failed so far to reproduce quantitatively the observed forces 
between nuclear particles. This subject seemed to us not yet suffi
ciently developed to warrant a systematic treatment in this book. 

It was our constant aim throughout the book to keep it on a level 
which is understandable to the experimental physicist who works in 
the field of nuclear physics or to a graduate student who knows the 
essential concepts and problems of nuclear physics. A one-term 
course in quantum mechanics, based on a book such as Schiff (49) 
should suffice as a prerequisite. Some parts of the book may be hard 
reading for students unaccustomed to theoretical work. Sections 
which are difficult and can be omitted without loss of understanding 
of subsequent material are indicated by the symbol ~. 

We have concentrated our efforts on a better understanding and a 
critical analysis of the different subjects. This has led in some cases 
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to new developments which are not yet published elsewhere. Since 
we are dealing with a growing and changing part of science, we must 
expect that many ideas which today are considered valid will turn 
out to be incorrect before long. Hence, many assumptions and state
ments found in this book should be regarded as preliminary. It 
contains a great deal of information of which we are far from sure, 
and which is included only because nothing better is available at 
present. A characteristic example is the information about nuclear 
level densities given in Chapter VIII. In some instances recent 
developments have changed the emphasis from one way of description 
to another more successful one. For example, nuclear spectroscopy 
today is being based to an increasing extent upon the shell theory of 
nuclear structure, as indicated in Chapter XIV. At the time this 
book was conceived the concepts of Wigner's supermultiplet theory 
were the main tools for the understanding of nuclear spectra; they 
are the basis of the discussions in Chapter VI. 

We make no pretense of having a complete list of references. We 
have tried to include the basic theoretical papers in each field, such 
other theoretical papers as we happened to come across, and experi
mental papers only in so far as they illustrate some points made in 
the discussion or substantiate values of nuclear constants used in 
the text. We have not made a systematic search of the whole litera
ture. This applies especially to papers which appeared in journals 
other than The Physical Review. If a relevant reference is missing, it 
is very probable that we did not know of its existence. The manu
script was revised for the last time in the spring of 1951; it contains 
only occasional references to later work. 

We are quite aware of the possibility that this book contains errors, 
not all of which may be trivial or typographical in nature. We have 
tried to keep a reasonable balance between the effort to eliminate 
errors and the effort to understand the subject matter and to clarify 
its presentation. 

At the end of every chapter is a list of symbols with a short explana
tion of the meaning of each symbol, and the number of the equation 
in which the symbol is introduced and defined. If the symbol in 
question is defined in the body of the text, the section number is given 
in the symbol list. We have made an effort to have these lists of 
symbols comprehensive, but some minor symbols, which occur only a 
few times in the chapter, have been omitted. 

It would be impossible to acknowledge in detail the enormous 
amount of generous help and constructive criticism which we have 
received from friends and colleagues. We would like, however, to 
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express our special gratitude to H. Bethe, M. Deutsch, H. Feshbach, 
and E. Wigner for their extensive advice. We are greatly indebted 
to Miss lnge Reethof for her constant help and patience in the typing 
and retyping of the manuscript. 

J. M. BLATT 

V. F. WEISSKOPF 

June, 1952 
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CHAPTER I 

General Properties of the Nucleus 

1. INTRODUCTION 

In spite of the tremendous amount of information now available 
about atomic nuclei, nuclear physics is a very young science. The 
existence of a nucleus in each atom was discovered by Rutherford (11) 1 

in the year 1911. Some of the fundamental properties of nuclei were 
found at that time: 

(1) They have radii very small compared to atomic dimensions; 
Rutherford showed that the nucleus acts like a point charge down to 
distances of the order of 10-11 cm, at least. 

(2) They are charged. The charge on each nucleus turned out to 
be an integral multiple of the charge on the electron, i.e., nuclear 
charge = Ze, where Z = 1,2,3," is called the atomic number. 

(3) Nuclei are very heavy compared to electrons. Most of the 
mass in an atom resides in the nucleus. 

Since atoms are neutral entities, it was necessary to assume that the 
charge on the nucleus is exactly neutralized by the charges of the sur
rounding electrons. The charge Z of the nucleus then determines the 
number of the electrons in the atom and is the only property of the 
nucleus of importance for atomic physics, and consequently for most of 
the properties of matter as we know it. 

The next important quantity of the nucleus is its mass. J. J. 
Thomson (13) discovered that the mass of the nucleus is not deter
mined by its charge. Rather, there exist nuclei of the same charge Z 
but of different masses. Such nuclei are called isotopes. The mass 
of each isotope is nearly (but not precisely) equal to an integral num
ber of proton masses. 2 The nearest inte'ger is called the "mass num
ber" and is denoted by A. 

1 References are listed according to the name of the first author and the year of 
publication, i.e., a paper by Smith and Jones, published in 1939, is referred to as 
Smith (39). All references are collected at the end of the book. 

2 The unit of mass in mass-spectroscopic work is not the mass of the proton, but 
716 of the mass of the oxygen isotope with mass number A = 16. 

1 



2 r. General Properties of the Nucleus 

The simplest hypothesis regarding nuclear constitution would be 
that all nuclei are made up of protons. This is contradicted by the 
fact that the mass number A is at least twice the atomic number Z 
in practically all nuclei. Thus other particles are needed in the nucleus 
besides protons. 

The next hypothesis, which was current until 1932, postulated 
that nuclei are made up of protons and electrons. Tile nucleus 
N 14 (Z = 7, A = 14), for example, was thought to consist of 14 protons 
(to give the correct mass) and 7 electrons (to give the correct charge). 
Ehrenfest and Oppenheimer (31) pointed out that this hypothesis 
leads to a serious contradiction with known properties of N 14 (see 
Section 8). 

The experimental discovery of the neutron (Curie-Joliot 32, Chad
wick 32) led Heisenberg (32) to suggest the hypothesis that nuclei are 
made up of neutrons and protons and to explore the consequences of 
this assumption. Thus nuclear physics, as we know it today, dates 
back no farther than 1932. I 

Under the assumption (which is very well confirmed by now) 
that nuclei are made up of neutrons and protons, the number of neu
trons, N, in the nucleus is equal to A -Z. Neutrons and protons 
have nearly equal masses, and both will be referred to as "nucleons." 
Nuclei with equal mass number A but different atomic number Z 
are called isobars or isobaric nuclei. Nuclei with equal Z but different 
A are called isotopes or isotopic nuclei. Nuclei with equal N =A-Z 
but different Z are called isotones. Isotopes are chemically equal and 
therefore hard to separate. From the point of view of nuclear physics, 
however, isotopes are nuclei with a different number of constituents. 
Isobars are chemically different because of their different atomic 
number Z. They are, however, more similar than isotopes from 
the nuclear point of view, since they consist of the same number of 
nucleons, and protons and neutrons have very similar properties 
within the nucleus. 

The forces which hold a nucleus together cannot be ordinary electro
static forces, since the (electrically neutral) neutrons are bound in the 
nucleus. The "nuclear forces," unlike the forces which hold an 
atom together, have no analogy in classical physics. The fundamental 
steps in the exploration of nuclear forces were taken by Wigner (33a, 
33b), who showed that they must have a very short range of action 
but must be very strong (millions of times as strong as the electrostatic 
forces in an atom) within this range; and by Heisenberg (32) and 

1 There were some interesting speculations as early as 1922 (Harkins 22), but at 
that time no quantitative theory could be given. 



2. Quantum States, Binding Energy 3 

Majorana (33), who showed that the nuclear forces must be "satu
rated," i.e., that not all pairs of nucleons within a nucleus can exert 
attractive forces upon each other. These matters will be discussed in 
Chapters II and III, respectively. 

2. QUANTUM STATES, BINDING ENERGY, 
BINDING FRACTION 

A nucleus is a system of A elementary particles held together by 
attractive forces. There is reason for the belief that the mechanics of 
such a system can be treated to a good approximation by the methods 
of non-relativistic quantum mechanics. A nucleus can be found in a 
series of quantum states of different energy (a property of any bound 
system in quantum mechanics). The state of lowest energy is called 
the ground state. Under normal conditions nuclei are always found 
in their ground states. If a nucleus is brought into a higher" excited" 
quantum state, it returns to the ground state with the emission of one 
or several light quanta. 

Exact measurements of atomic weights (Aston 27) have shown that 
the weight of a nucleus is not equal to the sum of the weights of its 
constituents but is actually smaller by a few tenths of a percent. The 
mass M nuel of the nucleus is given by 

Mnucl = ZMp + (A-Z)Mn - 11 1(2.1) 

where M p and M n are the masses of the proton and the neutron, 
respectively, and 11 is the "mass defect" of the nucleus. In most 
experiments the magnitude measured is the atomic weight Mat, which 
differs from the nuclear weight by the weight of the electrons. Since 
the number of electrons in the atom is always equal to the number of 
protons in the nucleus, the atomic weight can also be written in the 
form 

Mat = ZMH + (A-Z)Mn - 11 

where M H is the mass of the hydrogen atom: 

MH = Mp + me 

(2.2) 

(2.3) 

(me = electron mass). The binding energy of the electrons in the 

1 The formulas are numbered separately in each section. The formula reference 
(3.6), for example, refers to equation 6 in Section 3 of the chapter in which the 
reference is made. References to formulas in chapters other than the one in 
which the reference is made contain the number of the chapter in Roman numerals. 
For example, (111,2.8) refers to equation 8 in Section 2 of Chapter III. Figures 
and tables are also numbered separately in each section. 
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atom is negligible compared to nuclear binding energies and has been 
neglected in (2.2) and (2.3). 

The mass defect can be explained by the Einstein mass-energy 
relation and constitutes the most obvious proof of the equivalence of 
energy and mass. We introduce the total energy U of the nucleus 
through 

(2.4) 

It follows from (2.1) that there is a difference between the energy U 
of the actual nucleus and the energy [ZM pc2 + (A - Z)M nc2] of its 
constituents when they are at rest but separated from each other. 
This difference is equal to the work necessary to tear the nucleus apart 
into its separated constituents. It represents, therefore, the total 
binding energy B of the nucieus: 

B = ZM pc2 + (A -Z)M nc2 - U = C2d (2.5) 

and can be obtained from the observed value of d. If not otherwise 
specified, the quantities U and B always refer to the nucleus in its 
ground state. The energy U* of an excited state is higher, and the 
binding energy B* lower, than the respective values for the ground 
state. The difference U* - U = B - B* is equal to the excitation 
energy. It is useful to introduce another magnitude, the binding 
fraction,! 

B 
j=

A 
(2.6) 

which represents the total binding energy per nuclear particle. In 
Fig. 2.1, j is plotted as a function of the mass number A for stable 
nuclei. After some irregular smaller values at the beginning, j 
varies very little over the range of A. I t increases slowly up to A = 50 
and then stays around 8.5 Mev up to A = 150. For higher A it drops 
slightly and reaches 7.4 Mev for uranium. 

It follows from this curve that the total binding energy of a nucleus 
is roughly proportional to the number A of its constituents. Every 
constituent of the nucleus is more or less equally strongly bound. 
This property shows a similarity between a nucleus and a liquid drop 
or a piece of a solid material; for either of the latter every added 
molecule increases the total binding energy by the same amount. 
The behavior of the electronic shell of an atom exhibits a contrasting 
property. The average binding energy of an electron is very much 
larger for a heavy atom than for a lighter one. 

1 This quantity is related to, but not identical with, the ".packing fraction" 
used in mass spectroscopy (Bethe 36a). 
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The small decrease of f for high A and for low A can be accounted 
for qualitatively. The protons repel each other within a nucleus 
because of their electric charge. This repul!lion is weak compared to 
the nuclear binding forces. It becomes, however, more and more 
important for nuclei of higher Z, since it increases with Z2, the square 
of the number of protons, whereas the binding energy, as we saw 
above, is roughly proportional to the first power of the number of 

10 

9 -

7 

v ...... .. - . ..... - t------, --... r-----
f' -' r---. r-----' 
r 

8 

" 

.... 
4 

3 

2 

o o 20 40 60 80 100 120 140 160 180 200 220 240 
A--

FIG. 2.1. Binding fraction f of stable nuclei as a function of A. 

constituents. The electrostatic repulsion is opposed to the binding 
effect of the nuclear forces and hence decreases the binding energy 
for high A. The decrease of f for small A is a surface effect. It is 
evident that the particles at the surface are less strongly bound than 
those in the interior. The smaller the nucleus, the larger is the per
centage of constituents at the nuclear surface; this effect reduces the 
average binding energy per particle for low A (Chapter VI, Section 2). 

Another useful concept is the "separation energy" Sa of a par
ticle a from a given nucleus X. Sa(X) is the energy necessary to 
remove to infinity the particle a from the nucleus X in its ground 
state, leaving the residual nucleus Y (Y +a = X) also in its ground 
state. Sn(016), for example, is the energy necessary to remove a 
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neutron from 0 16 to infinity and consequently to leave the nucleus 015 
behind. The particle a need not be a nucleon; it can also be a nucleus 
itself, e.g., an alpha-particle. 

The energy Sa(X) can be computed from the difference between the 
mass of the nucleus X and the sum of the masses of a and the residual 
nucleus Y (Y +a = X). The values of S for nucleons are close to the 
value of the binding fraction f""",8 Mev. The energy necessary to 
remove one nucleon is approximately equal to the average binding 
energy per nucleon. Strong deviations are found in special cases; 
for example, Sn=16.8±0.4 Mev in Si28 (McElhinney 49); the sepa
ration energy of a proton, Sp = 1.95 Mev in N 13 (Tollestrup 50). 

In addition to these special cases, there is a general tendency for the 
separation energy of a nucleon to deviate from the binding fraction in a 
region of mass numbers where the binding fraction varies appreciably 
with mass number. This can be seen from the following: The neutron 
separation energy Sn from the nucleus with Z protons and N neutrons 
is defined by 

Sn = B(Z,N) - B(Z, N -I) (2.7) 

This expression can be rewritten in the form 

Sft = f(Z,N) + (A -I) [f(Z,N) - f(Z, N -1)] (2.8) 

To a first approximation, we may assume thatf(Z,N) for the stable 
nuclei is a function of A only (see Fig. 2.1; this, however, is a very 
poor approximation in detail) and that it is a smooth enough func
tion so that its derivative exists. Then (2.8) becomes 

Sn(A) '" f + (A - 1) :~ (2.9) 

Formula (2.9) shows that the separation energy is approximately equal 
to the binding fraction f only in the region of medium weight nuclei 
where f is nearly independent of A. For heavy nuclei the binding 
fraction decreases with increasing A so that the separation energies 
are systematically smaller than the binding fractions. For A> 200, 
the separation energies are of the order of 5.5 to 6 Mev, whereas f is 
of the order of 7.5 Mev. Formula (2.9) also predicts that the separa
tion energies are systematically larger than the binding fractions for 
light nuclei, where f increases with A. However, the approximations 
used here are not applicable in this region: the binding fraction varies 
much too erratically with Z and N to be t,reated as a smooth function of 
the mass number only. 
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We can use the same approximation to estimate alpha separation 
energies. The result is 

Sa "-' 4f(A) - B(a) + 4(A -4) :~ (2.10) 

where B(a) = 28.23 Mev is the binding energy of the alpha-particle. 
It is interesting to compare this expression with (2.9). For heavy 
nuclei, the binding fraction f is of the order of 7.5 Mev. Thus the 
difference 4f - B(a) is of the order of 2 Mev, which is much smaller 
than the corresponding term f in (2.9). Furthermore, the (negative) 
derivative df/dA is multiplied by a much larger factor in (2.10) than 
in (2.9). For both these reasons then, the alpha separation energies 
for heavy nuclei may be expected to be much lower than the neutron 
or proton separation energies: 

(for heavy nuclei) (2.11) 

Indeed, very many heavy nuclei are unstable against alpha-particle 
emission from their ground states, i.e., Sa is actually negative. 

3. STABLE AND UNSTABLE NUCLEI, FISSION, ALPHA-DECAY, 
BETA-DECAY 

An aggregation of nucleons can hold together and form a bound unit 
only if the number of one type of nucleon does not appreciably exceed 
the number of the other. There is, for example, no nucleus known to 
consist exclusively of neutrons or exclusively of protons. The prob
able reasons for this will be discussed in Chapter VI, but even among 
the combinations of neutrons and protons which form bound units 
only a relatively small fraction are stable. There are two forms of 
instability: (1) "dynamical" instability, which leads to the spon
taneous breaking up of the nucleus into two or more parts (alpha
decay, fission, and similar phenomena); (2) "beta "-instability, which 
leads to the spontaneous change of charge by one unit with a simul
taneous emission or absorption of an electron (beta-decay, electron 
capture). 

A. "Dynamical" Instability 

Some nuclei are unstable against a split into two (or more) parts. 
Such instability occurs if the binding energy of a nucleus A is smaller 
than the sum of the binding energies of the two separated parts B 
and C. Then arises the question how the two parts Band C can hold 
together, even temporarily, to form the nucleus A. In order to discuss 
the mechanism of splitting we consider the potential energy of this 
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system as a function of the distance between the two parts Band C as 
plotted in Fig. 3.1. This plot is to be understood in a schematic way 
only, especially for small distances, since the potential energy of a 
many-body problem cannot be given exactly as a function of one 
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FIG. 3.1. The energy of two nuclei Band C as a function of their distance r. In 
case (a), the combined nucleus A =B+C is stable against breakup into Band Cj 
in case (b), A is metastablej in case (c), no combined nucleus A is formed. R is 

the distance wherein the two nuclei Band C merge. 

coordinate. If the two constituents Band C are brought together 
from infinite distance, the potential energy increases, mainly because of 
the Coulomb repulsion between two positive charges. Finally, how
ever, when the distance is of the order of the range of the attractive 
nuclear forces, the repulsion can be overcompensated and the potential 
energy may drop again. We distinguish three cases as illustrated in 
Fig.3.1. If the energy of the system after complete assembly reaches 
a point lower than the value E .. at infinity, the nucleus A is stable 
against the split into Band C. If the energy reaches a point hig~er 
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than E oo , but lower than the highest point of the curve, the nucleus A 
is unstable with respect to the split into Band C; the two parts Band 
C are held together temporarily by a potential barrier and form an 
unstable nucleus A. If the energy does not drop at all for small values 
of r, Band C do not form a nucleus A. 

The potential barrier in the second case does not hold the nucleus A 
together for an indefinite time. Because of the quantum-mechanical 
penetration effect (see Chapter VIII), there is a small but finite proba
bility II per unit time for the penetration, which leads to a splitting of 
the nucleus. If N specimens of the nucleus A are assembled at a given 
time, there will be a time interval T = II-I after which on the average 
N Ie are left, the rest having decayed. The probability II decreases 
with an increase in the height of the barrier and with an increase in 
the masses of the penetrating parts. 1 

The most common result of dynamical instability is the splitting off 
of an alpha-particle, a partition against which a number of heavy nuclei 
are unstable (Becquerel 96, Rutherford 08). A detailed discussion of 
alpha-decay is found in Chapter XI. A split into two parts of com
parable size is generally called fission. Because of the characteristic 
decrease of the packing fraction toward higher A, the sum of the bind
ing energies of two nuclei with intermediate mass numbers A 1 and A 2 

may become larger than the binding energy of the composite nucleus 
A = A 1 + A 2. Then the nucleus A would be unstable against fission 
into A 1 and A 2. The probability of spontaneous fission is extremely 
small because of the high mass of the fragments and the consequent 
small quantum-mechanical penetration of the barrier. 

B. Beta-Radioactivity 
A large number of nuclei have been found to emit positive or nega

tive electrons, and in some kinds of atoms the nucleus has been 
observed to absorb one of the orbital electrons. 

Since there are a number of reasons why electrons cannot be present 
in the nucleus (see Chapter XIII), we must conclude that the electron 
is created in the act of emission. A change of charge by one unit 
takes place in the nucleus, and the surplus charge leaves or enters the 
nucleus in the form of an electron. In this process the nucleus is 
transformed into a different one with one proton more and one neutron 
less, or one proton less and one neutron more. In the former case, a 
negative electron is emitted; in the latter case, a positron is emitted or 
an orbital electron absorbed. 

I The importance of the barrier effect for nuclear physics was first recognized by 
Gamow (28) and Condon and Gurney (Condon 29). 
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Beta-radioactive decay is considered to originate from a fundamental 
property of nucleons, i.e., their ability to transform from one type to 
the other. A proton can change to a neutron, and a neutron to a 
proton. Because of the conservation of charge, these transformations 
are accompanied by the emission or absorption of an electron: the 
emission of a positive one or the absorption of a negative one if a 
proton changes to a neutron; the emission of a negative one if a neutron 
changes to a proton. As shown in Chapter XIII, conservation of 
angular momentum, as well as the continuous distribution-in-energy of 
the emitted electrons, requires that, together with the electron, a second 
particle be emitted which has no charge. This particle is called a 
neutrino. Its rest mass m. has been found to be very much smaller 
than the mass of an electron, and it is probable that m. is exactly zero. 

The transformation processes can be written in the form of equations: 

n-+ p + e- + II 

p-+n + e+ + II 

(3.1) 

(3.2) 

where n, p, e+, e-, and II stand for neutron, proton, positive and nega
tive electron, and neutrino, respectively. The following transforma
tion is also possible: 

p + e--+ n + II (3.3) 

in which the proton absorbs a negative electron instead of emitting a 
positive one. This negative electron is taken from the electronic shell 
around the nucleus. The corresponding neutron process 

n + e+-+ p + II 

should be theoretically possible, but no positive electron is available 
near the nucleus to make it occur. 

The processes described in (3.1) and (3.2) are called negative and 
positive beta-decay, respectively; the process in (3.3) is called electron 
capture. 

Naturally, these processes occur only if there is enough energy avail
able. The creation of an electron-neutrino pair requires a minimum 
energy of 0.511 Mev, which is equivalent to the rest mass of the elec
tron. The creation of a neutrino does not require any energy since its 
rest mass is zero. The mass difference between the neutron and the 
proton corresponds to an energy difference E = (M n - M p)c2 = 1.293 Mev 
(Tollestrup 50). Thus in process (3.1) the difference between the 
energy of the initial state and that of the final state is 0.782 Mev. 
The corresponding differences are -1.804 Mev in process (3.2) and 
-0.782 Mev in process (3.3). Therefore only process (3.1) occurs 
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spontaneously without energy supply from the outside. Hence the 
isolated neutron is beta-unstable,l whereas the isolated proton is 
beta-stable even if it is surrounded by an electron as in the hydrogen 
atom [neither process (3.2) nor (3.3) occurs spontaneously]. 

These rules no longer apply if the neutron or the proton is not iso
lated but forms part of a nucleus. Energy may then be supplied to or 
removed from the nucleon which undergoes the transformation by the 
rest of the nucleons in the nucleus. Consider a nucleus X with Z 
protons and N neutrons and a nucleus Y with (Z + 1) protons and 
(N -1) neutrons. We study the following three processes: 

zX = Z+lY + e- + II 

Z+lY = zX + e+ + II 

Z+lY + e- = zX + II 

(3.1') 

(3.2') 

(3.3') 

in which the elementary processes (3.1), (3.2) and (3.3), respectively, 
are occurring within a nucleus. 

These processes can take place only if certain energy relations are 
fulfilled. Let us introduce the difference 

dz,Z+l = U(Z,N) - U(Z+ 1,N -1) 

= B(Z+ 1,N -1) - B(Z,N) + (M nC2 - M pc2) (3.4) 

between the energies U(Z,N) of the nucleus X and U(Z + I,N -1) 
of the nucleus Y as defined by (2.4). The following conditions must 
be fulfilled in order to provide enough energy for the three processes: 

d > 0.511 Mev [for (3.1')] (3.5) 

d < -0.511 Mev [for (3.2')] (3.6) 

d < 0.511-e Mev [for (3.3')] (3.7) 

where e is the binding energy of the electron in the quantum state from 
which it is captured. Any energy available in excess of the minimum 
appears as kinetic energy of the created electron and neutrino in 
(3.1') and (3.2') and as kinetic energy of the neutrino in (3.3'). Hence 
a nucleus X with a charge Z is beta-stable only if two conditions are 
fulfilled: 

(a) The difference dz,Z+l between its energy and the energy of the 
isobar with a charge Z + 1 must be smaller than 0.511 Mev, i.e., 
dz,Z+l <mec2. 

I The instability of the neutron has been confirmed experimentally by Robson 
(SO) and Snell et a1. (50). 
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(b) The difference dz.Z-l between its energy and the energy of the 
isobar with a charge Z -1 must be smaller than -0.511 Mev, i.e., 
dz.Z-l < - (m.c2 - e). (Notice that dZ.Z-l = - ~Z-l.Z') 

If dZ.Z+l > m.c2, the nucleus is unstable against negative beta
decay; if dz.Z-l> -(m.c2 -e), it is unstable against electron capture; 
if dz.Z_l > m.c2, it is unstable against positive beta-decay. 

These stability relations can be expressed more succinctly in terms of 
the atomic mass Mat. (2.2). We have the relation 

Mat(Z,N) = c-2 U(Z,N) + Zm. (3.8) 

so that the difference d, (3.4), becomes 

d = c2[Mat(Z,N) - M at(Z+1,N -1)] + m.c2 (3.9) 

When this form is substituted into the stability relations, (3.5), 
(3.6), and (3.7), they assume the very simple forms 

(for ,s--decay) (3.5') 

Mat(Z,N) < M at(Z+1,N-1) - 2m. (for~+-decay) (3.6') 

!v!at(Z,N) < M at(Z+1,N-l) - e (for electron capture) (3.7') 

Since the tables of "nuclear" masses usually give the atomic 
masses (in units such that the atomic mass of 0 16 is 16.0000), stability 
relations (3.5') to (3.7') are more convenient to employ than the 
equivalent relations (3.5) to (3.7). 

Most of the. nuclei that can be formed of A nucleons (isobaric 
nuclei) are beta-unstable, and only one or two or, in some rare cases, 
three isobaric nuclei are known to be beta-stable. In almost all cases, 
two stable isobaric nuclei differ by more than one unit in Z. Two 
nuclei X and Y differing by only one unit in Z cannot both be stable, 
according to the energy rules given above, unless d is equal to 0.511 
Mev. 1 This is very improbable, and in the few cases in which such 
apparently stable pairs have been found one nucleus is very probably 
unstable with an extremely long half-life. 

The transformations discussed here take an extremely long time 
compared to any other nuclear processes except alpha-decay. The 
shortest observed lives of nuclei which are unstable against beta-decay 
are of the order of fractions of seconds. 2 These times should be com
pared with the lifetimes of excited nuclear states, which are of the 

I A slight correction to this consideration is caused by the binding energy E of the 
captured electron in the atom. 

S The shortest half-life known is that of B12: t~2 = 0.025 sec (Seaborg 48). 
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order of 10-13 sec or less, except if transitions from these states are 
"highly forbidden." 

For A <44, there is only one stable isobar for each A. For odd 
A, Z =t(A -1); for even A, Z is either tA or tA -1. For higher A, 
there may be more than one stable isobar but only if A is even. The 
Z for which the isobars are stable is consistently smaller than -lA, and 
this difference increases with higher A. A critical discussion and 
explanation of nuclear stability is found in Chapter VI. 

4. SIZE OF THE NUCLEI 

All experimental evidence points to the fact that nuclei have a well
defined size, in contrast to the electronic shells of atoms. In an atom 
the probability of the presence of an electron gradually goes to zero 
with increasing distance from the center. The structure of nuclei is 
quite different. The surface of a nucleus is relatively well defined: the 
probability of the presence of nuclear constituents is high inside the 
surface and drops to zero outside in an interval which in heavy nuclei 
is small compared to the radius. This makes it possible to define a 
nuclear radius with some degree of accuracy. The concept of a 
nuclear surface is not applicable to very light nuclei (A <20), however. 

The size of nuclei is not too well known. All experiments from 
which the size can be deduced show that the volume is approximately 
proportional to the number A of constituents. The shape is, most 
probably, spherical. Small deviations from sphericity, however, have 
been observed in some nuclei in the form of electric quadrupole 
moments (see Section 7). The radius R of the nucleus is approxi
mately proportional to A 1/3, and the relation that fits the experimental 
data best is 

R = ToA 1/3 (4.1) 

where TO'" 1.5 X 10-13 cm. The value of TO is probably subject to 
variations from element to element. There is some evidence that TO 

is smaller for high values of A, whereas the value given here is valid 
for medium-weight nuclei only. Since the surface of the nucleus is 
not accurately defined, the value of TO also depends on the way the 
nuclear radius was measured. Some measurements indicate an 
additional constant term in the expression (4.1). 

There are several methods by means of which the nuclear radius 
can be measured. They are enumerated here, and the detailed dis
cussion of each method is given wherever the process used in the 
measurement is treated. 
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A. Scattering of High-Energy Neutrons by Nuclei 
The total cross section of very fast neutrons reaches the value 2rR2, 

which is just twice the target area which the nucleus offers to the beam. 
This limit should be reached when the wavelength of the neutron 
becomes much smaller than the radius. From the wave theory of 
neutron scattering the expected total cross section can be calculated 
more accurately as a function of the radius. The comparison of 
experiments and theory therefore provides a determination of the 
radius (see Chapter IX, Section 2). 

B. The Yield of Nuclear Reactions Initiated by Protons or Alpha
Particles 

When charged particles produce nuclear reactions, they must run 
against the electrostatic repulsion of the nucleus before they reach the 
nuclear surface. The electrostatic potential at the nuclear surface is 
inversely proportional to the nuclear radius, and the probability of 
reaching the surface is therefore a function of the radius. This 
function is very sensitive, especially for lower energies where the 
surface can be reached only because of the quantum-mechanical pene
tration effect. Hence the comparison. of observed reaction yields 
with the expected ones can be used to determine nuclear radii. 

c. Alpha-Decay Lifetimes 
The spontaneous emission of an alpha-particle by some of the heavier 

nuclei is connected with a penetration by this alpha-particle through a 
region of very high poten tial energy near the nuclear surf ace; the region 
owes its existence to the repulsive potential between the nucleus and 
the alpha-particle and would act, in classical mechanics, as a barrier 
preventing emission. The penetration is a quantum-mechanical effect. 
Its probability depends very critically on the shape and the height of 
the potential energy barrier and on the kinetic energy of the alpha
particle after penetration. The height is given by the nuclear radius 
R, since the alpha-particle is under the influence of the Coulomb repul
sion without any compensating nuclear attraction when its distance 
from the center is larger than R. The probability of penetration of 
the barrier is closely connected with the lifetime of the decaying 
nucleus. The theory (Chapter XI) allows a determination of the 
radius R from this lifetime and from the kinetic energy of the alpha
particle. 

D. Maximum Energy of Some Beta-Rays 
In some radioactive elements, it is reasonably certain that the 

nuclear structure of the radioactive nucleus and the product nucleus are 
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TABLE 4.1 
NUCLEAR RADII 

The nuclear radii are listed according to the four methods of determination. 
R is the nuclear radius in 10-13 cm. TO is the constant defined by (4.1), in 10-13 

cm. Method A uses the scattering of high-energy neutrons (Feshbach 49a); 
method B, the yield of (p,n) reactions (Blaser 51, and private communication from 
same authors). These results are very inaccurate. Method C uses the lifetime-
energy relation of alpha-decay (Devaney 50); method D uses the beta-ray energy 
of mirror nuclei. The effective radius of the alpha-particle was arbitrarily assumed 
to be 1.2 X 10-13 cm. 

METHOD A METHOD B 
Nucleus R TO Nucleus R TO Nucleus R TO 

Be 2.4 1.17 Zn 5.9 1.48 Ni 81 5 1.3 

B 3.4 1.54 Se 6.3 1.46 Ni 62 6 1.5 

C 3.8 1.65 Ag 6.8 1.44 CU 65 6 1.6 

0 4.3 1. 71 Cd 7.2 1.48 Zn68 7 1.6 

Mg 4.5 1.57 Sn 7.4 1.52 Se 80 6 1.6 

AI 4.6 1.53 Sb 7.3 1.46 Rb 85 7 1.6 

S 4.1 1.30 Au 7.5 1.33 Zr92 6 1.4 

CI 4.7 1.44 Hg 8.3 1.42 Zr 96 7 1.6 

Fe 5.6 1.46 Pb 7.8 1.32 Sn l20 8 1.6 

Cu 5.5 1.38 Bi 7.9 1.34 1127 8 1.5 

METHOD C METHOD D 
Nucleus R TO Nucleus R TO Nucleus R TO 

Tl 208 6.5 1.10 Po218 8.5 1.40 Bl1 3.2 1.42 

T1 210 7.0 l. 19 Em 219 8.5 l.40 C l3 3.4 1.46 

Pb 206 7.2 1.21 Em 220 8.1 .34 NI5 3.5 1. 41 

Pb 208 7.8 1. 31 Em 222 8.7 1. 44 0 17 3.6 1.39 

Pb 210 8.1 1.35 Fr223 8.4 1.39 FI9 3.9 1. 47 

Pb211 8.3 1.40 Ra223 7.6 1.26 Na23 4.1 1.46 

Pb212 8.1 1.35 Ra224 8.3 1.36 Al27 4.2 1.39 

Pb 214 8.4 1.39 Ra228 8.3 1.36 Si29 4.5 1.46 

Bi 211 8.1 1.35 Ra228 8.6 1.43 p 29 4.6 1.47 

P0216 8.4 1.39 Th 230 8.3 1.35 S3a 4.7 1.46 
P0218 8.!) 1.40 Th 234 8.4 1.36 Cl 36 4.8 1.46 

Cau 5.2 1.50 
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very similar, so that the only reason for the difference in energy is 
the difference in electric charge. The energy difference can be com
puted from the maximum energy of the emitted beta-rays. The 
energy due to the electric charge is proportional to l/R; it is actually 
equal to (!)[Z(Z-I)e2/R). The radius R can thus be deduced from 
the measured maximum energy of the beta-rays. Details can be 
found in Chapter VI. 

The results obtained for nuclear radii by these various methods do 
not agree too well, as indicated in Table 4.1. They differ sometimes 
by as much as 2 X 10-13 cm. Better agreement should not be 
expected, however. The definition of the radius is necessarily inac
curate to within an interval of the order of the range of nuclear forces 
and of the average relative distance of nucleons in the nucleus. Both 
lengths are of the order of 2 X 10-13 cm. Actually the different 
methods measure different quantities. Methods A, B, and C measure 
the distance at which an incoming particle falls under the influence of 
the nuclear forces, whereas method D determines the radius of the 
actual charge distribution. The last method would be expected to 
gi ve smaller radii. 

6. THE COULOMB BARRIER 

Let us consider the energy necessary to remove a proton or a neutron 
from a nucleus to infinity. We have called this energy Sp or Sra, the 
separation energy of a proton or a neutron. The neutron separation 
energy is the energy necessary to break the boods of the nuclear 
forces which keep the neutron within the nucleus. The proton 
separation energy consists of two parts, Sp = S.-S.. The nuclear 
part S. is analogous to the neutron separation energy and is the energy 
necessary to break the nuclear bonds; the Coulomb part-S. is the 
additional effect of the electrostatic repulsion between the proton and 
the residual nucleus, after the bonds are broken. 

Consider first the conditions in some light nuclei, i.e., those with 
Z =N and A <40. Because of the equality of neutron-neutron and 
proton-proton forces, the energy necessary to carry a proton from 
inside the nuclear surface to just outside the nuclear surface, S., is 
not very different l from the energy necessary to do the same for a 
neutron: 

S. "" Sra Z=N (5.1) 

1 A small systematic difference, making S. slightly less than Sn, is caused by the 
proton being repelled by the rest of the charge in the nucleus already inside the 
nuclear surface. 
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In the case of a neutron this is already the separation energy. But a 
proton is repelled by the residual nucleus and hence gains energy as it 
goes farther away. This is illustrated in Fig. 5.1. The final separa
tion energy for the proton is smaller than the neutron separation energy 
8" approximately by the Coulomb effect: 

Se = (Z -1)e2 (5.2) 
R 

where Z -1 is the charge of the residual nucleus after the proton has 
been emitted, and R is the radius of the residual nucleus. 
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FIG_ 5.1. If S. ~ S .. , the proton separation energy S,. is smaller than the neutron 
separation energy S .. by an amount Se = (Z -1)(e2 / R). If the nucleus is excited 

to some energy E* >S", it will emit protons more easily than neutrons. 

The electrostatic potential energy of the proton outside the nuclear 
surface is usually called the "Coulomb barrier." In the present case, 
however, it is rather artificial to speak of a Coulomb barrier. For a 
certain amount of excitation energy E* inside the nucleus, it is actually 
easier for a proton to emerge than for a neutron. The Coulomb effect 
does act as a barrier, however, if a neutron and a proton are compared, 
not with the same excitation energy in the original nucleus, but rather 
with the same kinetic energy far away, after complete separation or 
before assembly. Then the proton has to overcome a potential barrier 
before it can enter into the nucleus, whereas the neutron can enter 
without barrier. 

For light nuclei other than those with Z = N, no such simple rule as 
(5.1) can be made. For example, the neutron separation energy from 
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0 17 is 8 n (017) =4.155 Mev, whereas the proton separation energy is 
8 p (017) = 13.4 Mev. The large difference is caused by the much 
weaker binding of N 16 as compared to 0 16. The emission of a proton 
from an excited 0 17 nucleus is impossible until the excitation energy 
is at least 13.4 Mev, whereas neutron emission occurs at much lower 
energies. This effect, however, can hardly be described as a barrier 
effect. In general, the light nuclei with Z;r!c N have to be treated as 
special cases. 

We now turn to the heavier nuclei. We shall show that (5.1) fails 
to hold even approximately for nuclei in the beta-stable region of the 
periodic table. Rather these nuclei satisfy the approximate relation 

A > 40, beta-stable (5.3) 

This can be seen from the following: The neutron and proton separation 
energies are given by 

8 n = B(Z,N) - B(Z, N -1) 

8 p = B(Z,N) - B(Z -1, N) 

Taking the difference of these equations, we obtain 

Sp - Sn = B(Z, N-I) - B(Z-I, N) (5.4) 

This energy is closely related to the energy of the beta-rays in the 
beta-decay (Z, N -1) --+ (Z -1, N) or vice versa, depending on the 
sign of the energy difference. In fact, 

Sp - Sn = Az,Z-l - (M nc2 - M pc2 ) 

The beta-ray energies for heavier nuclei which differ by only one 
nucleon from a beta-stable nucleus are of the order of a few Mev, 
mostly even less than 1 Mev. Hence the difference Sp-Sn does not 
exceed a few Mev. On the other hand, the Coulomb effect Se as 
given by (5.2) becomes quite large. It is about 7 Mev for copper 
(Z = 29) and larger for heavier elements. Hence (5.1) can no longer be 
fulfilled and (5.3) is valid within a few Mev. We get, instead of (5.1), 

S. > Sn } 
S. - Sn "'-J Se A > 40, beta-stable (5.5) 

This relation shows that it takes more energy to break the nuclear 
bond of a proton than to separate a neutron from a medium or heavy 
nucleus. The difference is roughly equal to Se. The protons are 
more strongly bound by the nuclear forces in order to compensate for 
the electric repulsion energy. This situation is illustrated in Fig. 5.2. 
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The figure shows that we are now justified in talking of a Coulomb 
barrier. Given the same excitation energy E* in the original nucleus, 
a proton has to surmount a barrier of height: 

Barrier height = Sp + Sc - E* (5.6) 

whereas a neutron has no barrier to surmount and emerges at r = R wi th 
an energy equal to its final energy far away: 

Neutron energy = E* - Sn 

The final proton energy at r ~ 00, 

Proton energy = E* - Sp 

(5.7) 

(5.8) 

is not very different from the final neutron energy, but the proton has 

Energy 

" 
" 
" 
" E' ----4-
" 
" ri I , Sp 

"'~n'!-, _______ ---=====:;:: 
I ~ , 
I 
I 
I 
I 
I 
I 
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FIG. 5.2. For heavy nuclei in the beta-stable region, Sn~Sp. The Coulomb 
effect Se then acts as a barrier against proton emission. If the nucleus is excited 
to an energy E*, neutrons emerge with E neut = E* - Sn; protons have to go through 
a barrier of maximum height Sp+Sc-E*, The surface separation energy S. for 
protons systematically exceeds the surface (=6.nal) separation energy Sn for 

neutrons. 

to penetrate the barrier in order to get outside, Thus in the heavier 
nuclei proton emission (compared to neutron emission) is inhibited. 

There is thus a rather complete reversal of the role of the Coulomb 
repulsion between light nuclei with N = Z on the one hand, and heavy 
nuclei on the other hand. In the first case (Fig. 5.1) the Coulomb 
repulsion makes it easier for a proton to leave the nucleus; in the 
second case the Coulomb repulsion, coupled with the need for beta
stability, produces a "barrier" which inhibits proton emission from an 
excited nucleus. In either case, however, the Coulomb effect acts as 
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a "barrier" to protons if we compare neutrons and protons with the 
same kinetic energy far away rather than with the same excitation 
energy in the compound nucleus. 

The situation is similar for the case of alpha-particles. The separa
tion energy Sa of an alpha-particle can be split into two parts, 

(5.9) 

where S.a is the energy necessary to remove the alpha-particle from 

E 

s, ... 

OL-~~~~----------------~~------r7-r 

FIG. 5.3. Potential barrier in alpha-decay. Energy zero corresponds to the 
parent nucleus (Z,N), and energy -Sa to the daughter nucleus (Z -2, N -2) plus 

the alpha-particle at rest. 

the nucleus (Z,N) to a point just outside the nuclear surface. The 
Coulomb effect is given by 

Sc(a) 
2 (Z-2) e2 

R' 
(5.10) 

where R' is the radius of the residual nucleus (Z -2,N _2).1 In 
general S.a is somewhat smaller than the corresponding magnitude S. 
for protons in light elements. In very heavy nuclei it often happens 
that Sa is negative, so that the nucleus even in its ground state is 
unstable against alpha-decay. 

Sa can get as low as -8.95 Mev, corresponding to a nucleus 

1 Strictly speaking, R' is the sum of the radius of the residual nucleus and the 
radius of the alpha-particle. See Chapter XI for a discussion of this point. 
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which emits alpha-particles of 8.95 Mev (Po2l2) (Perlman 50). Sc(a), 
however, for these very heavy nuclei is about 25 to 29 Mev, so that 

S.a = So + Sc(a) "-' 16 to 28 Mev (5.11) 

for alpha-unstable nuclei. l The alpha-particle, before escaping from 
the nucleus, must overcome a potential barrier whose height at the 
nuclear surface is 16 to 28 Mev (see Fig. 5.3). This high barrier is 
responsible for the long lifetimes of alpha-decaying nuclei, as will be 
shown in detail in Chapter XI. 

6. ANGULAR MOMENTUM, SPIN 

It has been found that the neutron and the proton possess an 
intrinsic angular momentum of magnitude j-h just as the electron 
does. This intrinsic angular momentum of the proton or of the 
neutron is commonly referred to as its "spin." The quantum
mechanical properties of an angular momentum of magnitude j-h are 
such that its orientation can be described by only two states, in which 
it is either" parallel" or "anti-parallel" to any given direction. The 
component of the spin along a given direction, say the z axis, is either 
+lh or -tho 

Since nuclei are built up of neutrons and protons, each possesses an 
angular momentum I which is the combined effect of the intrinsic spin 
of the constituents and of the angular momentum of the orbital motion 
within the nucleus. The angular momentum of the orbital motion 
must be an integral multiple of h. The intrinsic spin of any nucleon 
can add or subtract i-h, depending on its orientation relative to the axis 
of reference (parallel or anti-parallel). Thus the total angular 
momentum of a nucleus is an integral multiple of h for nuclei with an 
even number A of constituents, and it is an odd multiple of jh fOT 
nuclei with odd A. This rule has been verified in all measurements. 

This result is one of the reasons for assuming that nuclei consist of 
neutrons and protons, and not of electrons and protons. I t has been 
found, for example, that the nuclei H2, LiS, N 14 all have spins equal to 
h, an observation in accordance with our conclusions, since each of 
these nuclei consists of an even number of nucleons. If these nuclei 
were built up of protons and electrons, the number of constituents 
would have to be odd in each case in order to account for the charge: 

1 Of course, not all alpha-unstable nuclei are observed to be alpha-radioactive. 
In practice, a nucleus with an alpha-decay energy (= -Sa) of less than about 4 to 
5 Mev has a half-life so long that the decay is never observed in the laboratory. 
Thus the upper limit in (5.11) ought to be reduced to about 24 Mev if we confine 
ourselves to nuclei which are not merely alpha-unstable but also have observable 
alpha-radioactivity. 



22 1. General Properties of the Nucleus 

2 protons and 1 electron in H2; 6 protons and 3 electrons in Li6 ; 14 
protons and 7 electrons in N14. The total spin would be a half
integral multiple of h. 

The total angular momentum of a nucleus is currently referred to as 
its "spin," even though the total angular momentum includes both 
orbital and intrinsic angular momenta whereas the term "spin" is 
usually reserved for intrinsic angular momenta of elementary particles. 
This unfortunate terminology for the angular momentum of nuclei 
was introduced at a time when their internal structure was not yet in 
the center of interest. 

The angular momentum in an excited state of a nucleus can be 
different from the one in the ground state. The contribution of the 
orbital angular momenta and the relative orientation of the intrinsic 
spins of the constituents differ, in general, from state to state in one 
nucleus. Either effect changes the total angular momentum by an 
integral multiple of h. Thus the spins of excited states may differ 
from the spin of the ground state by integral multiples of h. The 
term "spin of the nucleus," without any specification, always 
refers to the state of lowest energy. 

Most measurements of nuclear spins are based on the so-called 
"space quantization of angular momenta." Any angular momentum 
I can be oriented in space with respect to a given axis in only (21 + 1) 
directions. The component of the angular momentum along the 
axis of reference in any of these states has the magnitude mh, where the 
integer or half-integer m, called the magnetic quantum number, is 
any member of the sequence -I, -1+1, "', +1. Most observable 
effects of the spin are based on the magnetic moment (see Section 7) 
which invariably is connected with any angular momentum. The 
21 + 1 orientations of this magnetic moment in a magnetic field give 
rise to (21 + 1) different energy values which can be observed in many 
ways.l 

It has been found that all nuclei with even mass number A have no 
angular momentum (l =0), with the exception of the so-called odd-odd 
nuclei in which Z and N are both odd. There are only four stable 
odd-odd nuclei, i.e., H2, Li6, BIO, and N 14. 

The nuclear spins are relatively small; the largest measured value is 
%, and there is only one nucleus (LU176) with 1?:.7. These values are 
much less than the value -lA which could be expected if all intrinsic 
spins were parallel. This indicates that there is a tendency in nuclei 
for intrinsic spins to cancel, an effect which will be explained later in 
Chapter VI as a consequence of the nature of the nuclear forces. 

I An exhaustive account of all methods and results is given by Kopferman (45). 
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7. ELECTRIC AND MAGNETIC MOMENTS 

The electric moments of a nucleus are determined by the distribu
tion of the electric charge within the nucleus, the magnetic moments 
by the distribution of the electric currents. These quantities are 

. defined for a bare nucleus in a definite quantum state (usually its 
ground state). To the extent that external electric or magnetic fields 
do not perturb the internal distribution of charge and current in the 
nucleus, the electric and magnetic moments completely determine the 
interaction of the nucleus with these external fields. The external 
fields in question are usually caused by the electrons in the atom, or 
by the electrons and other nuclei in the molecule, of which the nucleus 
forms a part. The energies of interaction perturb the atomic or 
molecular energy levels and give rise to the "hyperfine structure" 
of spectral lines emitted by the atom or molecule. The explanation of 
the observed hyperfine structure in terms of nuclear properties was 
given by Pauli (24). The quantum theory of the interaction between 
nuclei and the electric and magnetic fields in atoms and molecules is 
summarized by Casimir (36). 

A. Electric Moments 
We first define the meaning of electric moments for a classical charge 

distribution p(x,y,z), which is given as a function of position in space 
and confined within some small volume. We are interested in the 
energy E of this charge distribution in the electric field produced by 
the atom. Let us make a first approximation in which we neglect 
the variation of the field over the dimensions of the nucleus. We 
take the direction of the constant field E as our z direction. Then 
the electrostatic potential cp(x,y,z) giving rise to this field can be 
written as 

cp(x,y,z) = cp(O) - E z (7.1) 

and the energy E of the charge distribution in this potential is 

E = f cp(x,y,z) p(x,y,z) dV = cp(O) E - E D. (7.2) 

where E is the charge and D. is the z component of the dipole moment, 
defined by 

E = f p(x,y,z) dV 

D. = f z p(x,y,z) dV 

(7.3) 

(7.4) 

z in (7.4) is measured from the center of mass of the distribution (the 
nucleus). 
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Unfortunately this simple approximation is not sufficient for our 
purposes. We shall now show that the. electric dipole moment is 
necessarily zero for any quantum-mechanical system in a stationary 
state. We need the quantum-mechanical analogue of the classical 
definition (7.4). Let !J'(rl,r2,"',rz ; rZ+h"'h) be the wave function of 
our stationary state. The first Z coordinates are proton coordinates; 
the remaining ones are neutron coordinates. The probability of 
finding the ith nucleon in the volume element dV around the position 
r is given by Pi dV, where 

P,(r) = fl!J'(rh···,rA)12 dV 1 ••• dVi_ 1 dVi+1 ••• dVA (7.5) 

The integration extends over the coordinates of all particles except 
the ith, and the coordinate ri has to be given the value r. The charge 
density p(x,y,z) which has to be substituted into (7.4) is glven by 

z 
p(x,y,z) = L e Pi(x,y,z) 

i-I 

(7.6) 

This sum extends over the protons only, since the neutrons do not 
contribute to the density of electric charge in the nucleus. Through 
(7.4), (7.5), and (7.6), the quantum-mechanical value of the electric 
dipole moment (say the z component) is given by 

z 

Dz = L J eZi 1!J'(rh"'h)12 dT (7.7) 
i-I 

where dT stands for an integration over the whole of configuration 
space (all the coordinates). 

We shall now show that every term of the sum (7.7) vanishes in a 
stationary state!J'. A stationary state of a quantum-mechanical 
system has a definite parity,l i.e., a definite behavior under an inversion 
of the coordinate system. Either 

or 
!J'( -rh-r2,"', -rA) 

In either case we have 

1!J'(rl,r2,"',rA)i2 = 1!J'(-rh- r2"",-rA)12 

(7.8) 

(7.9) 

(7.10) 

Each integrand in (7.7) is therefore the product of an even function and 

1 This is, strictly speaking, true only for non-degenerate states. It is true for 
the ground states of nuclei provided that the center of gravity is at rest. See 
Wigner (27). 
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an odd function (Zi) under inversion, so that the integral vanishes. 
Quantum-mechanical systems in stationary states do not have permanent 
electric dipole moments. 

In molecular physics, one often uses the concept of an electric dipole 
moment of a polar molecule such as N aCI. As long as the molecule 
is not subject to external forces, however, this electric dipole moment is 
effectively zero since it is "smeared out" over all directions. It 
becomes observable only in electric fields of such strength that the 
motion of the molecule is seriously affected (the dipole is lined up 
along the electric field). Although this effect is possible in principle 
for nuclei also, we do not have available electric fields of the requisite 
strength; even the field produced by the atomic electrons near the 
nucleus is not strong enough to perturb the internal nuclear motion 
appreciably. Some very small discrepancies have been observed in 
microwave spectroscopy which may be attributed to effects of this 
kind (Geschwind 51, Gunther-Mohr 51). 

Since the electric dipole moment of the nucleus vanishes, the 
approximation, (7.1), (7.2), of a constant electric field over the nuclear 
volume gives no useful information. We must take the variation of 
the electric field over the nuclear volume into account explicitly. 
Let us assume for the sake of simplicity that the field is cylindrically 
symmetrical about the Z direction. We can then write 

(a8:) 
8. = - Z = Kz az 0 

(7.11) 

(we put the electric field equal to zero at the origin since the effect of a 
constant electric field has already been investigated). The electric 
field (7.11) is produced by charges at some distance, and hence the 
divergence of 8 must vanish. Thus we must have 

(7.12) 

to give zero divergence as well as cylindrical symmetry. The potential 
",(x,y,z) associated with this field is 

",(X,y,z) -t K (2Z2-x2_y2) 

-t K (3z 2-r2) 

The energy of a charge distribution p(x,y,z) in this field is given by 

E = f ",(x,y,z) p(x,y,z) dV 

(7.13) 

(7.14) 



26 1. General Properties of the Nucleus 

The integral which occurs in (7.14) is called the quadrupole moment 
of the charge distribution p. By use of the quantum-mechanical 
charge distribution, (7.5), (7.6), the quadrupole moment in the state 
1/1 is defined by 

z 
Q(1/I) = 2 J e (3z;2-r;2) !1/I(rl"",l4)!2 dT (7.15) 

;= 1 

The sum goes over all the protons. In terms of the quadrupole 
moment Q(1/I), the additional energy produced by placing the nucleus 
in an inhomogeneous electric field, (7.11), (7.12), is given by 

E= - ~ (08) Q(1/I) 
4 oz 0 

(7.16) 

We note that a prolate (cigar-shaped) charge distribution with its 
axis parallel to the z axis will give rise to a positive quadrupole moment, 
and an oblate (pancake-shaped) distribution will give rise to a negative 
quadrupole moment. A spheroid with semi-axes c parallel to z and a 
perpendicular to z and uniform charge density everywhere inside 
produces the quadrupole moment 

(7.17) 

where E is the total charge, '7= (c 2_a2)j(c2+a2), and R2=!(a2+c2) is 
the mean square radius. 

We will now show that a nucleus can have a quadrupole moment only 
if its angular momentum I is equal to or larger than unity. To prove 
this, consider the first term of the sum (7.15). We can write it in the 
form 

f1/l*(r1!"',rA ) [e (3z 12 -r12) 1/I(r1!"',rA)] dT 

= f 1/I*Cr1!···,rA) FCr1!"',rA ) dT C7.18) 

where F denotes the quantity in the square brackets. 1/1 is a wave 
function with an angular momentum I. The quantity C3z2-r2) 

would have an angular momentum 1 = 2 if it were considered as a wave 
function. According to the combination rule of angular momenta the 
product F can be split into a sum 

1+2 

F = 2 FJ (7.19) 
J-I1-21 

where each FJ is a wave function with angular momentum J. 
Since two wave functions with different total angular momenta are 
necessarily orthogonal to each other, the integral C7.18) vanishes unless 
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one of the J values in the sum (7.19) is equal to I. This is impossible 
for I =0 [the lowest J in (7.19), indeed the only J, is then equal to 2] 
and for I =j [the lowest J in (7.19) is! in that case], but it is possible 
for 1=1 or more. Hence quadrupole moments are necessarily zero 
in states whose angular momentum is zero or i-. 

Unlike the electric dipole moment, the quadrupole moment operator 
e (3z 2 - r2) is an even function under inversion of the coordinate 
system. Hence the parity rule does not prevent nuclei from having a 
permanent quadrupole moment. 

The quadrupole moment Q(1/I) , (7.15), is a function of the state 1/1 
of the nucleus. In practice we are interested in only one special case, 
where 1/1 is the ground state. This does not specify the wave function 
completely, however. A nucleus with angular momentum I can have 
this angular momentum oriented in anyone of 21 + 1 different ways, 
corresponding to I. = m = I, I-I, 1-2, "', -I. Thus there are 
2I + 1 different "quadrupole moments" associated with a nucleus 
in its ground state. We shall show now that these 2I + 1 quantities 
are related to each other, so that all of them can be expressed in terms 
of anyone of them. 

Let us first consider a classical charge distribution with cylindrical 
symmetry, which is the closest classical analogue to the quantum
mechanical ca'le. We shall study the dependence of the quadrupole 
moment 

Q(p) = f (3z2 - r2) p(x,Y,z) dV (7.20) 

upon the angle {3 between the z axis and the body axis (z') of the 
(cylindrically symmetric) charge distribution. We introduce polar 
coordinates, r, (J, !p centered around the z axis in space, as well as 
r, (J', !p' centered around the body axis z'. The quadrupole moment is 

Q(p) = J r2 (3 cos2 (J - 1) p(x,Y,z) dV (7.20') 

Let the body axis point in the direction (J = {3, !p = 1/>. Then we use 
the identity 

cos (J = cos (J' cos {3 + sin (J' sin (3 cos (!p-I/» (7.21) 

Substitution into (7.20') gives 

Q(p) = -l(3 cos2 (3 - 1) Qo(p) (7.22) 
where 

Qo(p) = f r2 (3 cos2 (J' - 1) p(x',y',z') dV' 

is the quadrupole moment of the charge distribution p when the 
z direction is chosen along the body axis. 

We now return to an actual nucleus in a quantum state with angular 
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momentum 1 and study the dependence of the quadrupole moment 
Q(Vt) on the magnetic quantum number m. The value of m specifies 
the orientation of the angular momentum 1 with respect to the z axis. 
The angle fJ between the z axis and 1 is a well-defined magnitude given 
by 

m 
cos fJ = -y'''I=(1=+=I=) (7.23) 

Thus the quadrupole moments in the different substates m should have 
the same relation to one another as the values Q(p) in (7.22) for the 
corresponding angles fJ. In particular, the ratio of two quadrupole 
moments Q(ml) and Q(m2) for the substates Vt, with m =ml and m =m2, 
is, according to (7.22): 

Q(md 3 cos2 fJl - 1 
--= 
Q(m2) 3 cos2 fJ2 - 1 

3m 12 - 1(1+1) 

3m22 - 1(1+1) 
(7.24) 

The best alignment possible between 1 and the z axis is attained for 
m = 1; therefore Q(m = I) is the largest observable quadrupole moment, 
and it is the one that comes nearest to what we have called Qo in the 
classical case. The quadrupole moment Q(m) in the state m is related 
to the quadrupole moment in the state m2 = 1 through 

Q(m) = 3m 2 - 1(1+1) Q 
1(21 -1) 

(7.25) 

where Q, without any special notation, refers to the quadrupole 
moment Q(Vt), (7.15), in the state Vt with m = I. Q is usually called 
"the quadrupole moment" of the nucleus. 

Nuclear quadrupole moments are usually divided by the charge e 
of one proton and are then given in square centimeters. Table 7.1 
(Feld 49) gives the values of Q for a number of nuclei. These values 
are often quite uncertain for the following reason: It is possible to 
measure the interaction energy (7.17), between the nucleus and the 
electric field produced by the surrounding electrons, with high accu
racy; but the gradient of the electric field, (aez/az)o, at the position of 
the nucleus is very hard to determine. It can be measured accurately 
in most atoms (Davis 48) but can only be estimated in most molecules 
(Townes 47). These estimates are not always reliable, and the 
quoted values of the quadrupole moments are doubtful in these cases 
(Sternheimer 50). 

If we assume that the nuclear charge is distributed uniformly over 
the nucleus, we may use (7.17) to get an idea of the shape of the 
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TABLE 7.1 
QUADRUPOLE MOMENTS Q AND ECCENTRICITIES 

29 

For the calculation of 'I, the nuclear radius R was determined from formula 
(4.1) using TO = 1.5 X 10-13 cm. This table is taken from Feld (49). 

Nucleus 

N14 

A\!7 

CI'6 

CI37 

CU63 

CU66 

Ga69 

Ga71 

As76 

Br79 

Br 81 

Kr83 

In1l6 

1127 

EuUI 

Eu 163 

Yb l 73 

Lu 176 

LU l76 

Ta l81 

Re l86 

Re l87 

Hg 201 

Bi209 

z 

7 

13 

17 

17 

29 

29 

31 

31 

33 

35 

35 

36 

49 

53 

63 

63 

70 

7I 

7I 

73 

75 

75 

80 

83 

Q 
(10-26 cm 2) 

2 

15.6 

-7.92 

-6.19 

-10 

-10 

23.24 

14.68 

30 

28 

23 

15 

117 

-46 

120 

250 

390 

590 

600--800 

600 

280 

260 

50 

-40 

0.028 

0.074 

-0.024 

-0.018 

-0.012 

-0.012 

0.024 

0.015 

0.028 

0.024 

0.020 

0.012 

0.056 

-0.019 

0.038 

0.078 

0.10 

0.15 

0.15-0.20 

0.14 

0.064 

0.058 

0.010 

-0.008 

nucleus. We can infer that the deviations from the spherical shape 
are quite small. If we insert the nuclear radius for R in (7.17), we 
obtain very small values of the eccentricity parameter 1]. The 
largest quadrupole moment is observed in LU126, and it corresponds to a 
value of 1] =0.2 only. 
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The concepts of electric dipole and quadrupole moments can be generalized hy 
introducing the" electric multi pole moments" Qlm through I 

Qlm = J rl Vim ·(8,rp) p{X,y,Z) dV (7.26) 

Here YI",{8,rp) is the normalized spherical harmonic function defined in Appendix A. 
The quantum-mechanical equivalent of (7.26) is 

Z 

Qlm(,y) = l e J r/ Ylm·(8"rp.) 1,y(rltr2,···,rA)i2dT 
i-I 

We find the following relations 

• = y'4,;. Qo.o 

D, = ~¥ Q!.o 

Dz ± iDu = ± ~~ QI.'f! 

16..-~
-

Q = 5 Q2.O 

(7.27) 

(7.28) 

The parity rule implies that all electric multipole moments with odd values of l 
vanish. The composition law of angular momenta implies that electric multipole 
moments of (even) order l vanish unless the angular momentum I of the wave 
function ,y is at least as large as l/2. The vanishing of the electric dipole moment 
and the fact that the electric quadrupole moment vanishes for I =0 and I=! are 
special cases of these two general rules. So far no effects of electric moments of an 
order higher than 2 have been found experimentally. 

B. Magnetic Moments 
The orbital motion of the charged particles within the nucleus pro

duces a certain electric current density which gives rise to magnetic 
effects. The orbital motion is not the only source of magnetism, 
however. Each nucleon (proton or neutron) possesses an intrinsic 
magnetic moment which is parallel to its spin. It is probably caused 
by the rotation of the nucleon. 2 

There may be contributions to the magnetism of a nucleus from 

1 These "static" multi pole moments refer to the charge distribution in one 
nuclear state and should not be confused with the multipole moments of Chapter 
XII, which determine transitions between two different states. 

I It may seem surprising that an uncharged particle produces a magnetic moment 
upon rotation. However, the lack of charge means only that the integral of the 
charge density is zero. A sphere, for example, whose surface is negatively charged, 
and in whose center an equal but positive charge is concentrated, would appear 
uncharged, but it would produce a negative magnetic moment upon rotation. 
This picture serves as an illustration and is not meant as an actual model of the 
neutron. 
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sources besides those mentioned. It is possible that the intrinsic 
magnetism of a nucleon is different when it is in close proximity to 
another nucleon. It is also possible that the "field" which pro
duces the nuclear forces carries a magnetic moment. Some evidence 
for such effects have been found in H3 and Re3 (Lamb 38, Siegert 37, 
Sachs 48, Avery 48, Villars 47, Thellung 48). We shall not discuss 
them here. 

According to the latest experiments (Poss 49, Gardner 49) the 
observed value of the magnetic moment of the proton is 

eh 
IJ.p = (2.7934 ± 0.0(03) 2M pC 

It is 2.79 times larger than would be expected from the analogy with 
the electron whose magnetic moment is eh/2m.c. 

The magnetic moment of the neutron is (Bloch 48, Arnold 47, 
Rogers 49) 

eh 
IJ.n = (-1.9135 ± 0.0003) 2Mp c 

The negative sign indicates that it is directed opposite to the angular 
momentum of the neutron. It is useful to introduce the gyromagnetic 
factors gp, gn by expressing the proportionality of the magnetic 
moment vector t' and the spin vector S in the form 1 

eh 
t' = g 2Mc S (7.29) 

Since the spin is ! for nucleons, we find 

gp = 5.59 gn = -3.83 (7.30) 

for the proton and neutron gyromagnetic ratio, respectively. 2 

In the actual nucleus the magnetic moment is spread over the whole 
volume. We therefore introduce the magnetization density M(r), 
which is a vector depending on the space coordinates. We consider 
two sources of magnetization: the orbital motion of the charged 
particles (protons) and the magnetic moments associated with the 
spins of all the particles. The orbital motion of the protons gives rise 

1 We measure angular momenta in units of fl. 
t It is easy to construct a charge distribution which would give a gyromagnetic 

ratio different from unity when rotated. If the charge density is proportional to the 
mass density everywhere, the ratio of magnetic to mechanical moment is e/2Mc; 
for proof, see (7.39). Any factor higher than e/2M c can be obtained by attributing 
more charge density to the surface layers. 
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to a (convection) current density j(r). The corresponding magnetic 
moment density Mc(r) is defined by 

j(r) = c curl Mc(r) (7.31) 

For application to nuclei the quantum-mechanical form for the con
vection current density has to be used: 

Z 

j(r) = I Mr) 
"-I 

j,,(r) = f "'*(rh···,rA) ~ p" ",(rh···,rA) dTI ... dT"_1 dT"+1 ... dTA (7.32) 

The sum here is taken over all the protons, k = 1,2,··,Z. The integra
tion extends over all the coordinates except that of the proton in 
question, r,,! which must be set equal to r. The operator p" = -ihV" 
is the momentum operator for the kth proton. 

We now turn to the spin contribution to the magnetic moment 
density M. Let S,,(r) be the "spin density" of particle k. It is 
defined by an integral similar to (7.32) but with (e/ M)p" replaced by 
the spin operator SAo for the kth particle. Then the magnetic moment 
density M.(r) due to the spins can be written as 

Z A 

M.(r) = 2~C [up 2: S,,(r) + Un 2: S,,(r)] 

"-I "-Z+1 

(7.33) 

The first sum extends over all the protons, the second sum over all 
the neutrons. 

The entire magnetic moment density M(r) is made up of the two 
contributions, Mc(r) from the convection currents and M,(r) from the 
spins: 

M(r) = Mc(r) + M.(r) (7.34) 

Let :JC(r) be an external magnetic field acting on the nucleus. 
The energy of the nucleus in this field is given by 

E = - IM(r).:JC(r) dV (7.35) 

since M(r) is a magnetic moment density. The most important case 
is a constant magnetic field :JC(r) =:JC. The energy is then 

E = -v·:JC (7.36) 

where V is the" magnetic dipole moment" of the nucleus: 

V = IM(r) dV (7.37) 
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Unlike the electric case, the parity rule does not force the magnetic 
dipole moment to vanish. The spin operators Slo which enter into the 
spin part of the magnetic moment are unchanged by an inversion of 
the coordinate system (parity), and we shall see right away that the 
convection current part of tI also can be written in terms of operators 
which are unchanged under inversion. The angular momentum rule 
implies that the magnetic dipole moment vanishes if the nucleus has an 
angular momentum 1=0, but not otherwise. The proof is completely 
analogous to the one given earlier for the electric quadrupole moment. 

We decompose the magnetic moment tI into an orbital (convection) 
part and a spin part: 

tI = tic + tI. 
where tic = IMc(r) dV and tI. = IM.(r) dV. The orbital part can 
be written in a different form by means of the following identities 
(which can be proved by integration by parts): 

tic = f Mc(r) dV = ~ f rxcurl Mc dV = 21c f (rxj) dV (7.38) 

If we recall the quantum-mechanical definition of j(r), (7.32), we 
see that the last integral is the expectation value in the state 1/1 of 
the following operator: 

Z 

[tlclop = 2~ c L rlo X PA: 
lo-1 

Z 

= 2~cLLA: 
A:-1 

(7.39) 

where Llo in the second sum is the orbital angular momentum operator 
(in units of h) for the kth proton. The magnetic moment contributed 
by the convection current of each proton is proportional to its orbital 
angular momentum, the proportionality constant being eh/2M c. The 
form (7.39) for the orbital part of the magnetic moment tic shows that 
the operator does not change sign under inversion of the coordinate 
system: r goes into - r, P goes into - p; hence L = r X p goes into + L. 

Similarly the spin part of the magnetic moment can be written as the 
expectation value of an operator [tI.lop in the state 1/1, where 

Z A 

[tI.lop = 2~C [gp L Slo + gn L Slo] 
A:-1 lo-Z+1 

(7.40) 
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where SA: is the spin operator for the kth particle, and the first sum 
extends over the protons, the second over the neutrons, in the nucleus. 
The total magnetic moment P is the expectation value in the state 1/1: 

(7.41) 
of the operator: 

(7.42) 

We compare the magnetic moment operator (7.42) with the operator I 
of the total angular momentum: 

A A 

1= L LA: + L SA: 
A:-l A:-l 

(7.43) 

where the sums are extended over all the nucleons. The operators 
(7.43) and (7.42) are similar in form. However, LA: and SA: are multi
plied with different factors in POp and therefore the magnetic moment is 
not necessarily parallel to the angular momentum I. Since the vector 
I is a constant of motion, the magnetic moment is generally not con
stant in time and its significant value is its time average. Hence, as 
far as the expectation value (7.41) is concerned, we can replace the 
operator Pop by 

(7.44) 

The "effective" magnetic moment Pe/l is parallel to I and has all 
properties of a vector in this direction. Only the z component, 
(Pe/l)., has a non-vanishing expectation value. Furthermore, there is 
a well-known relation between the expectation values of (Pe/l). in the 
21 + 1 substates of a given nuclear state of angular momentum I. 
The substates differ only by the orientation of I with respect to the 
z axis. The angle f3 between I and the z axis is given by (7.23), so that 
the expectation values IJ.. in the different sub states with magnetic 
quantum numbers m are proportional to m: 

m 
IJ.. = const cos f3 = const _ / 

v 1(1+1) 

Hence IJ.. attain3 the maximum value in the substate 1/I(m) with m=I, 
and this maximum value is commonly called the magnetic moment IJ. 

of the nucleus: 

Here 1/1(1) is the wave function of the substate m = I, and (pop). is 
the z component of the operator (7.42). 
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The gyromagnetic ratio g of the nucleus is defined by 

eh 
J.I. = g 2Mc I 

35 

(7.45) 

It is customary to measure magnetic moments in units of the Bohr 
magneton for a proton, where 

eh 
1 Bohr magneton = J.l.o = -- = 5.049 X 10-24 erg/gauss (7.46) 

2M pc 

The nuclear magnetic moment in these units is then given by 

Magnetic moment in Bohr magnetons = .!!... = gI 
J.l.o 

(7.47) 

The present precision methods of measuring magnetic moments 
were initiated by Rabi and his group (Kellogg 36,46). These methods 
provide a direct measurement of the gyromagnetic ratio g. In order 
to obtain the magnetic moment J.I. itself, the nuclear angular momentum 
must be found separately. 

The formula for the magnetic dipole moment of the magnetic moment distribu
tion M(r) can be generalized as follows. We use the" magnetic charge density" 

Pm(r) = -div M(r) (7.48) 

to define the generalized magnetic multi pole moment Mlm in analogy with the 
generalized electric multipole moment Qlm, (7.26): 

Mlm = J rl Ylm ·(8,,,,) Pm(x,y,z) dV (7.49) 

For the special case l = 1 we find the relations 

M1.±l = + (8:Y' (Il% + i Ilv) 

(7.50) 

The following rules hold for these generalized magnetic multipole moments: (I) 
they are zero for even values of l (because of the parity rule); (2) for odd l they 
vanish unless the angular momentum I of the nucleus is greater than or equal to 
Jl (because of the law of composition of angular momenta); (3) they vanish unless 
m =0 (the vanishing of the components Il% and Ilv of the magnetic dipole moment 
is a special case of this rule); (4) the non-vanishing component M/,o in the state,y 
depends on the z-component m of the angular momentum of the nucleus; the values 
of MI,o for different m are related, however, so that there is only one independent 
value, which is commonly taken as MI,o in the state with m = I and referred to as 
the magnetic multipole moment of order l. (There are various conventional 
definitions of the higher moments which differ from each other by factors, however, 
80 care should be taken to make sure which definition is used in any special case.) 
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At present there exists some evidence for a magnetic octupole moment (l =3) 
in only one nucleus (iodine; see Tolansky 39). But the advances in precision 
measurements of magnetic moments should make it possible to find magnetic 
octupole moments of reasonable orders of magnitude before long. 

It is impossible, in general, to find an expression for the gyromagnetic 
ratio g of the nucleus in analogy to the Lande factor used in atomic 
spectroscopy. The interactions between the nucleons in the nucleus 
depend significantly on their spin directions in contrast to the electron
electron interaction in atoms. Hence the individual spins of the 
nucleons are not constant, even to a first approximation. Neither 

z 
the total proton orbital angular momentum L Lk nor the proton or 

k-l 
neutron spin angular momenta are constants or even nearly constants. 
They can assume all values compatible with the total angular momen
tum I. 

Hence any theoretical attempt to determine the gyromagnetic 
factor g must start from certain assumptions about the way the total 
magnetic moment J.L is made up by the orbital and intrinsic angular 
momenta of the constituents. 

Let us illustrate this point with a very simple assumption: We 
assume that the angular momentum I is due to the motion of one 
nucleon only and that the angular momenta (orbital and intrinsic) of 
all other nu'cleons add up to zero. This assumption is usually referred 
to as the "Schmidt model" (Schmidt 37). We get 

(7.51) 

where gL = 1, gs = gp if the nucleon is a proton, and gL = 0, gs = gn if 
the nucleon is a neutron. In general only I has a definite value, but 
neither Lk nor Sk has a sharp value. Since only one particle contributes 
to I, we have necessarily S = ±t and there are only two possibilities for 
L: L = I +} or L = I -}, or perhaps linear combinations thereof. Since 
the state of the nucleus must have a well-defined parity (even or odd, 
but not both), the nucleon k cannot be in a state which is a mixture of 
the two possibilities. It therefore must have a well-defined orbital 
angular momentum given by the quantum number l = I +i or l = I -i. 
The situation is then completely analogous to the conditions prevailing 
with electron orbits, and we get for the g factor 

(7.52) 
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where as and aL are the quantum-mechanical values of (S·I)/12 and 
(L. I) / 12, respectively: 

1(1+1) + S(S+l) - l(l+l) 
as = 

21(1+1) 

1(1+1) + l(l+l) - S(S+l) 
(7.53) 

aL = 
2/(/+1) 

In the case of the Schmidt model we must put S=} and l=l±l 
The expressions are particularly simple when the orbital and spin 
angular momenta of nucleon k line up: 1 =l+l Then (7.53) gives 
as=S/1 and aL=l/I, so that 

}gs + (I-})gL 
g = 1 (Schmidt model, l=1 -i) (7.54) 

The other possibility is that land S are anti-parallel: 1 =l-}. We 
then get from (7.52) and (7.53) 

g = 
-}gs + (I +i)gL 

1+1 
(Schmidt model, l=I+}) (7.55) 

A study of the known magnetic moments of odd-mass-number 
nuclei (Poss 49, Goldsmith 48, Mack 50) shows that these moments 
cannot be fitted by either (7.53) or (7.54). It is true, however, that 
practically all the magnetic moments for a given 1 fall between the 
results of the two formulas above. Figures 7.1 and 7.2 (both taken 
from the report of Poss) show measured magnetic moments J.t =gI, 
plotted against the nuclear angular momentum I, for nuclei with an 
odd number of protons and neutrons, respectively. The solid lines 
connect the values given by the Schmidt model. 

8. STATISTICS 

The properties of quantum-mechanical systems composed of many 
particles are determined by the "statistics" of the constituents. 
There are two alternatives: Bose-Einstein statistics and Fermi-Dirac 
statistics. It is impossible to give a classical explanation of the sig
nificance of the choice of statistics. The consequences of this choice 
manifest themselves only in typical quantum phenomena, and they 
disappear in the classical limit. 

Let us consider a system of A particles of which some are "equal" 
or indistinguishable, for instance a. nucleus of A constituents of which 
the protons and the neutrons are both groups of "equal" particles. 
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The Schrodinger equation of this system has the form 

H 1/1(1,2,3,"') = E 1/1(1,2,3,"') (8.1) 

where H is the Hamiltonian operator and 1/1(1,2,3,"') is the eigenfunc-
tion depending on the coordinates of the first, second, third, ... particle, 
and we abbreviate our notation by writing the figures 1,2,3, ... instead 
of the coordinates of these particles. Evidently the Hamiltonian 
operator H remains unchanged if the coordinates of any two equal 
particles are exchanged. It can be shown (Pauli 33) that the 
eigenfunctions 1/1 must be either symmetric or anti-symmetric with 
respect to the exchange of coordinates of any pair of equal particles. 

If the wave function is symmetric under the exchange of the coor
dinates of any two equal particles, the particles are said to obey Bose
Einstein statistics. If the wave function is anti-symmetric (changes 
sign) under the exchange of the coordinates of two equal particles, 
the particles are said to obey Fermi-Dirac statistics. It has been 
established that protons and neutrons obey Fermi-Dirac statistics. 
All wave functions which describe states of a system of protons and 
neutrons must be such that they change sign if the coordinates of two 
protons are interchanged, or if the coordinates of two neutrons are 
interchanged. There is no special condition upon the behavior of the 
wave function under an interchange of the coordinates of a neutron 
and a proton, since these are not identical particles. I There are 
certain consequences of the Fermi-Dirac statistics which can be stated 
in less formal terms. 

It follows directly from the anti-symmetry that the wave function 
vanishes if the coordinates of two equal particles assume the same 
value. This means physically that two equal particles can never be 
found exactly at the same place. It is also very improbable that they 
are found a small distance apart since the wave function is still small 
if the coordinates are almost equal. Actually they are found mostly 
at distances larger than a characteristic distance d which depends on 
their relative momentum p and is of the order d",h/p. This can be 
shown as follows: Let us write the eigenfunction 1/1 as a function of the 
distance rl2 between the two particles in the form 

C . r12 1/1'" em-
"(r12) 

(8.2) 

I In Chapter III we shall introduce a method of writing nuclear wave functions 
in which neutrons and protons appear formally as identical particles. We shall 
show, however, that this is merely a formal device, not an additional assumption 
about the nature of the particles. 
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where l'.(r12) is an even function of r12, and C depends on all variables 
except r12. Any function which is anti-symmetric in r12 can be written 
in this form. We now make the special assumption that l'.(ru) is a 
slowly varying function, i.e., that it does not change much over the 
distance l'.(0): 

l'.'(O) « 1 l'."(0)·l'.(0) « 1 (8.3) 

The significance of this assumption becomes evident when we apply 
the operator -h2(a2/Or122) which corresponds to P122, the square of 
the relative momentum. If (8.3) is valid, we get 

(8.4) 

In this approximation, the operator P122 is equivalent to multiplication 
by h2/l'.2(0), and we can interpret h/l'.(O) as the value of P12 in the 
neighborhood of r12 =0. Thus (8.3) gives the conditions under which 
it is possible to speak of a definite "value" of the relative momen
tum in the neighborhood of r12=O. l'.=h/P12 is the de Broglie wave
length corresponding to the momentum P12. Equation (8.2) shows 
that the wave function is small as long as the distance r12 between two 
equal particles is small compared to l'.. We thus conclude that 
identical particles are rarely found at distances small compared to 
the wavelength l'. = h/P12, where P12 is of the order of their relative 
momentum. In order to bring two identical particles very close 
together, say withjn a distance d, their relative momentum must be at 
least of the order hid. 

This effect of the Fermi statistics can also be derived from the more 
familiar formulation that not more than one particle of a given type 
can fill a "cell" in phase space. The phase space is a six-dimen
sional space whose coordinates are the three ordinary space coordinates 
and the three components of the momentum. One" cell" is a 
volume of the order of magnitude h3• If the linear dimensions Ilq of a 
cell are chosen of the order d, the momentum spread IIp must be of the 
order hid so that Ilq3.llp3,....,h3. If the cell is filled with a particle, a 
second particle at a linear distance d must differ in momentum by at 
least IIp in order to be found in a different cell. 

Another well-known consequence of the Fermi-Dirac statistics is 
found in systems of several equal particles of weak interaction. In 
this case, the particles can be considered alI1lost independent and sub
ject to the same potential V. They occupy energy levels which are 
the stationary levels of a single particle in the potential V, whose 
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eigenfunctions we call t/li and whose eigenvalues are E i . We shall call 
this way of describing a system of many particles the" independent
particle picture." It follows, then (Pauli 33), that not more than one 
particle can occupy the same level i if the particles obey Fermi statis
tics. This formulation is called the" Pauli exclusion principle." 

It is necessary to take account of spin in the application of the 
Fermi-Dirac statistics to nucleons. The spin introduces into the 
description of a particle a new coordinate which can assume only two 
values, corresponding to the two possible orientations of the spin. 
The wave functions must be anti-symmetric with respect to the 
exchange of all coordinates of two equal particles, including the spin 
coordinates. Some of the consequences discussed above must be 
reformulated when the spin is taken into account. The rule that two 
identical particles are never found at a distance small compared to l\. 
as defined above can be applied only if the particles are in the same 
spin state. Only then are all coordinates identical or almost identical. 
If the spins are opposite, the rule no longer holds since the spin coordi
nates do not coincide. The particles can approach one another just 
as if they were not identical. 

In the independent-particle description, a level in the potential V 
is not completely defined by the eigenfunction t/li which depends only 
on the spatial variables. The levels are completely described only if 
the spin coordinate is included. This becomes particularly simple if 
the potential V does not depend on the spin. The form of t/li and the 
energy Ei are then independent of the spin. If we define a "level" 
by t/li and E; only, without specification of the spin, the Pa'..lli exclusion 
principle does not exclude two identical particles, provided that their 
spin orientations are different. Again, two identical particles of 
opposite spin must be considered "different." 

The Fermi-Dirac statistics of nucleons has numerous and important 
consequences in the structure of nuclei which will be discussed 
especially in Chapter VI. 

It is also interesting to determine the statistics which follow for 
entire nuclei, when they are considered entities (rigid bodies) them
selves. This is of importance in the study of the interaction of nuclei 
with other nuclei in molecules. For this purpose the internal structure 
of the nucleus is irrelevant, because the energies in the molecule are 
very small compared with the excitation energies of nuclei. Consider 
two identical nuclei, each consisting of A nucleons. Let us assume 
that they are part of a dynamical system, say a diatomic molecule. 
An example is the oxygen molecule, both nuclei being 0 16• Con
versely, an oxygen molecule with one 0 16 nucleus and one 0 17 nucleus 
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is not of the type under consideration (even though its chemical 
behavior is not very much different). The wave function of this 
molecule depends on the coordinates of the two nuclei as well as on the 
coordinates of all the electrons. Let us consider its behavior under an 
interchange of the coordinates of the two nuclei, leaving the electron 
coordinates unchanged. An interchange of the two nuclei is equiva
lent to A (the mass number) interchanges of individual nucleons. 
The exchange of each pair of identical nucleons multiplies the wave 
function by -1 (Fermi-Dirac statistics); hence A such exchanges give 
rise to multiplication by (-I)A. We conclude that nuclei with odd A 
obey Fermi-Dirac statistics and nuclei with even A obey Bose-Einstein 
statistics. A rigorous proof of this theorem was given by Ehrenfest and 
Oppenheimer (Ehrenfest 31). 

The statistics of nuclei have important consequences for the spec
troscopy of molecules. Take the oxygen molecule as an example. 
Among the quantum states of the 0 16_0 17 molecule, there are some 
which are symmetric under an interchange of the nuclear coordinates 
and others which are anti-symmetric under this operation. Both 
kinds can be observed spectroscopically. In the 0 16_016 molecule 
only the symmetric states are allowed by the nuclear statistics, so 
that certain states are missing; in the 0 17_0 17 molecule, only the anti
symmetric states are allowed. It is apparent that a detailed study of 
the spectra of homonuclear diatomic molecules allows determination 
of the statistics of the nuclei of those molecules. For details, the 
reader is referred to the books by Herzberg (39), Fluegge (46), and 
Kopfermann (45). 

Historically, the most important determination of the statistics of a 
nucleus was that of N 14 (Heitler 29, Rasetti 30). N 14 was found to 
obey Bose-Einstein statistics. This provided a crucial test against 
the proton-electron hypothesis of nuclear constitution: according to 
this hypothesis, N 14 should consist of 14 protons and 7 electrons, i.e., 
21 particles everyone of which is known to obey Fermi-Dirac statistics. 
According to the theorem of Ehrenfest and Oppenheimer, the entire 
nucleus must then obey Fermi-Dirac statistics, in contradiction to 
experiment. On the other hand, the statistics of N 14 is predicted 
correctly by the neutron-proton hypothesis of nuclear constitution, 
according to which N 14 contains an even number (14) of Fermi-Dirac 
particles. Incidentally, the considerations of Ehrenfest and Oppen
heimer also show that a neutron can not be considered a closely bound 
composite particle consisting of a proton and an electron: such a com
pound particle would have to obey Bose-Einstein statistics, whereas 
the neutrons are known to obey Fermi-Dirac statistics. 
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SYMBOLS 

The numbers in parentheses ( ) are the. numbers of the equations 
in which the symbol is first used or defined. 

a Semi-axis of a spheroid, perpendicular to its symmetry (z) 
axis (7.17) 

aL Lande factor for the orbital motion (7.52), (7.53) 
as Lande factor for the spin motion (7.52), (7.53) 
A Mass number (Section 1) 
B Binding energy of a nucleus (2.5) 
B* Binding energy of an excited nuclear state (Section 2) 
B(a) Binding energy of an alpha-particle [ = 28.2 Mev] (2.10) 
c Semi-axis of a spheroid, parallel to the symmetry (z) axis 

(7.17) 
c Velocity of light [=3X 1010 em/sec] 7.15 
Dz Dipole moment of the charge distribution (z component) 

(7.4) 
e Electronic charge [=4.8XlO-10 esu] (Section 1) 
e Negative electron (3.1) 
e+ Positive electron (positron) (3.2) 
E Energy associated with the charge distribution p in the 

external field with potential If' (Section 7) 
E* Nuclear excitation energy before emission of a particle 

(5.6) 
E"" Value of the potential energy VCr) between two nuclei B 

and C at infinite separation (Section 3) 
8 Electric field vector (Section 7) 
f Binding fraction [= B / A] (Section 2) 
g Gyromagnetic ratio of a particle (7.29) 
g Gyromagnetic ratio of a nucleus (7 Ai)) 
gL Gyromagnetic ratio associated with the orbital motion 

(7.51) 
gn Gyromagnetic ratio of a neutron [= -3.83] (7.30) 
gp Gyromagnetic ratio of a proton [= +5.58] (7.30) 
g. Gyromagnetic ratio associated with the spin motion (7.51) 
h Planck's constant divided by 211" (Section 6) 
H Hamiltonian of the nucleus (8.1) 
:re = :re(r) for a constant magnetic field (7.36) 
:re(r) Magnetic field vector at position r (7.35) 
I Total angular momentum (" spin") of a nucleus, usually 

in its ground state (Section 6) 
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Angular momentum operator for the nucleus as a whole 
(7.43) 
Current density at position r (7.31) 
Current density associated with the motion of the kth 
proton (7.32) 
Electric field gradient evaluated at the center of the 
nucleus [= (aE.fa.)] (7.11) 
Orbital angular momentum operator for the kth nucleon 
(7.39) 
Magnetic quantum number (Section 6) 
Mass of the electron (2.3) 
Mass of the neutrino [=o?] (Section 3) 
Mass of a nucleon, used when the difference between M n 

and M p is not important (Section 7) 
Mass of an atom containing the nucleus (Z,N) and Z elec-
trons (2.2) 
Mass of the hydrogen atom (2.3) 
Generalized static magnetic multi pole moment of order 
l,m (7.49) 
Mass of the neutron (Section 2) 
Mass of the nucleus (Z,N), without atomic electrons 
(2.1) 
Mass of the proton (Section 2) 
Magnetization density vector at position r (Section 7) 
Magnetization density associated with the convection cur-
rent j(r) (7.31) 
Magnetization density associated with the intrinsic spins 
of the nucleons (7.33) 
Neutron (3.1) 
Number of neutrons in a nucleus [=A -Z] (Section 1) 
Proton (3.1) 
Probability of finding the ith nucleon in the volume ele
ment dV at position r with respect to the center of gravity 
of the nucleus (7.5) 
Linear momentum operator for the kth nucleon [= -ihVk] 
(7.32) 
Relative momentum of particles 1 and 2 (Section 8) 
Electric quadrupole moment (7.17), (7.25) 
Generalized electric multi pole moment (static) of order 
l,m (7.26) 
Electric quadrupole moment in the state y,. with angular 
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momentum I and magnetic quantum number I. =m 
(7.24), (7.25) 
Electric quadrupole moment in the quantum state .Jt 
(7.15) 

Nuclear radius parameter [=R/~] 
Position vector of the kth nucleon 
Nuclear radius (Section 4) 

(4.1) 
(Section 7) 

Radius of residual (daughter) nucleus after alpha-particle 
emISSIOn (5.10) 
Spin vector of a particle (7.29) 
Separation energy of a particle a from the nucleus X 
(Section 2) 
Separation energy of an alpha-particle (2.10) 
Coulomb part of the separation energy of a proton, equal to 
the "height of the Coulomb barrier" for a proton (5.2) 
Coulomb part of the separation energy of an alpha-particle, 
equal to the "height of the Coulomb barrier" for an 
alpha-particle (5.9), (5.10) 
Spin vector for the kth particle (Section 7) 
Spin density at position r associated with the kth particle 
(Section 7) . 
Separation energy of a neutron (Section 2) 
Nuclear part of the separation energy of a proton [=Sp+Sc] 
(Section 5) 
Nuclear part of the separation energy of an alpha-particle 
[=Sa+Sc(a)] (5.9) 
Separation energy of a proton (Section 2) 
Half-life of a radioactive nucleus (footnote 2, page 12) 
Mean life of an excited state [=0-1] (Section 3) 
Total energy of a nucleus (2.4) 
Total energy of an excited state of a nucleus (Section 2) 
Symbol for a nucleus with mass number A, containing Z 
protons and N = A - Z neutrons [ = zX = X A] (3.1') • 
Residual nucleus after separation of particle a from nucleus 
X (Section 2) 
Normalized spherical harmonic of order l, m, as defined in 
Appendix A (7.26) 
Nuclear charge in units of e [= atomic number = number 
of protons in the nucleus] (Section 1) 

Angle between the z axis and the body (z') axis of the charge 
distribution p (7.21), (7.22) 
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Mass defect (2.1) 
= dz,Z+l (3.5) ff. 
Total energy difference between isobaric nuclei (Z,N) 
and (Z+I,N-l) (3.4) 
Atomic binding energy of an electron before capture 
(3.7) 
Total charge of the charge distribution p [= fp(x,y,z) dVl 
(7.4) 
Eccentricity parameter of a spheroid [= (c2 -a2)j(c2+a2)l 
(7.17) 
de Broglie wavelength associated with the relative motion 
of particles 1 and 2 (8.2) 
Magnetic moment of a nucleus (Section 7) 
Magnetic moment vector (7.29), (7.37) 
Bohr magneton for a proton (7.46) 
Magnetic moment of a neutron (Section 7) 
Magnetic moment of a proton (Section 7) 
Magnetic moment operator (7.40), (7.41), (7.42) 
Magnetic moment operator associated with the convection 
current (7.39) 
Magnetic moment operator associated with the intrinsic 
spins (7.40) 
Neutrino (3.1) 

II Barrier penetration probability per unit time (Section 3) 
p A classical charge density (Section 7) 
p",(r) "Magnetic charge density" at point r (7.48) 
I(J Electrostatic potential (Section 7) 
'" W ave function of the nucleus (Section 7) 



CHAPTER II 

Two-Body Problems at Low Energies 

1. INTRODUCTION 

Compared to the rest of nuclear physics, the phenomena involving 
only two nucleons have received an extraordinary amount of attention 
in the literature and in textbooks. This appears to be due to two 
causes: (1) the mathematical simplicity of two-body problems, and 
(2) the expectation that the forces between nucleons are additive, 
so that (in principle at least) a complete knowledge of the two-nucleon 
systems would allow computation of all nuclear properties. Evidence 
that the nuclear forces are not additive seems to be accumulating: if 
more than two nucleons are close together, the forces between each 
pair are perhaps not equal to those acting between isolated pairs. 
Hence it appears that the knowledge gained from the study of two
body problems is not so fundamental for nuclear physics as a whole as 
anticipated. Still the two-nucleon problems are the basic problems of 
nuclear physics and are our best source of knowledge regarding the 
nature of nuclear forces. 

This chapter will deal with two-body systems with relatively small 
energies on a nuclear scale (i.e., energies below 10 Mev). The recent 
high-energy results will be discussed in Chapter IV. Since we restrict 
ourselves to energies low compared to the rest energy of a nucleon, 
all relativistic effects can be neglected. Other uncertainties are much 
larger than the likely relativistic corrections (Feenberg 36, Share 37). 

Since the nature of the force between two nucleons cannot yet be 
derived from a fundamental theory, the theory of the two-body sys
tems must include certain heuristic assumptions regarding these 
forces. The correctness of these assumptions can be tested only by 
comparing the results with experiments. 

Most treatments of the two-body systems assume that nuclear 
forces are conservative and can be described by a potential function 
V(r), r being the internucleon distance. Although there is little 
doubt about the validity of the conservation laws, the description by 
means of a nuclear potential function assumes that internucleon forces 

48 
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are independent of the relative velocity of the particles. It is entirely 
possible that future experiments may lead to the recognition of the 
existence of velocity-dependent forces. However, it will turn out 
that the low-energy two-body problems are rather insensitive to the 
assumptions made about the laws of force. 

The reason for this independence lies in the extremely short range 
and great strength (within the range) of the nuclear forces. [This 
was first pointed out by Wigner (33a,b) in connection with the large 
binding energy of the alpha-particle compared to that of the deuteron]. 
For energies below 10 Mev, the range of the force is small compared 
to the de Broglie wavelength of the particles; hence the actual nuclear 
force is very nearly equivalent (in its action upon the wave function of 
the system) to an idealized force which has a zero range and an infinite 
strength. The details of the law of force are correspondingly unimpor
tant. Of course, the finite range has some effects and the ensuing 
range corrections can be determined from experiment. However, 
even very refined experiments at low energies do not suffice to deter
mine more than an "effective range" and "depth" of the potential 
well, leaving the detailed shape completely indeterminate. 

This chapter begins with a discussion of the ground state of a deu
teron under the simplified assumption of spin-independent central 
forces. There follows a discussion of neutron-proton scattering which 
leads to the necessity of a spin dependence of the nuclear potential. 
The scattering of neutrons by protons bound in molecules is treated in 
some detail. The ensuing discussion of the nuclear interaction 
between two protons leads to the following remarkable result: while 
neither the proton-proton potential nor the neutron-proton potential 
is determined uniquely by the experimental data, it is possible to 
fit all the low-energy results by the assumption that the nuclear force 
between two protons is the same as that between a neutron and a 
proton. The last section is devoted to the modifications of the nuclear 
potential which the discovery of the quadrupole moment of the 
deuteron has introduced (Kellogg 39, 40). The force between two 
nucleons is no longer a central force but must contain a part which 
depends on the relative direction of the spins and the radius vector 
between the nucleons. 

2. THE GROUND STATE OF THE DEUTERON; 
SIMPLIFIED DISCUSSION (CENTRAL FORCES ASSUMED) 

The deuteron is a system of two particles of roughly equal mass M, 
held together by an attractive, short-range force. In this section we 
shall assume that this force acts along the line joining the two particles, 
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i.e., that it is a central force. This assumption has turned out to be 
incorrect. There is a spin-orbit coupling term in the actual force (the 
so-called tensor force) whose inclusion makes the wave equation con
siderably more complicated. However, the simple central force prob
lem exhibits many qualitative features of the actual case without the 

Energy 

Aliowed~ ... .j.I"",,,,,--__ Forbidden zone --------i ... ~ 
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FIG. 2.1. The potential energy V(r) caused by the attractive nuclear forces 
becomes negligible when the interparticle separation r exceeds the range b. In the 
deuteron the region E - V (r) > 0 is the "allowed zone," E - V (r) < 0 the "for-

bidden zone." 

complications introduced by the coupling between the spin and 
orbital motions. 

The (assumed) central force can be derived from a potential V(r). 
Since the force is attractive, V(r) is negative and decreases with 
decreasing r. It is assumed that it is different from zero only within a 
short range b of the order b,..,.,2 X 10-13 cm, as indicated in Fig. 2.1. 
The wave equation for the relative motion in this system of two 
particles is 

-(:J V21/1(r) + V(r) 1/I(r) = E 1/I(r) (2.1) 
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where II- is the reduced mass: II- =iM and E is the energy of the relative 
motion; r is the vector distance between the two particles. Since 
VCr) is supposed to describe a central force, it depends only on the 
absolute value of the vector distance r=lrl. 

We are interested in the ground state of this system whose energy 
E is equal to - B, where B = 2.226 ± 0.003 Mev is the observed binding 
energy of the deuteron (Mobley 50, Tollestrup 50, Bell 48, Smith 48, 
Myers 42) . We expect the ground state to be spherically symmetric 
(8 state), so that 1/t(r) depends only on r=lrl. We put 1/t=u(r)/r. 
Then u 2(r) dr is the probability of finding the two particles at a distance 
between rand r+dr. The equation for u(r) becomes 

- (~)(~:~) + VCr) u(r) = E u(r) 

with the boundary conditions 

u(r) = 0 for r = 0 and for r -+ ao 

It is useful to rewrite (2.2) ill the form 

d2u 
-2 + K2(r) u(r) = 0 
dr 

where K(r) is the "local" wave number defined by 

K(r) = ±h-1[M(E - V(r))]l!2 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

The potential energy VCr) is lower than the total energy E for small 
values of r (see Fig. 2.1). The function VCr) increases with increasing 
r, so that there will be a distance. r1 of the order b for which 

(2.6) 

K(r) is real for r<r1 and imaginary for r>r1. The region r<r1 is the 
"allowed zone," the region where we would expect to find the distance r 
if the particles obeyed the laws of classical mechanics. r> rl is the 
"forbidden zone," the region where the system would never be found 
if it obeyed classical mechanics. 

We shall now estimate the potential energy necessary to give the 
observed binding energy of the deuteron. For this purpose we study 
the shape of the eigenfunction u(r) as given by (2.4). Going out 
from r =0, u(r) will behave roughly like sin Kr where K is some average 
value of K(r) in the allowed region. This general behavior persists 
within the range of the nuclear force until the forbidden zone is 
reached. In the forbidden zone VCr) rapidly becomes negligible, the 
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kinetic energy T = E - V is negative, and the wave number is 
k = ± (i/h)(2p.B) 1/2 according to (2.5). Then the wave function u(r) 
behaves like exp (-r/R), with R given by 

R = jkj-l = h(2p.B)-1/2 = 4.31 X 10-13 cm (2.7) 

The othfOlr solution, exp (+r/R), is excluded by the boundary con
dition at infinity. 

A few radial wave functions u(r) with this general behavior are 
shown in Fig. (2.2).1 The inside region must contain slightly more 
than one-quarter wavelength (a), three-quarter wavelength (b), and 
so on, since it must join with an exponential whose tangent is directed 
toward the abscissa. The wave function is smoothest in case (a) and 
therefore corresponds to the lowest kinetic energy. Hence case (a) 
represents the ground state of the deuteron. 

It is remarkable that the wave function u(r) decays with increasing r 
exponentially with a decay length R which is considerably larger than 
the range b of the nuclear forces. The "size" of the deuteron exceeds 
the range, and there is a considerable probability of finding the two 
nucleons in the bound state at a distance larger than the range of the 
forces which hold them together. This is caused by the quantum
mechanical" tunnel effect" which is analogous to the diffraction of a 
light wave into a region where geometrical optics would predict a 
sharp shadow. The wave function leaks into the" forbidden" region; 
the distance of this "leakage" is given by (2.7). Since R>b, the 
"size" of the deuteron is determined by R rather than by b; by the 
wave-mechanical diffraction effect rather than by the range of the 
force. Therefore the deuteron is a rather weakly bound, extended 
structure. The nuclear force is effective only part (of the order of 
one-half) of the time, since the rest of the time the particles are outside 
the range of each other. In heavier nuclei the particles are pulled 
much closer together, so that better use is made of the full strength 
of the nuclear force. The binding energy per particle is therefore 
much larger (Wigner 33a). 

We can get a lower limit for the depth of the potential necessary for 
a bound deuteron by assuming that the deuteron binding energy is 
very near zero. The decay length R in the outside region is then very 
large compared to the range of the nuclear forces, and u(r) is essentially 
horizontal for r?b, b being the range. Figure 2.3 shows that we must 
then have one-quarter wavelength inside the well, i.e., 

1 In nature only the first of these exists. The potential of the actual neutron
proton force is not deep enough to allow more than one bound state (Bethe 36a). 
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where K, V are appropriate averages of the local wave number and the 
potential energy inside the well (it should be observed that the expecta
tion value of the potential energy in the ground state is considerably 
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FIG. 2.2. Two stationary states in a short-range potential lI(r). The radial 
wave function u(r) (=Tl/t) behaves like exp (-r/R) in the "forbidden zone," 
where R = (MB/At) lit, B =binding energy. u(r) has slightly more than one
quarter wavelength inside the well (r <b) for the ground state (a), slightly more 
than three-quarter wavelength for the next excited state (b). In the deuteron, 
state (b) does not exist as a bound state since the force is just barely strong enough 

to make state (a) a bound state. 

less in absolute value than I vi, since the particles are outside each 
other's range so much of the time). We have neglected the binding 
energy of the deuteron compared to IVI in (2.8), in accordance with 
our intention of getting a lower limit on the magnitude of I vi. Equa
tion (2.8) can be rewritten in the form 
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(2.9) 

Thus the potential energy inside the range of the forces has to be 
quite large to keep the deuteron together: for b of the order 2 X 10-13 

em, I vi must be at least of the order of 25 Mev. 
To this approximation a knowledge of the binding energy of the 

deuteron allows us to find the product b2 1 vi but not each factor 
separately. Thus we can get the same binding energy from a rela-
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FIG. 2.3. In the limit, as the binding energy approaches zero, the radial wave 
function u(r) has one-quarter wavelength inside the well (r <b) and approaches 

a horizontal straight line outside the well. 

tively weak force with a long range as from a strong force with a short 
range. 

The relation (2.9) was based on the assumption that the binding 
energy of the deuteron is very small compared to the average potential 
energy inside the well. This is an excellent approximation for very 
short ranges b. However, for ranges b long enough so that I vi com
puted from (2.9) becomes comparable to the binding energy B, (2.9) 
needs correction. The corrections are two-fold: (1) the wave number 
K(r) inside the well, (2.5), is smaller than the approximation (2.8), 
hence the inside wavelength is longer, for the same strength of the 
potential; (2) the wave function inside the well has to join properly 
to the decreasing exponential solution outside, not to a horizontal 
straight line; hence we need slightly more than a quarter wavelength 
inside the well for proper joining. Both these corrections tend to 



2. The Ground State of the Deuteron 55 

increase the strength of potential necessary to give the observed 
binding, making the true IV/larger than the estimate (2.9).1 

It will be useful to express this correction in terms of a parameter 8, 

the "well depth parameter" which is defined as follows: 8 is the num
ber by which the actual potential V(r) must be divided in order to 
reduce the binding energy to zero. Thus the fictitious potential 
V(r)/8 gives rise to a binding energy B=O and therefore satisfies (2.9) 
for all ranges b. The actual potential V(r) in the deuteron has 8> 1, 
and the deviation of 8 from unity gives a measure of the inaccuracy of 
the approximation (2.9). It is plausible that 8 depends on the ratio 
b/R of the range of the well to the "size" of the deuteron, and is unity 
for b/ R = O. The deviation of the well depth parameter 8 from unity is 
often called the" range correction" to the simple estimate (2.9). 

The value of 8 for a given b/ R depends on the shape of the potential. 
The variation of 8 with b/ R is strongest for a shape which is sharply 
cut off like a rectangular well, and weakest for a force with a "tail." 
For conventional well shapes, the simple estimate (2.9) is too low by 
between 30 and 50 percent if a range b::iR=2.15XlO-13 cm is 
assumed. For details, see Table V in Blatt and Jackson (Blatt 49). 

For purposes of calculation, it is necessary to assume some definite 
form for the radial dependence of the potential. The following forms 
have been used most widely in the literature (Bethe 36a, Rarita 37,38, 
Sachs 38, Hulthen 42, Ramsey 48, Breit 36, 39, Feenberg 35, Hatcher 
49, Hoisington 39, and many others): 

Square well: 

Gaussian well: 

Exponential well: 

Yukawa well: 

V(r)=-Vo 

V(r) = 0 

r < b 

r > b 

V(r) = - Vo exp ( - ~) 

V(r) = - Vo exp ( _ 2;) 

VCr) = _ V exp (-r/{3) 
o (r/{3) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

In terms of these conventional well parameters, the well depth 
parameter 8 becomes 

Square well: 4 AlVo 2 
8 = r2--,;y-b (2.14) 

1 An exact formula which is a generalization of (2.9) for finite ranges has been 
given by Low (48). 
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Gaussian well: 

Exponential well: 

Yuka wa well: 

MVofJ2 

8 = 0.37261 h2 

MVofJ2 

8 = 0.17291 h2 

MVofJ 2 

8 = 0.59531 -r 

(2.15) 

(2.16) 

(2.17) 

The range parameters fj are not really comparable. It is useful to 
introduce an "intrinsic range" parameter b instead of the conventional 
range parameter fj (Blatt 49). The intrinsic range b for the wells 
quoted above is 

Gaussian well: 

Exponential well: 

Yuka wa well: 

b = 1.4354 fj 

b = 1.7706 {3 

b = 2.1196 fj 

(2.18) 

(2.19) 

(2.20) 

The precise significance of this intrinsic range appears in the next 
section. 

3. NEUTRON-PROTON SCATTERING 

A. Simple Theory 

The scattering of neutrons on protons depends considerably on the 
energy of the neutrons. For energies below 10 Mev, the de Broglie 
wavelength (in the center-of-mass system) is long compared to the 
range of the nuclear forces; hence neutrons of orbital angular momenta 
larger than zero do not come close enough to the proton to be appreci
ably scattered. The scattering is due only to the l = 0 neutrons 
("S wave scattering") and is isotropic in the angle in the center-of
mass system as long as the proton can validly be treated as a free 
particle. The latter condition is satisfied if the energy of the neutron 
is large compared to the chemical binding energies which keep the 
proton in place in a molecule or in a crystal lattice, i.e., for neutron 
energies large compared to 1 ev. We shall treat neutron-proton 
scattering in the energy region 1 ev < E < 10 Mev in detail; the 
modifications in the analysis for thermal and subthermal neutrons 
will be discussed in brief later; the discussion of scattering experiments 
at energies above 10 Mev is reserved for Chapter IV. 

We shall treat neutron-proton scattering as if it were purely elastic 
scattering. This is not quite correct, since another, competing, process 
can occur: the capture of the neutron by the proton to form a deuteron, 
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with the emission of a gamma-ray (Fermi 36). This process will be 
discussed in Chapter XII; for our present purposes it suffices to 
observe that the radiative capture cross section is completely negligible 
compared to the cross section for elastic scattering as long as the 
energy of the neutrons is above 0.1 ev. 

We recapitulate briefly the usual analysis of elastic scattering by 
central forces (Mott 33). The wave function 1/1 is a solution of the 
Schrodinger equation for positive energy E, and we require that 1/1 
describe a beam of incident particles plus a scattered wave of particles 
going away from the scattering center. We shall carryon the analysis 
in the center-of-gravity system. It must be emphasized that in most 
scattering experiments the center of gravity is not at rest. Thus the 
energy E of the relative motion (with which we are concerned) is half 
the energy of the incident neutron beam in the laboratory system, 
and the angle of scattering 8 in the center-of-gravity system is twice 
the angle through which the neutrons are scattered in the laboratory 
(these simple relations are due to the equal masses of neutron and 
proton). 

At very large distances from the center, the wave function 

1/I(r) = 1/I(x,Y,z) 

describing the relative motion (r=rn -rp) has the form 

. exp (ikr) 
1/I(r) ::: exp (tkz) + f(8) ~--=

r 
(for r -) 00) (3.1) 

where the first term corresponds to the incident beam (moving in the 
z direction) and the second term is the scattered wave. f(8) is the 
amplitude of the scattered wave in the direction 8 with respect to the 
incident beam. The wave number k is the asymptotic value of (2.5) 
outside the range of the forces: 

k = (~~)l!2 (3.2) 

where it must be remembered that E without subscript is the energy 
of the relative motion. A useful numerical relation is: 

(3.3) 

where E1ab is the energy of the neutron in the laboratory system: 
E1ab = 2E. 

The differential cross section for elastic scattering into the solid angle 
element do in the direction 8 is related to the scattering amplitude f(8) 
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through 
(3.4) 

We decompose the wave function f, (3.1), into components of given 
orbital angular momentum l in the usual way: 

"" 
fer) = L fl(r) YI.O(lJ) (3.5) 

1=0 

where Y1,o(0) is a normalized spherical harmonic. We shall restrict 
ourselves to energies low enough so that the scattering occurs pre
dominantly in the S state, l = O. Weare therefore interested only 
in the l=O part of the expansion (3.5). This is found by multiplica
tion of (3.1) by Y o,o=(4'l1")-l/2 and integration over angles: 

fo(r) = i'll"l/2(kr)-1 [exp (-ikr) - exp (ikr)] 

+ (4'l1")l! 2J exp (ikr) 
r 

(for r ~ 00) (3.6) 

where J denotes the average of the scattering amplitude f(O) over 
angles. For low energies f(O) is independent of the angle and equal 
to the average value ]. 

In order to find the scattering amplitude we notice that T'1fo(r) = u(r) 
must obey the radial wave equation, (2.2) or (2.4), with E=h2k 2 j2/J, 
and the boundary condition u(r) = 0 for r = O. In the present case E is 
positive and equal to the energy of the relative motion. As r~ 00 the 
solution u(r) assumes the form C sin (kr+o), where C is an arbitrary 
constant. The" phase shift" 0 is determined uniquely by the bound
ary condition u(O) =0 and the radial wave equation (2.2). Let us 
normalize the solution u(r) such that 

( ( ) sin (kr+o) 
u r) ~ v r == ---

sin 0 
(for r ~ 00) (3.7) 

(This normalization 1 differs from the conventional one through the 
factor sin 0 in the denominator; it will be more convenient in later 
analysis.) A schematic plot of u(r) against r is given in Fig. 3.1. 
Comparison of the ingoing wave part [proportional to exp (-ikr)] of 
(3.6) and (3.7) shows that we must put 

1 AB used here, the term "normalization" refers to any method used to fix an 
arbitrary multiplicative constant in a wave function. We here normalize the 
behavior of u(r) as r approaches infinity. This is not related to the normalization 

of the ground state wave function by fa 00 u 2(r) dr = l. 
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. . u(r) 
"'o(r) = (411")112 exp (tc5) sm c5 kr (3.8) 

and comparison of the outgoing wave parts [proportional to exp (ikr)] 
then gives the following relation between the S wave scattering ampli
tude J and the S wave phase shift c5: 

J = k- 1 exp (ic5) sin c5 (3.9) 

To the extent that scattering in states of higher angular momentum 
can be neglected, (3.4) gives a differential scattering cross section in 
the center-of-gravity system independent of angle: 

(3.10) 

The problem is therefore reduced to that of finding the S wave 
phase shift c5 as a function of energy. In order to do this approxi-

FIG.3.1. At positive energy E the radial wave function u(r) becomes equal to its 
asymptotic form v(r) =sin(kr+o)/sino outside the range b of the nuclear force. 

t·(r) is normalized so that it becomes unity at r = O. 

mately, we shall start by discussing the behavior of the radial wave 
function u(r) in the limit of zero energy, E =0. Let us call this wave 
function uo(r). We shall neglect the effect of chemical binding, how
ever, so that, strictly speaking, we are concerned with the scattering 
above 1 ev, extrapolated down to zero energy, rather than with the 
actual scattering at zero energy. We shall refer to the extrapolated 
scattering as scattering at "zero" energy. 
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Beyond the range of the force, the radial wave equation (2.2) for 
"zero" energy, E=O, becomes d2uo/dr2=0, i.e., uo(r) goes over 
asymptotically into a straight line. Since the solutions of (2.2) can 
be multiplied with an arbitrary factor C, the only significant feature 
of this straight line is the place r=a, where it intersects the r axis. 

~--~~----~----------------------------------~r 

FIG. 3.2. At "zero" energy, E=O, the radial wave function uo(r) becomes equal 
to its asymptotic form vo(r) = 1 - (r fa) outside the range b of the nuclear force. 
Inside the range (for r <b), uo(r) is close to u(r) (Fig. 3.1) and vo(r) is close to v(r). 

A schematic plot of uo(r) is shown in Fig. 3.2. We calll a the 
"scattering length" (Fermi 47a), and we can write 

uo(r) = C (r - a) (for E = 0, r---+ 00 ) (3.11) 

If we use the special normalization (3.7) for uo(r), according to which 
the function is unity for r = 0, we obtain 

uo(r) ---+ vo(r) 
r 

1 -
a 

(3.12) 

We compare this with (3.7) which, in the limit k ---+ 0, assumes the 

1 Sometimes the scattering length is defined more generally as the value of r 
for which the radial wave function u(r) first becomes zero; it is then a function of 
energy, and our a is the scattering length in the limit of zero energy. We shall not 
make use of the general definition in this book, and, in what follows, a will be a 
constant, not an energy-dependent quantity. 
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form Vo = 1 + rk cot 6, and we get 

tan 6 = -ka (for k -+ 0) (3.13) 

By inserting (3.13) into (3.10) we obtain the total scattering cross 
section at "zero" energy: 

(3.14) 

This is identical with the scattering cross section (in the limit of zero 
energy) of an impenetrable sphere of radius a. Such a sphere would 
force the wave function u{r) to vanish at r=a and therefore would 
give rise also to the wave function (3.11). The measurement of the 
cross section at "zero" energy determines the absolute value of the 
scattering length, but not its sign. 

The connection between a and the cross section can also be seen 
directly from the wave function (3.1). For zero energy, (3.1) becomes 
1/t=I+(f/r) and the radial wave function u{r) = r1/t becomes r+f. 
Comparing this with (3.11) gives f= -a, and (3.4) gives the differ
ential cross section du=a2 drl, which leads immediately to (3.14). 

We now find an expression for the phase shift and, consequently, 
the cross section at an arbitrary energy E.l We use the wave equa
tion (2.2) for u{r) at energy E and compare it with the wave equation 

( 11.2) (d2u ) - M dr20 + V{r)uo(r) = 0 (3.15) 

of the wave function uo{r) at energy E=O. We multiply (2.2) by 
uo{r) and (3.15) by u{r) and subtract. The result is 

d (' 'k2 dr uUo - uou) = uUo (3.16) 

A precisely similar relation holds for the asymptotic forms v{r) of u{r) 
as defined in (3.7) and vo{r) of uo{r) as given by (3.12): 

d (' , 2 dr vVo - vov) = k vVo (3.17) 

1 The essential step in the theory of neutron-proton scattering, i.e., the appre
ciation of the effect of the very short range and great strength of the nuclear 
force upon the scattering cross section, is due to Wigner (33b). The effective 
range theory was first derived by Schwinger (47), who used a variational method 
described in detail by Lippman and Schwinger (Lippman 50). The somewhat 
simpler derivation given here is due to Bethe (49). There is considerable literature 
on the theory of neutron-proton scattering, e.g., Bethe (35), Kittel (39), HuIthen 
(42,48), Landau (44), Smorodinski (44,47), Kohn (48), Ramsey (48), Barker (49), 
Blatt (49), Chew (49), Hatcher (49), Lax (50), Kato (50), Toraldo di Francia (50), 
Goldberger (51a), and many others. 



62 II. Two-Body Problems at Low Energies 

since v and vo fulfill the wave equations (2.2) and (3.15), respectively, 
for V =0. We subtract (3.17) from (3.16) and integrate over r from 
zero to infinity. By using the relations u(O) = 0, v(O) = 1, v' (0) = k cot 0 
and vo'(O) = _a- I we get! 

k cot 0 = - a-I + k2 !o '" (vvo - uuo) dr (3.18) 

Equation (3.18) is exact. In order to use it as the basis of an 
approximation method, we observe that the significant contributions 
to the integral come from those regions of r where u(r) and uo(r) differ 
appreciably from their asymptotic behavior vCr) and vo(r), respec
tively. This is just the "inside" region where the nuclear force is 
effective. In this region the force is so strong that the behavior of the 
wave function [the local wave number K(r)] is nearly independent of 
the value of the total energy E (cf. Figs. 3.1 and 3.2). The nuclear 
potential V inside the nuclear range is of the order of 10 Mev or 
larger, and the addition of E makes only little difference. Hence it is 
a very good approximation to replace u(r) and vCr) in the integral by 
their zero energy forms uo(r) and vo(r), respectively. We then obtain 
the so-called" shape-independent approximation" formula, 

k cot 0 = -a- I + i-rok2 (3.19) 

where the length ro is defined by 

( '" 2 2 ro = 2 Jo (lio - Uo ) dr (3.20) 

The length To depends only on the potential energy VCr) and not 
on the energy k 2• The integrand of (3.20) is zero outside the range 
of the nuclear forces and is of the order of unity inside the range. 
Hence the integral represents a mean distance of interaction, and the 
factor 2 in front serves to make To come out somewhere near the "edge" 
of the well. We therefore call TO the "effective range," and the term 
involving ro in (3.19) the "range correction." In using this termi
nology, it should be remembered that ro depends not only on the 
width but also on the depth of the potential well. It can be shown 

I Some confusion may arise here because the integral !o '" uuo dr is zero accord

ing to the usual orthogonality relation for wave functions belonging to the same 
Hamiltonian but different values of the energy. However, this argument does not 

apply to the integral !o '" !lVo dr because v(r) satisfies an inhomogeneous boundary 

condition at r =0, i.e., v(O) = 1. The integral !o '" !lVo dr is different from zero, 

and can be shown to be precisely equal to (k cot 0 + a-I) /kt. Thus (3.18) 
reduces to an identity if use is made of the orthogonality of u and Uo. 
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(Blatt 49) that the terms neglected in (3.19) are indeed negligible 
compared to the experimental inaccuracies for the energies in question. 

The intrinsic range b introduced in Section 2 (Eqs. 2.18 to 2.20) is 
defined by 

b == lim ro 
..... +1 

(3.21 ) 

where s is the well depth parameter defined earlier. Since the nuclear 
forces in nature have values of s not very different from unity (this is 
true particularly for the force in the singlet spin state, see later), it 
follows that two wells of different shape but equal intrinsic range also 
have nearly equal effective ranges in scattering. 

For values of s different from unity, the effective range differs from 
the intrinsic range. In Fig. 3.3 we give a plot of the ratio (ro/b) as a 
function of the well depth parameter s. The figure shows that the 
effective range ro decreases as the well becomes deeper. The variation 
of ro/b with well depth is strongest for the Yukawa well, weakest for 
the square well. This can be understood in terms of the well shape: 
the Yukawa well shape is "long-tailed," whereas the square well is 
sharply cut off beyond r = b. The order square, Gaussian, exponential, 
Yukawa, apparent in Fig. 3.3, is indeed the order of increasing" tail" 
of the well. 

For higher numerical accuracy than can be obtained from Fig. 3.3, 
the reader is referred to Table I of Blatt and Jackson (Blatt 49). 

The approximation (3.19) is called "shape-independent" because 
only two parameters enter: the scattering length a and the effective 
range roo Any potential shape (square well, Yukawa well, etc.) can 
be used to obtain these two experimental parameters by a proper 
choice of the range and depth of the well. Since (3.19) is actually a 
very good approximation, the experimental data determine only the 
depth and range of the nuclear potential, not its detailed shape. 

We can also relate these scattering parameters to the properties of 
the ground state of the deuteron. Indeed, all we have to do is to 
replace the wave function u(r) for positive energy E in the above 
derivation by the wave function of the ground state of the deuteron 
appropriate to the negative energy E= -B. The square of the out
side wave number k2 is now negative, k2 = - R-2, R being the" size of 
the deuteron" defined by (2.7). The asymptotic form of the ground 
state wave function is now vCr) =exp (-r/R). Hence v'(O) is equal 
to R-1 instead of k cot 5. We then get, again in the shape-independent 
approximation, 

(3.22) 
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We see that to the extent that the range of the nuclear forces can be 
neglected, the scattering length a is just equal to the" size" of the deuteron 
in its ground state. In other words, neutron-proton scattering is 

1.2 
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FIG. 3.3. The ratio of the effective range ro to the intrinsic range b is shown as a 
function of the well depth parameter 8 for the four conventional well shapes 
(8 = square well, G = Gaussian well, E = exponential well, Y = Yukawa well). 
By definition, b=ro (rolb=1) when 8=1, i.e., when the force is just barely strong 
enough to produce a. bound state. ro decreases as the well depth 8 increases, the 

amount of the change depending on the well shape. 

(except for range corrections) equivalent to the scattering on an 
impenetrable sphere of radius R. 

Putting together formulas (3.10), (3.19), and (3.22), we arrive at 
the following approximate formula for the neutron-proton scattering 
cross section as a function of energy [k is defined by (3.2) and (3.3)1: 
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u = (k2 + R-2)[1 _ (ro/R) + t ro2(k2+R-2)] 
(3.23) 

This formula contains only one adjustable parameter: the effective 
range ro (R is determined by the known binding energy of the deu
teron). In principle, a cross-section measurement at anyone energy 
(e.g., at" zero" energy) suffices to determine the effective range of the 
nuclear force. Formula (3.23) also shows that to first order in ro the 
range correction to the scattering from an impenetrable sphere of 
radius R simply consists of multiplication of the cross section by the 
constant factor [1- (ro/ R)]-l.l 

This approximation for the cross section does not depend on any 
assumption about the nuclear potential VCr) except its short range. 
It is true that we have used the fact that the shape of the wave func
tion inside the well is nearly independent of the energy. This, how
ever, is a necessary consequence of the short range of the nuclear 
forces and the experimental (small) binding energy of the deuteron 
(see Section 2). Thus equation (3.23) is very well founded theoretically, 
and a disagreement with experiment must be interpreted as a fundamental 
oversight in our basic assumptions about the nuclear force. 

B. Comparison with Experiment; The Spin Dependence of Nuclear 
Forces 

For" zero" energy neutrons, (3.23) gives 

Uo = 47rR2 [ 1 - ;~J-2 (3.24) 

If we neglect the range correction, the" zero" energy cross section 
is predicted to be 2.33 X 10-24 cm 2 . We expect the effective range ro 
to be smaller than the size of the deuteron R; hence the range cor
rection cannot be larger than its value 4 for ro = R. Higher-order 
corrections than the one included in (3.24) can be shown to be small 
for reasonable assumptions about the shape of the potential well. Thus 
we get a final theoretical estimate of 2.33XIO-24~uo~9.32XlO-24 
cm2. The experimental value isuo = (20.36 ±0.1O) X 10-24 cm2.2 Such 
violent disagreement is a sign of some fundamental error in our 
assumptions. 

1 This result had been derived without the use of the effective range by Bethe 
and Peierls (Bethe 35). 

t Early measurements of this cross section were made by Cohen (39,40), Simons 
(39,40), and Hanstein (40,41). Recently some precision measurements have been 
performed by the use of neutron velocity selectors: Jones (48) and Melkonian (49). 
The value quoted in the text is taken from Melkonian's paper. 
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This point was cleared up by E. P. Wigner. 1 He called attention 
to the fact that there is a significant difference between the ground 
state of the deuteron and the scattering states of the neutron-proton 
system with which we are concerned here. The difference lies in the 
behavior of the spins. 

Experimentally (Murphy 34, Farkas 34, Nafe 48) the total angular 
momentum of the deuteron nucleus is unity. Since we have good 
reason to believe that the deuteron ground state is predominantly a 
state of zero orbital angular momentum, the intrinsic spins of the 
neutron and proton must point in the saD;le direction. The spins are 
therefore correlated in the ground state of the deuteron. The situation 
is different in a scattering experiment. A beam of neutrons is sent 
against an assembly of stationary protons. No attempt is made to 
control the spin directions of the neutrons in the incident beam, nor 
the spin directions of the protons in the scatterer. The spins are 
therefore uncorrelated in scattering experiments. 2 

A pair of uncorrelated spins of t each are, on the average, lined up 
(triplet state) three-fourths of the time and opposite one another 
(singlet state) one-fourth of the time. 3 Our knowledge of the binding 
energy of the deuteron gives us information about the scattering pro
vided that the two particles are scattered in a triplet state. But, if 
nuclear forces should depend on the relative orientations of the intrinsic 
spins of the nucleons, our knowledge of the binding energy of the 
(triplet) deuteron tells us nothing at all about the behavior of the 
neutron-proton system in the singlet state. This line of reasoning led 
Wigner to suggest spin dependence of the nuclear force as an explana
tion for the discrepancy between the simple theory and experiment. 

Let u. and Ut denote the scattering cross sections in the singlet and 
triplet states, respectively. We have just seen that (3.23) applies 
only to Ut while u. is unknown. The experimentally measured cross 
section is the weighted average of the two, the weights being the 
a priori probabilities of finding the two uncorrelated spins in the 
triplet and singlet states with respect to each other, i.e., 1 and t. Thus 

(3.25) 

1 This important contribution of Wigner was never published by himself. The 
reference to his suggestion is contained on p. 117 of the review article by Bethe and 
Bacher (Bethe 36a). 

2 There has been some interest lately in experiments with polarized neutrons. 
The theory has been given by Wolfenstein (49). So far no experiments in this 
energy region are available. 

a See Appendix A, Section 4. 
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We substitute the values for "zero" energy neutrons: 

0'0 = 20.4 X 10-24 cm2 and 2.33 X 10-24 < (0'1)0 < 9.3 X 10-24 cm2 

This gives the following estimate for the scattering cross section in 
the singlet state: 74.6XI0-24 > (O'.)0>53.6XIO-24 cm2• The singlet 
scattering cross section is therefore considerably larger than the triplet 
cross section for slow neutrons; in fact, it accounts for most of the 
observed scattering. The upper (zero range) limit on (0'.)0 gives for 
the singlet scattering length a. = ± 2.43 X 10-12 em, according to (3.14). 

In order to interpret the singlet scattering theoretically, we can use 
the whole development in Section 3A, up to and including equation 
(3.20). But we can not relate the scattering parameters a = a. and 
ro = rOB in the singlet state to the" size" of the deuteron because the 
deuteron is in a triplet state; i.e., (3.22) and (3.23) fail. Indeed, we 
do not even know, at this stage of the analysis, whether the nuclear 
potential V.(r) in the singlet state allows any bound state at all. We 
only know that, if it does allow one, the energy of this state must be 
higher than the deuteron ground state energy (because the deuteron 
is known to be in a triplet state). Experimentally, no bound singlet 
state has been observed directly. We shall see later that indirect, 
but nevertheless conclusive, evidence shows that no such bound 
singlet state exists. 

Formula (3.14) shows that we can find the magnitude, but not the 
sign, of the singlet scattering length a. from the" zero" energy singlet 
cross section. Since the singlet effective range is necessarily positive 
for a short-range attractive force, we could in principle decide the 
sign of the singlet scattering length by a study of the range correction 
to the scattering at energies different from zero. The experiments 
are not accurate enough for that, however. A much more clear-cut 
method is available, and it will be discussed later on in this section. 

We can relate the sign of the scattering length to the existence or 
non-existence of a bound state of the system. Indeed, this can be 
read out of formula (3.22). A bound state of the system has a positive 
value of R; hence, neglecting the range correction, a is positive also. 
Conversely, a negative value of a implies a negative value of R, i.e., 
no bound state can exist. This is illustrated in terms of the behavior 
of the wave function in Figs. 3.4a and 3.4b, which show typical wave 
functions for zero energy giving positive and negative scattering 
lengths, respectively. The behavior of the wave function for r <b is 
to a first approximation independent of the energy E; hence it is the 
same for a bound state with not too large binding energy. We see 
that Fig. 3.4a can lead to a bound state similar to that of Fig. 2.2a, 
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as the energy is made negative; but a wave function with negative 
scattering length (Fig. 3.4b) just does not have enough curvature in 
the interior region to join on properly to a decreasing exponential in 
the exterior region, hence no bound state can exist. This correlation 
between the sign of the scattering length and the existence or non
existence of a bound state of the system depends on the assumption 
that the potential is not very different in strength from one which 
would give exactly zero binding (infinite scattering length), i.e., that 
the potential has a well depth parameter 8 not very much different 
from unity. 

u(r) 

~~------~~----~-r --~----~~----------~~r a 

FIG. 3.4. (a) A positive scattering length a implies that a hound state exists 
(compare Fig. 2.2a). (b) A negative scattering length a implies that the system 

has no bound state close to zero energy. 

The large value of the singlet cross section at "zero" energy implies 
that the singlet scattering length has a large absolute value, 2.43 X 10-12 

cm. If a, should be positive, the bound singlet state of the deuteron 
would have a correspondingly large value of R and hence a very low 
binding energy B,:::100 kev. Actually, a, is negative (see Section 3D), 
and there is no bound singlet state. I t is nevertheless customary to 
define an energy B,· in the following way: (3.22) is used to find R 
(which now turns out to be negative); the sign of R is reversed arbi
trarily and substituted into (2.7) to find BEB,·. Then there is said 
to be a "virtual state" at the (positive) energy B,·. The large abso
lute value of the singlet scattering length is interpreted to mean that 
the" virtual level" of the system is not very far above zero energy. 
It must be understood, however, that this is strictly a way of speaking. 
There is no distinction between the wave function at this particular 
energy E=B,· and any other positive energy. 

Combining (3.10) and (3.19) we get for the singlet scattering cross 
section 

(3.26) 
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The corresponding expression for the triplet scattering cross section Ut 
can be reduced to the form (3.23). We now set ro in (3.23) equal to 
TOt, the effective range in the triplet state. The total cross section is 
then given by (3.25). 

Three unknown parameters are involved in the cross section: the 
two effective ranges TOt, TO., and the singlet state scattering length a •. 

The scattering length in the triplet state, at, is determined by TOt and 
the binding energy of the deuteron through (3.22). The most accu
rately known cross section is the one for "zero" energy neutrons 
(Jones 48, Melkonian 49). Its value is Uo = (20.36 ± 0.10) X 10-24 cm 2• 

This value gives a relation between as and at through formulas (3.25) 
and (3.14). There then remain two independently variable parame
ters in the cross section at higher energies. We shall take these 
parameters to be the two effective ranges, rOt and TO •. 

In principle it is possible to derive unique values of the two effective 
ranges from the measured cross sections. Unfortunately, the accuracy 
required for this determination is beyond present experimental tech
nique. With cross sections known to an accuracy of a few percent, 
the situation is as follows. Values of TO. and TOt can be found which 
fit the data over the whole range of energies. These values, however, 
are not unique. It is possible to change one of the ranges (say TOt) 

appreciably without destroying the fit to the data, provided only that 
a compensating change is made in the other effective range (ro.) 
(Blatt 48). 

We shall therefore restrict ourselves here to plotting the cross section 
for one definite value of the triplet effective range, TOt = 1.7 X 10-13 cm 
(see Section 3D for the origin of this value). Figure 3.5 gives a plot 
of the triplet contribution to the scattering cross section (!Ut) for 
this TOt, and of the singlet contribution to the scattering cross section 
(tu.) for two different singlet effective ranges: TO. = 0 and TO. = 3 X 10-13 

cm. The figure also shows the predicted experimental cross section 
which is the sum of these two contributions. The singlet contribution 
predominates at low energies. The two contributions are about equal 
at 1 Mev (laboratory energy). Thereafter the triplet scattering pre
dominates. This is caused by the greater statistical weight of the 
triplet state. 

Although the difference between the singlet cross sections for the 
two assumed ranges becomes quite appreciable at energies around 
5 Mev, the net effect on the observed cross section stays uniformly 
small. The two total cross section curves in Fig. 3.5 are very nearly 
parallel (on a logarithmic scale); this implies that the sensitivity of 
the observed cross section to the singlet range is roughly constant 
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FIG. 3.5. The neutron-proton scattering cross section IT,,p is made up of two con
tributions: The singlet scattering (lIT,) and the triplet scattering (t1T«). The 
two contributions as well as their sum are shown on the figure for the following 
values of the parameters: triplet state: a,=5.37XlO-n cm, TOI=1.70XI0-u cm; 
singlet state: a. =2.37 X 10-lt cm, TO, =0, and TO. =3 X 10-u cm. The experi
mental points in the figure were taken from Frisch (46) and Bailey (46). These 

experimental values are not precise enough to allow determination of TO •• 
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over the whole energy range between 1 and 6 Mev. The difference 
amounts to about 6 percent in the cross section for these two singlet 
ranges. Hence a cross-section measurement accurate to 1 percent 
(which is very difficult experimentally) does not define the singlet 
range to better than ± 0.5 X 10-13 cm. The actual error in the singlet 
range would of course be much larger, since the triplet range is not 
precisely known, and any error in the triplet range implies a much 
larger (roughly 7 times) error in the singlet range. Some measured 
cross sections (Bailey 46, Frisch 46) are also shown on the figure. 
It is clear that more accurate values are needed to determine the 
singlet range TO •• 

Very fortunately more accurate values are now available (Lampi 50). 
If a triplet effective range TOt = 1.70 X 10-13 cm (Section 3D), a triplet 
scattering length at = 5.39 X 10-13 cm, and a singlet scattering length 
a.= -2.37X 10-12 cm (Salpeter 51) are assumed, the new cross sec
tions are consistent with a singlet effective range TO. between 1.5 and 
3.5 X 10-13 cm. We shall see in Section 4 that a value of To. around 
2.6X 10-13 cm would be very satisfactory from a theoretic~l point 
of view. The present experiments are in good agreement with such a 
value of To B, although they are by no means accurate enough to specify 
TO. to two significant places. I 

~ C. The Effect of Chemical Binding 

Figure 3.6 shows the experimental values (Jones 48) of the neutron
proton scattering cross section in the region of very low energies. The 
" zero" energy value of 20.36 X 10-24 em 2 is observed at energies 
between 1 and 100 ev. It seems surprising, therefore, that at very 
low energies (less than 1 ev) the cross section suddenly increases to 
about four times this value. Fermi (36) proved that this increase is 
an effect of the chemical binding forces which hold the proton in place 
in the molecule or crystal. The chemical binding forces influence the 
neutron-proton scattering only for very low neutron energies, energies 
of the order of the chemical binding energies (0.1 ev). At higher 
neutron energies the proton recoil is so large that the molecule is 
broken up during the impact, and the proton can be considered as if 
it were a completely free particle. 

It can be seen very easily that the neutron-proton cross section is 
increased by a factor 4 if the proton is bound to a molecule whose 
weight is very high compared to the proton mass, and if the neutron 

1 An analysis of the earlier experimental material (Blatt 48) arrived at the 
erroneous conclusion that To. must be very close to O. 
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energy is so low that its wavelength l\.n is large compared to the molecu
lar dimensions. The center of mass of the scattering system is then 
located in the center of the molecule. Since l\.n is large, only S neu
trons are scattered and the scattering must be spherically symmetric 
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FIG. 3.6. At energies below 1 ev the neutron-proton total cross section (measured 
in water) increases sharply above its "zero" energy value (0'0 =20.36 X 10-t· em'). 
At E lab =0.OO4 ev the cross section is about 40'0 and still increasing. This residual 
increase (not predicted by the simple theory of this chapter) has two causes: (1) 
the thermal motion of the water molecules (Doppler effect), (2) the neutron
proton capture cross section (which amounts to 10-14 em' at the lowest energies 

in the figure). The data are taken from Jones (48). 

in the system in which the center of mass is at rest, which is the 
laboratory system. Hence the differential cross section is given by 

M = C dO (3.27) 

where C is a constant which has to be determined. N ow let us con
sider the scattering of "zero" energy neutrons by free protons. 
The angular distribution is spherically symmetric in the center-of-mass 
system of neutron and proton, which, in this case, is moving with half 
the velocity of the neutron. The differential scattering cross section 
has the magnitude a2, where a is the scattering length. In the labora
tory system this becomes 

Mfree = 4a2 cos fJ dO (3.28) 
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We now observe that there can be no chemical binding effect of 
any importance in the elastic scattering of neutrons through very 
small angles 8, since then the recoil of the proton becomes negligible 
and it does not matter whether the proton is bound or not. Equating 
(3.27) and (3.28) for 8=0, we get C=4a2 and 

(3.29) 

which gives for the total cross section 161ra2, four times as much as the 
cross section of the unbound case (3.14). This simple result is correct 
only in the limiting case of very slow neutrons and a very heavy 
molecule. 

The effect of the molecular binding of the proton on the scattering 
cannot be treated by the usual methods for scattering problems: it is 
not possible to eliminate the center-of-gravity motion of the neutron 
and proto!!, since the proton is chemically bound to a molecule which 
can take up momentum. An essential simplification in this problem 
is due to the fact that the range of nuclear forces is extremely small 
compared to the relevant molecular dimensions (say the amplitudes of 
the vibration of the proton in the molecule, of the order of 10-9 cm), 
although the strength of this interaction is millions of times more than 
that of the chemical binding forces. Hence the neutron-proton inter
action is to a very good approximation an interaction by localized 
impacts, i.e., it is zero when the neutron and proton are apart from each 
other and acts only when they are at the same place. We must 
therefore devise a method for treating localized impacts in quantum 
mechanics, just as special methods have had to be devised for the 
treatment of "instantaneous" (i.e., localized) impacts in classical 
mechanics. 

Since we are dealing with very low energies, the range correction in 
(3.19) is completely negligible. The nuclear interaction can be 
described in its effect on the scattering by a single parameter, the 
scattering length a. Since the nuclear ranges are also very small com
pared to molecular dimensions, we conclude that the observed scatterir.g 
of slow neutrons from (chemically bound) protons can depend on the 
neutron-proton interaction only through the scattering length a. 

We now proceed to give the quantum-mechanical formulation of an 
interaction by localized impacts. The wave function for the motion of 
the neutron and proton will depend on the positions fn and rp of the 
two particles (and perhaps on other variables which we can ignore for 
our present purposes). As long as the neutron and proton are not at 
the same place (i.e., as long as fn.efp ), the wave function if obeys the 
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SchrOdinger equation 

Ho'i¥ = E'i¥ (3.30) 

where H 0 is the Hamiltonian of a free neutron and a bound proton: 

h2 h2 
Ho = - - V' 2 - -- V' 2 + U(r ) 

2M,," 2Mp p p (3.31) 

Here V'" 2 and V' p 2 are the Laplace operators for the neutron and proton 
coordinates, and U(rp) is the potential energy of the proton which 
binds it to the molecule. Actually U(rp) depends also on the positions 
of all the other atoms in the molecule. We simplify the problem by 
assuming that U(rp) is a function of rp only. The Hamiltonian II 0 

does not contain any interaction between proton and neutron. 
To discuss the behavior of the wave function at the points where 

rn=rp, we introduce the neutron-proton separation r=rn-rp and 
recall the form of the radial wave function near" zero" energy; 
see (3.11). The wave function 'i¥ must be proportional to I-(alr), 
where a is the scattering length and r=\r\=\r,,-rp\. Thus the 
presence of an interaction by localized impacts implies a singularity in 
the wave function 'i¥ at r=O.1 The factor in front of the [I-(alr)] 
depends on the position of the two particles in coincidence, say on rpo 
We therefore obtain the following boundary condition on the wave 
function 'i¥ for rn~rp: 

'i¥ ~ (1 - ~) ~(r p) (for r ~ 0) (3.32) 

where ~(r p) is some function which will be determined later on. Only 
the absolute value r of the neutron-proton separation occurs in (3.32), 
because we have assumed that the interaction by contact is spherically 
symmetric (an S state interaction). 

Equations (3.30) for r,,;:erp and (3.32) for rn =rp determine the 
wave function completely. It is more convenient, however, to com
bine these two equations into one, which will be called the fundamental 
equation for interaction by localized impacts. It was first given by 
Breit (47a,b), by a somewhat different derivation. 

The boundary condition (3.32) implies that for very small values of r 

2 a'i¥ a (r'i¥) 
r -~a--ar ar (3.33) 

1 Actually there is no singularity at r = O. The form 1 - (air) is correct for 
values of r small compared to molecular dimensions but larger than the range b 
of nuclear forces. 
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We integrate both sides of this equation over the full solid angle. The 
left side becomes 

f ~: r2 dn = f (vr'l')·n dS = f (Vr2'1') dV 

where the second integral is over the surface of the sphere of radius r, 
and the last integral is over the volume of that sphere. n is a unit 
vector normal to the surface of the sphere. The right side of (3.33) 
can also be written as a volume integral through introduction of the 
delta-function: 

where we have made use of the fact that, for very small r, 

a (r'l') ( -- = 'P rp) ar 
is finite and independent of the neutron-proton separation r. We can 
therefore rewrite the boundary condition (3.32) in a third form by 
identifying the integrands of the above two volume integrals in the 
limit as r approaches zero: 

(for r -+ 0) (3.34) 

Let us now rewrite Ho as given in (3.31) in terms of the relative 
coordinate r and the center-of-gravity coordinate: 

Mnrn + Mprp 
R=-----'-----'-

M" + Mp 

We get, with the notation 1-1 = MnMp/(Mn+Mp)""'tMn, 

h2 h2 

Ho = - 21-1 Vr 2 - 2(Mn+ M p) VR 2 + U(rp) 

We can therefore rewrite (3.30) in the form 

(for r ~ 0) 

(3.35) 

Equations (3.34) and (3.35) can be written in one single equation 
valid for all values of r by putting V r 2'1' equal to the sum of the right 
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sides of (3.34) and (3.35). This is possible since, for r=O, the right 
side of (3.35) is negligible compared to the delta-function singularity 
on the right side of (3.34). We then get 

E '( . a (riT) (Ho - ) iT = -V r,,-rp) hm--
...... 0 ar (3.36) 

where 
fl,2 

V'(r" -rp) == 4ra 2p cS(r" -rp) (3.37) 

This equation is exact. In order to find a suitable approximation 
method for the solution of (3.36), we observe that the case of no 
neutron-proton interaction is obtained by setting V' (i.e., the scatter
ing length a) equal to zero. Therefore, to the extent that V' can be 
treated as "small," we can hope to expand iT in a power series in 
increasing powers of V', the leading term of which is just the wave 
function for no neutron-proton scattering, iTo. We put 

(3.38) 

and equate terms of the same order in V' in equation (3.36). This 
gives 

(H 0 - E) iT" = - V' lim a(riT,,_I) 
r~O ar (3.39) 

The first of these equations is especially simple. Since the incident 
wave iTo has no singularity at the coincidence of neutron and proton, 
we have 

(3.40) 

In substituting this into (3.39) to get an equation for iT1, we do not 
have to require explicitly that r,,=rp in iTo, since iTo occurs multiplied 
by V' which contains a delta-function. The first of the equations 
(3.39) therefore assumes the form 

(3.41) 

This equation is identical with what we would get in the first Born 
approximation for the scattering due to the potential V'. We can 
therefore take over the whole theory of the calculation of cross sections in 
the Born approximation, provided that we use the "pseudopotential" 
V', (3.37), instead of the true neutron-proton interaction, and provided 
that we restrict ourselves to the first Born approximation (i.e., to the 
calculation of iTI). Our method of derivation shows that an exact 
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solution of the Schrodinger equation with the pseudopotential would 
not yield the true scattering at all. Rather, any improvement over 
the first Born approximation must be based on (3.39) directly; the 
lim a(r>J!n_l)/ar is not equal to >J!n_l for n ~ 2. 
r-+O 

We still have to discuss the validity of the formal expansion (3.38) in 
increasing powers of V', i.e., in increasing powers of the scattering 
length a. This is justified if the neutron-proton interaction can be 
treated as a small perturbation in its effect on the wave function at 
points r~O. One condition can be read off from the boundary condi
tion (3.32): the 1- (air) factor approaches unity for large r; to the 
extent that it can be replaced by unity when r varies over molecular 
dimensions, the perturbation introduced by the non-zero value of a is 
small in its effect on the molecular wave function. Furthermore, the 
perturbation on the wave function of the neutron is small provided 
that the scattering length a is much less than the wavelength of the 
relative motion of neutron and proton, J\. The two conditions for the 
validity of the Born approximation (3.41) therefore are 

a « molecular dimensions 

a « neutron wavelength 

(3.42) 

(3.43) 

To this we have to add the condition that the whole treatment of the 
interaction as an interaction by direct contact is valid, i.e., the range b 
of the neutron-proton force must be small enough: 

b « molecular dimensions (3.44) 

Conditions (3.42) to (3.44) are very well satisfied in practice. For 
our purposes a typical molecular dimension is given by the amplitude 
of vibration of a proton in the molecule, which is of the order of 10-9 cm 
(it would be incorrect to take the bond distances for this purpose, 
since we are concerned with the scattering of neutrons from one 
nucleus in the molecule). The range of the nuclear forces is of the 
order of 10-13 cm, and the scattering length a is of the order of 10-12 cm 
even in the more unfavorable case (singlet state scattering). The 
neutron wavelengths employed in practice are always long compared 
to "molecular dimensions" as defined above, since the bonds in the 
molecule are ruptured by the impact, and the scattering is therefore 
essentially that from a free proton, for wavelengths of the order of 
10-8 cm or smaller. Hence (3.43) is fulfilled at all energies for which 
the effects of chemical binding are important. Calculations of the 
next approximation >J!2 by Breit (47b) and Lippmann (50a) have shown 
that it contributes of the order of 0.3 percent to the scattering; this is 
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just the order of the ratio of the scattering length a to the molecular 
dimensions, as expected. Breit did not calculate the correction for 
the finite range of the forces, but (3.44) shows that it is even smaller, 
since b <a for neutron-proton scattering. 

The derivation of (3.41) was carried out with a simple Hamiltonian 
H 0 which included the molecular binding of the proton only schemati
cally as a potential energy U(rp) binding the proton to a fixed center 
of force. However, the derivation depends only on the kinetic energy 
terms for the neutron and proton and is therefore also applicable to 
the actual case where the internal motion of the molecule must be 
treated in detail. Having established the validity of the Born 
approximation procedure in conjunction with the pseudo potential V', 
(3.37), for the simple case, we can therefore apply this procedure 
directly to the scattering of slow neutrons by protons bound to actual 
molecules. We assume that we know the wave functions for the 
various states of excitation of the molecule. The initial state of the 
system has the form 

(3.45) 

where k; is the initial wave number of the relative motion of neutron 
and molecule (in the system where the center of gravity of neutron 
and molecule is at rest) ~ is the center of gravity of the molecule, and U; 

denotes the internal wave function of the molecule when struck; the 
dots after r p are intended to denote the other coordinates in the molecu
lar wave function. We now use standard Born approximation pro
cedure to find the differential cross sections for the various (elastic 
and inelastic) scattering events which can take place. Let Vi and Vf be 
the speeds of the neutron relative to the molecule in the initial and 
final states; let ,./ == M nM moli (M n + M mol) be the reduced mass for the 
relative motion of neutron and molecule; and let Mif be the differen
tial cross section for scattering of the neutron into t~e solid angle ele
ment dn (in the system in which the center of gravity of the neutron 
and the molecule is at rest) with simultaneous excitation (or de-excita
tion) of the molecule to state Ufo Then the Born approximation gives 

dU;f = ~!. (J.I.')2 a21Iifl2 dn (3.46) 
Vi J.I. 

where the "form factor" integral Iif is defined 

Iif == f exp [i(ki-kf)·rp] uf*(rp ,"') ui(rp ,''') dr (3.47) 

the integration going over all the coordinates of the molecular wave 
functions. 
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The cross section becomes extremely simple in the limit of zero 
energy neutrons. We shall assume that the molecules are in their 
lowest state to begin with (i.e., that the scattering material is kept at 
an extremely low temperature). Then excitation or de-excitation of 
the molecule by the neutron impact is impossible and the scattering 
is purely elastic [i.e., f=i in (3.46»). Furthermore the wavelength of 
the neutron is so long compared to the size of the molecule that the 
exponential in (3.47) can be replaced by unity. The form factor for 
elastic scattering Iii is unity in this approximation because of the 
normalization of the molecular wave function Ui. Equation (3.46) 
then reduces to 

dUii = (~r a2 dO (3.48) 

We observe that the scattering is spherically symmetric in the 
center-of-gravity system of the neutron and molecule, rather than in 
the center-of-gravity system of the neutron and proton. The total 
cross section for elastic scattering can be found by integration over dO 
which gives a factor 4'1\". Substituting the values of p. and p.' and 
using the fact that the masses of neutron and proton are nearly equal, 
we get the total scattering cross section in the limit of zero neutron 
energy: 

(3.49) 

This should be compared with the extrapolated value for "zero" 
energy neutrons, 4'1\"a2• We see that for a heavy molecule the chemical 
binding has the effect of increasing the total cross section for scattering 
of extremely slow neutrons by almost a factor of 4 over the extrapolated 
value. Furthermore the scattering has a different angular distribu
tion from the scattering by a free proton. 

The scattering is in principle completely described by (3.46) and 
(3.47). As the energy of the neutrons is slowly increased from zero, 
the scattering is at first elastic (no excitation or de-excitation of the 
molecule) and spherically symmetric. At higher energies the integral 
Iii leads to a non-uniform angular distribution of the scattering; Iii is 
similar to the" form factor" for the scattering of x-rays or fast elec
trons. Increasing the neutron energy further makes inelastic scatter
ing possible. The cross section has a rather complicated behavior in 
that region; it increases suddenly at each new threshold for inelastic 
scattering. Finally, at neutron energies high compared to the chemical 
binding energies, the proton is essentially free; the scattering is then 
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practically elastic and spherically symmetric in the center-of-gravity 
system of the neutron and proton. A small fraction of the neutron 
energy is transferred from the neutron to the molecule to break the 
chemical bond of the proton. 

This description is still very simplified. There are various effects 
which make the picture more complicated. The initial state of the 
molecule is not necessarily its ground state. Rather, the molecule 
may be in one of its excited states initially, with a probability depend
ing on the temperature of the gas according to the usual Boltzmann 
factor. For molecules which are in excited states initially, inelastic 
scattering events in which the neutron gains energy are possible even 
for very slow neutrons. Furthermore the cross section for these events 
is inversely proportional to the initial neutron speed, according to 
(3.46), so that these events become important for low-energy neutrons. 
A second complication arises from the fact that we have tacitly 
assumed that there is only one proton in the molecule, and that the 
molecules scatter incoherently. In practice, there may be more than 
one proton in the molecule; there are always other neutron scatterers 
in the molecule; and, in the case of scattering by a solid substance, the 
various" molecules" (unit cells of the crystal lattice) scatter coher
ently. The latter kind of interference gives rise to phenomena 
analogous to the scattering of x-rays by crystals . 

• D. Coherent Scattering of Neutrons by Protons 

The scattering from single protons consists of two separate parts: 
singlet scattering and triplet scattering. It is very hard to separate 
these two parts as long as they add up incoherently, i.e., as long as there 
is no interference between the scattered amplitudes. Just as in 
optical interference experiments, appreciable interference effects can 
be expected from un polarized neutrons only if the same neutron wave 
is allowed to strike more than one scattering center (proton) in close 
proximity, "close" meaning at distances of the order of, or smaller 
than, a neutron de Broglie wavelength. Since protons are naturally 
separated by distances of the order of 10-8 cm, we do not get appreci
able interference effects for any but the very slowest neutrons (con
siderably below thermal energies). 

The first experiment along these lines was suggested by Teller and 
Schwinger (Schwinger 37a) and involves the scattering of neutrons 
from hydrogen molecules. The protons in the molecule can have 
their spins aligned (orthohydrogen), or they can have their spins 
opposite (parahydrogen). The interference effect in the scattering of 
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neutlOns by such molecules is different for these two species. We 
might be tempted to think that the over-all interference effect vanishes 
if neutrons are scattered by an assembly containing orthohydrogen and 
parahydrogen molecules in the ratio i: j, for thd is the ratio of the 
expectation values of the singlet and triplet states for two uncorrelated 
protons.! This reasoning is incorrect: the net interference effect is 
not zero even under these conditions. The reason is that we have a 
random assembly of pairs of protons, each pair being close together 
compared to the neutron de Broglie wavelength and having their spins 
correlated in some way (even though the average spin state of the 
assembly is just as it would be for uncorrelated proton spins). This 
differs essentially from a random assembly of separated protons of 
un correlated spins. Hence we should expect an interference effect in 
neutron-proton scattering even for this statistical mixture of ortho
hydrogen and parahydrogen. However, the interference effect is much 
sharper and much more pronounced if we have at our disposal hydrogen 
molecules of one kind only. 

It is possible to separate orthohydrogen and parahydrogen at low 
temperature. Hydrogen is a diatomic homonuclear molecule, and the 
nuclear part of its wave function must obey the Pauli exclusion princi
ple since the protons obey Fermi-Dirac statistics. The Pauli principle 
implies that the space behavior of the wave function for the nuclear 
motion in the molecule has the opposite symmetry from the spin part, 
e.g., in ()rthohydrogen where the spins are aligned and the spin wave 
function is symmetric, the space wave function for the nuclear motion 
in the molecule must be anti-symmetric under the exchange of tae two 
protons; in parahydrogen the space wave function must be symmetric. 
Hence orthohydrogen and parahydrogen have space wave functions of 
opposite symmetry character and therefore entirely different energy 
levels. The two species of hydrogen can transform into each other, 
but the reaction rate is very slow unless a catalyst is present. Flipping 
of nuclear spins is required, and electromagnetic interactions with 
nuclear spins are notoriously weak. Experimentally, it is possible to 
prepare nearly pure parahydrogen gas at very low temperatures (of 
the order of 200K). It is fortunate that the cross section of neutrons in 
parahydrogen is the interesting quantity from the nuclear point of 
VIew. The study of the neutron scattering from parahydrogen sup-

1 Here the terms "singlet" and "triplet" are applied to the spin states of two 
protons, rather than to the spin states of the' neutron and one of the protons. 
In this section we shall be interested in spin correlations between various pairs of 
nucleons. It will therefore be important to keep clear which pair is meant when
ever the terms" singlet" and "triplet" are used. 
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plies a clear-cut decision as to the relative phase of the singlet and 
triplet state neutron-proton scattering. 

For this purpose we introduce the spin dependence of the scattering 
in a formal way. The amplitude of the scattered wave is a. if the 
neutron and proton are in the singlet spin state, a, if they are in the 
triplet spin state. We introduce the "projection" operators 1r. 

and 1r, which have the following property:! 

1r. = i [1 - (dn'dp)] = 1 if nand p are in the singlet spin state 

= 0 if nand p are in the triplet spin state 
(3.50) 

1r, = t[3 + (dn'dp)] = 0 if nand p are in the singlet spin state 

= 1 if nand p are in the triplet spin state 

We can replace the scattering length a everywhere in Section 3C by 
the operator aeff which has the value a. in the singlet state and a, in the 
triplet state of the neutron and the proton: 

(3.51) 

The simplest case to discuss is the scattering of extremely slow 
neutrons by hydrogen molecules. We understand by "extremely 
slow" neutrons those whose wavelength (in the center-of-gravity 
system of the neutron and molecule) is much larger than the H-H 
distance in the molecule (0.74 X 10-8 em). Under these conditions the 
scattered waves from the two protons interfere without appreciable 
retardation, i.e., as if they came from the same place. Furthermore 
the neutron impact does not change the internal motion of the mole
cule. (This is not true for the possible inelastic collisions in which 
the neutron gains energy, but we shall neglect this for the present.) 
The amplitude of the scattered wave is therefore the sum of the scatter
ing amplitudes aelf.h a elf.2 of the two protons as given by (3.51): 

aac = aeff.l + aeff.2 = 2 (ia, + ia.) + 2 (ia, - ia.) (dn'S) (3.52) 

The factor 2 comes from the two protons, and S =i(dpl +dp2) is the 
spin vector operator of the hydrogen molecule in units of h. 

By observing the scattering by hydrogen molecules with S = 0 and 
with S = 1 we can separate the contributions of the first and second 
terms in (3.52). In particular we can measure the quantity 

f = 2 (ia, + iaa) (3.53) 

! Proof: 2(d,,'dp ) = (d,,+dp )2 - (d,,)2 - (dp )2 = 48(8+1) - 6, where 8=0 in 
the singlet spin state, 8 = 1 in the triplet spin state. 
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Indeed, the scattering from parahydrogen (8 =0) is proportional to 
f2, We substitute the coherent scattering length f instead of a into 
(3.49) to get the scattering cross section per parahydrogen molecule: 

(3.54) 

It is instructive at this point to insert some numerical estimates. 
The triplet scattering length at is roughly equal to the "size" of 
the deuteron, aC:~R =4.31 X 10-13 cm, if range corrections are neg
lected. The singlet scattering length can be estimated from the 
incoherent neutron-proton scattering cross section at "zero" energy 
[see (3.25) and the discussion thereafter]. We get a. = ± 2.434 X 10-12 

cm, the plus sign applying in case of a bound singlet state. If we 
assume a bound singlet state, f turns out to be f = 1.86 X 10-12 cm, 
whereas for a virtual singlet state we obtain f = - 0.565 X 10-12 cm. 
The corresponding scattering cross sections on parahydrogen are, 
according to (3.54), 

O'para = 77.6 X 10-24 cm2 

O'para = 7.14 X 10-24 cm2 

(bound singlet state) 

(virtual singlet state) 
(3.55) 

The tremendous difference between these two predictions is the 
result of a very fortunate accident: 3at is very nearly equal to a, in 
absolute value, hence there is almost complete destructive interference 
between singlet and triplet scattering if the two scattering lengths 
have opposite signs. 

The experimental value (Sutton 47) of the parahydrogen cross 
section is 3.9XIO-24 cm2• This shows, without any more refined 
analysis, that the singlet scattering length has the opposite sign (negative) 
from the triplet scattering length, i.e., there exists no bound singlet state 
of the deuteron. 

The scattering of " zero" energy neutrons by single protons 
determines the quantity 0'0 = I (4'11'at 2) +H4'11'a. 2); since we now also 
have a measurement of f2, we can determine a. and at separately, with 
much better accuracy. The value of at can then be used in conjunc
tion with the known binding energy of the deuteron in order to deter
mine the effective range ro == rOt in the triplet state by equation (3.22).1 
This determination is quite sensitive, again because of the very for
tunate, almost complete destructive interference in the parahydrogen 

1 The importance of the measurement of the parahydrogen cross section for 
nuclear physics has hen stressed particularly by Schwinger (40). 



84 II. Two-Body Problems at Low Energies 

scattering. The result is 

TOt = (1.6±0.2)XIO-13 em (3.56) 

This range estimate proves the earlier statement that the "size" 
of the deuteron (R=4.31 X 10-13 em) greatly exceeds the range of the 
nuclear forces which hold it together. 

We now enumerate the refinements necessary to make a detailed comparison 
between theory and experiment. A serious defect of our analysis so far ha.s been 
the neglect of the inelastic collisions between the neutron and the hydrogen mole
cule. For neutrons of very low energy we need to include only those inelastic 
collisions in which the neutron gains energy. If the hydrogen molecules are in 
their ground states, there are no such collisions for parahydrogen (since its ground 
state lies below that of orthohydrogen). Thus the correction for inelastic scatter
ing is unimportant for the scattering of very slow neutrons from very cold para
hydrogen. On the other hand, a neutron colliding with an orthohydrogen molecule 
in its ground state can gain energy by a collision in which the molecule becomes 
parahydrogen in its ground state. We see from (3.46) that the cross section for this 
process is proportional to (l/Vi) for low-energy neutrons (since VI approaches a 
constant, non-zero value). Hence the correction for inela.stic scattering of very 
slow neutrons from very cold orthohydrogen is important, indeed the more impor
tant the slower the neutrons. 

Experimentally, the total (transmission) cross section for the neutron beam is 
measured. Hence, in addition to the (ela.stic and inelastic) scattering events, the 
experimental cross section includes a contribution from the neutron-proton radia
tive capture process in which a deuteron is formed (see Chapter XII). The cor
rection for this is important at the energies used, especially for parahydrogen. 

There are two more corrections to be applied on the theoretical side: (1) The 
form facter, (3.47), is not exactly equal to unity except for neutrons of exactly 
zero energy. (2) For very slow neutrons the Maxwell distribution of the velocities 
of the gas molecules must be taken into account. Indeed, for very slow neutrons 
the scattering is given to a first approximation by the impacts of moving molecules 
on stationary neutrons. 

The result of the various theoretical corrections raises the scattering cross sec
tion (3.54) by about 16 percent for neutrons of energy E=kT with T=20oK 
impinging on parahydrogen at its boiling point (also 200K). The additional 
correction for the neutron-proton capture cross section is large, indeed the capture 
cross-section is about equal to the scattering cross section at these very low energies. 
However, this correction can be made rather accurately, since the capture cross 
section is known at higher energies and there is every reason to believe that it 
follows a 1"-1 law. 

There exists another, completely independent method for observing 
the coherent scattering of low-energy neutrons on protons. This 
method has become available only recently because the high neutron 
flux necessary can be obtained only from a pile. The method involves 
the scattering of neutrons on crystals containing hydrogen atoms in 
the lattice. The scattering of neutrons on crystals is a subject which 
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we shall not treat here in any detail,l It is closely analogous to the 
scattering of x-rays on crystals. There are two types of scattering: 
diffuse (incoherent) and Bragg (coherent) scattering. The latter 
occurs only under certain very definite geometrical conditions (Bragg 
angles). It involves coherent effects from all the atoms in the lattice 
and can be used to determine the quantity j, (3.53), for hydrogen. 
The present result (Shull 48) is somewhat less accurate than the para
hydrogen value but is in excellent agreement with it. The crystal 
scattering method is inherently free of many of the systematic errors 
which can falsify the parahydrogen determination: it is not necessary 
to make a correction for neutron-proton capture, and there is no pos
sibility of an admixture of orthohydrogen which can disturb the para
hydrogen determination. 

A very accurate method of determining the coherent scattering 
length f has been suggested by Hamermesh (50). It involves the 
total reflection of neutrons from a liquid "mirror" containing 
protons. Just as for x-rays, it may happen that the refractive index 
of a material, such as a liquid or a crystal, for neutrons is less than 
unity. Then neutrons impinging on the surface at glancing angles 
are totally reflected back into the air. The critical angle for total 
reflection is rather straightforward to measure. It depends on the 
refractive index. The refractive index in turn depends on the coherent 
scattering length of the material, since specular reflection is caused by 
a coherent superposition of scattered waves from very many scattering 
centers in the reflecting surface. The various incoherent effects 
(absorption, etc.) lead to a diminution of the reflected intensity but do 
not affect the critical angle for complete reflection. The experiment 
has been performed by Hughes, Burgy, and Ringo (Hughes 50, Ringo 
51). Surprisingly enough, their very accurate result for j is outside 
the quoted error of the parahydrogen determination and just barely 
within the error of the crystal determination, showing that there were 
concealed systematic errors in both of them. We shall accept the 
measurement done with total reflection, which gives 

f = -(3.78±0.02)XI0-13 em (total reflection) (3.57) 

The value of the triplet effective range rOI is then 

rOI = (1.70±0.03)XI0-13 cm (3.58) 

1 The reader is referred W Wick (37), Halpern (41), Seeger (42), Weinswck (44), 
Fermi (47b), Goldberger (47), especially the last of these, for the theory; and w 
Wollan (48) for some of the experimental work. 



86 II. Two-Body Problems at Low Energies 

Schwinger (37b) has pointed out that the almost complete interference of singlet 
and triplet scattering in parahydrogen provides a very direct proof that the spin 
of the neutron is t. It is established experimentally that the spin of the deuteron 
is unity and the spin of the proton is!. Furthermore there is every reason to 
believe that the orbital angular momentum L of the deuteron is predominantly 
zero. Hence the spin of the neutron must have one of the two values: !, I. Let 
us a88ume the value ~ for the moment. Then the possible spin states of the neu
tron-proton system are 8=2 (quintet) and 8=1 (triplet). The "zero" energy 
incoherent cross section becomes "'0 = iu q + jUt where i and i are the a priori 
statistical weights of the quintet and triplet spin states, and 00 q and Ut are the cor
responding cross sections. If we again neglect range corrections in the triplet 
scattering, we get 20.36 = tuq+H2.36); uq=4,...aq2 =31.2 (all cr088 sections In 

10-24 cm 2). The coherent scattering amplitude analogous to f now becomes 

f' = 2 (iaq + Jail 

Putting in the numerical values of the two scattering lengths, we get 

f' = 2.29 X 10-12 cm (for a real quintet state) 

f' = -1.65 X 10-12 cm (for a virtual quintet state) 

Thus, even under the 8.88umption of a virtual quintet state, the parahydrogen 
cr088 section would be [see (3.54)] as high as 61 X 10-24 cm 2-in gr088 contradiction 
to experiment. We therefore conclude that the spin of the neutron cannot be 
I; since we have already narrowed it down to either! or ~, the spin must be t. 
This proof has the virtue that it does not depend on any detailed a88umptions 
about the nuclear forces. 

4. PROTON-PROTON SCATTERING 

Since proton sources are not so readily available as neutron sources, 
protons must be accelerated artificially before scattering experiments 
can be done with them. The Coulomb force between two protons 
tends to keep them apart, outside the range of the nuclear interaction 
between them. At proton energies (in the laboratory system) of 
less than 100 kev the nuclear effects in the scattering are too small to 
be detectable. Thus the investigation of nuclear effects in proton
proton scattering had to wait until accelerators were built which could 
produce voltages of more than 100 kev. The first preliminary experi
ments, done around 1935, showed that the interaction between two 
protons at energies in the 5OO-kev region could not be a pure Coulomb 
interaction, but that nuclear effects were present. The theory of 
proton-proton scattering was then worked out by Breit, Condon, and 
Present (36). When more accurate experiments became available 
for analysis, the theory was compared with experiment, and conclu
sions could be drawn about the nuclear force between two protons 
(Breit 39). The post-war work in this field (both experimental and 
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theoretical) has been summarized in a review article (Jackson 50) to 
which the reader is referred for details not included in this section. 

There are two essential differences between proton-proton and 
neutron-proton scattering. First, the proton-proton scattering is 
caused not only by the nuclear forces but also by the Coulomb force. 
Second, the scattering and scattered particles are identical and obey 
the Pauli exclusion principle. 

The Coulomb repulsion tends to keep the protons apart, but it is 
effective only at low energies. The wave-mechanical effect of "leak
ing" through a potential barrier makes it possible to find two pro
tons very close to one another even if, classically, this is forbidden by 
the energy balance. Classically, the closest distance of approach is 
given by d = e2 / E, where E is the energy of the relative motion. In 
quantum theory the Coulomb field cannot effectively prevent them 
from coming close together if d is as small as the de Broglie wave
length (h2/2J.1E) 1/2 or smaller. The relative probability of finding two 
protons at the same point compared to the probability of finding two 
uncharged particles together (other things being equal) is given by 
the" Coulomb penetration factor" C2 : 

C2 = _2_7l'1/ __ 
exp (27l'1/) - 1 

(4.1) 

where 1/ = e2 jlw, and v is the relative velocity of the two particles. 
This penetration factor is i at a relative energy E::O.4Mev (a proton 
beam energy in the laboratory system of twice that, i.e., 0.8 Mev). 
For energies much lower than that (below 0.2 Mev in the laboratory 
system) the Coulomb field effectively prevents the protons from getting 
close enough for the nuclear forces to be effective. At higher energies 
the nuclear scattering plays an important role. 

The identity of the two particles has two effects. First of all, the 
two collisions pictured in Fig. 4.1a and 4.1b can no longer be dis
tinguished from each other. The differential cross section for identical 
particles determines the probability of finding either one of the two 
particles going at an angle (J to the direction of the incident one, after 
the collision. Classically, the scattering cross sections for the two 
cases in Fig. 4.1 should merely be added to get the cross section for 
identical particles. Quantum-mechanically, scattering amplitudes 
have to be added rather than the cross sections themselves, so that 
there are interference terms in the resulting cross section. In either 
case the differential scattering cross section in the center-of-gravity 
system is symmetrical around (J = 900 for identical particles. 

The second effect of the identity of the two particles is a result of the 
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Pauli exclusion principle. The wave function for the two protons 
has to be antisymmetric under their exchange. Hence a symmetric 
space wave function (8, D, G states, etc.) can only be associated with 
an anti-symmetric (singlet) spin wave function, whereas an anti
symmetric space wave function (P, F states, etc.) requires a symmetric 
(triplet) spin wave function. At energies below about 10 Mev, only 
the 8 state interaction is of any importance in the scattering, since 

(b) 

FIG. 4.1. Two seemingly different identical particle collisions which are experi
mentally indistinguishable. 

protons in higher orbital angular momentum states stay apart from 
each other beyond the range of the nuclear force. Thus low-energy 
proton-proton scattering experiments give information about the 
nuclear interaction of protons with opposite spins only (singlet state). 

Consider first the radial equation in the 18 state for pure Coulomb 
scattering. The radial function, which we shall call F(r), then satisfies 
(2.2) with VCr) =e2jr: 

(4.2) 

F(r) is subject to the boundary condition F(O) =0. The solutions of 
(4.2) have been studied extensively (Yost 36, Beckerley 45) and have 
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been tabulated for many values of energy E and distance r. Weare 
particularly interested in the behavior of F(r) at large distances. It is 

F(r) '" sin [kr - '7 In (2kr) + 0"01 (for large r) (4.3) 

where k is the wave number of the relative motion [see (3.2) and (3.3)1 
and '7 is as defined in (4.1). The quantity 0"0 is the Coulomb phase 
shift for the IS wave Coulomb scattering. The logarithmic term in 
(4.3) is due to the "infinite range" of the Coulomb force, i.e., the 
potential e2/r affects the behavior of the wave function even at very 
large distances r. F(r) is the analogue of sin (kr) in neutron-proton 
scattering. 

We now assume that there is a nuclear potential V(r) in addition to 
the Coulomb potential. The radial wave function u(r) then satisfies 
the equation 

h2 d 2u e2 

- M dr2 +;- u(r) + V(r) u(r) = E u(r) (4.4) 

Outside the range of the nuclear force, (4.4) becomes identical with 
(4.2), so that the asymptotic behavior of u(r) is very similar to the 
asymptotic behavior of F(r). The only change is a modification of the 
(pure Coulomb) phase shift 0"0. We set the modified phase shift 
equal to 0"0+1l, i.e., 

u(r) '" sin [kr - '7 In (2kr) + 0"0 + III (for large r) (4.5) 

The quantity Il is commonly called the "nuclear phase shift." 
It must be realized, however, that Il is by no means identical with the 
phase shift which would govern the purely nuclear scattering by the 
potential V(r) in the absence of the Coulomb repulsion; we shall call 
this latter phase shift Il'. 

Since the IS wave is the only part of the incoming wave which is 
appreciably changed by the nuclear effects at energies below 10 Mev, 
the phase shift Il in (4.5) is the only change from pure Coulomb scatter
ing. All the other partial waves ep, ID, 3F, ... ) are effectively subject 
to the Coulomb force only, since the particles do not get close enough 
to each other to experience nuclear forces. This means that the 
observed scattering cross section at anyone energy E is defined by 
only one parameter, Il. We should be able to fit the observed differ
ential cross section at all scattering angles by the use of only onE' 
adjustable parameter. This is a rather stringent requirement, and 
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the perfect agreement between theory and experiment is a non-trivial 
confirmation of the theory. 1 • 

The differential cross section is a complicated function of the energy 
E, the angle of scattering 8, and the phase shift 6. We shall confine 
ourselves to a qualitative description. At small scattering angles the 
scattering is essentially pure Coulomb (Rutherford) scattering. There 
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FIG. 4.2. Differential scattering cross section in the centero()f-gravity system, 
plotted against the scattering angle (I. The dotted curve is for pure Coulomb 
scattering. The nuclear scattering predominates in the central region of angles. 
There is destructive interference between nuclear and Coulomb scattering around 
(I = (I.. and (I = ... - (I... The Coulomb scattering predominates for (I < (I... and 
(1) ... -(1 ... The figure corresponds to the actual situation at an energy E.ab=2.4 

Mev. 

then follows a region of angles in which the Coulomb scattering inter
feres appreciably with the nuclear scattering. Finally, at even larger 
scattering angles the nuclear scattering predominates. Because of the 
identity of the two protons, the scattering cross section at an angle 
7r - 8 is the same as at 8 (in the center-of-gravity system). These 
points are illustrated in Fig. 4.2. The nuclear scattering predominates 

I The situation in neutron-proton scattering is different for two reasons: (1) 
there are two phase shilts at our disposal, for the 3S and IS scattering, respectively; 
(2) the differential cross section is expected to be spherically symmetrical in the 
centero()f-gravity system. The more complicated angular dependence of the 
proton-protOn scattering is caused by interference between Coulomb and nuclear 
scattering and therefore provides a much more sensitive test of the theory. 
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in the central region of angles. The cross section is approximately 
constant in this region, because the nuclear scattering is S wave 
scattering (l=O) only. The dip around 8=8m on the figure is caused 
by interference between nuclear and Coulomb scattering. The inter
ference is destructive because the Coulomb force is repulsive whereas 
the nuclear force is attractive. Finally, at angles 8 < 8m (and corre
spondingly at 8>7r-8m) the Coulomb scattering predominates. 

We shall not go into the details of the analysis of the experiments 
here. Suffice it to say that an analysis very similar to the one for 
neutron-proton scattering can be made (Bethe 49, Jackson 50) to find 
the approximate energy dependence of the nuclear phase shift a for 
proton-proton scattering. Again there exists a function of the 
observed phase shift and the relative velocity which should be approxi
mately a straight line when plotted against energy (against k2); only 
now that function is not just k cot a [see (3.19)] but the more compli
cated expression 

K' == C2 k cot a + D- 1 h(1]) 

where C2 and 1] are as defined in (4.1). The distance 

h2 

D = Me 2 = 2.88 X 10-12 cm 

(4.6) 

is characteristic for the Coulomb scattering. (It is the Bohr radius 
of a proton bound to a fixed center of charge e.) h(1]) is a slowly 
varying function of the energy, behaving logarithmically at high 
energies. l The first term of (4.6) allows a simple interpretation. It 
is just k cot a, the relevant quantity in neutron-proton scattering, 
multiplied by the Coulomb penetration factor C2• The second term 
is harder to understand. It owes its origin to the peculiarities of the 
Coulomb scattering, in particular to the fact that the Coulomb force 
has an infinite "range" of action, i.e., the wave function of the inci
dent proton beam is deformed appreciably from a plane wave even at 
very large distances from the scattering center [see (4.3)]. 

The eXp'ansion of K' as a function of energy (k 2 ) can be written in 
the form 

(4.7) 

1 The definition of he-'1) is 

h{TJ) = Re +( -iTJ) - In TJ 

where +(z) is the logarithmic derivative of the factorial function (defined in 
Jahnke-Emde, Tables of Functions, Leipzig, 1938), In denotes the natural logarithm, 
and Re denotes the real part of the expression in question. 
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where a is called the (proton-proton) scattering length, ro is the 
(proton-proton) effective range, and P is a dimensionless parameter 
related to the detailed distance dependence (" shape") of the nuclear 
potential between two protons. The higher terms in (4.7) are pre
sumably negligible. We have written down one more term of the 
series (4.7) than of the corresponding neutron-proton aenes (3.19), 
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FIG. 4.3. Experimental values of K = K' D plotted against energy, where K' is 
defined by (4.6) and D is a characteristic length for proton-proton scattering. 
The straight line corresponds to a shape parameter P =0 in (4.7). It is an excellent 
fit. The two parabolas, corresponding to P= +0.22 and P= -3.5, respectively, 
are excluded by these data. The four conventional well shapes defined in Section 

2 all lead to good fits to the data. 

because the accuracy of the proton-proton scattering experiments is 
higher than that of the neutron-proton scattering experiments. Theo
retically, P is expected to have rather small values. It is slightly 
negative (-0.033) for the sharply cut-off "square well," and slightly 
positive (0.055) for the "long-tailed" Yukawa well. 

In Fig. 4.3 we have plotted the experimental values of the dimen
sionless quantity K = K'D against k2 for energies below 5 Mev in the 
laboratory system. It is seen that the straight line (P =0) provides an 
excellent fit. The two parabolas which are also shown in the figure 
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correspond to well shape parameters P = +0.22 and P = -3.5, respec
tively. They are both excluded by the data. Taking into account 
the preceding estimates of P for some conventional well shapes, we 
see that the present data do not suffice to discriminate between the 
commonly assumed well shapes. However, the accuracy needed to 
do so appears within the range of present techniques. 

Of great interest is the value of the proton-proton scattering length a, 
determined by the intercept of the straight line on the graph. It 
turns out to be a,.....,-7.7 X 10-13 cm (the precise value depends on the 
value assumed for P). The first significant fact about a is its sign: it is 
negative, and it can be shown (Landau 44) that this implies that the 
proton-proton system in its IS state does not allow a bound state. 
In other words, the nucleus He 2 is dynamically unstable. Just as for 
singlet neutron-proton scattering, a virtual level can be defined, and 
again the rather large value of the scattering length (compared to 
nuclear dimensions) implies that this virtual level lies not very far 
above zero energy; i.e., the di-proton (He2) just barely misses being 
stable, in complete analogy to the singlet deuteron. 

Within the range of the nuclear forces the Coulomb force can be 
treated as a small perturbation. In this way it is possible to derive 
an approximate relation between the scattering length a for proton
proton scattering and an "equivalent" scattering length a' for the 
case where the Coulomb field has been switched off. This relation 
involves the proton Bohr radius D and the proton-proton effective 
range ro; it reads 

(a,)-I ,....., a-I + D-1 [In ~ - 0.33] (4.8) 

The constant 0.33 on the right side is an estimate which depends 
somewhat on the shape of the nuclear well (Jackson 50). If we substi
tute the experimental values of a and ro [the latter can be found from 
the slope of the straight line in figure (4.3), and it turns out to be 
ro=2.65XlO- 13 cm], we find 

a'''''''' -1.7XIO-12 em (4.9) 

This estimate should be compared with the observed value of the 
neutron-proton scattering length in the singlet spin state, 

a, = -2.43XlO-12 em 

At first sight this comparison seems to imply that the nuclear force 
between two protons in the IS state is appreciably different from the 
nuclear force between a neutron and a proton in the IS state. It 
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must be remembered, however, that both scattering lengths are very 
large, i.e., we are near resonance at zero energy for both neutron-proton 
and proton-proton scattering. Consequently the scattering lengths 
are very sensitive to slight changes in the potential, and the apparently 
large difference between a' and a. can be attributed, for example, to a 
very small change in the well depth parameter s between the two 
cases (the value of the well depth parameter is larger for the singlet 
neutron-proton force by between one and three percent, depending on 
the well shape assumed). This small change may be attributed to 
non-nuclear effects (Schwinger 50). 

We conclude that, under the assumption that the distance dependence 
of the nuclear potential (in particular its range) is the same between two 
protons as between a neutron and a proton in the IS state, the strength of 
the force is very closely equal also (the discrepancy being of the order 
of a few percent at most). The effective range for neutron-proton 
scattering in the singlet state is not in disagreement with the above 
assumption of equality of ranges. 

The comparison between neutron-proton and proton-proton forces 
in the IS state gave rise to the hypothesis of the charge independence of 
the nuclear forces (Breit 36a, 37, 39a). This hypothesis states that 
the forces between two nucleons in the same spin and orbital angular 
momentum state are independent of the charge (neutron or proton) 
of the two nucleons. For example, the force between two neutrons 
in the 3p state is the same, on this hypothesis, as the force between 
two protons or between a neutron and a proton. There is some evi
dence for equality of neutron-neutron and proton-proton forces from 
heavier nuclei (see Chapters V and VI). The equality of neutron
proton and proton-proton forces, however, is based mainly on the 
one piece of evidence given above, and that evidence is not conclusive 
because the range of the singlet neutron-proton force is not known 
well enough. The hypothesis of the charge independence of nuclear 
forces is not definitely established at the present time. Indeed, the 
scattering data in the high-energy region appear to be difficult to 
reconcile with charge-independent forces (see Chapter IV). 

6. THE TENSOR FORCE 

A. Experimental Discovery of the Existence of Non-central Forces 

In 1939 a serious discrepancy was discovered between theory and 
experiment (Kellogg 39, 40). A fine structure was predicted in the 
radiofrequency magnetic resonance spectrum of deuterium. The 
experimental results showed a fine structure, but it was different from 
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the theoretical prediction. Its magnitude was much too large. Rabi 
and Nordsieck (Nordsieck 40) interpreted this phenomenon by 
ascribing to the deuteron a charge distribution which is not spherically 
symmetric. The quadrupole moment of this distribution (see Chap
ter I) gives rise to an additional energy of the deuteron in the inhomo
geneous electric field of the molecule. This additional energy as 
given by (1,7.16) increases the energy difference between the different 
orientations of the deuteron. The discrepancies of the fine structure 
could be explained by assuming that the deuteron possesses a quadru
pole moment (Newell 50, Kolsky 51): 

Q = (2.74±0.02)XI0-27 cm2 (5.1) 

The existence of a quadrupole moment of the deuteron implies that 
the nuclear force is not a purely central force. As long as it is assumed 
that'the nuclear force is a central force, the ground state of the deuteron 
must be an S state whose quadrupole moment is necessarily zero. It 
should be noted that the existence of quadrupole moments in heavier 
nuclei does not imply the presence of non-central forces. The ground 
state of heavier nuclei may have an orbital momentum higher than 0 
(it may be a P state or D state, etc.). Such states can give rise to a 
quadrupole moment. The deuteron, however, is equivalent to a one
particle system after the coordinates have been separated into the 
relative coordinate r and the coordinate R of the center of gravity. 
The lowest state of a one-particle system in a central force is neces
sarily an S state. l 

The rather small numerical value of Q shows that the wave function 
of the deuteron ground state is almost spherically symmetric. This 
can be seen by comparing Q with the mean square distance r2 between 
the particles in the deuteron; the latter quantity is of the order of the 
square of the "size" R of the deuteron, i.e., about 2 X 10-26 cm2• 

Thus Q is two orders of magnitude smaller than r2. We conclude that 
the deuteron ground state is predominantly an S state, with only 
small admixtures of states of higher l. 

From the small deviation of the deuteron wave function from 
spherical symmetry, there might be a temptation to conclude that the 
non-central part of the force is also very small compared to the central 
force part. This is not a valid conclusion, however. Even a very 
appreciable non-central part of the force will in general lead to a rela
tively small asymmetry of the wave function in the ground state. 

1 This statement is correct for ordinary potentials. It does not hold in general 
if the potential depends on the angular momentum 88 is the case for exchange 
forces. (See Chapter III.) 
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B. General Form of the Non-central Force 

Even though the nuclear force has turned out to be non-central, we 
can still assume that it is conservative and independent of the relative 
velocities of the nucleons, i.e., that it is derivable from a potential 
function V. Of course, V can no longer be assumed to depend solely 
on the internucleon distance r. 

The assumption that the nuclear force is derivable from a potential 
places severe restrictions on the possible forms which that force can 
take. The potential V must be invariant under rotations and reflec
tions of the coordinate system which we use to describe the relative 
motion of the particles, i.e., in mathematical language it must be a 
scalar. The only quantities we can use to construct such scalars are 
their vector separation r=re (e = a unit vector in the direction of r) 
and their spin vectors s =thd, where d = (Ux,cTII,cT.) is the usual triple of 
Pauli matrices (see Appendix A). The gradient vector, for example, 
cannot be used because it would lead to velocity-dependent forces. 

The simplest choice is the scalar VCr) which would lead to a central 
force. Another possible combination is (dl'd2) which, when multi
plied by a scalar function VCr), leads to a spin-dependent but central 
force. Spin-dependent central forces have already been used in this 
chapter. In order to construct a non-central force the vector e must 
enter into the potential. The bilinear combinations (dl·e) or (d2·e) as 
well as (d 1 X d2'e) are not "scalars"; they change sign upon reflec
tion of the coordinate system (e goes into -e, d into +d); in mathe
matica.l language, they are pseudoscalars. 

Before we turn to combinations involving higher powers, we point 
out two simplifications: (1) since e is the only polar vector at our dis
posal, it must occur an even number of times in any acceptable product; 
(2) any polynomial in d can be reduced to an expression linear in d by 
means of spin identities. For instance, (d·e)2 = 1 and (d'e)3 = (d·e). 
The possibility of this reduction is the mathematical expression of the 
uncertainty relation between the angular momenta and angles for 
angular momenta of t. Hence an expression linear in dl and d2 is 
the most general one we can use. 

The only scalars bilinear in dl and d2 and of ~wen power in e are 
(dl'e)(d2'e) and (dlX e)'(d2X e). The second one is a linear combina
tion of the first and (dl'd2), by vector identities. Hence the combina
tion (dl'e)(d2'e) is essentially the only scalar leading to a non-central 
force. It is useful to define the potential of the non-central force in 
such a way that its average over directions of e vanishes. Since the 
average of (A·e)(B·e) over directions is l(A·B) for arbitrary constant 
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vectors A,B, we define the tensor operator 8 12 by 

8 12 == 3 (dl·e)(d2·e) - (dl"d2) 

97 

(5.2) 

The preceding argument has shown us that a non-central force derivable 
from a potential function must have the form 

(5.3) 

We emphasize again that there is no experimental reason for assuming 
that the nuclear forces can indeed be derived from a potential function; 
however, there is also no evidence against it, and it is by far the sim
plest assumption mathematically. Possible forms for central and 
non-central forces which do involve the velocities have been given by 
Wigner and Eisenbud (Eisenbud 41). 

The most general potential for nuclear two-body forces depending 
only on the position of the particles and their spins is obtained by 
adding the possible central forces to (5.3): 

(5.4) 

A further generalization will prove advisable in the next chapter in 
the form of a dependence on the symmetry of the wave function. 
However, (5.4) with three arbitrary functions for the various V(r) is 
sufficiently general for a discussion of the neutron-proton system at 
low energies. 

c. Properties of the Tensor Force 1 

The tensor force potential (5.3) is a scalar; hence the total angular 
momentum J and the parity are constants of motion. Being a non
central force, (5.3) does not remain invariant under a rotation of the 
space coordinates or the spin coordinates separately. Hence the 
orbital angular momentum L and the spin angular momentum S are 
not constants of motion. 

We shall now show, however, that the magnitude of the spin angular 
momentum, 8 2 , is still a constant of motion for the two-body systems, 
even though the individual components of the vector S do not commute 
with (5.3). To prove this, consider the behavior of (5.3) under an 
exchange of dl and d2 (this is not the same as exchanging the neutron 
and the proton, which would involve the additional transformation 
~-e). Equation (5.3) is unchanged under this operation; hence 
the states of the system must be either symmetric or anti-symmetric 

1 This discussion is based primarily on the paper of Rarita and Schwinger 
(Rarita 41). 
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with respect to this spin exchange. However, there are only two spin 
states possible for particles of spin -l, the symmetric triplet state and 
the anti-symmetric singlet state; hence our classification of the 
states of the system into states symmetric and anti-symmetric 
under the exchange of the spin coordinates of the two particles is 
equivalent to a classification into triplet and singlet spin states; this 

proves that 8 2 is a constant of 
motion. We emphasize that this 
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* 

proof holds only because we have t----------* a two-body system of particles 
of spin t. In general, the be

(8)812 =+2 
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• (c) 8 12 =-2 
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FIG. 5.1. Values of the tensor operator 
in special cases. The arrows indicate 
the spin directions of the two particles. 

havior under spin exchange does 
not determine the total spin 8 2 

uniquely, 
We have defined the tensor 

operator 8 12, (5.2), in such a 
way that its average over all 
directions is zero. In the singlet 
spin state there is no preferred 
direction for the spin orienta
tions; hence we expect 8 12 to be 
zero in singlet states. This is 
indeed the case: S =i(dl +d2) =0 
implies dl = -d2; hence we get 

8 12 = -3(dloe)2+(dl)2 
= -3+3=0 

Since the tensor force is zero in the singlet state, all our previous 
results for singlet states (neutron-proton singlet scattering, proton
proton scattering) are entirely unaffected. In singlet states the nuclear 
forces are central forces. 

Before going on to the analysis of the triplet states, it will help us to 
visualize the behavior of the tensor force if we put down the values of 
8 12 for a few simple situations. This is done in Fig. 5.1. We observe 
that 8 12 is positive in the stretched-out configuration for parallel 
spins and negative in case (b) where the spin directions are perpendicu
lar to the interparticle separation. We conclude that an attractive 
(negative) VT(r) in (5.3) favors the stretched-out configuration (a), 
i.e., it tends to deform the deuteron wave function from a sphere into 
a cigar shape, with a positive quadrupole moment. Since the observed 
quadrupole moment (5.1) is indeed positive, we see that VT(r) is 
attractive (negative) in nature. 
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Let us turn now to the consequences of these properties of the 
tensor force for the motion of a two-body system in the triplet spin 
state. A triplet state of given total angular momentum J can be 
written as a linear superposition of triplet states with orbital angular 
momenta L=J,J-l,J+1. The parity of a (two-body) wave 
function with orbital angular momentum L is (-I)L. Hence the 
state with L = J has opposite parity to the two states with L = J - 1, 
L =J + 1. For example, a triplet state with J = 1 is a mixture of 
3S1, 3PI, 3DI (in spectroscopic notation). 3P 1 has odd parity, and 3S1 

and 3D 1 have even parity. Hence the J = 1 states of even parity are 
mixtures of 3S1 and 3D 1 ; the J=1 states of odd parity are pure 3P 1• 

(The fact that L2 is a constant of motion in the latter case does not con
tradict the non-central nature of the nuclear forces. Central forces 
would make L2 a constant of motion always, not just sometimes.) 

Proceeding this way, we can build up a classification of the triplet 
states of the neutron-proton system. The first few are given in Table 
5.1. 

TABLE 5.1 
THE POSSIBLE TRIPLET STATES OF THE NEUTRON-PROTON SYSTEM WITH THE 

TENSOR FORCE 

J Even Parity Odd Parity 

0 apo 

1 3S!, 3DI api 

2 3D2 3P2. 3F2 

3 3D3, 3G3 'F3 

D. The Ground State of the Deuteron: Dynamics 

The observed angular momentum of the deuteron is J = 1. It is 
expected that states of even parity have lower energy than the cor
responding states of odd parity. Hence the deuteron ground state is 
expected to have J = 1 and even parity, i.e., to be a mixture of 3S1 and 
3D 1• 

We now investigate the dependence of the wave function on the 
angles. We use the normalized "spin angle" wave functions 'Y:Zs 
belonging to a state of total angular momentum J whose z component 
is M and which is a combination of an orbital angular momentum 1 
with a spin S (see Appendix A, Section 5): 

'Y~s = L Czs(J,M;mz,ms) Yzm, (8,'P) Xsms (5.5) 
m,+m.-M 

The constants CIS are given in Appendix A, Table 5.2, for the case of 
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interest here (8=1). For J=M=8=1 and l=0,2, respectively, we 
have 

11~OI = (411")-1'2Xl ,l = Yo,o Xl,l (5.6) 

11~21 = (T6-o-) 1I2 Y 2,2 Xl,-l - (!-o-) 1I2 Y 2,l XI,O + (-l-o-)l!2y2,o XI,l (5.7) 

The wave function for a pure 381 state, including its r dependence, 
can be written in the form 

u(r) M 

4>8 = - 11101 
r 

(5,8) 

where u 2(r) dr is the probability of finding two particles in this 8 state 
a distance between rand r+dr apart. We shall omit the superscript 
for the z component M of the total angular momentum, since thit! does 
not matter in what follows. Similarly, the wave function for a pure 
3Dl state will be of the form 

w(r) M 
4>D = -- 11121 

r 
(5.9) 

where w2(r) dr is the probability of finding the two particles in the 
D state a distance between rand r+dr apart. The wave function for 
the composite state (the ground state of the deuteron) then is 

4> = 4>8 + 4>& (5.10) 

Since the integration over angles and the sum over spin indices give 
unity, owing to the normalization of (5.5), the probability of finding 
the deuteron in the 38 state is given by 

r" 2 P8 = (4)8,4>8) = 10 u (r) dr (5.11) 

and the probability of finding the deuteron in the 3D state is 

r'" 2 PD = (4)D,4>U) = 10 w (r) dr (5.12) 

Since these two are the only states which can contribute to the ground 
state of the deuteron, the over-all normalization of the wave function 
4>, (5.10), is 

(4),4>) = ps + PD = 10" [u 2(r) + w2(r)] dr = 1 (5.13) 

We shall need to know the effect of the tensor force operator 8 12 on 
the spin angle wave functions 'Y, We shall show below, in small 
print. that 
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VB 1Jf21 

vB 1JfOl - 2 1Jf21 

(5.14) 

There are various ways of proving (5.14). The most straightforward one is 
simple calculation, using the definition (5.2) of the tensor operator and applying 
it to (5.6) and (5.i). We write 

(d'e) = tTz sin 0 cos 'P + tTy sin 0 sin 'P + tTl cos 0 

and use the properties of the spherical harmonics to get the answer. However, as 
this procedure is quite tedious, we shall use a quicker method. 

Table 5.1 shows that 8 12 acting on the 38 1 wave function 1J 101 can only lead to a 
linear combination of the 38 1 and 3DI wave functions: 

(5.15) 

The operator 812 vanishes when averaged over the angles of orientation of e. In 
the operation (5.15) the operator 8 12 acts on a function, 1Jt~l1' which is independent 
of the direction of e (l =0). The operation (5.15) therefore cannot result in a 
spherically symmetric state I =0. Hence we conclude that a =0. 

In order to determine b in (5.15) we can pick a special case amenable to easy 
calculation. We shall choose M = 1, and we shall pick the direction of the vector 
e as our z direction. Direct evaluation of the left side then gives 

(5.16) 

The right side of (5.15), with a =0, assumes a specially simple form in this case 
because Y 2.2 = Y 2.1 = 0 at the pole of the sphere, 0 =0. The right side, according to 
(5.7), equals 

b 1J}21(O=0) = b V-t'lf Y2,0(O=0) XI.l 

= b (8,,)-1/2 a(l) a(2) (5.16') 

Comparison of (5.16) and (5.16') gives the result b:c-VS, which proves the first 
equation of (5.14). 

To prove the second equation of (5.14) we write 

where b must be the same as in (5.15) because the tensor operator 8 12 is Hermitean. 
We again evaluate both sides for the special case where e points in the z direction 
(0 =0) and solve for the one unknown, c. The result is c = -2. This completes 
the proof of (5.14). 

We are now in a position to write the wave equation for the ground 
state of the deuteron. It is 

(T + V) 4> = E 4> (5.17) 

where E is the negative of the binding energy, E = - B. The kinetic 
energy operator T does not act on the spin variables; it can be written 
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T = h2 (_ ~!!... r + L2) 
M r dr 2 r2 (5.1S) 

where L 2 =l(l+1)=0 in an S state and L 2 =2X3=6 in a D state. 
The potential energy V is given by (5.4). We shall introduce the 
notation 

Veer) = Vd(r) + V.(r) (5.19) 

for the potential of the central force in the triplet state. We combine 
(5.S), (5.9), (5.10), (5.14), (5.17), (5.1S), and (5.19) to get 

[ - ~ ~:~ + Veu ] ~lOl + V8VTU~12l 

+ [ - ~ (~:~ - ~~) + (Ve-2VT)w ] ~121 + V8VTW~lOl 
= E (U~lOl + w1!l2l) (5.20) 

We equate terms of the same spin angle wave function to get the 
following system of two coupled second-order differential equations 
for the determination of the radial wave functions U and w: 

h2 d 2u -
- M-2 + Veer) u - E u = - VS VT(r) w (5.21a) 

dr 

h2 (d2w 6W) 
- M dr2 - ~ + [Ve(r)-2V T (r)]w - Ew 

= - Vs V T(r) u (5.21b) 

For the ground state of the deuteron, E is negative and equal to - B. 
The discussion of these equations is difficult since no exact solutions 
exist in terms of tabulated functions, even for simple square well 
shapes. So far, there are complete numerical solutions for only two 
cases: (1) both potentials, Ve and V T, have the square well shape 
(Padfield 49, Guindon 4S, Biedenharn 50), (2) both potentials have the 
Yukawa well shape (Feshbach 49b); in each case the ranges and depths 
of the two wells have been varied over appreciable intervals. 

The numerical calculations are lengthy, not only because of the 
nature of the system of coupled differential equations (5.21), but also 
because there are so many more variable parameters here than in the 
central force case. There are four parameters, the well depth and 
range of Veer) and VT(r), respectively. The binding energy of the 
deuteron gives one relation between them. The quadrupole moment 
of the deuteron (see Section 5E) gives a second relation so that the 
number of free parameters is reduced to two. In principle, the remain-
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ing two parameters could be fixed by comparison with the experimental 
values of the magnetic moment of the deuteron and of the effective 
range for neutron-proton scattering in the triplet state (see Sections 
5F and 5G, respectively). In practice, however, it is impossible to 
determine all four well parameters uniquely from the data. Rather, 
there are many sets of well parameters consistent with our present 
knowledge of the deuteron. For example, the strength of the tensor 
force can be increased if a compensating decrease is made in the 
strength of the central force, without contradicting the present 
experiments. 

It is interesting to observe that, for long-tailed wells such as Yukawa wells, 
there exists one especially simple form of the potential which is consistent with all 
the known information. This potential has a central force which is equal to the 
force between a neutron and a proton in the singlet spin state, and a tensor force of 
somewhat longer range and somewhat weaker strength than the central force 
(Feshbach 49b): 

exp (-2.12r/bcl exp (-2.12r/b T ) 
V = -22.7 - 10.9 8 12 

r/bc r/b T 

where be =2.47XIO- 13 cm, bT =3.68XlO- 13 cm, and the strength of the potential 
is given in Mev. The ranges be and bT are the intrin9ic ranges and are therefore 
comparable to square well ranges. The well-depth parameters s corresponding 
to the central and tensor forces given above are: 8e =0.937 and ST =0.998. This 
potential gives the correct binding energy and quadrupole moment of the deuteron; 
the D state probability would be about 3.3 percent and the effective range in the 
triplet state would be about 1.75 X 10-13 cm. Both of these are consistent with the 
present experimental information. 

This potential would have the following interesting property: The central force 
between a neutron and a protou would be spin-independent [i.e., V .. (r) =0 in (5.4)]. 
Hence the actual spin dependence of the nuclear force would arise entirely from 
the tensor force which vanishes in the singlet spin state but is effective in the 
triplet spin state. In other words, the existence of a bound triplet state of the 
neutron-proton system would be entirely due to the tensor force. We must 
emphasize, however, that the spin iruJeperuJence of the central force is by no means 
established by the present evidence. 

The behavior of u(r) and w(r) outside the range of the forces follows 
directly from the differential equations (5.21). The potentials Vc and 
V T vanish, and the two equations (5.21a) and (5.21 b) become inde
pendent. Their solutions are 

(5.22a) 

w(r) = N' exp ( - ~) [ 3 (;) 2 + 3 (~) + 1 ] (5.22b) 
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where R is the "size" of the deuteron, (2.7), and N, N' are nor
malization constants. A rough estimate of N can be obtained by 
neglecting the small D state probability compared to unity and by 
using the asymptotic form (5.22a) of u(r) for all values of r (neglecting 
the range correction). We then put 

10 .. u 2 (r) dr ""' 1 

and obtain 

(5.22c) 

The value of N' depends on the strength of the tensor force; it will be 
determined later. 

It is interesting to determine the region of validity of these asymp
totic forms in more detail, since there are two "ranges" in this 
problem, one for the central force and one for the tensor force. Equa
tion (5.21a) determines the asymptotic behavior (5.22a) of u. It 
turns out that for physically reasonable force strengths the terms 
V c(r)u and Sl!2V T(r)w are not very different in magnitude; hence the 
"range" beyond which the asymptotic form (5.22a) is valid is the 
larger one of the two ranges in this problem. 

The situation is different with the asymptotic form of w, (5.22b), as 
determined by (5.21b). In this equation the central force Vc(r) enters 
in the same way as the centrifugal term (h 2/M)(6/r 2). For reasonable 
nuclear ranges and well depths this repulsive centrifugal term is very 
much larger than the nuclear potential Vc(r) (this is indeed the reason 
why we do not expect any D state contribution to low-energy neutron
proton scattering with central forces, and why the ground state of the 
deuteron is not likely to be a predominantly D state). Hence the 
central force does not enter into (5.21b) in an important way, and 
the "range" beyond which the asymptotic form (5.22b) is valid is 
determined by the coupling term on the right side, i.e., is the tensor 
force range, which we shall call bT from now on. 

The behavior of u(r) and w(r) near r = 0 is roughlyl that for typical 
S state and D state functions, respectively. That is, u goes like r, 
w goes like ra. Since the outside behavior (5.22b) of w is roughly 
proportional to r- 2 (outside the range of the forces, but inside the 
size R of the deuteron), it follows that w has a rather sharp maximum 
just before the asymptotic form (5.22b) takes over, i.e., near r""'bT • 

1 The coupling terms in (5.21a) and (5.21b) lead to occurrence of logarithmic 
expressions like r log r in u, r3 log r in w, so that, strictly speaking, neither u nor 
w is a pure power series in r. 
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This is illustrated schematically in Fig. 5.2. We see that the main 
contribution to the D state probability PD, (5.12), comes from this 

w(r) 

--+-~~-----L---------=====~r 

FIG. 5.2. A schematic drawing of the D state radial wave function w(r) versus r. 
For small r, w(r).-vr3; for large r, w(r).-vI/r2• There is a sharp maximum at 

r~bT, where br is the range of the tensor force. 

region of r. This is in contrast to the S state probability ps, (5.11), 
which comes mostly from outside the range of the forces, i.e., from 
values of r'" R, the size of the deuteron. 

E. The Ground State of the Deuteron: Quadrupole Moment 
In Chapter I the quadrupole moment Q was defined as the average 

value of (3z 2-r2) in the state with M =J. In the deuteron only the 
proton contributes to the quadrupole moment, and its distance from 
the center of gravity is half of the neutron-proton separation r; hence 
the quadrupole moment operator for the deuteron is 

Q = -1- (3z 2-r2) = -1- (3 cos2 0 - 1) r2 (5.23) 

The expectation value of this operator is 

(5.24) 

The first term is zero since the S state is spherically symmetric and 
cannot have a quadrupole moment. The second term is a pure D state 
term and is therefore smaller than the cross term 2(l/1s,QI/1[)). We shall 
show below, in small print, that 

(5.25a) 

(.. 2 2 
(I/1D,QI/1U) = --llf Jo r w (r) dr (5.25b) 

The measured quadrupole moment is the sum of these two expressions: 

Q of deuteron = (lrr)1I2 !O .. r2uw dr - -llf !O" r2w2 dr (5.26) 

We prove formula (5.25a) by direct substitution of (5.8) and (5.9). The quad
rupole moment operator involves no spin quantitiea, and therefore the first two 
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terms of the spin angle function (5.7) give zero in the scalar product with (5.6), 
since (5.6) contains the spin function Xl.l Only. We notice that 

1 ( )1/2 4, (3 cos 2 8 - I) = ~ Y2.o(8) 

and perform the sum over spin indices to get 

2 (<t>,Q<t» = 2 !O .. r2 dr f dll(4r)-1/2 U~) (~) 1/2 Y 2.o(8) r2 (10)-1/2 w;r) Y 2.o(8) 

The normalization of Y2.0 gives (5.25a) immediately. 
In order to derive (5.25b) we use the following relation: the average value of 

(3oos28-1) in a state of orbital angular momentum I with the z component ml is 
given by (see Bethe 33) 

(3 COS2 8 -1) = 21-,-(I~+_I--:-)_--,-,-3_m-,--12 
ov (21+3)(21-1) 

Substitution of this result into the definition of (<t>D,Q<t>D) gives (5.25b) immedi
ately. We need only the average values of (3cos28-1) since the cross terms 
between components of 11121 with different ml drop out because of the orthogonal
ity of the spin functions. 

Since the ground state of the deuteron is predominantly an S state, 
the first term of (5.26), which contains w(r) linearly, predominates over 
the second term, which involves w 2(r). Furthermore, the factor r2 

in the integrand makes the quadrupole moment mostly an "out-

side" quantity, i.e., the main contribution to !o .. r2uw dr comes from 

outside the range of the forces; we shall therefore estimate the quad
rupole moment by substituting expressions (5.22) into the first integral 
of (5.26). The result is 

(5.27) 

This relation can be used for a good estimate of N' if the relation 
(5.22c) for N is used 

(5.27a) 

Hence, to a first approximation, the function w(r) outside the range of 
the forces is determined completely by the value of the quadrupole moment. 

This result implies that the D state probability p D depends strongly 
on the tensor force range bT and increases rapidly as bT is made shorter. 
Consider Fig. 5.3, in which the function w2(r) is drawn schematically 
for two different tensor force ranges bT • The curves are the same for 
r > bT , according to the preceding argument. Near the origin, r=O, 
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both curves are proportional to (r 3) 2 = r6 but with different constants. 
Thus there is a very sharp maximum of w 2(r) just inside the range of 

the tensor force, and most of the integral !O" w2(r) dr comes from the 

neighborhood of this maximum. The figure shows that this maxImum 
becomes rapidly higher as the tensor force range is shortened; hence 
the D state probability for a given quadrupole moment increases 
sharply with decreasing bT • 

(---
w2(r) / \ 

I \ 

/ 

I \ 
I \ 
I \ 
I 
/ 
/ 
/ 
/ 

/ 
I 

~~--~~~----~--------------~~--~~r o br' br 

FIG. 5.3. The square of the D state radial wave function, w2(r), plotted schemat
ically against r, for two different tensor force ranges bTl bT'. The behavior of w2(r) 

for r >bT is determined to a first approximation by the value of the quadrupole 
moment of the deuteron. For the same quadrupole moment Q, a shorter tensor 

force range bT' <bT implies a much larger D state probability PD = f 0" w2(r) dr. 

We shall now use these qualitative considerations to derive a rough 
approximation formula for the D state probability PD, (5.12). Let 
the value of r for which w2(r) has its maximum be called rm. We shall 
assume that rm«R, the size of the deuteron. Then we can neglect 
all but the first term in the bracket of (5.22b) and set the exponential 
equal to unity. This gives for the "outside" contribution to PD 
the estimate 

j .. w2(r) dr "'-' j" 9(N,)2 (~)4 dr = 3(N')2 (R)3 R 
rIll Tilt r Tm 

(5.28) 

with the use of (5.27a). 
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From here on we shall use only very rough estimates: the function 
w 2(r) has a very sharp maximum at r=rm • Hence we can get the 

integral 10 00 w2(r) dr from (5.28) roughly by multiplication by two. 

Furthermore the position rm of the peak in w2(r) occurs right inside the 
range bT of the tensor force (indeed, for tensor force well shapes with
out any clearly defined range, this could very easily be taken as a 
definition of the tensor force range). We therefore replace rm in 
(5.28) by bT and multiply by a factor of about 2 to get 

(5.29) 

where C is a numerical constant of the order of 20 to 30. 
Equation (5.29) implies that the tensor force cannot have an arbitrarily 

small range, 1 otherwise the ground state would become a predominantly 
D state rather than a predominantly S state. Indeed, an experimental 
measurement of PL, even with a rather large uncertainty, determines 
the tensor force range bT within relatively narrow limits. In the next 
section we discuss the connection of P ) with the magnetic moment of 
the deuteron. This supplies a method for the measurement of P 

F. The Ground State of the Deuteron: Magnetic Moment 
As long as the nuclear forces were supposed to be central forces, the 

magnetic moment of the deuteron could be due only to the intrinsic 
magnetic moments of the component nucleons. The contribution of 
the orbital motion of the proton is zero in an S state. With non-central 
forces, however, there appears a contribution to the magnetic moment 
due to the orbital motion of the proton in the D state. This contribu
tion is only a small correction to the spin contributions, but it lies 
within the accuracy of the present experimental methods. 

The operator Jl.op describing the magnetic moment of the neutron
proton system is 

(5.30) 

where !ln, Jl.p are the magnetic moments of neutron and proton meas
ured in nuclear Bohr magnetons, and Lp denotes the orbital angular 
momentum of the proton (the neutron, being uncharged, gives no 
orbital contribution to the magnetic moment). The factor of Lp is 
unity, since we are measuring the magnetic moment t'op in Bohr 
magnetons. 

1 This argument was first given by Schwinger (41). It has been refined by 
Broyles and Kivel (50) and Foldy (50). 
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In the center-of-gravity system of neutron and proton the orbital 
angular momentum of the proton is half of the combined orbital 
angular momentum, Lp =j-L. We rewrite (5.30) in the form 

(5.31) 

where S =j-(dn +dk) is the combined spin of the two particles. The 
operator (dn -dp ) in the second term has zero expectation value in 
triplet states; hence it does not contribute to the magnetic moment. 
We therefore omit this term in (5.31); furthermore we introduce the 
total angular momentum J=L+S and use it to eliminate S in (5.31), 
getting for the effective magnetic moment operator 

(5.32) 

The observed magnetic moment is the expectation value of this 
expression in the state with J. =J (see Chapter I). We therefore 
can replace L by L.: 

L~L = (L.J)J =J(J+l)+L(L+l)-8(8+1)J 
• J2 • 2J(J+l) z 

For the deuteron, J(J + 1) =8(8+ 1) =2, whereas L(L+ 1) in a mixture 
of 8 and D states is 

(L(L+l))av = 0 X ps + 6 X PD = 6PD 

The value of Jz in the state with Jz =J is unity for the deuteron (J = 1). 
Inserting these values into (5.32) gives for the magnetic moment of the 
deuteron 

(5.33) 

The deviation of the magnetic moment of the deuteron from a simple 
sum of the neutron and proton magnetic moments gives a direct measure 
of the D state probability. The experimental results (Bloch 48, Levin
thaI 50) imply a D state probability of about 4 percent. 

Formula (5.33) cannot be expected to give high accuracy. The 
deviations we are concerned with are of the order of a few percent of 
the main term J'n + J'p. There are various other causes which can 
give corrections of this order of magnitude, especially relativistic 
effects. There is considerable literature (Margenau 40, Caldirola 
46, Breit 47, 47c, Sachs 47, Primakoff 47) on the subject of relativistic 
corrections to the magnetic moment of the deuteron, but their precise 
magnitudes, even their signs, are unknown. All we can say is that the 
corrections are of the order of a few percent. Hence the measured 
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magnetic moment gives only a rough estimate of the D state proba
bility, and it is perhaps a reasonable guess that PD lies somewhere between 
2 percent and 6 percent. 

In spite of this uncertainty in PD the tensor force range bT is defined 
rather closely through the estimate (5.29). Substituting the above 
value of PD into (5.29), we get the estimate that the tensor force range 
bT is probably between 2 and 3 X 10-13 cm. Exact numerical calcula
tions (Biedenharn 50), using square well shapes and a D state proba
bility of 4 percent, bear out these statements: the tensor force range is 
always of the order of 3 X 10-13 cm, almost independent of the range of 
the central force. The same result holds for Yukawa well shapes 
(Feshbach 49b) if one uses the intrinsic range (2.20) for bT • 

The large value of brl R implies that the approximations we used to 
derive the estimate (5.29) are not very good. It is hardly worth while, 
however, to attempt a more detailed estimate at this time, since the 
D state probability, being an "inside" effect, is likely to be quite 
well shape dependent. 

G. Neutron-Proton Scattering below 10 Mev 
Since it turns out that the existence of non-central forces has no 

noticable effect on the scattering in this energy region (Hepner 42, 
Rarita 41), we shall treat this subject rather summarily. 

In principle, the analysis of the scattering is changed considerably 
by the presence of a non-central force. The orbital angular momen
tum is no longer an integral of motion; its value can change during the 
collision. 

At energies below 10 Mev, it is advantageous to decompose the 
wave function into spherical harmonics by the use of the "spin 
angle" functions ~fzs, (5.5). The spin 8 can assume the values 0 
and 1 corresponding to the singlet and triplet states. In such a 
decomposition we can restrict ourselves to the scattering in the 8 
states (l = 0), since states with higher orbital angular momentum than 
zero do not let the particles approach each other closely enough for 
the nuclear forces to become effective. The 8 scattering (l = 0) in 
the singlet state, 8 =0, is unchanged by the presence of tensor forces 
since they do not act in that state. We therefore need to discuss only 
the triplet scattering in which the spins are parallel. In this case a 
pure 38 state is impossible. Table 5.1 shows that the tensor force 
couples the 3D 1 state with the 381 state, so that both states contribute 
to the scattering even at low energies. 

An individual term in the spherical harmonic decomposition of the 
scattering wave function corresponds to a superposition of an ingoing 
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[exp (-ikr)] and outgoing [exp (ikr)] spherical wave [see (3.6), for 
example]. If the ingoing wave is a pure 3S1 wave, the outgoing wave is 
a mixture of Sand D waves owing to the action of the tensor force 
during the impact. Similarly an ingoing pure 3 D1 wave emerges as a 
mixture outgoing wave. 

It is more convenient to work with waves which have the same 
mixture ratio of S to D states before and after the scattering event; 
such waves are called "eigenstates" for the scattering. l There are 
two such eigenstates. One of them is predominantly an S wave 
with a very small D wave admixture; it will be called the a wave. The 
other is predominantly a D wave with a very small admixture of 
S wave; it will be call~d the {3 wave. It is physically plausible, and 
can also be shown mathematically, that the (3 wave behaves for all 
practical purposes like a D state in the scattering and can hence be 
ignored in the energy range considered here. 

Since we are dealing with the same angular momentum state 
eS1+3D1) as the ground state of the deuteron, the wave function can 
be written in the form (5.8) to (5.10), and the wave equation is given 
by the coupled differential equations (5.21). 

The asymptotic form of u(r) and w(r) can be written in the form 

u(r) "" d sin (kr+o) 

w(r) "" b sin (kr-1I+o) 
(r ---+ co) (5.34) 

where the angle 0 represents the phase shift compared to the asymp
totic form of the unperturbed plane wave. The solution u,w of the 
wave equation is an eigenstate of the scattering, in the sense discussed 
above, provided that the phase shift 0 in (5.34) is the same for both u(r) and 
w(r). There are two solutions, the a and {3 solutions, satisfying this 
condition, with two different phase shifts, oa and o~, and two different 
values of the ratio b/ d which determine two different asymptotic 
ratios of w to u. 

I t can be shown that 

(5.35) 
da 

Hence the condition that the a wave is predominantly an S wave, 
ba«da, automatically implies that the f3 wave is predominantly a D 
wave. 

If we neglect the phase shift o~, and the phase shifts of all the other 
waves except the a wave, the differential scattering cross section (in 

1 The use of the eigenstates was introduced by Schwinger (unpublished). 
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the center-of-gravity system) becomes (using b,,/ d,,= tanE) 

sin2 0" [ ( tanE)2 ] M = ~ 1 + 1 + ,,8 sin2 (2E) P2(COSO) dQ (5.36) 

where P 2(cos 0) is the second Legendre polynomial (see Appendix A, 
Section 2). The fact that the ex wave is not a pure S wave is reflected 
in the differential cross section through the second term in the bracket, 
which shows the angular dependence expected for a D state-S state 
interference term. However, the coefficient of this second term 
involves the mixture angle E and is small if E is small. 

We have seen before, (5.27), that the magnitude of the quadrupole 
moment determines the asymptotic behavior of the w(r) function for 
the ground state of the deuteron. It is therefore not surprising that 
the quadrupole moment also can be used to estimate the asymptotic 
ratio of w to u, i.e., the angle E, for the ex solution at positive energies. l 

The result of this estimate is 

(5.37) 

If we substitute the numerical value of the quadrupole moment into 
(5.37) and evaluate the angle-dependent term in (5.36) at, say, 10 
Mev in the laboratory system, it turns out that the coefficient of 
P 2(cosO) is less than 0.01 even at that energy. At present the experi
mental errors for angular distribution measurements in this energy 
region are of the order of 10 percent. Hence this specifically tensor 
effect in the scattering is much too small in this energy range to be 
detected by present methods. We should remark, also, that P wave 
scattering can be expected to contribute terms with similar angle 
dependence of the same general order of magnitude. 

Once it is accepted that the angular distribution due to the ex wave 
scattering is so close to the complete spherical symmetry expected 
for a pure S wave that the difference is beyond experimental detection, 
it is then easy to show that the tensor force has no observable effect 
whatsoever in the scattering below 10 Mev. By methods completely 
analogous to those employed in Section 3A, (3.16) ff., we can show 
that the shape-independent approximation for the phase shift, (3.19), 
can be applied here also (Christian 49). The expression k cot 0" is a 

1 The a solution is the one which can be made to continue into the ground state 
solution by analytic continuation; while the fJ solution, behaving like a D state, 
has a pole at the energy E =0 as far as its analytic behavior is concerned. Thus 
the properties of the ground state, such as the quadrupole moment for example, can 
give information only about the a solution. 
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function of a scattering length a and an effective range ro just as in 
(3.19). 

The scattering length a is defined in a manner similar to that in 
Section 3A, i.e., by the asymptotic behavior of the S state radial wave 
function u(r) in the a wave at energy E=O, just as in (3.11). The 
effective range ro is a certain average of the central and tensor force 
ranges. It is given by the relation 

ro = 2 10" [ (1 - ~r -UOa 2(r) - WOa 2(r) ] dr (5.38) 

where uaa(r) and wooer) are the a wave solutions of (5.21) for zero 
energy (E = 0). The total cross section for the triplet state scattering 
can then be found from (5.36): 

(5.39) 

This formula is the same as if the a wave were a pure S wave. The 
total cross section can therefore be used to find the values of the scat
tering length a and the effective range ro but cannot be used to find any 
specific tensor effects. 

We have seen earlier that the tensor force range bT cannot be chosen 
arbitrarily small; rather bT is determined to a reasonable approxima
tion by the quadrupole moment and magnetic moment of the deuteron. 
The scattering effective range ro lies in general somewhere between 
the ranges of the central and tensor forces. Hence TO stays finite even 
in the limit as the central force range is contracted to zero. Numeri
cal calculations with square well shapes show that, in this limit, the 
effective range ro is still between 1 and 1.5 X 10-13 cm, depending on 
what is assumed for the D state probability in the ground state 
(Biedenharn 50). Needless to say, the experimental (finite) value of 
the triplet effective range cannot be interpreted as a tensor force 
effect since purely central forces in general also have a finite range. 

SYMBOLS 

iI Asymptotic amplitude of u(r) in neutron-proton scatter-
ing with tensor forces (5.34) 

a Scattering length (3.11) 
a' Scattering length in the (unchanged) nuclear potential 

after removal of the Coulomb force (4.8) 
aefJ Operator for the" effective" scattering length (3.51) 
a. Scattering length in the singlet spin state (Section 3B) 
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at Scattering length in the triplet spin state (Section 3B) 
b Asymptotic amplitude of w(r) in neutron-proton scatter-

ing with tensor forces (5.34) 
b Range of the nuclear force, more closely defined as the 

"intrinsic range parameter" (2.18)-(2.20) and (3.21) 
br Range of the tensor force (Section 5D) 
B Binding energy of the deuteron [= 2.226 ± 0.003 Mev] 

(Section 2) 
B.* Energy of the "virtual level" of the neutron-proton 

system in the singlet spin state (Section 3B) 
C2 Coulomb penetration factor (4.1) 
d Classical distance of closest approach of two protons 

[=e2 jE] (Section 4) 
M Differential scattering cross section (3.4) 
Mil Differential cross section for a neutron-molecule collision 

in which the molecule is excited from state Ui to state UI 

(3.46) 
dO Element of solid angle (3.4) 
D Bohr radius of a proton [=h 2jMe2 =2.88XI0-12 em] 

(4.6) 
e Unit vector in the direction of the neutron-proton separa-

tion vector r (Section 5B) 
E Energy of relative motion [=tE1ab] (2.1) 
E1ab Energy of the neutron in neutron-proton scattering, 

measured in the laboratory system [= 2E] (3.3) 
J Coherent scattering length for neutron-proton collisions 

(3.53) 
J AveragevalueofJ(O) [= S wave part ofJ(O)] (3.6) 
J(O) Amplitude for scattering through the angle 0 (3.1) 
F(r) Regular Coulomb wave function (4.2), (4.3) 
h(.,,) A slowly varying function of." (Section 4) 
H 0 Hamiltonian for a free neutron and a bound proton, 

excluding the neutron-proton interaction (3.31) 
IiI Form factor integral for scattering of neutrons by protons 

bound to a molecule (3.46), (3.47) 
J Total angular momentum quantum number of the neu-

tron-proton system (Section 5C) 
J Total angular momentum operator for the neutron-

proton system (Section 5C) 
k Wave number of the relative motion, at large separation 

[= lim K(r)] (3.2), (3.3) 
r~" 



Symbols 115 

k, Relative wave vector of neutron and molecule after the 
collision (3.47) 

k j Relative wave vector of neutron and molecule before the 
collision (3.45) 

K An average wave number in the "allowed" region (in-
side the range of the forces) (Section 2) 

K = K'D (Section 4 and Fig. 4.3) 
K' The proton-proton analogue of kcoto in neutron-proton 

scattering (4.6) 
Orbital angular momentum quantum number (Section 
3A) 

L2 Operator for the absolute square of the orbital angular 
momentum vector L (5.18) 

L Orbital angular momentum operator of the neutron-
proton system (Section 5C) 

Lp Orhital angular momentum operator for the proton 
(5.30) 

M Magnetic quantum number for the total angular momen-
tum J of the neutron-proton system (5.5) 

M Mass of a nucleon (Section 2) 
M mol Mass of the molecule (Section 3C) 
N Normalization constant for the asymptotic behavior of 

u(r) (5.22a) 
N' Normalization constant for the asymptotic behavior of 

w(r) (5.22b) 
pu Probability of finding the deuteron in the D state (5.12) 
Ps Probability of finding the deuteron in the S state (5.11) 
P Dimensionless shape parameter in the phenomenological 

description of proton-proton scattering (4.7) 
Q Quadrupole moment of the deuteron (5.1) 
Q Operator for the quadrupole moment of the deuteron 

(5.23) 
T Neutron-proton separation distance [= Irl] (Section 2) 
To Effective range for scattering (3.19), (3.20) 
TO, Effective range in the singlet spin state (Section 3B) 
TOI Effective range in the triplet spin state (Section 3B) 
Tl The classical distance of farthest separation in the 

deuteron (Section 2) 
Tm Value of the neutron-proton separation T for which w(r) 

has its maximum value (Section 5E) 
r Neutron-proton separation vector [=rn -rp] (2.1) 
rn Position vector of the neutron (Section 3A) 
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Position vector of the proton (Section 3A) 
Decay length (" size ") of the deuteron 
[=4.31 X 10-13 em] (2.7) 
Center-of-gravity coordinate for the neutron and proton 
(Section 3C) 
Well depth parameter [= ratio of actual well depth to 
that well depth which gives zero binding energy in the 
deuteron] (Section 2) 
Spin operator for the hydrogen molecule [= t(dpl + dp2)] 
(3.52) 
Spin op~rator for the neutron-proton system (Section 
5C) 
Tensor operator for particles 1 and 2 (5.2) 
Kinetic energy of relative motion (Section 2) 
Radial wave function in the 8 state [=nJt(r)]; u2(r) dr is 
the probability of finding the particles a distance between 
rand r+dr apart from each other (2.2) 
Radial wave function u(r) at "zero" energy (Section 
3A) 
Internal wave function of the molecule after the collision 
(3.47) 
Internal wave function of the molecule before the collision 
(3.45) 
Potential energy of chemical binding of the proton at 
position rp (3.31) 
Relative speed of two protons (Section 4) 
Asymptotic form of u(r) for large r (3.7) 
Asymptotic form of uo(r) for large r [= vCr) at "zero" 
energy] (3.12) 
Relative speed of neutron and molecule after collision 
(Section 3C) 
Relative speed of neutron and molecule before collision 
(Section 3C) 
Average value of the potential energy VCr) inside the 
range (this is not the expectation value of V) (2.8) 
Potential energy of two nucleons at separation r [= VCr)] 
(Section 1) 
Conventional well depth parameter, of dimension energy 
(2.10) to (2.13) 
"Pseudopotential" for the scattering of neutrons by 
protons bound to molecules (3.36), (3.37) 
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Potential of the central force III the triplet spin state 
[= Vd(r) + V.(r)] (5.19) 
Spin-independent part of the neutron-proton potential 
(5.4) 
Radial behavior of the (411'412) part of the neutron-proton 
potential (5.4) 
Radial behavior of the tensor force part of the neutroll-
proton potential (5.3) 
Radial wave function in the D state (5.9) 
Normalized spherical harmonics (see Appendix A, Section 
2) (3.5) 
Normalized "spin angle" wave function (see Appendix 
A, Section 5) (5.5) to (5.7) 

Conventional range parameter (2.11) to (2.13) 
Phase shift for S wave scattering (3.7) 
" Nuclear" phase shift in proton-proton scattering (= the 
difference between the actual phase shift and the Coulomb 
phase shift 0"0) (Section 4) 
Phase shift of the a wave scattering with tensor forues 
(Section 5G) 
Parameter for the asymptotic ratio of w(r) to u(r) in 
the a wave neutron-proton scattering with tensor forces, 
tanE=ba/da (5.36) 
A parameter measuring the importance of Coulomb 
effects [=e 2/hv] (4.1) 
Angle of scattering (3.1) 
Local wave number at separation r (2.5) 
Reduced mass [""'tM] (2.1) 
Reduced mass for the relative motion of neutron and 
molecule (Section 3C) 
Effective magnetic moment operator for the ground state 
of the deuteron (5.32) 
Magnetic moment of the neutron [ = -1.914] (5.30) 
Operator for the magnetic moment of the neutron-proton 
system (5.30) 
Magnetic moment of the proton [=2.793] (5.30) 
Projection operator for the singlet spin state (3.50) 
Projection operator for the triplet spin state (3.50) 
Center-of-gravity coordinate of the molecule (3.45) 
Total scattering cross section (3.23), (3.25) 
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0'0 Total scattering cross section at" zero" energy (3.14), 
(3.24) 

0'0 Coulomb phase shift for the S wave (4.3) 
d" Pauli spin vector for the neutron (3.50) 
dp Pauli spin vector for the proton (3.50) 
O'para Total cross section for the scattering of neutrons by 

parahydrogen (3.54) 
0'. Total scattering cross section in the singlet spin state 

(3.25) 
O't Total scattering cross section in the triplet spin state 

(3.25) 
q, Neutron-proton wave function in the state with J = 1 and 

even parity (5.10) 
q,D D wave part of q, (5.9) 
q,s S wave part of q, (5.8) 
!p(rp) = lim ajar[r'l1] (3.32) 

.--.0 

XSms Spin function for a spin S with z component ms; the func
tions used in Section 5 are for S = 1 and are listed in 
Appendix A, Section 4 (5.5) to (5.7) 

I/t(r) Wave function for the relative motion in a two-body 
system (2.1) 

1/Io(r) S wave part of 1/I(r) (3.5), (3.6) 
'11 Wave function of a neutron interacting with a proton 

bound to a molecule (3.30) 



CHAPTER III 

Nuclear Forces 

1. INTRODUCTION 

The theoretical study of nuclear structure is appreciably more 
difficult than the study of the structure of atoms and molecules, 
because the basic law of force is not known. The difficulties encoun
tered in atomic and molecular physics lie in the application of well
known force laws. The forces between electrons and atomic nuclei 
are entirely determined by the electromagnetic laws. Nuclear physics 
is beset not only by the difficulties of quantum mechanics applied to 
complicated systems, but also by the additional difficulty that we do 
not know the laws governing the nuclear forces. Thus, apart from 
the difficulty of handling the wave equation for a many-body system, 
we do not even know which wave equation to solve. 

The problem in nuclear physics is therefore two-fold: first, to find 
the laws of the nuclear forces and, second, to calculate the nuclear 
properties resulting from those forces. Since at present thp.re is no 
satisfactory fundamental theory of nuclear forces, their nature can 
be studied only by careful analysis of the properties of known nuclei. 
We must try to find the law of force which, when applied to the nuclei, 
will reproduce the observed properties. The difficulties of this attempt 
are obvious. One is experimental: our knowledge of nuclear properties 
is not very accurate, so there may be several laws of force whose 
implications are in agreement with the present experimental material. 
An example of this is provided by the insensitivity of low-energy 
neutron-proton and proton-proton scattering data to the detailed 
distance dependence of the nuclear potential in the S states cf the two
nucleon systems. All we were able to determine was the scattering 
length and the effective range, i.e., only two pL:ameters. The 
second difficulty is theoretical: the methods of calculating nuclear 
properties for all but the simplest nuclear processes are based on 
approximations whose accuracy is doubtful at best, and certainly very 
poor in all too many cases. Thus a reliable and unambiguous test of 
any given law of force is possible only in very few instances. 
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Since detailed tests of various possible force laws are so difficult, 
we usually try to work with the simplest force law which is not in 
obvious disagreement with known data. For example, it is assumed 
that nuclear forces act only between pairs of nucleons and do not 
depend on the relative velocity of the two nucleons in question. Both 
assumptions are very probably wrong, but it is a commonJlOpe that 
we can at least get a qualitative insight into nuclear structure by their 
use. 

The criterion of /I simplicity" is highly arbitrary and depends on 
the formalism used as well as on the particular choice of a method of 
approximating the solution of the wave equation. Furthermore the 
historical development of nuclear physics has not been such as to 
encourage the belief that the true force law is very simple. As more 
and more experimental material has accumulated, one after another of 
the simplifying assumptions has had to be dropped, often very reluc
tantly. The forces which are commonly assumed today are very 
different from the purely central, purely exchange (Majorana) forces 
acting only between unlike particles which were assumed in 1935. 

This chapter deals with certain qualitative aspects of nuclear forces 
which become important when not only the two-body problem but also 
the properties of other nuclei are studied. There are two important 
facts: the density of nucleons is roughly equal for all nuclei (" satura
tion of density"), and the binding energy per nucleon is roughly 
equal for all nuclei (" saturation of binding energy "). The exist
ence of these two saturation phenomena has decisive implications for 
the nature of nuclear forces and has led to the hypothesis of /I exchange 
forces." This chapter contains the discussion of the arguments 
which prevent the assumption of a simple attractive nuclear force, 
and which have led to the introduction of exchange forces. The 
different types of exchange forces will be described, and some of 
the formalisms which are currently used in this connection will be 
developed. 

It is by no means established that nuclear forces actually are of 
the "exchange" type. It is even less certain that the saturation 
properties of nuclei are caused by the exchange character of the forces. 
Recent results from high-energy scattering experiments between ele
mentary nucleons seem to indicate that the potential between two 
nucleons has less exchange character than necessary in order to explain 
the saturation. 

I t is possible that the developments of this chapter will soon be 
obsolete in the light of future discoveries. The influence of the prox
imity of several nucleons on the nuclear forces (many-body forces) 
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may turn out to be of greater importance to the saturation than the 
exchange character (Primakoff 39). 

2. STABILITY OF A NUCLEUS AGAINST COLLAPSE. 
THE IMPOSSIBILITY OF ATTRACTIVE FORCES 

BETWEEN ALL PAIRS 

The evidence from the study of nuclear two-body problems at low 
energies points to nuclear forces which are purely attractive. This is 
true of the force between two protons in the IS state, and between a 
neutron and a proton in either the IS or 3S state. Furthermore all 
these forces are approximately equally strong and seem to have about 
the same range. More precisely, the following choice of a potential 
between any two nucleons in the S state would not contradict the 
data discussed in the preceding chapter (compare remarks on page 
103) : 

(2.1) 

where r is the distance between the two particles, S12 is the tensor 
operator (II,5.2), and Vc(r) and VT(r) are two different functions of r 
which are not too well known but can be chosen to be Yukawa wells 
with different well parameters. The tensor force well has a longer 
range but is more shallow than the central force well. 

It would be very inviting, from the point of view of simplicity, to 
assume that (2.1) is the basic law for nuclear forces, not merely between 
two isolated nucleons in S states, but between any two nucleons under 
all conditions. We could then represent the potential energy in a 
nucleus containing A particles by the sum 

A 

V = L Vij 

i<j=i 

(2.2) 

where V ij is the potential energy of two isolated nuclear particles a 
distance rij apart and is given by (2.1), i.e., the same for all pairs of 
nucleons within the nucleus. 

We shall show now, however, that this simplest assumption of all 
is in direct contradiction to experimental evidence about heavier 
nuclei. Experiments have shown that the density of nuclear matter 
inside a heavy nucleus is nearly the same for all nuclei. In other 
words, the nuclear volume is to a good approximation proportional 
to the mass number A. Furthermore the separation energy of the 
last neutron (or proton) in a heavy nucleus is roughly independent of 
mass number also. We shall refer to the approximate proportionality 
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of nuclear volume and mass number as "saturation of nuclear 
density," and to the approximate proportionality between total bind
ing energy and mass number as "saturation of nuclear binding 
energies." We shall see that neither of these properties could be 
expected if the forces were between pairs of nucleons only, and attrac
tive between all pairs. 

To prove this let us study the behavior of the kinetic and potential 
energy as a function of the nuclear radius R. As long as the shape of 
the wave function is not changed greatly upon shrinking the nuclear 
radius, the kinetic energy is inversely proportional to the square of 
the nuclear radius: Let !PI (rl,r2,'" ,r A) be a normalized wave function. 
Then !Pc =a3A /2 !PI (arl,ar2,ar3,"',arA) is also normalized (a = constant). 
Direct substitution of the kinetic energy operator 

T= 

gives the result 

A 

_ ~ \"' V·2 

2M ~ • 
i= 1 

(2.3) 

(2.4) 

If the wave function !PI describes a nucleus of radius R, the wave 
function !Pc describes a "similar" nucleus of radius R / a. Hence 
(2.4) can be interpreted as saying that, other things being equal, the 
expectation value of the kinetic energy is inversely proportional to the 
square of the nuclear radius. 

We now proceed to estimate the dependence of the potential energy 
on the nuclear radius R. We shall make the assumptions that the 
nucleus has a roughly spherical shape, and that there is sufficient 
averaging out of the directions of the spins and interparticle distances 
so that the tensor force does not contribute appreciably to the total 
potential energy in heavy nuclei; i.e., we shall assume that the average 
value of the tensor operator Sij is close to zero for all nucleon pairs. 
As far as the central force part of the potential (2.1) is concerned, our 
argument will depend only on the short range, not on the detailed 
distance dependence of Vc(r). We shall therefore make the simplify
ing assumption that Vc(r) can be represented by a square well of 
range b and depth Vo. 

The expectation value of the potential energy is then very close to 
zero for large separations between all the nucleons because of the short 
range of the nuclear forces. We can estimate the potential energy as 
follows: 

v ~ -!A(A-l) P Vo (2.5) 
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where p is the average probability for a pair to be closer than the 
range b. 

p can be estimated by assuming that the nucleons move inde
pendently of each other within a sphere of radius R. Let the function 
e(x) be defined by 

e(x) = 1 

e(x) = 0 

if x> 0 

if x < 0 
(2.6) 

Then the probability of finding two particles within a distance b of 
each other is 

( 4'IIR3)-2 ff p = -3- e(b-r12) dV l dV 2 (2.7) 

where the integrations go over the interIOr of the sphere and r12 is 
the distance between the particles. The integral can be evaluated: 

p = (~r [ 1 - 196 (~) + 3~ (~y] 
p = 1 (R <~) 

(2.8) 

We observe that this shows the right limiting behavior for large R 
and small R: for large R it is the ratio of a sphere of radius b to the 
nuclear volume (a sphere of radius R), i.e., (b/R)3 j for small R all the 
particles are within range, so the probability of interaction is unity. 

Formulas (2.5) and (2.8) give an approximate expression for the 
potential energy of a nucleus as a function of its radius R and the 
range b of the forces. This is shown graphically in Fig; 2.1 as the curve 
labeled V. Also shown on the figure is the estimate of the kinetic 
energy l' (proportional to R-2). The figure also exhibits the total 
energy E = l' + Vasa function of the radius R. We see that E has a 
minimum for R ""b/2, and a maximum for some value of R=Rl»b. 1 

If we start with an ensemble of nucleons within a sphere of radius 
R>Rl, it tends to fly apart. An ensemble of nucleons within a sphere 
of radius R <Rl tends to collapse to the stable position, with a radius 
R of order b/2. 

This predicted behavior is in complete disagreement with nature: 
the most stable position for an ensemble of nucleons must be the one 
realized in nature, and that is not the collapsed state at all. Rather, 

1 Since V and T depend on the mass number A in a different way, the positions 
of the minimum and maximum depend on the mass number. 
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FIG. 2.1. A schematic picture of the potential energy V, kinetic energy T, and 

total energy E = T + V, as functions of the nuclear radius R, under the assump
tion of attractive forces between all pairs of nucleons. The numerical values were 
chosen to give an indication of the situation in a heavy nucleus (A~200), the 
energy scale is in units of 10& Mev, the abscissa in units of 10-13 cm. The total 
energy E has a very deep minimum for a radius R of order b/2, where b is the range 
of the nuclear force. E has a very shallow maximum for a very large radius RI. 
An assembly of nucleons initially confined to a radius R <RI collapses to the stable 
radius corresponding to the minimum of E. This is in contradiction to observed 
nuclear radii. Also the minimum value of E corresponds to a binding energy of 

about 1600 Mev per nucleon, in r,ontradiction to observed binding energies. 
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the nuclei tend to a state in which all the nucleons are kept apart by 
about the range of the nuclear forces. A similar contradiction is 
obtained by considering the binding energy. In the collapsed state 
every nucleon is close enough to every other nucleon so that the 
"bond" is effective and contributes to the total binding energy. 
The total binding energy in the collapsed state is therefore propor
tional to the number of pairs of nucleons, i.e., to A 2 for large values of 
A. In nature the binding energy of a nucleus of mass number A is 
roughly proportional to A, not to A 2. The binding energy (minimum 
value of E) for Fig. 2.1 is 3.3 X 105 Mev, or 1650 Mev per particle, 
compared to the experimental value of about 8 Mev per particle. 

We are therefore forced to the conclusion that the very simplest 
assumption about nuclear forces, made before, is in contradiction to 
nature and does not correspond to reality. Let us now enumerate 
the essential assumptions which we have made before; one or more (or 
perhaps all) of these assumptions must be abandoned: 

(1) The nuclear forces act between pairs of nucleons only. The 
presence of other nucleons nearby does not influence the force law 
between any given two nucleons. 

(2) The force between two nucleons is conservative and velocity 
independent. It can therefore be written as the gradient of a potential 
function. 

(3) The force between two nucleons is always attractive. 
(4) The force between two nucleons is independent of the type (neu

tron or proton) of the nucleons. 
(5) The force is the same for all relative orbital angular momenta. 
(6) The force is predominantly a central force, i.e., the tensor force 

is not a main determinant of nuclear binding. 

At first glance we are tempted to drop assumption 1. Such an 
assumption would certainly be invalid for the forces which are respon
sible for chemical binding; nevertheless, the historical development of 
nuclear theory has not been in this direction. Rather, most attempts 
to find the nuclear force law have maintained assumptions 1 and 2 
but modified the other assumptions. The reason for this trend is not 
hard to find: in the absence of a fundamental theory of nuclear forces, 
it is practically hopeless to deduce, from empirical evidence only, a 
force law which ~iolates assumption 1. Each time we added another 
particle to a nucleus, the basic force law would have to be modified. 
This gives so many arbitrary parameters that any set of data can be 
fitted; conversely, such a fit would mean very little. A similar state-
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ment holds for velocity-dependent forces: there are so many possible 
choices that agreement with experimental evidence would have to be 
considered accidental. 

Why the assumption of velocity-independent forces was essential 
for our previous argument may not be obvious. It can be seen most 
easily by considering a counter example: suppose that the forces 
between any two nucleons are attractive and additive, but velocity 
dependent in such a way that the attraction becomes rapidly zero if 
the relative velocity increases beyond a certain limiting value. In 
the collapsed state all the nucleons are moving quite rapidly (since the 
wavelength is decreased). Hence our assumption would reduce the 
stability of the collapsed state appreciably, thereby invalidating 
the argument for its being the most stable state. 

The next most obvious choice is to keep assumptions 1,2, and 4 but 
to modify assumption 3 as follows: 

(3') The force between two nucleons is attractive for distances 
r>d, where d is of the order of the distance between nearest neighbors 
in actual nuclei. For distances r <d, the force becomes highly 
repulsive. 

This force law would unquestionably lead to the observed constant 
density of nuclear matter and to the constant binding energy per 
particle. Indeed, a force law of this type is responsible for the fact 
that liquids and solids do not occur in a collapsed state: two atoms 
attract each other (mostly through van der Waals forces) only as long 
as there is no appreciable overlap of their electron clouds. For 
shorter distances the exclusion principle keeps the electrons apart and 
acts like a strong repulsive force. 

There is relatively little evidence against this assumption as yet. 
Certainly the low-energy scattering experiments discussed in Chapter 
II are not sensitive enough to the details of the force law to allow the 
exclusion of assumption 3'. However, some scattering experiments 
have been performed at higher energies (10 Mev and above, the high
est energy so far being 350 Mev), and their results seem to contradict 
this force law. In particular, there appears to be too little scattering 
in states of odd angular momentum to fit a force of type 3'. Other 
arguments against 3' have been given by Feenberg (37). The argu
ments against assumption 3' are not very strong at the present time. 
However, we shall discuss in the next sections the other explanations 
of the constant density and constant binding energy per particle, 
which are more commonly put forward. 
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3. EXCHANGE FORCES 

A. Qualitative Considerations 
The common trend in nuclear physics so far has been to avoid the 

contradiction discussed in the preceding section by modifying assump
tions 3 and 5 but keeping the other assumptions. Assumption 3 is 
replaced by 

(3") The force, or part of the force, between two nucleons is some
times attractive, sometimes repulsive, depending on the state of the 
two nucleons with respect to each other. 

There are many ways of introducing a dependence of the force on 
the state of the two particles. The type of dependence which is most 
frequently used was first introduced by Heisenberg (32) and Majorana 
(33); it leads to the so-called" exchange forces." 

The original argument of Heisenberg and Majorana goes like this: 
the force of chemical attraction between two hydrogen atoms depends 
on the state of the two electrons with respect to each other. There is 
attraction if the wave function is symmetric under an interchange of 
the positions of the electrons, repulsion if the wave function is anti
symmetric under this interchange. 

In chemical binding the attraction or repulsion can be explained by 
the wave mechanics of the electron wave functions. Heisenberg and 
Majorana have taken over the formal dependence of the interaction 
on the symmetry without, however, trying to give a complete wave
mechanical explanation of this dependence. They introduce a type 
of nuclear force which is attractive for "symmetric" pairs and 
about equally strong but repulsive for "anti-symmetric" pairs. 
The symmetry of a pair depends on the wave function which describes 
the state. If the wave function is unchanged under the exchange of 
the coordinates of the two particles of the pair, the pair is symmetric. 
If the wave function changes its sign under this exchange of coordi
nates, the pair is anti-symmetric. A pair may be partially symmetric 
and partially anti-symmetric. Specification of the forces in purely 
symmetric and purely anti-symmetric states covers all possibilities, 
since any function of a pair of variables ql,q2 can be written as a linear 
combination of two functions, one being symmetric and the other 
anti-symmetric under an exchange of ql and q2: 

((J(ql,q2) = t[({J(Ql,Q2) + ({J(Q2,Ql)] + }[({J(Ql,Q2) - ({J(Q2,Ql)] (3.1) 

Before giving a quantitative formulation of the exchange forces we 
first show qualitatively that exchange forces can lead to saturation of 
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both the binding energies and the nuclear densities. The Pauli 
exclusion principle provides the basis for this explanation. Because 
of the exclusion principle, it is impossible to have only symmetric 
pairs in a nuclear wave function. Rather, there are more anti-sym
metric pairs than symmetric pairs in the collapsed state, and we shall 
show in Section 4 that the ratio is approximately 5: 3 in favor of the 
anti-symmetric pairs. Hence, if the repulsive forces for anti-sym
metric pairs are about as strong as the attractive forces for symmetric 
pairs, there is a net repulsion in the collapsed state, i.e., the collapsed 
state is not bound at all. This must be compared with the result 
obtained by using ordinary forces, namely that the collapsed state gives 
the largest binding energy of all the nuclear states (Section 2). 

We shall now show that (1) states of "normal" density (inter
nucleon distances '" range of the forces) are stable against either an 
increase or a decrease of the nuclear radius, and (2) the binding energy 
is proportional to the mass number A rather than to its square. For 
this purpose we must find the expression for the potential energy V
as a function of the nuclear radius when the nuclear forces are exchange 
forces; this expression will replace (2.5) and (2.8). The basic estimate 
(2.5) must be refined since there are two kinds of pairs. We call n+ 
the total number of symmetric pairs, n_ the total number of anti
symmetric pairs in the nucleus; p+ is the probability of finding a 
symmetric pair within the range b of the nuclear forces from each other, 
p_ is the probability of finding an anti-symmetric pair within the same 
distance. Then 

(3.2) 

where Vo is the well depth of the interaction potential (assumed to 
have equal magnitude for symmetric and anti-symmetric pairs). 

In the collapsed state all pairs interact, so that p+ and p_ are both 
equal to unity, giving 

_ lA(A-l) 
V :::: (n_ - n+) V 0 = + 4 2 V 0 (collapsed state) 

We have used the result of Section 4 for the ratio of n+ to n_: 

n+ 3 
- =-
n_ 5 

(3.3) 

It is essential for the subsequent argument that the probabilities 
p+ and p_ do not depend in the same way on the nuclear radius R. 
Anti-symmetric pairs have to stay apart by a distance of order l\., the 
wavelength of the relative motion (see Chapter I, Section 8). 
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One can find the dependence of the average wavelength" on the 
radius roughly as follows: Let us, in first approximation, consider the 
nucleus as A nucleons enclosed in a sphere of radius R, but without 
any mutual interaction. When the nucleons are all in the lowest 
possible states permitted by the Pauli exclusion principle, we can 
calculate the average wavelength X,l and we obtain for an equal 
number of neutrons and protons 

- O.85R 
",...., A 113 (3.4) 

This expression can be expected to be qualitatively correct in spite of 
the primitive approximations. The average wavelength ~ is almost 
equal to the average distance d between nearest neighbors of A par
ticles distributed uniformly throughout the interior of the sphere. 
It is possible to verify that 

d = O.893R 
A 1/3 

(3.5) 

This distance can serve as a rough measure of the relative wavelength 
X. 

We now write the probabilities p+ and p_ as functions of the nuclear 
radius in the form 

p_ = g_(R) p (3.6) 

where p is the same function which was defined in (2.8). The factor 
p gives the probability of finding a pair at a distance smaller than R 
if the partners are uniformly distributed over the nuclear volume. 
The functions g+ and g_ express the deviation from this probability 
caused by the symmetry of the pair. It is expected that g+ and g_ 
depend on the ratio of the relative wavelength X to the range b of 
the nuclear forces; hence g+ and g_ can be expressed as functions of 
d/b as shown in Fig. 3.1. As expected, the relative probability of 
finding an anti-symmetric pair within the range b is smaller than for a 
symmetric pair, and it approaches zero as the distance d becomes much 
larger than the range of the force. 

The functions g can be found from the work of Wigner and Seitz (Wigner 33) 
on the theory of the solid state. The probability of finding two (free) electrons of 

1 This result corresponds actually to the average value of 1.-2• It can be derived 
from the total kinetic energy 'l' of this system which is given by (4.16). One then 
uses the relation riA =1I2/2M1.2 to get (3.4). 
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FIG. 3.1. g+(d/b) is the relative probability of finding a symmetric pair of nucleons 
within the nuclear range b if the distance between nearest neighbors in the nucleus 
is d; g_(d/b) is the corresponding quantity for anti-symn:etric pairs. The two 
probabilities are equal for a highly collapsed state (d«b); but, in the normal density 
state d?, b, the probability of finding an anti-symmetric pair within range becomes 

very sm all compared to the probability for finding a symmetric pair within range. 
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parallel spin a distance between rand r +dr apart is given by these authors as 

{ [ sin z - x cos Z]2} 3r2 
lro(r) dr = 1 - 3 x 3 R3 dr (3.7) 

where 

(3.8) 

N /2 being the number of electrons with spins in a given direction. In order to 
apply this to nuclei we replace N /2 by A/4, since this is the number of identical 
particles (say neutrons with up spin) in the nucleus, and this number determines 
the average wavelength X of the relative motion. The parameter z then becomes 
equal to 

(3.9) 

d is given by (3.5). Since electrons with parallel spin can form only anti-sym
metric pairs, (3.7) refers to the probability of finding an anti-symmetric pair a 
distance between rand r+dr apart. The probability of interaction p_ is l 

(3.10) 

The integral can be evaluated numerically. g+ is determined from the conditions 
that the sum g+ +g_ is independent of the distance between nearest neighbors, 
and that g+ approaches g_ for small values of d/b (collapsed state). 

We now substitute (3.6) into (3.2) and use the fact that the ratio of 
n+ to n_ is 3: 5. This gives the following estimate for the potential 
energy of a nucleus under the assumption of exchange forces: 

(3.11) 

The function p is defined by (2.8) and g+, g_ are given in Fig. 3.1. 
The dependence of (3.11) on the nuclear radius is shown in Fig. 3.2. 
The potential energy is positive (repulsive) for small radii. It then 
becomes negative (attractive) for radii such that d, the distance 
between nearest neighbors, is of order b, the range of the forces. The 
reason is that the repulsive part of V is proportional to g_, which goes 
to zero if d»b. Thereafter the factor p becomes dominant, so that 
the potential energy approaches zero for large R like R-3• 

The potential energy V has a minimum at a nuclear radius Ro which 
corresponds to d:::.b, i.e., the distance between nearest neighbors is of 
the same order of magnitude as the range of the nuclear force. Hence 

I Since the whole calculation is consistent only if R is much larger than either d 
or b, we use the limiting form of p(b/R), (2.8), for large R. The error caused by 
this is insignificant for our purposes. 
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FIG. 3.2. The potential energy V as a function of the nuclear radius R, for ex
change forces, computed from the estimate (3.11) for a heavy nucleus (A 9::200). 
The ordinate is in Bev, the abscissa in 10-13 cm. The collapsed state is now 
unstable (the potential energy is positive). The minimum in the potential energy 
occurs for a nuclear radius R such that the distance between nearest neighbors, 
(3.5), is of the same order of magnitude as the range of the nuclear forces. This 

corresponds to the observed normal density state of nuclei. The value of V at the 
minimum is proportional to the mass number A, not to its square. 
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the stable nucleus has a radius R'::::.Ro (actually slightly larger because 
of the kinetic energy), i.e., a radius which corresponds to the normal 
density state. There is now no tendency whatsoever toward collapse, 
since the potential energy is actually repulsive (positive) in the 
collapsed state. Exchange forces lead to saturation of nuclear densities. 

We now show that the binding energy in this normal density state is 
proportional to the mass number A rather than to its square. The 
optimum radius is given by d'::::.b. Under the assumption that there 
are many particles in the nucleus (which assumption we have made all 
along), d"'b implies that the radius R is much larger than b, so that we 
can use the limiting form (b/R)3 for p from (2.8).1 With b"'d we 
get p"'(b/R)3",A -1; consequently the potential energy V, (3.11), is 
proportional to A rather than to A 2. The kinetic energy will be 
treated in detail in the next section. For identical particles distributed 
uniformly over a volume, the kinetic energy per particle depends only 
on the density of the particles. In the normal density state this 
density is independent of the mass number, and so therefore is the 
kinetic energy per particle. Thus the total kinetic energy 'l' in the 
normal density state is proportional to A just as the potential energy 
is. Hence the binding energy is proportional to A too. Exchange 
forces lead to saturation of nuclear binding energies. 

We run into difficulty when we try to use this estimate of the poten
tial energy quantitatively to find the binding energy. The kinetic 
energy (according to the estimate explained in Section 4) is always 
large enough so that E='l'+ V is positive, i.e., the potential energy 
(3.11) is too weak to give binding. This is a consequence of our crude 
approximations. We have neglected completely the influence of the 
nuclear forces on the behavior of the wave function. According to our 
assumptions symmetric pairs attract each other, anti-symmetric 
pairs repel each other. These attractions and repulsions influence 
the wave function: the probability p+ of finding a symmetric pair 
within range of each other is larger than we have estimated, the 
probability p_ of finding an anti-symmetric pair within range is smaller 
than our estimate. The wave function exhibits a "dynamical 
correlation." This dynamical correlation effect acts in the same 
direction as, and reinforces, the statistical correlation effect for sym
metric as against anti-symmetric pairs. 

We shall take the dynamical correlations into account by the 
artifice of replacing d in g+(d/b) and g_(djb) by a larger value d'. We 
shall take d' to be about 40 percent larger than d, (3.5). Figure 3.1 
shows that this gives a stronger correlation effect: g+(djb) increases 

I This provides the justification for our use of tbis same limiting form in (3.10). 
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FIG. 3.3. The potential energy V, kinetic energy 7f, and total energy E = T + V of a 
heavy nucleus (A~200) as a function of its radius R under the a88umption of 
exchange forces. The energy scale is in Bev, the radius scale in 10-13 cm. There 
is now a stable radius R~6.5 X 10-13 cm with a rea.sonable binding energy per 
particle of about 8 Mev. Not much significance is attached to the precise numbers 
since the "dynamical correlations" in the wave functions were taken into 

account by a highly artificial procedll1e. 
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with increasing d; y_(djb) decreases with increasing d. That is, the 
symmetric (and hence attractive) pairs are closer together than our 
previous estimate, the anti-symmetric (and hence repulsive) pairs are 
farther apart. This artifice therefore leads to the same result, quali
tatively, as the actual (but so far neglected) dynamical correlations. 
Hence there is reason to believe that the calculation with an artifi
cially increased value d' instead of d reproduces the main qualitative 
features of the correct solution. 

The result is shown in Fig. 3.3. The total energy E has a minimum 
for a nuclear radius R,.....,{).5 X 10-13 cm, which is reasonable for the 
assumed mass number A ,.....,:;::00. This radius corresponds to a normal 
density state; the distance between nearest neighbors, d""'" 1.8 X 10-13 

cm, is of the same order of magnitude as the assumed range of the 
force b,.....,2.2 X 10-13 cm. The behavior of E as a function of the 
nuclear radius implies that the nucleus is stable against either an 
increase or a decrease of the radius. 

The minimum value of E in Fig. 3.3 corresponds to a binding energy 
of about 1600 Mev, or 8 Mev per particle. The fact that this is a 
reasonable result must not be taken too seriously, since we have used a 
highly artificial method of taking into account the dynamical correla
tions in the wave function. It is somewhat gratifying, nevertheless, 
that we were able to obtain reasonable values for the nuclear radius R 
and the binding energy with only one adjustable parameter (the d' 
in the correlation estimate). The well depth Vo and the range b were 
taken from the two-body data discussed in Chapter II and were not 
used as adjustable parameters. 

B. Formal Definition of Exchange Forces 

We now construct the quantum-mechanical operator VxCr) which 
corresponds to the potential of an exchange force. We define the 
operator V xCr) by its action on a wave function", depending on the 
coordinates r, and r2 of two particles: 

(3.12) 

where fer) is some function of the distance r between the particles. 
The operator V xCr) "exchanges" the coordinates of the two particles 
in addition to multiplying", by the function fer). 

We now show that this formal exchange potential gives the desired 
properties provided that the sign of fer) is chosen properly (negative). 
In a symmetric state we have 

V., '" = +f(r) '" (3.13) 
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whereas in an anti-symmetric state 

Vz I(J = -f(r) I(J (3.14) 

If f(r) is chosen as an attractive (negative) well, the operator Vz 
acts like an attractive potential in symmetric states, and like a repul
sive potential in anti-symmetric states. 

The operator form (3.12) does not involve any intrinsic spins. 
If the spins of the nucleons are taken into account, three types of 
"exchange" are possible. They are commonly denoted by the 
names of the investigators who first suggested them. Let rl and tl 
stand for the space and spin coordinates of the first nucleon, respec
tively (tl = ± 1 only), and let ~(rlttl ;r2,t2) be the wave function for a 
given nucleon pair. Then the three possible exchange operators are 
as given in Table 3.1. 

TABLE 3.1 
POSSIBLE ExCHANGE OPERATORS 

Name 

Majorana (33) 

Bartlett (36) 

Heisenberg (32) 

Definition of Operator 

pM", = ",(r2. fl; rio f2) 

pB", = ",(rio f2; f2, fl) 

pH", = "'(f2, f2; fl, fil 

The Majorana exchange operator interchanges the positions of the 
particles, leaving their spin directions unaffected. This is the type of 
exchange force we have used in Section 3A. The Bartlett operator 
exchanges the spin directions of the two particles, leaving their posi. 
tions unaffected, whereas the Heisenberg exchange operator inter· 
changes both position and spin coordinates. Clearly 

(3.15) 
and 

(3.16) 

Equation (3.16) implies that each of the three exchange operators P has 
only two eigenvalues, + 1 and -1. 

It is interesting to investigate the effect of exchange forces on the 
two-particle systems. The exchange forces violate our earlier assump. 
tion 5 that the force should be independent of the relative angular 
momentum. The interchange of rl and r2 (the Majorana exchange) 
is equivalent to reversing the sign of the relative coordinate f = f2 - fl. 
In a two-particle system, but only in a two-particle system, this is the 
same as the parity operation. This operation gives + 1 for the even 
values of the orbital angular momentum l, -1 for odd l. Thus a 
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Majorana force is attractive in states of even l (it must be chosen 
attractive to fit the known attractive force in the S state for two 
nucleons) but repulsive in states of odd l. The Bartlett exchange 
operator gives + 1 in triplet states, -1 in singlet states, independently 
of the orbital angular momentum. We thus get the values shown in 
Table 3.2 for the exchange operators in the various states of the two-

TABLE 3.2 
VALUES OF EXCHANGE OPERATORS IN STATES OF THE TWO-PARTICLE SYSTEMS 

Operator State 

Even Parity Odd Parity 
(Even l) (Odd l) 

Triplet Singlet Triplet Singlet 

pM 1 1 -1 -1 
pB 1 -1 1 -1 
pH 1 -1 -1 1 

particle systems. The consequences of these changes of sign of the 
force in the various angular momentum states for neutron-proton and 
proton-proton scattering will be investigated in Chapter IV and com
pared with experiment. 

The three types of exchange operators of Table 3.1 can be used to 
construct three types of exchange forces by multiplying by some 
function of the distance between the particles. In addition, there 
may still be present some ordinary force (although our previous argu
ments have shown that it must not be the predominant attractive 
force). An ordinary (non-exchange) force is often called a Wigner 
force.! Furthermore the tensor forces mayor may not have an 
exchange character. In this connection it is useful to note that the 
tensor operator S12 commutes with the Bartlett spin exchange 
operator pB: pB gives + 1 in triplet states, -1 in singlet states, whereas 
S12 gives zero in singlet states and transforms triplet states into triplet 
states. Thus 

(3.17) 

1 The important characteristic of a Wigner force, historically, is not its lack of 
exchange character but rather its short range. Wigner (33a,b) was the first to 
suggest forces of exceedingly short range as an explanation of the large binding 
energy of He 4 in comparison with the deuteron, as well as of the main features 
of neutron-proton scattering. Not until later was the name "Wigner force" 
applied exclusively to non-exchange forces. 
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and there are only two (not four) types of tensor forces: the ordinary 
tensor force, and the tensor force with a Majorana exchange character. 
The most general potential of the exchange type therefore has the 
form 

v = VR.(r) + V M(r) pM + VB(r) pB + VH(r) pH + VTW(r) S12 
+ VTM (r) S12 pM (3.18) 

where the various V(r) are functions of the distance r between the two 
particles; these functions may be different from each other in magni
tude as well as in their distance dependence (range); some of them 
may vanish; they may also be different for neutron-neutron, proton
proton, and neutron-proton pairs. We shall assume, however, that 
charge independence of the nuclear forces (our assumption 4 in Sec
tion 2) is true in nature, i.e., the functions V w(r), etc., are the same for 
neutron-neutron, proton-proton, and neutron-proton pairs (Breit 
36a, Schwinger 50). Formula (3.18) shows that even with this 
restrictive assumption we still have a large number of adjustable 
parameters at our disposal to fit the experimental data. 

Not all conceivable combinations of arbitrary functions for the 
various V(r) in (3.18) give agreement with experiment. For exam
ple, we have already ruled out a pure Wigner force because it fails to 
give saturation. We can rule out a pure Bartlett force or a pure 
Heisenberg. force because either one has opposite sign in singlet and 
triplet states of the two-particle system, whereas we know that the 
neutron-proton force is attractive in both the IS and 3S states. We 
shall be concerned in Section 4 with the restrictions (the" saturation 
conditions") on the choice of the V(r) in (3.18) imposed by the 
observed saturation of nuclear binding energies. Since pure Heisen
berg or Bartlett forces are already ruled out, we shall concentrate our 
attention mostly on mixtures of Wigner and Majorana forces. 

The exchange forces should be considered as a first, crude approximation to a 
theory of the nuclear forces which takes the "structure" of the neutron and 
proton into account. Breit and Wigner (Breit 35, Plesset 36) have given an argu
ment in favor of this point of view: if the neutron and proton really change places 
during their interaction, the center of gravity of the two particles also moves 
slightly because their masses are not quite equal. It would then be impossible to 
separate off the center-of-ma88 motion in neutron-proton scattering. 

Wheeler (36) has pointed out that exchange forces may be considered a special 
case of a more general cl&88 of "velocity-dependent" forces (the name is slightly 
misleading when applied to exchange forces, however). We usually write the 
energy of interaction as an operator: 
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There is nothing to prevent us, however, from using a more general operator of 
type 

(3.19) 

provided that it satisfies some simple conditions: It must be a Hermitean operator: 

(3.20) 

It must be invariant under translations of the coordinate system as a whole: 

( a a a a) -+-+-+- K=O, 
aXI aX2 aXl' aX2' 

same for y,Z (3.21) 

and it must be invariant under rotations of the coordinate system as a whole; the 
formal conditions for that are the same as (3.21) with a/ax replaced by L z , the 
component of the orbital angular momentum in the x direction, and similarly for y 
and z. Finally, K must be invariant under inversion of the coordinate system 
(the parity operation) 

(3.22) 

The ordinary non-exchange potential VCr) is a special case of the more general 
operator (3.19) if we write 

(3.23) 

The Majorana exchange force V M(r) pM can also be written as a special case of 
(3.19) with 

(3.24) 

Equations (3.23) and (3.24) are very special choices of K; a host of other choices 
is possible, giving rise to a large class of operators which might describe the energy 
of interaction between two nucleons. To mention just one possibility, consider 
the choice 

(3.25) 

where g is some arbitrary real function. This choice of Kin (3.19) leads to inter
action in S states only; the operator gives zero when applied to P, D, ... states. 
It is possible to show that (3.25) leads to saturation of nuclear binding energies. 
This kind of force has been considered by Wigner (unpublished). Other possible 
choices of velocity-dependent forces have been discussed by Eisenbud and Wigner 
(Eisenbud 41), Way (36), Blanchard (51), and Breit (51). 

This generalization of Wheeler is in the direction of abandoning our assumption 
2 of Section 2, that the forces are velocity independent. Although it is true that 
exchange forces can be written formally as velocity-dependent forces [see (3.24)], 
they are a rather special, singular case. We shall continue to classify exchange 
forces as velocity-independent forces, which, however, depend on the .relative 
angular momentum (both spin and orbital) of the two particles which interact. 
Exchange forces will therefore be considered as satisfying assumptions 1, 2, 4, and 
6 but violating assumptions 3 and 5 quoted on p. 125. 
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4. THE SATURATION CONDITIONS 

A. The Comparison Theorem 
Some of the qualitative conclusions arrived at in Section 3 can be 

formulated in a more rigorous mathematical form. Instead of the 
dependence of the energy of a given nucleus on its radius, we shall now 
be interested in the dependence of the energy on the mass number. 
We shall show that the assumption of purely attractive, ordinary forces 
leads to a value of the energy of the ground state, EA(H), of the 
nucleus A, lower than the observed energy of this ground state, 
EA(exp) , for some range of values of A. We shall not attempt to 
calculate the precise value of EA(H) resulting from the assumed 
Hamiltonian. Rather we shall establish an upper bound for it, Ii A, 

with the properties 

for all values of A (4.1) 

Then we shall find that this upper bound is smaller than the experi
mental value for some values of A: 

for some values of A (4.2) 

The combination of (4.1) and (4.2) gives 

for some values of A (4.3) 

and can thus be used to exclude the assumed Hamiltonian H as being 
in contradiction to observation. 

In order to find an upper bound, H A, for the theoretical energy of 
the ground state, EA(H), we shall use the comparison theorem of 
quantum mechanics. This theorem states that the expectation value 
of the energy in an arbitrary state <I> is larger than the energy of the 
actual ground state 'lr of the system. The proof of this theorem is 
given in any book on quantum mechanics.! We shall construct a sim
ple comparison wave function <I> for which the expectation value of the 
Hamiltonian can be evaluated explicitly. This expectation value 
will serve as 1i.A. in (4.1), and we shall show that it also fulfills (4.2). 

The comparison state <I> need not be an eigenstate of H, and actu
ally it will be rather far from being an eigenstate. We shall choose <I> 
such that it corresponds to the collapsed state with no correlations 
between particle motions other than those imposed by the exclusion 
principle. No nucleon can be farther away from the origin than half 
the range b of the forces: 

1 For example, Schiff (49), Chapter VII, Section 27. 
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1>(rh~1,r2,r2,···,rA'~A) = 0 

b b b (4.4) 
whenever Irt! ~2 or Ir21 ~2 or ... or IrAI ~2 

We shall choose the comparison wave function 1> to describe a state in 
which the nucleons are moving independently of each other (even 
though this is certainly not true in nature). Mathematically this 
assumption takes the form 

(4.5) 

where each factor in the product depends on the coordinates of one 
and only one nucleon. The epi wiII be chosen as eigenfunctions of a 
single free particle confined to move inside a sphere of radius bj2. 
Expression (4.5) is not an acceptable wave function in the sense of the 
Pauli principle. However, an acceptable wa\'e function for identical 
particles can be constructed out of linear combinations of functions of 
type (4.5), provided that all the particles are put into different states 
(exclusion principle), i.e., no two functions ep can be equal to each 
other. Fortunately we shall not need to anti-symmetrize (4.5) for 
our purposes. 1 

In order to simplify the derivation, we shall use functions ep(r,!) 
of the form 

ep(r,!) = u(r) x(!) (4.6) 

where x(~) defines the direction of the particle's spin: x(r) can be 
either a(~) (for an up spin) or {3(~) (for a down spin). The function 
u(r) describes the motion of the particle inside the sphere. According 
to the Pauli principle, no more than four nucleons can occupy the same 
space state u(r), and this only if no two of them are of equal spin or 
type. We shall therefore have to fill up at least Aj4 different space 
states u(r) to satisfy the Pauli principle. We shall label the different 
space states of a free particle inside a sphere of radius b/2 by the 
number m. 

It wiII be assumed that the Hamiltonian has the form 

H=T+V+C (4.7) 

where the kinetic energy operator Tis 

T = - 2~ t Vi 2 (4.8) 

.-1 
I The terms introduced by the anti-symmetrization vanish in the collapsed state 

if the nuclear potentials have the square well shape. 
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the potential energy operator for the nuclear potential, V, is 
..4. 

V = I Vii 
i <j-l 

(4.9) 

with Vii in general of the form (3.18); and finally the Coulomb energy 
Cis 

C = L :.2. 
proton pains 'J 

(4.10) 

We first calculate the expectation value T A of the kinetic energy T 
in the collapsed state <1>. Under assumptions (4.5) and (4.6) about <I> 

we find 

(4.11) 
m 

where Em is the kinetic energy of a single particle in the mth space 
state um(r), and 8m is the number of particles in this space state. 
According to the exclusion principle, 8 m cannot be larger than 4. In 
order to get the lowest value of the kinetic energy for our comparison 
theorem, we shall assume that the nucleons occupy the lowest quan
tum states possible. We put 8m =4 for m= 1,2,"',tA and 8m =0 from 
then on (we shall assume that A is divisible by 4). We then get 

..4./4 

TA = 4 I Em (4.12) 
m-l 

The sum in (4.12) can be approximated by an integral as follows: 
let Z(E) be the number of states um(r) of a free particle of mass M 
inside a box of volume 0, with energy Em ~ E. If there are very many 
particles inside the box, Z(E) is approximately independent of the shape 
of the box and can be replaced by a continuous and differentiable 
function [even though in actuality Z(E) increases by finite steps when
ever E sweeps over one of the eigenvalues Em and remains constant 
elsewhere]. Under these conditions the sum in (4.12) is approximated 
by 

~ f" dz 
~ Em""'" Jo E ~ dE 
m-l 

where the upper limit E' of the integral is defined by 

Z(E') = A 
4 

(4.13) 

(4.14) 
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The function Z(E) is given by (Courant 31, p. 377): 

2112 (ME)3/2 
Z(E) = 371"2 fl f1 

143 

(4.14a) 

The integral (4.13) then gives for a spherical box with radius R the value 

_ _ __A5/3 91T (3)113 h2 

160 71" MR2 
(4.15) 

Substitution of (4.15) into (4.12) provides us with the estimate of the 
kinetic energy of a nucleus of radius R: 

h2 
TA = 0.695 MR2 A 5/3 (4.16) 

For the collapsed state (R=ib) we get 

- h 2 5/3 
TA = 2.78 Mb 2 A ( 4.17) 

The A 5/3 dependence of the kinetic energy on the mass number is a 
consequence of the Pauli exclusion principle. If the particles were 
not subject to the exclusion principle, we could put all of them into 
the lowest state, !pI, of our box. TA would then be equal to ErA, i.e., 
proportional to A rather than to A 5/3. 

The A 5/3 law holds in the collapsed state but not in the actual state 
of nuclei. For the normal density state the kinetic energy is given by 
(4.16). Since the nuclear radius in the normal density state is propor
tional to A 113, the kinetic energy in this state is proportional to A, not 
to A 5/3. This completes the proof of Section 3 that the binding energy 
in the normal density state is proportional to the mass number. 

Returning now to the comparison theorem, we proceed to estimate 
the Coulomb energy GA in the collapsed state <1>. Under our assump
tions about <I> the nucleons are distributed uniformly over a sphere of 
radius b/2. The electrostatic energy is then given byl 

_ 6 e2 

CA ="5 Z(Z-l) b (4.18) 

We introduce h 2 / Mb 2 as the unit of energy, since this is of the order of 
the kinetic energy of a single particle confined to a box of dimensions 

1 The result (4.18) is, strictly speaking, correct only for the term of order Z2. 
The correct, anti-symmetrized wave function gives additional contributions of 
order Z which are not included in (4.18) (the "Coulomb exchange energy," 
see Feenberg 46). These termll are unimportant for our present purpolles. 
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b. Using 

11.2 

D == Me 2 = 2.88 X 10-12 em, 

we get 

_ 6 b 11. 2 

CA = -- Z(Z-l)-
5D Mb 2 

(4.19) 

The coefficient !(bj D) is of the order of 0.1 for reasonable nuclear 
ranges b. Hence the leading term of CA is quite small. In fact it is 
always much smaller than the potential energy. We can therefore neg
lect the Coulomb energy as far as the saturation arguments are concerned. 

The expectation value for the potential energy must be calculated 
now. In order to emphasize the salient points in this consideration 
we simplify the calculation by assuming square well potentials in 
(3.18). We first consider Wigner forces and assume, therefore, 

Vi; = Vw 

=0 

(forri; ~ b) 

(forri; > b) 
(4.20) 

In this case the expectation value VA of (4.9) in the collapsed state 
<I> is very simple: every distance ri; is necessarily smaller than b, hence 
every pair contributes an amount V w to the potential energy: 

VA = tA(A-l) Vw (4.21) 

According to our discussion in Chapter II (II, 2.9), V w must be nega
tive (attractive) and at least as large as 

(4.22) 

We get the total energy iiA of the collapsed state by adding (4.21) to 
(4.17), neglecting (4.18). Using the estimate (4.22), we obtain 

- 5/3 2 h2 
HA ~ (2.78A - 1.23A + 1.23A) Mb 2 (4.23) 

The dependence of iiA on A is indicated in Fig. 4.1. For small A, 
ii A is nearly equal to 1',1. and positive. However, beyond a certain 
value of A the A 2 in the potential energy becomes dominant over the 
A 5 / 3 in the kinetic energy; thereafter fI A becomes negative and 
decreases very rapidly. It becomes lower than the experimental 
ground state energy EA(exp) which is proportional to the first power of 
A only, and which is also shown in Fig. 4.1. We see that iiA becomes 
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FIG. 4.1. The expectation value V A of the potential energy in the collapsed state 
cI> is negative and proportional to A 2. The expectation value T A of the kinetic 
energy is positive and proportional to A 6/3. Hence the expectation value of the 

total energy, Ii A, becomes negative for large mass numbers A, eventually becoming 
proportional to A 2. Very soon after HA becomes negative, it falls below the 
experimental nuclear ground state energies EA(exp). This is a contradiction 

which can be used to exclude the Hamiltonian H as a possibility. Figure 4.1 
corresponds to attractive forces between all pairs of nucleons. The contradiction 
occurs even for quite low mass numbers (A ~ 17) well within the range of known 

nuclei. 
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lower than EA(exp) for values of A greater than 17. According to 
formulas (4.1) to (4.3) this constitutes a contradiction. Purelyattrac
tive Wigner forces are excluded by the requirement of saturation of nuclear 
binding energies. 

I t should be noted that the same calculation can also be made with a 
nuclear potential V w(r) which does not have the square well shape. 
The coefficient V win (4.21) is then replaced by an appropriate average 
of V w(r) in the collapsed state, and this average satisfies the inequality 
(4.22). Hence the essential points of the argument remain as before. 
The term of order A in the potential energy is changed, but this term 
is unimportant in our argument. 

B. Saturation Conditions for Mixed Wigner and Majorana Forces 
We now consider a potential in which both Wigner and Majorana 

forces are present, but which contains no Heisenberg or Bartlett 
forces. We assume instead of (4.20)1 

Vi; = Vw + VMPMi ; 

=0 

(for ri; < b) 

(forri; > b) (4.24) 

Here pM,; is the Majorana operator for the pair i, i as defined in 
Table 3.1. The kinetic energy in the collapsed state will be as before. 
The potential energy can be written in the form 

(4.25) 

where n+ -n_ is the difference between the number of symmetric 
and the number of anti-symmetric pairs in the collapsed state and is 
given by 

A 

n+ - n_ = L J <1>* P M i ; <I> dT 
i<j~l 

(4.26) 

This expression can be evaluated as follows: 2 When the exchange 
operator pM i; operates upon a pair i,i in the same space state m, the 
wave function remains unchanged; hence each such pair contributes 
+1 to (4.26). If the pair i,i consists of two identical particles (same 
spin and same type), the wave function must change its sign (Pauli 
principle) and these pairs contribute -1 each to (4.26). All other 
exchange operations are exchanges of two unequal particles in two 

1 The assumption of equal ranges for the two forces is not essential to the argu
ment. If the ranges are different, the radius of the collapsed state is taken as half 
of the shorter of the two ranges. 

, This argument is taken from the book by Gamow and Critchfield (Gamow 49) 
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different space states m and m'. Such exchanges create states which 
violate the Pauli principle (see Fig. 4.2). Hence the wave function 
pMijif! has essentially different symmetry properties from the wave 
function if! and is therefore orthogonal to it. The integral in (4.26) 
vanishes for these pairs, and they contribute nothing. 

++$$ 
++$$ 

(a) 

$+$$ 
++,$ 

(b) 

FIG. 4.2. Part (a) indicates a permissible occupation scheme for two levels; 
neutrons are indicated by shaded circles, protons by open circles, the spin directions 
are indicated by arrows. The state shown in part (b) violates the Pauli principle 
since there are two identical particles in each level (two up-spin protons in the 
upper level, two up-spin neutrons in the lower level). State (b) is obtained from 
state (a) by an exchange of the up-spin neutron in the top level with the up-spin 
proton in the bottom level. Since wave functions with different symmetry proper
ties are orthogonal, state (b) is orthogonal to all states which are consistent with 

the Pauli principle. 

There are six pairs of particles for each space state m, and A/4 
different space states; there are four kinds of identical particles in 
the nucleus, and each kind contributes i(l-A) (iA -1) pairs. Hence 

n+-n_=6(1)-4G)(1)(1- 1)= _~2 +2A (4.27) 

For heavy nuclei we can neglect the terms proportional 
(4.27) together with n+ +n_ =tA(A -1) gives 

to A; then 

3 (A 2) 
n+~8 2 provided A » 1 (4.28) 

This provides the basis for our earlier statement (in Section 3) that 
there are more anti-symmetric pairs than symmetric pairs, in the 
ratio 5:3. We emphasize once more that this preponderance of 
anti-symmetric pairs (which is essential for saturation) is a consequence 
of the Pauli exclusion principle. If the exclusion principle did not 
apply, we could put all the nucleons into the lowest space state. Then 
all pairs would be symmetric, and we would not find any difference 
between Wigner and Majorana forces in the collapsed state. 
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Substitution of (4.27) into (4.25) gives the potential energy in the 
collapsed state: 

_ A2 A 
V ... = +g(4VW-VM )-2"(Vw -4VM ) (4.29) 

Since the ground state of the deuteron is a symmetric (8) state, the 
potential in this state is V w(r)+ V M(r). Thus the sum V w+ V M must 
be negative and must satisfy the inequality (II,2.9) 

(r)2 11.2 
Ivw + VJlI ~ 2 Mb2 

Let us introduce the ratio 

VM 
p=-----'---

VW+VM 

(4.30) 

(4.31) 

which measures the relative contribution of the Majorana force in 
the ground state of the deuteron. Then (4.29) becomes 

_ A2 A 
V ... = + 8 (V w+ V JI)(4-5p) - 2" (V w+ V JI)(1-5p) (4.32) 

We get the total energy ii ... in the collapsed state by adding (4.32) 
to (4.17). The inequality (4.30) then gives 

ii ... ~ [2.78A 5/3 - ~2 A 2 (1-~p) + ~2 A(1-5p) ] ~:2 (4.33) 

Expression (4.33) reduces to (4.23) for pure Wigner forces, p=O. 
As long as the coefficient of A 2 in (4.33) is negative, this term eventu
ally (for large enough A) overcompensates the kinetic energy term. 
ii ... then becomes negative and lower than the value E ... (exp) (which is 
proportional to A only). Saturation of binding energies for all values 
of the mass number A therefore requires that the coefficient of A 2 in 
(4.33) be positive, i.e., 

or (4.34) 

The Majorana force must contribute at least four-fifths of the attrac
tion in the ground state of the deuteron. A Wigner force, if present, 
cannot contribute more than one-fifth of the attraction. 

We could argue that the condition (4.34) is too stringent, since it 
assumes that the binding energy must not increase with mass number 
more strongly than proportional to A, for all values of A. Actually, 
there is no contradiction with experiment unless the value of A at 
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which the potential energy term overcompensates the kinetic energy 
term is within the range of known nuclei, i.e., is smaller than about 
250. Hypothetical nuclei with A> 250 may not be stable against 
collapse, but they have not yet been found nor could they be produced 
artificially because of the strong Coulomb repulsion between the 
parts with A <250 which must be brought into contact. We can 
define "conditional saturation" as that property of a nuclear 
potential (Feenberg 46a) by which E .... (H) is proportional to A for 
the observed mass numbers (A <250) but becomes proportional to A 2 

for (very much) higher mass numbers. 
It is not easy to estimate when conditional saturation occurs. The 

condition 

(4.35) 

cannot be used since it is necessary but not sufficient. In view of the 
experimental results on high-energy scattering discussed in the next 
chapter, a more thorough-going investigation of conditional saturation 
is highly desirable. No such investigation has been made as yet. 

In view of the fact that the condition ii .... >EA(exp) is necessary but 
not sufficient, we may wonder whether the choice of a different com
parison function would not lead to more stringent conditions upon the 
potential. Wigner (36) was able to prove, however, that the term pro
portional to A 2 in the exact EA(H) has the same sign as the correspond
ing term in (4.33) for a wide choice of well shapes. Thus, to the 
extent that we base our argument only on the sign of this term, 
n'eglecting its magnitude (and hence neglecting the possibility of 
conditional saturation), the necessary condition (4.34) is also a suf
ficient one. 

~ C. The Complete Saturation Conditions for Central Forces 
So far we have considered mixtures of Wigner and Majorana forces 

only, since these are the most important from the practical point of 
view. The saturation condition (4.34) can be generalized for a 
potential V ij between two nucleons which contains not only Wigner 
and Majorana forces but also the other two types of (central) exchange 
forces, the Heisenberg and Bartlett types. We shall not go through 
the proof here since it is closely analogous to the reasoning used 
already.! The comparison function ell used so far leads to the condition 

(4.36) 

I The reader is referred to the original papers: Feenberg (37a), Kemmer (37), 
and in particular the work of Breit and Wigner (Breit 38). 
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which reduces to (4.34) in the absence of Bartlett and Heisenberg 
forces. We can use other comparison wave functions which also 
correspond to collapsed states but with more restrictions on the spins 
and types of the nucleons (e.g., all the nucleons may be required to 
have spins pointing up). In this way we get four additional, linearly 
independent, saturation conditions: 

2V w + 2VB - V H - V M ~ 0 

2V w + VB + 2V H - V M ~ 0 

2V w + VB - V H - V M ~ 0 

VW+VB-VH-VM~O 

(4.37) 

(4.38) 

(4.39) 

(4.40) 

Breit and Wigner have proved that the five conditions (4.36) to 
(4.40) form a complete set of necessary conditions. Any other choice 
of the spins and types of nucleons in the collapsed (comparison) state 
leads to a condition already implied by conditions (4.36) to (4.40). 
Furthermore the sufficiency proof of Wigner (36) shows that these 
conditions are also sufficient for absolute (as distinguished from con
ditional) saturation. 

Although these saturation arguments are rigorous from a strictly 
mathematical point of view, this should not be taken to imply that 
they are really unassailable. We have used the form (3.18) for the 
potential of the nuclear forces throughout the discussion. Wigner 
has emphasized that it is entirely conceivable that a potential of this 
type may be adequate to describe the normal density state of a nucleus 
but inadequate for the collapsed state. For example, velocity
dependent or many-body forces, or both, may be extremely important 
in the collapsed state and yet be unimportant in the normal density 
state. In that case an argument which depends on the assumption 
that the nuclear forces in the collapsed state are the same as in the 
normal density state gives incorrect conclusions, even though it is 
mathematically perfect. 

~ D. Saturation Conditions for Tensor Forces 
The spherically symmetric comparison functions used so far do not 

lead to any conditions upon the tensor force part of the exchange 
potential (3.18), since the average value of the tensor operator 8 12 

is zero for a sphere. In order to get conditions upon the tensor forces, 
comparison functions of lower symmetry (in practice, ellipsoids) are 
necessary. 
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The fact that the average of the tensor operator is zero over a sphere 
has the consequence that there is always a possible shape for the col
lapsed state in which the tensor force is on the average attractive, no 
matter whether the coefficient of S12 is positive or negative. In one 
case the oblate (doorknob) shape gives rise to an attractive tensor 
contribution to the energy; in the other case the prolate (football) 
ellipsoid is favored. Thus tensor forces by themselves never lead to 
saturation. In order to get saturation, the central forces must satisfy 
the saturation conditions, and the tensor forces must be less strong than 
the central forces (Volkoff 42, 42a). 

Since the discussion of conditional saturation with tensor forces is 
quite involved,l we shall confine ourselves to the conditions for abso
lute saturation. We shall therefore investigate the expectation value 
of the potential energy V A only, and we shall require that the term in 
V A proportional to A 2 have a positive coefficient. This must be 
true for collapsed states of all (ellipsoidal) shapes. We put two par
ticles2 into each space state. For the sake of simplicity we shall 
assume that they are a neutron and a proton, both with spins pointing 
up. In that case, the operator S12 can be replaced by (3 cos2 w-l), 
where w is the angle between the line joining the two particles and the 
(common) direction of their spins. Let S be the average value of this 
expression in the collapsed state. S is zero for a sphere, and it has its 
extreme values +2 for a needle-shaped ellipsoid, -1 for a disk-shaped 
ellipsoid. 

In the collapsed state all pairs of nucleons interact. The contribu
tion of the tensor terms in (3.18) to the potential energy is then 

V A,tenoor = (n+ + n_) V TW S + (n+ - n_) V TM S (4.41) 

The quantity n+-n_, i.e., the difference between the number of 
symmetric and anti-symmetric pairs, is no longer given by (4.27) since 
there are now only two particles in each space state. By the same 
counting method which yielded (4.27) we get for our case 

n+ _ n = 1 A _ 2 ~ :i (A _ 1) = _ A 2 + A 
- 2 22 2 4 

(4.42) 

1 A start in that direction has been made by Volkoff, who computed iiA for 
ellipsoids of various sizes and eccentricities with two different assumptions about 
the strengths of central and tensor forces, both, however, having Wigner exchange 
character. In that case disagreement with experiment is found within the region 
of known nuclei. 

I Filling each space state completely, with four nucleons, gives zero for the 
average of the tensor operator even if the shape of the nucleus is not spherical. 
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Keeping the terms of order A 2 in (4.41), we obtain 

_ A2 _ 
VA.tensor = ""4 (2VTW - VTM ) S + terms of order A (4.43) 

Equation (4.43) shows that the tensor forces by themselves never 
lead to saturation. IS is positive for a needle-shaped ellipsoid, nega
tive for a disk-shaped ellipsoid. Hence, no matter whether 2 V TW - V T.V 

is positive or negative, we can find a collapsed state in which the 
coefficient of A 2 in (4.43) is negative, contradicting absolute saturation. 

In order to get saturation we must therefore assume that central 
forces are present also. Since IS = 0 for a spherical collapsed state, 
the central forces must obey the saturation conditions which were 
already derived, quite apart from the tensor forces. In order to 
simplify the discussion we shall again assume that the central forces 
consist of a mixture of Wigner and Majorana forces only. Then the 
contribution of the central forces to the potential energy of the col
lapsed state under consideration is 

V A.central = (n+ + n_) V W + (n+ - n_) V M 

A2 
= - (2Vw - VM) + terms of order A 

4 
(4.44) 

We now impose the condition that the sum of (4.43) and (4.44) 
must have a positive coefficient of A 2 for all possible values of IS: 
the largest possible value of IS is +2 (for the needle), the smallest 
value is IS = -1 (for the disk) . We therefore get two saturation condi
tions for the tensor forces: 

2 (2VTW - VTM ) + (2Vw - VM) ~ 0 

-(2VTW - VTM ) + (2Vw - VM) ~ 0 

(4.45 ) 

(4.46) 

The combination of the central force parameters which enters here 
can be rewritten 

(4.47) 

where the first factor has to be negati.ve to give binding in the deuteron, 
and the second factor has to be negative to satisfy the saturation 
condition (4.34). Thus (4.47) is positive. We can combine (4.45) 
and (4.46) in the form 

(4.48) 
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This saturation condition has the expected form: the tensor force is 
limited in both directions. If positive, it must not be larger than the 
central forces; if negative, it must not be too negative. 

We shall not write down the complete saturation conditions for the 
tensor forces [analogous to (4.36) to (4.40)] at this point, since they 
are rather involved and the essential results are already contained in 
(4.48). The conditions assume a simpler form in terms of the isotopic 
spin formalism and will be given explicitly in the next section. 

Although there has not been any discussion of conditional saturation 
with exchange tensor forces in the literature, rough estimates seem to 
show that the condition (4.48) is probably considerably too stringent. 
As long as the central forces are saturated, it would take quite strong 
tensor forces to give contradiction with binding energies of observed 
nuclei. We emphasize once more, however, that tensor forces do not 
bring about saturation unless the central forces are already saturated. 
The tensor forces can only make saturation worse, not better. 

6. THE ISOTOPIC SPIN FORMALISM 

It is sometimes convenient to treat the neutron and proton not as 
two essentially different particles, but as two different states of one 
"particle," called the nucleon. There is some physical justifica
tion for this point of view in beta-decay, where a nucleon does change 
from a proton state to a neutron state (with emission of a positron 
and neutrino) and vice versa. This idea leads to a formalism which is 
used frequently in the literature: the isotopic spin formalism (Cassell 
36). Although it will be used only rarely in this book, a short intro
duction to this method is presented in this section. 

As long as we treat the neutron and proton as different particles, 
the wave function of a nucleus has the form 

where rl denotes the position of the first neutron, !l its spin direction 
(! = ± 1), the first N coordinates refer to neutrons, and the remaining 
ones refer to protons. The Pauli principle requires that the wave 
function change sign if any two neutrons are interchanged, or if any 
two protons are interchanged. There is no special requirement upon 
the behavior of cP under an interchange of a neutron and a proton. 

We now introduce another coordinate TI, which we shall call the 
"isotopic spin coordinate," and which can take only two values: 
+ 1 and 1- 1. TI = + 1 means that the particle is a neu tron, TI = -1 
means that the particle is a proton. (The sign is chosen in such a 



154 III. Nuclear Forces 

way that there is an excess of positive values of f/ in a heavy nucleus 
where there are more neutrons than protons.) 

The wave function (5.1) could now be written in the form 

(5.2) 

where Vt vanishes unless f/l =f/2= ... =f/N= +1 and f/N+l = ... =f/A = -1· 
We shall not do it this simply, however; rather we shall insist that all 
nucleons are identical particles which must obey the Pauli exclusion 
principle, and that the wave function (5.2) must therefore change its 
sign when all the coordinates (position, mechanical spin, and isotopic 
spin coordinates) of any two particles are interchanged. Our simple 
choice above satisfies this condition for interchanges within the first 
N coordinates, or within the last A-N coordinates, hut it does not 
satisfy this condition for an interchange of fhSl,f/l with fA,S A,f/A, for 
example. 

It might be thought that this requirement that the wave function 
must be anti-symmetric under the full interchange of any two particles 
imposes some additional conditions on the possible wave functions. 
We shall now show that this is not true: the requirement is merely a 
formal one; any wave function which satisfies the exclusion principle if 
neutrons and protons are treated as different particles can be made into a 
properly anti-symmetric junction in the isotopic spin language. To 
avoid complications we shall do this explicitly for the case of only two 
particles. 

If the two particles are both neutrons, the conventional wave func
tion must be anti-symmetric under the exchange of their space and 
mechanical spin coordinates: 

(5.3) 

In order to write the corresponding wave function in the isotopic spin 
language, we introduce the isotopic spin function for a neutron, V(f/) , 

which has the property 

v(f/) = 1 if f/ = + 1 
(5.4) 

The wave function for two neutrons in the isotopic spin formalism is 
then given by 

Vt(fhSl,f/l; f2,S2,f/2) = cp(fhSl; f2,S2) V('11) V('12) (5.5) 

This function is clearly anti-symmetric under the exchange of all the 
coordinates (position, mechanical spin, and isotopic spin) of the two 
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particles, provided only that cb was anti-symmetric originally, as it 
had to be according to the Pauli principle. 

The case of two protons is completely similar; we merely replace 
the isotopic spin function for a neutron, 1'('7), by the isotopic spin 
function for a proton, 71"('7), defined by 

71"('7) = 0 if '7 = + 1 

71"('7) = 1 if '7 = -1 
(5.6) 

In the case of a neutron-proton pair the conventional wave function 
l/>(rhr1; r2,r2) has no special properties under an interchange of the 
two particles. The most immediate choice of an isotopic spin analogue 
of this wave function would be 

(5.7) 

Ho,~ever, this wave function is excluded by our requirement that the 
two nucleons are to be treated as identical particles: (5.7) implies 
that particle 1 is a neutron and particle 2 a proton, whereas we ought 
to be able to state merely that one of the two nucleons is in a neutron 
state, the other in a proton state. Indeed, we can form another wave 
function in which particle 2 is the neutron and particle 1 is the proton: 

1{;II == l/>(r2,r2; rhr1) 1'('72) 71"('71) (5.8) 

The Pauli principle for two nucleons in the isotopic spin formalism 
requires that the isotopic spin wave function 1{; which describes the 
same state of a neutron-proton pair as the conventional wave function, 
.p(rht,; r2.t2), be taken as the difference of (5.7) and (5.8), i.e., 

1{;(rhrl,'71; r2,rM2) = 2-112 (1{;r - 1{;II) (5.9) 

It is easily verified that this wave function is indeed anti-symmetric 
under the interchange of the two nucleons. Note that the wave 
function (5.9) does not allow us to say which of the two particles is 
the neutron, which the proton. All we can say is that one of the two 
nucleons is a neutron, the other (whichever it happens to be) is a 
proton. 

This completes our proof that the requirement of anti-symmetry 
under the exchange of the coordinates of any two nucleons in the iso
topic spin formalism is merely a formal requirement once the Pauli 
principle is assumed for neutrons and protons separately in the con
ventional way of writing wave functions: no matter whether we had a 
neutron-neutron pair, a proton-proton pair, or a neutron-proton pair, 
we were able to construct a properly anti-symmetric isotopic spin wave 
function 1{; from the cOllventional wave fUllction .p. 
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The general case can be treated as follows (Nordheim 37): We start 
with (5.1) and write the isotopic spin wave function 

VtI == cp(rhrl,r2,r2,··,rN,rN; rN+hrN+l,··,rA,rA) V(1]l)···V(1]N) 1I"(1]N+l) 
···1I"(1]A) (5.10) 

This function does not have the correct properties under an exchange 
of nucleon coordinates. There are many (A!) functions of this type 
which differ from VtI merely by a relabeling of coordinates, i.e., by a 
permutation of the subscripts 1,2,··,A. The correct anti-symmetric 
isotopic spin wave function is then given by 

[ A! J-1I2 \' 
of = N!(A-N)! ~ OpPofI 

p 

(5.11 ) 

where the sum is to be taken over all permutations P of the A sub
scripts (including the identity permutation, which does nothing to the 
subscripts) ; and op is + 1 for an even permutation, -1 for an odd per
mutation. It is easily verified that the two-particle wave functions 
discussed before are special cases of (5.11). 

Although it is true that every conventional wave function can also 
be written in the isotopic spin notation, the converse does not hold. 
To take a simple example, consider the following wave function for a 
single nucleon: 

Vt(r,r,1]) = cp(r,r) Tl/2 [v(1]) + 11"(1]») 

This function corresponds to a nucleon in the ordinary state cp(r,r), the 
nucleon, however, having equal probability of being. a neutron or a 
proton at anyone time. This state of affairs does not correspond to 
any conventional wave function for either a neutron or a proton. The 
isotopic spin formalism is therefore somewhat more general than the 
conventional method of writing wave functions. This generality, 
however, is not a help but merely a nuisance. We shall be interested 
only in those isotopic spin wave functions which do correspond to 
physical states of a system with a definite number of neutrons and 
protons. 

It is of some interest to decompose the wave function (5.9) somewhat 
further, as follows: 

1 
Vt = y2 (of I - Vtn) 

= 1- [cp(rhrl; r2,r2) + cp(r2,r2; rhrl») Xo 

+ 1- [cp(rhrl; r2,r2) - cp(r2,r2; rhrl») X1,o (5.12) 
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where the isotopic spin functions X are defined by 

(5.13) 

and 

1 
X 1,0 = V2 [11(711) 11"(712) + 11(712) 11"(711)] (5.14) 

The reason for the notation used for these two isotopic spin functions 
will become apparent later on. 

X 0 is anti-symmetric under the exchange of the isotopic spin coor
dinates of the two particles; hence it occurs in (5.12) multiplied by a 
function of the space and mechanical spin variables which is symmetric 
under their interchange, making the product anti-symmetric. Corre
spondingly, X 1,0 occurs in (5.12) multiplied by an anti-symmetric 
function of the space and mechanical spin variables. 

Equation (5.12) demonstrates clearly the equivalence of the old 
notation with the new one. In (5.12) Vt appears as a linear combina
tion of two wave functions, one symmetric and the other anti-sym
metric with respect to the exchange of the two nucleons, with the 
coefficients Xo and X 1,0. Any arbitrary function q,(r1~1; r2~2) of a 
neutron-proton pair in the old notation can be represented in that 
form. 

It is interesting to consider the two isotopic spin functions X 0 and 
X 1,0 defined in (.1U3) and (5.14) together with the following ones which 
were used in connection with (5.5): 

X 1,1 = 11(711) 11(712) 

X 1,-1 = 11"(711) 11"(712) 

(5.15) 

(5.16) 

X 0 is called "the isotopic spin singlet state"; the three functions 
X 1,1, X 1,0, X 1,-1 form the three sub states of "the isotopic spin 
triplet state." These names are given on account of the analogy with 
the ordinary spin. The four possible combinations of the ordinary 
spin states of two particles are combined in the same way as in (5.13), 
(5.14), (5.15), and (5.16). The analogue of (5.13) represents a state 
with a total spin zero, whereas the analogues of the three other states 
represent the three substates of total spin 1. It must be emphasized 
that this analogy is purely formal. The isotopic spin is not an angular 
momentum, and all similarity existing between isotopic and ordinary 
spin variables is due to the fact that both can assume only two values, 
+1 and -l. 
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The main reason for introducing the isotopic spin method of describ
ing nuclear states is the convenient way in which we can then describe 
the transformation of a neutron into a proton, and vice versa, and 
hence the exchange of a neutron and a proton. We introduce three 
operators which act on the isotopic spin variable." in the wave func
tion. We shall define them by their effect on the neutron function 
JI(.,,) and the proton function 11"(",); any isotopic spin function must be a 
linear combination of these two, hence the definitions are complete. 
The operator T + transforms a proton into a neutron and gives zero 
when applied to a neutron: 

(5.17) 

The (Hermitean conjugate) operator T _ transforms a neutron into a 
proton and gives zero when applied to a proton: 

(5.18) 

Finally, the operator T3 gives + 1 when applied to a neutron, -1 when 
applied to a proton: 

(5.19) 

These three operators bear a formal analogy to the Pauli spin matrices 
u+=t(uZ+iull), u_=i(uz-iull), and u. for the ordinary mechanical 
spin. The operators T are therefore called isotopic spin operators. 
We emphasize again that this name is very misleading, since the 
isotopic" spin" has nothing whatsoever to do with rotations. 

We now proceed to derive the expressions for the exchange operators 
pM, pB, pH in terms of the mechanical and isotopic spin operators of 
the two nucleons. Let us start with the Bartlett exchange operator 
PB. Two particles can be either in the singlet or the triplet (mechani
cal) spin state. The wave function for the singlet state is anti
symmetric under the exchange of the two particles, hence the Barlett 
exchange operator gives -1; the three wave functions for the triplet 
states are symmetric under the interchange of the particles, hence the 
Bartlett operator gives + 1. The singlet and triplet states are defined 
by 

(5.20) 

where s = 0 in the singlet state, s = 1 in the triplet state. We therefore 
have the equality 

(5.21) 



5. The Isotopic Spin Formalism 159 

(the operators on the right and left sides of this equation give the same 
results for the two possible states of the system). We can evaluate 
the square of the operator 

s = till + tll2 

explicitly by using the fact that (111)2 = (112)2 =3; this gives an alterna
tive form for the Bartlett exchange operator: 

(5.22) 

We proceed to the other two exchange operators. We define the 
"scalar product of the isotopic spins of two particles" by 

(5.23) 

in analogy to 111'112 for the mechanical spin. Direct substitution of 
(5.23) [using definitions (5.17) to (5.19)] into (5.13), (5.14), (5.15), 
and (5.16) gives 

(~1'~2) Xo = -3 Xo 

(~1'~2) Xl,l = Xl,l 

(~l'~2) Xl,o = Xl,o 

(~l'~2) Xl,-l = Xl,-l 
(5.24) 

Thus the operator ~1'~2 gives + 1 when applied to isotopic spin triplet 
states, - 3 when applied to isotopic spin singlet states (in complete 
analogy to 111'(12)' 

We can use ~1"'l:2 to define an isotopic spin operator P' analogous to 
pB: 

(5.25) 

This operator gives + 1 when applied to the (symmetric) isotopic spin 
triplet states, -1 when applied to the (anti-symmetric) isotopic spin 
singlet states, and is therefore equivalent to a simple exchange of the 
isotopic spin coordinates 1/1, 1/2 of the two particles: 

(5.26) 

We have required complete anti-symmetry under the full exchange 
of all the coordinates (space, mechanical spin, and isotopic spin) of 
the two particles. Since the Heisenberg exchange operator exchanges 
position and mechanical spin and P' exchanges the isotopic spin 
coordinates, we can express this requirement in the form 

(for all permissible y,.) (5.27) 

This is a condition on y,., not an operator identity: there exist wave 
functions y,. for which pHpr is not equivalent to multiplication by -1; 
these wave functions are excluded by the Pauli principle, however. 
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We multiply (5027) by F on both sides. On the left side F and 
pH commute, and (5.26) shows that (F) 2 = 1; hence 

pH 1/1 = -pr 1/1 (for all permissible 1/1) (5.28) 

Thus we can replace the Heisenberg exchange operator pH by the 
isotopic spin operator -pr= -t(1+~1~2) in all applications as long 
as we restrict ourselves to isotopic spin wave functions which obey the 
Pauli principle. 

Finally, the Majorana exchange operator is related to the two others 
through (3.15); mUltiplication on both sides by pB gives 

(5.29) 

Thus we can replace the Majorana exchange operator by the 
combination 

(5.30) 

Expressions (5.22), (5.28), and (5.30) are the expressions jor the 
three linearly independent exchange operators pB, pH, pM in terms of the 
mechanical and isotopic spin operators. From the point of view of the 
isotopic spin formalism it is more convenient to use three other linearly 
independent operators, i.e., (d1od2), (~1~2)' and (d1od2)(~1~2)0 We 
therefore write the most general potential of the exchange type, 
(3.18), in the form 

V = Vd(r) + V.(r) (d1od2) + VT(r) (~1°~2) + V.T(r) (d1od2) (~1°~2) 

where 
+ V Td(r) 8 12 + V TT(r) 8 12 (~1~2) (5.31) 

Vd = Vw + tVB - tVH - iVM 

V. = tVB - iVM 

VT = -tVH - iVM 

V Td = V TW - -j-VTM 

V TT = --j-VTM 

(5.32) 

These relations follow by direct substitution; the subscript d denotes 
dependence on the distance only; the fact that Vd does not simply 
equal V w has no special significance; indeed, if all the forces are of 
ordinary type (non-exchange), V w = V d. 

It is useful to know the values of the spin and isotopic spin 
products in (5.31) for the various states of the two-particle systems. 
We therefore tabulate the values in Table 5.1; "triplet" and 
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"singlet" in this table refer to the ordinary (mechanical) spin state, 

TABLE 5.1 

VALUES OF SPIN PRODUCTS IN STATES OF THE TWO-PARTICLE SYSTEM 

State 

Spin Product Even Parity Odd Parity 
(Even I) (Odd I) 

Triplet Singlet Triplet Singlet 

(dl'd2) 1 -3 1 -3 
( "1"'2) -3 1 1 -3 

(dl'd2) ("1'''2) -3 -3 1 9 

The line for (~1'~2) is determined from the Pauli principle. For 
example, a triplet state with even l is symmetric under interchange of 
the space and spin coordinates of the two particles and must therefore 
he anti-symmetric under exchange of the isotopic spin coordinates 771 
and 772. It must thus be a singlet isotopic spin state, with (~1'~2) = -3, 
and can occur only in the neutron-proton system, not for two protons 
or for two neutrons. The last line of the table is simply the product 
of the first two lines. 

Rarita and Schwinger (Rarita 41a, b) have employed exchange 
forces of two types: the" symmetrical" theory,1 in which the iso
topic spin dependence of the potential is given by (~1'~2)' and the 
"charged" theorY,1 in which the isotopic spin dependence is given 
by (~1'~2 - ~3.1~3.2)' In the ('harged theory, there is no force between 
two protons or between two neutrons; the force acts only between a 
neutron and a proton. In terms of our notation, (5.31), these two 
exchange potentials are defined by 

(symmetrical theory) (5.33) 

the other three functions VCr) being arbitrary; and 

V,(r) = V,,(r) 
(charged theory) (5.34) 

V Td(r) = V TT(r) 

We mention these particular choices of exchange dependence here 
hecause they have been used quite widely in the literature, in particular 
in connection with high-energy neutron-proton and proton-proton 

1 This terminology stems from the fact that the quoted isotopic spin dependence 
is the result of certain meson theories which introduce all three mesons (positive, 
negative, neutral) in a symmetric way or introduce only the charged ones. 
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scattering (see Chapter IV). Conditions (5.34) apply to the potential 
of interaction only between a neutron and a proton. 

Perhaps the main advantage of the isotopic: spin formalism is the 
simple way in which the saturation conditions ran he formulated 
(Feenberg 37). The five saturation eonditions, (4.36) to (4.40), 
assume the following form [V d == value of V d(r) inside the range b, 
assumed constant, and similarly for the other potC'ntiaif.,l: 

Vd ~ 0 

Vd + V~ ~ 0 

Vd + V. ~ 0 

Vd + Va, ~ 0 

Vd + Va + V, + V~, ~ 0 

(-1.3Ii) = (5.3.1) 

(4.37) Uj.36) 

(4.38) (5.37) 

(4.39) = (5.38) 

(4.40) = (5.39) 

The (absolute) saturation ('onditions for the tensor fon:es take the 
form 

-! (Vd + \',) ~ VTd ~ Vd + V~ (.1).40) 

-} (Vd + V~.) < V7'. ~ Vd + VaT (.1).41) 

-} (V d + Va + V. + ~! a.) < V7'd + l'7" ~ I'd + Va + V. + Va. 
(.1).42) 

Condition (5.40) reduees to (4.48) in the absence of Bartlett and 
Heisenberg forces. Conditions (.1).41) and (5.42) are two additional 
cenditions on the tensor foree which, however, are not very important 
from a practical point of view. 

The isotopic spin formalism will not be used extensively in this 
book. It has heen employed widely in the literature in order to 
describe the exchange character of nuclear forces. This section has 
shown that the isotopic spin formalism is completely equivalent to the 
description which uses Wigner, Majorana, Bartlett, and Heisenherg 
forces. 

Some exchange potentials assume a simple form in one formalism; 
they are then not "simple" in the other formalism, and vire versa. 
The simplicity or compactness of a potential in either formalism can
not be used as a valid argument in favor of its choice. 

SYMBOLS 

b Range of the nuclear force; range of the square well 
approximation to V c(r) (Section 2) 
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Binding energy of the nucleus (Section 3B) 
Operator for the Coulomb energy of a nucleus with A 
nucleons (4.7), (4.10) 
Expectation value of C in the collapsed state (4.18) 
Distance at which the nuclear force becomes repulsive 
(Section 2) 
Distance between nearest neighbors in a nucleus 
(3.5) 
Modified value of d to correct for dynamical correla-
tions (Section 3A) 
The Bohr radius of the proton 
[=h2/Me 2 = 2.88 X 10-12 em] (Section 4A) 
The unit step function (2.6) 
Energy of the nucleus [= f'+ V] (Section 2) 
Experimental ground state energy of a nucleus with 
mass number A (4.2) 
Ground state energy of an A-particle system with 
Hamiltonian H (4.1) 
Distance dependence of the exchange potential V.(r) 
(3.12) 
Relative probability of interaction for a symmetric pair 
in a nucleus of radius R [ = y+(d/b)] (3.6) 
Relative probability of interaction for an anti-sym
metric pair in a nucleus of radius R [ = y_(d/b)] (3.6) 
Hamiltonian of the nucleus (Section 4A) 
Expectation value of H in the comparison state cf> of the 
A-particle system [= an upper bound for EA(H)] 
(4.1) 
Kernel for the integral operator of a velocity-dependent 
force [=K(rhr2; rl',r2')] (3.19) 
Orbital angular momentum quantum number in a 
two-particle system (Section 3B) 
Running index for the different space wave functions 
u(r) of a single particle in a spherical box (Section 
4A) 
Mass of a nucleon (2.3) 
1'Iumber of symmetric pairs (Section 3A) 
Number of anti-symmetric pairs (Section 3A) 
Probability of interaction between a pair of nucleons 
in a nucleus of radius R [=p(b/R)] (2.5), (2.8) 
Probability of interaction between a symmetric pair of 
nucleons (Section 3A) 
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p_ Probability of interaction between an anti-symmetric 
pair of nucleons (Section 3A) 

P A permutation of the subscripts 1,2,3 .. ··,A (5.11) 
P An exchange operator (Section 3B) 
pH The Bartlett exchange operator (Table 3.1) 
pH The Heisenberg exchange operator (Table 3.1) 
pM The Majorana exchange operator (Table 3.1) 
pMjj The Majorana exchange operator for particles i and 

j (4.24) 
P' Isotopic spin exchange operator (5.25), (5.26) 
q Coordinate of a nucleon, including the position and spin 

variables (3.1) 
r Distance between two nucleons (2.1) 
rl Position vector of nucleon number 1 (3.12) 
r12 Distance between particles 1 and 2 (2.7) 
R Nuclear radius (Section 2) 
Ro Nuclear radius for which the potential energy V has its 

minimum value (Section 3A) 
RI Nuclear radius for which the total energy E has its 

maximum value (Section 2) 
s Spin quantum number of a pair of nucleons (5.20) 
Sm Number of nucleons in the space state um(r) (4.11) 
S A verage value of 3 cos2 W - 1 r = expectation value of 

S 12 if all spins are parallel] (4.41) 
8 2 Absolute square of the spin of a pair of nucleons 

(5.20) 

u(r) 

v 
V 

V 
Vo 

V A. central 

Tensor operator for particles 1 and 2 (2.1) 
Operator for the kinetic energy (2.3) 
Expectation value of T (Section 2) 
Expectation value of T in the collapsed state of the 
nucleus with mass number A (4.11) 
Space wave function of a single nucleon in a spherical 
box (4.6) 
Potential energy operator for two particles (2.1) 
Potential energy operator for the nucleus as a whole 
(2.2) 
Expectation value of V (2.5) 
Well depth of a square well approximation to Veer) 
(Section 2) 
Expectation value of V in the collapsed state of a 
nucleus of mass number A (4.21) 
Contribution of the central forces to VA (4.44) 
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Contribution of the tensor forces to iTA (4.43) 
Value of VB(r) inside the range b, in the square well 
approximation (4.36) 
Radial dependence of the Bartlett potential between 
two nucleons at separation r (3.18) 
Potential of the central force in the S state of two 
nucleons (2.1) 
Value of V d(r) inside the range b, in the square well 
approximation (5.35) 
Spin- and isotopic spin-independent part of the two-
nucleon potential (5.31) 
Value of V H(r) inside the range b, in the square well 
approximation (4.36) 
Radial dependence of the Heisenberg potential between 
two nucleons at separation r (3.18) 
Potential energy of two isolated nucleons i and j at 
separation rij (2.2) 
Value of V...,(r) inside the range b, in the square well 
approximation (4.24) 
Radial dependence of the Majorana potential between 
two nucleons at separation r (3.18) 
Radial dependence of the potential of the tensor force 
between two nucleons in the state with J = 1 and even 
parity (2.1) 
Value of V Td(r) inside the range b, in the square well 
approximation (5.40) 
Radial dependence of the isotopic spin-independent 
part of the tensor force potential between two nucleons 
(5.31) 
Value of V TM(r) inside the range b, in the square well 
approximation (4.41) 
Radial dependence of the Majorana exchange part of 
the tensor force potential between two nucleons 
(3.18) 
Value of V TW{r) inside the range b, in the square well 
approximation (4.41) 
Radial dependence of the non-exchange (Wigner) 
part of the tensor force potential between two nucleons 
(3.18) 
Value of V T.(r) inside the range b, in the square well 
approximation (5.41) 
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V.,(r) 

V. 

V.(r) 
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Vo.(r) 
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Xo 

III. Nuclear Forces 

Radial dependence of the (~lo~2)S12 exchange tensor 
force part of the two-nucleon potential (5.31) 
Value of V weT) inside the range b, in the square well 
approximation (4.20) 
Potential of the non-exchange (Wigner) force between 
two nucleons at separation r (3.18) 
Operator for the potential of an exchange force between 
two nucleons at separation r (3.12) 
Value of V.(r) inside the range b, in the square well 
approximation (5.36) 
Radial dependence of the (dlod2) part of the two-
nucleon potential (5.31) 
Value of V".(r) inside the range b, in the square well 
approximation (5.38) 
Radial dependence of the (dl od2) (~1~2) part of the two-
nucleon potential (5.31) 
Value of V.(r) inside the range b, in the square well 
approximation (5.37) 
Radial dependence of the (~lo~2) part of the two-
nucleon potential (5.31) 
Isotopic spin wave function for the singlet isotopic 
spin state of a neutron-proton pair (5.13) 
Isotopic spin wave function for the triplet isotopic 
spin state of a neutron-proton pair (5.14) 
Isotopic spin wave function for Ute (triplet) isotopic 
spin state of a neutron-neutron pair (5.15) 
Isotopic spin wave function for the (triplet) isotopic 
spin state of a proton-proton pair (5.16) 
Number of space states um(r) with energy Em~E 

(4.14a) 

Spin wave function of a particle with spin pointing up 
(Section 4A) 
Spin wave function of a particle with spin pointing 
down (Section 4A) 
The parity of the permutation P [= + 1 for even per-
mutations, = -1 for odd permutations] (5.11) 
Dirac delta function (3.23) 
Highest energy Em occupied by nucleons [= the Fermi 
energy] (4.14) 
Kinetic energy of a nucleon in the space state um(r) 
(4.11) 
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Spin coordinate of a nucleon (Section 3B) 
Spin wave function of a single nucleon (4.6) 
h;otopic spin coordinate of a nucleon (Section 5) 
Average de Broglie wavelength of the relative motion 
of two nucleons (3.4) 
Isotopic spin wave function of a neutron (5.4) 
Isotopic spin wave function of a proton (5.6) 
Relative contribution of the Majorana force to the 
potential energy in the deuteron [= V M/(V w+ V M)] 
(4.31) 
Pauli spin vector with components Ux , U'U' and Uz ; see 
Appendix A, Section 4 (5.20) 
=t(ux+iu'U) (Section 5) 
=t(ux-iu'U) (Section 5) 
Isotopic spin operator transforming a proton into a 
neutron (5.17) 
Isotopic spin operator transforming a neutron into a 
proton (5.18) 
Isotopic spin operator [ = + 1 for a neutron, = -1 for a 
proton] (5.19) 
Wave function of a single nucleon in a spherical box 
(4.5), (4.6) 
Nuclear wave function (Section 2) 
Comparison (collapsed state) wave function 
tion 4A) 

(Sec-

Wave function of a nucleus in the isotopic spin formal-
ism (Section 5) 
Actual ground state wave function of an A-particle 
system with Hamiltonian H (Section 4A) 
Angle between the separation vector r12 of two particles 
and their common spin direction (Section 4D) 
Volume of the box [= '~.1I-R3] (Section 4A) 



CHAPTER IV 

Two-Body Problems at High Energies 

1. INTRODUCTION 

The scattering of elementary nuclear particles at very high energies 
is an excellent tool for the detailed investigation of the forces between 
nucleons. The development of the high-energy accelerators has made 
it possible to extend the energy range of neutron-proton and proton
proton scattering to energies at which the de Broglie wavelength 
of the relative motion is considerably smaller than the range of nuclear 
forces. Hence, unlike the two-body problems at energies below about 
10 Mev, the experiments at higher energies give results which are very 
sensitive to the details of the interaction, its dependence on the dis
tance as well as its exchange properties. 

In many respects the high-energy data available at present are 
strange and unexpected. They differ markedly from anything which 
could have been expected on the basis of an extrapolation of the low
energy experience. Especially two results must be emphasized in this 
connection: 

(1) The high-energy evidence seems to indicate a force between a 
proton-proton pair different from the force between a proton-neutron 
pair. Hence the nuclear forces are probably not charge independent 
although the low-energy results strongly suggested charge-inde
pendent forces (see Chapter II). We recall that both the proton
proton scattering and the neutron-proton scattering results at low 
energies can be explained by assuming the same effective depth and 
range of the nuclear potential between like and unlike particles. 

(2) The high-energy data apparently are incompatible with a nuclear 
force of an exchange character which is required to explain the satura
tion properties of nuclei (see Chapter III). The high-energy results 
do not indicate any repulsion between nucleons in anti-symmetric 
states; this repulsion was necessary for the explanation of the satura
tion on the basis of exchange forces. 

On the whole, the theories developed on the basis of the low-energy 
data have failed badly when confronted with the new experiments at 
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high energy. This failure is an uncomfortable reminder that nuclear 
theory is still in a very early stage. 

The high-energy data are considerably harder to interpret than the 
low-energy data because so many more parameters must be determined 
from the data. In low-energy neutron-proton scattering, for exam
ple, there are only two parameters (the phase shifts for the IS and 3S 
states) to be determined by experiment. Furthermore the energy 
dependence of these two parameters can be predicted uniquely 
(k cot 8 = a linear function of the energy) by very general theoretical 
arguments. At higher energies, very many angular momentum states 
enter significantly into the scattering. At 100 Mev, for example, the 
S, P, D, and F states (l=0,1,2,3) presumably contribute appreciably 
to the scattering, and their phase shifts cannot be expected to show any 
simple energy variation. At high energies, when the de Broglie 
wavelength" = k-1 becomes smaller than the range of the forces, the 
details of the well shape have a strong influence on the energy depend
ence of the phase shifts. Finally, the presence of the tensor force 
(which has no appreciable effect in low-energy scattering) implies 
that there are four times as many independent parameters in the trip
let spin state as there would be with central forces only. 

On the experimental side, the interpretation of the data is compli
cated by the fact that the neutron beams used are not monoenergetic. 
They are obtained by "stripping" the neutron away from a fast
moving deuteron (Serber 47). The neutron energy spread in this 
process is of the order of 20 Mev at a mean energy of 100 Mev. The 
experimental cross section is therefore an average over a rather large 
energy region and may consequently fail to show rapid energy depend
ences, even if they exist. 

The high-energy proton-proton scattering data are easier to interpret 
than the neutron-proton data for two reasons: (1) the Pauli exclusion 
principle cuts the number of phase shifts in half, and (2) the experi
mental cross sections were obtained with monoenergetic protons. 

Because of the uncertainties in the interpretation of the present 
experiments, their precise implications are hard to determine. The 
usual procedure consists in substituting some definite assumptions 
about the nuclear forces (e.g., that they can be derived from a potential 
of a prescribed spin dependence and exchange character) and com
paring the implications of this choice with the experimental data. 
If there is agreement within the experimental and theoretical errors, 
the assumed choice of the force law can be considered possible. 

Because of uncertain relativistic corrections agreement to better 
than about 10 or 20 percent at energies in the 100 Mev region should 
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not be expected. A potential V(r) which depends on the distance r 
between the two nucleons is not a relativistically covariant quantity, 
since the distance r itself is not relativistically covariant. Further
more the relativistic increase of mass with momentum gives rise to 
corrections of the order of 5 percent in the scattering at those energies. 
The correction for the mass increase is straightforward and conse
quently does not give rise to large uncertainties in the interpretation 
of the data. On the other hand, the dynamical corrections to be 
applied to the low-energy potential function V(r) are quite uncertain 
(Breit 37a, 38a, Snyder 47, Siegel 51). Estimates on the basis of 
meson field theories (Snyder 47) indicate that the corrections can 
amount to 10 percent at 100 Mev, and to a factor of 2 at energies of 
several hundred Mev. 

We shall concentrate our attention on the following kinds of ex
change dependence for the assumed potential function between two 
nucleons: l 

(1) Wigner force: V = V(r) 

(2) Pure Majorana force: V = pM V(r) 

(1.1 ) 

(1.2) 

(3) Mixture of Wigner and Majorana force which obeys the saturation 
requirements: 

v = (a + f3pM) V(r) ( u 1) - <-
f3 4 

(1.3) 

(4) Serber force: V = t (1 + PM) nr) (1.4) 

It is to be understood that V(r) may be spin dependent: it can be 
different in the triplet and singlet spin states of the two particles. 
Furthermore there may be a tensor force present in the triplet state. 
We shall assume throughout that V(r) is an attractive potential 
[V(r) <0] for all values of r. Although it has been suggested recently 
(Jastrow 50, 51) that V(r) may become repulsive (positive) for small 
values of r, no detailed calculations with such potentials have yet 
been published. For the same reason we shall not consider the pos
sibility of velocity-dependent forces (Wheeler 36, Case 50). To the 

1 Except for (1), which is often called the "neutral" theory, these are not 
the most widely used exchange forces. Very prevalent choices in the litera
ture prior to 1950 were the "charged" and "symmetrical" exchange depend
ences introduced hy Rarita and Schwinger (Rarita 41a,b). We shall not use the 
"charged" and "symmetrical" theories here, since neither of these exchange 
characters seems to fit the data and the discussion is much easier in terms of choices 
(1) to (4). 
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extent that these possibilities are neglected our discussion is necessarily 
incomplete, and the conclusions are subject to doubt. 

Sections 2 and 3 contain a discussion of neutron-proton scattering, 
proceeding upwards in energy from the 12 to 15 Mev data to the 280 
Mev measurements. Section 4 contains proton-proton scattering. 
The discussion will be based mostly on the work of Christian and col
laborators at Berkeley (Christian 50, 50a). There is considerable 
additional theoretical literature on this subject (Camac 48, Chew 48, 
Eisenstein 48, Burhop 48, Massey 48, Wu 48, Ashkin 48, Rohrlich 49, 
Jean 50, and others) in which the methods of computation are dis
cussed in more detail and results are given for particular assumptions 
about the nuclear forces. 

The calculations for energies above 30 Mev are extremely tedious 
and complicated. There are no easy approximation methods below 
energies of the order of 300 Mev, where the Born approximation gives 
reasonably accurate results. In order to avoid needless complication, 
we shall give only very rough, qualitative arguments in Sections 3 
and 4 and refer to the literature (especially Christian 50, 50a) for the 
results of the detailed calculations. 

2. NEUTRON -PROTON SCATTERING AT ENERGIES 
BETWEEN 10 AND 30 MEV 

Very little experimental material is available at the present time in 
the energy region between 10 and 30 Mev. We shall refer to this 
region as the "medium-energy range." Most of the measurements 
published so far have been made in the energy region between 12 
and 13 Mev. The first relevant measurements were performed by 
Amaldi and collaborators (Amaldi 42). They showed a strong prefer
ence for scattering near the angle e = 7r /2 compared to scattering at 
e =7r. Later measurements, however, have not confirmed this result 
(Powell 47; Laughlin 47, 48; Barschall 49). Within an accuracy of 
about 5 to 10 per cent the angular distribution is spherically symmetric 
in the center-of-gravity system at energies between 12 and 15 Mev. 
The total cross section was measured over a wider energy region 
(Salant 40, Sherr 45, Sleator 47), and its value is very close to 47r~ 2 in 
the region between 10 and 24 Mev. 

In order to get a qualitative insight into the theoretically expected 
behavior of the cross sections at energies above 10 Mev we shall 
employ the Born approximation in spite of the fact that this approxi
mation is not sufficiently accurate for a quantitative determination of 
the cross sections. We consider first a central force of the ordinary 
type (1.1). The scattering amplitude as defined in (II,3.1) is given in 
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the Born approximation by 

= r" sin (Kr) W(r) r2 dr 
f(8) Jo Kr (2.1) 

where 
2p. M 

W(r) = - h2 VCr) = - h2 VCr) (2.2) 

and 
K = Ikfin&1 - kinitl = 2k sin (j-8) (2.3) 

In the region where the scattering takes place (r;Sb) the wave 
function is approximated by the incident wave exp (ikz). This is 
valid if the potential energy VCr) is appreciably less than the kinetic 
energy in the center-of-gravity system, so that the incident wave is 
only slightly modified by the presence of the potential. 

The form (2.1) is inapplicable to neutron-proton scattering except 
at extremely high energies (300 Mev or more). The largest error is 
made in the spherically symmetric (angle-independent) part of the 
scattering, i.e., the S wave scattering. We shall therefore write the 
scattering amplitude f(8) in the form 

f(8) = f + g(8) (2.4) 

where J is the average of f(8) over all directions: 

J = (411")-lI f(8) dw (2.5) 

We shall use the exact expression (II,3.9) for J and use the Born 
approximation for g(8). The Born approximation value of g(8) can 
be determined from (2.1) as follows. We compute the average of the 
expression sin (Kr)/{Kr) over all directions: 

(411")-1 J sin (Kr) dw = (1 (kr)-l sin (2krx) dx = (sin kr)2 (2.6) 
Kr Jo kr 

where we have put x=sin(8/2). We obtain the Born approximation 
for g(8) by subtracting from the Born approximation f(8), (2.1), its 
average over all directions, i.e., 

g(8) = !o .. {sin i~r) - [sin k~kr) r} W(r) r2 dr (2.7) 

The differential scattering cross section du into the solid angle element 
lw around the direction 8 to the incident beam, in the center-of
gravity system, is given by 

du = 1/(8)1 2 dw = If + g(8)j2 dw (2.8) 
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The Born approximation value (2.7) for g(8) is far from correct 
quantitatively. It is, however, sufficient for a qualitative understand
ing of the main features in the scattering, whereas (2.1) would have 
been qualitatively wrong. The reason is as follows: the effective 
potential energy in the state of orbital angular momentum I, at 
separation r, is given by the sum of the actual potential V(r) and the 
potential of the "centrifugal force," l(l+1)(h2/2J.1r2). For a range 
b of the order of 2 X 10-13 cm, the centrifugal term is 20 Mev at the 
edge of the well in the P state, 60 Mev in the D state, and correspond
ingly more for higher values of l. Thus the nuclear potential is com
parable to the centrifugal potential in the P state, and is considerably 
smaller than the centrifugal potential in all the higher states. It can 
therefore be treated approximately as a small perturbation. This 
argument fails completely for the S state, and this is our reason for 
treating the S wave scattering, I, separately. 

We first treat the medium-energy range (10 to 30 Mev in the 
laboratory system) where kr~ 1 for values of r within the range of the 
force. We expand the brace in the integrand of (2.7) in a power series 
in kr. The first non-vanishing term in this expansion is equal to 
!(kr)2 cos 8. We keep only this term in the medium-energy range, 
getting 

g(8) '" ! k2 cos 8 !O .. W(r) r4 dr (2.9) 

The angular dependence of g(8) is characteristic of a P wave scattering 
amplitude. The energy dependence (k 2, proportional to the energy) 
and the power of r in the integral (4 = 2l+2) are characteristic of P 
wave scattering amplitudes in the Born approximation. 

According to its definition, (2.2), W(r) is positive for an attractive 
potential. Thus g(8) is positive for forward scattering (0<8<11'/2) 
and negative for backward scattering (11'/2<8<11') in that case. (The 
fact that g(8) is a real function of 8 is a consequence of the Born 
approximation used here and is therefore only approximately true.) 
The effect of this term on the scattering cross section M, (2.8), depends 
on the S wave scattering amplitude]. We shall denote the real and 
imaginary parts of I by Ir and];, respectively. Comparison with 
(II,3.9) gives 

Ir = k-1 sin ~ cos ~ (2.10) 
and 

(2.11) 

where ~ is the S wave phase shift. Formulas (2.8) and (2.9) imply 
that we can write the differential scattering cross section in this 
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energy region approximately in the form 

where 
du = (Ao + Al cos 8 + A2 cos2 8) dw 

Ao = Clr)2 + Cl;)2 = k-2 sin2 0 

Al = i k 2 Jr 10" W(r) r4 dr 

A2 = lk4 [10" W(r) r4 drJ 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

We observe that the sign of Al as well as its magnitude depends on 
the real part of the S wave scattering amplitude J. In particular, 
Al =0 when the S wave phase shift 0 is equal to 7r/2, according to 
(2.10). 

Expressions (2.10) to (2.15) must be computed separately in the 
triplet and singlet spin states. The observed cross section is then given 
by 

du = i(du)1 + Hdu). = (Bo + Bl cos 8 + B2 cos2 8) dw (2.16) 

where Bo = i(Ao)1 + HA o)., and so on. 
We shall make a very rough estimate of the quantities of interest in 

the following way. We use the shape-independent approximation 
(11,3.19) for the S wave phase shift 0 in the two spin states, and we use 
an exponential well shape potential to compute the integral 

10" W(r) ,.4 dr 

The result for the coefficients A o, A l , and A2 in the two spin states is 
shown in Fig. 2.1. The solid curves refer to the triplet spin state, the 
dashed curves to the singlet state. 1 We call attention to the different 
behavior of A 1, the coefficient of cos 8, in the two spin states. Al 
is always positive in the singlet state but changes from negative (at 
low energies) to positive (at higher energies) in the triplet state. 

This difference can be understood by reference to Fig. 2.2, in which 
we have plotted the real and imaginary parts of the S wave scattering 
amplitudes J in the two spin states. The numbers next to the curve 
are values of k2 in 1024 cm-2 (k 2 in these units = 1.2E1ab in Mev) . • The difference between these two curves is related to the sign of the 
scattering length a in the two spin states. In the triplet state, a = al 
is positive. Equation (11,3.13) then implies that the triplet phase 
shift 01 approaches 7r as the energy approaches zero. 01 then decreases, 

1 A warning is in order that these curves are meant for illustrative purposes 
only. The approximations used here are not sufficiently accurate to allow direct 
comparison with experiment. 
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FIG. 2.1. The cross section for neutron-proton scattering is written as cia = 

(Ao + Al cos 8 + A2 cos2 8) dw. The coefficients Ao, A l , and A2 are shown as 
functions of k 2 (in 1024 cm- 2 ,,;, 1.206 EJab in Mev). The solid curves refer to 
the triplet, the dashed curves to the singlet, spin states. These coefficients are 
obtained by rough approximations and should not be used for detailed comparison 

with experiment. The curves refer to an ordinary (Wigner) force. 

eventually goes through 11"/2, and approaches 0 for very high energies. 
Figure 2.2 shows that with our choice of constants (at = 5.39 X 10-13 cm, 
TOt = 1.73 X 10-13 cm) the triplet phase shift Ot becomes equal to 11"/2 for 
k2"'22X1024 cm-2, i.e., at an energy EJab""'18 Mev. At this energy 
the real part of J is zero, and consequently AI, (2.14), also vanishes. 
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FIG. 2.2. The S wave scattering amplitude J = k- 1 ei6 sin Ii at various energies. 
The real part of J is plotted along the abscissa, the imaginary part along the 
ordinate. The curves connect values at different energies. Some particular 
values of k 2 (in 1024 cm-2) are indicated along the curves. The real part of J in the 
triplet state is zero for k2~22 X 1024 cm-2 (El&b~18 Mev). The real part of J in 
the singlet state is always positive. The curve for the singlet state is not shown for 
low energies because of limitations of space. If continued beyond the figure, the 
curve would bend over and approach the point J = +2.37 X 10-12 cm (real) at zero 
energy. These curves are obtained from the shape-independent approximation 

(11,3.19) and are to be used only for qualitative purposes. 

The real part of J and A 1 are both negative at lower energies, positive 
at high energies. 

N ow consider the singlet state. There is no bound singlet state of 
the deuteron, and the singlet scattering length a. is negative. Equa
tion (II,3.l3) thus implies that the singlet phase shift o. approaches 
zero as the energy approaches zero. 1 Equation (II,3.l9) shows that 
k cot O. is always positive, i.e., the phase shift o. is always less than 
1r/2. Hence the real part of J is also positive in the singlet state, and 
so is the coefficient A 1 in the singlet scattering cross section. 

Since the measurements which give the angular distribution are 
commonly measurements of relative cross sections at various angles, 
rather than of absolute cross sections, we are interested primarily in 
the ratios B Ii B 0 and B 2/ Boas defined in (2.16). These ratios are 

1 This is not shown on Fig. 2.2 because of limitations of size: if it were continued 
on, the singlet curve would bend over and approach the real axis vertically as E 
approaches zero, at the point Re(J)o = -a, = +2.37 X 10-12 cm. 
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plotted as functions of the energy in Fig. 2.3. At present the accuracy 
of angular distribution measurements is not better than 5 to 10 per
cent. Thus a ratio BdBo or BdBo less than about 0.1 would 
probably escape detection. Figure 2.3 shows that B dB 0 is of this 

-0.1 

FIG. 2.3. The experimental cross section is written as dtr = (Bo + Bl cos fJ + 
B2 cos2 fJ) dw. The asymmetry parameters Bt/Bo and B2IBo are plotted as func
tions of energy in the figure. These values are obtained by rough approximations 
and should not be used for detailed comparison with experiment. The curves as 
shown are appropriate for an ordinary (Wigner) force. If the force is a pure 
Majorana force, Bt/Bo changes sign and B2IBo stays unchanged. A Serber force 
gives spherically symmetric scattering (B l =B2 =0) in the approximation under-

lying this figure. 

order or smaller in the region between 12 and 15 Mev. [The zero of BI 
is at a somewhat lower energy than that of the triplet coefficient (A 1)1 

because of the singlet state contribution.] This is just the region 
where measurements of angular distribution were made. Thus we 
should not expect to find a strong cos (J term in the cross section at energies 
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between 12 and 15 Mev. Rather the angular dependence should be of 
the type Bo + B2 cos2 (J. 

There are in the literature theoretical estimates (Bethe 40a, Rarita 41a) which 
disagree with this conclusion. The reason for the disagreement is the choice of 
the effective range in the triplet state. Our choice, TOt = 1.73 X 10-13 cm, is appreci
ably lower than the effective range implied by either the Rarita-Schwinger well or 
Bethe's neutral meson theory. A higher effective range would lower the energy 
at which (BIlBo) =0. We would then expect an appreciable, positive term in 
cos () in the angular distribution at the energies under discussion. However, the 
recent measurements of coherent neutron-proton scattering (see Section 3D of 
Chapter II) are definitely in disagreement with such long triplet ranges. 

We now consider the effect of an exchange force on the scatter
ing in the medium-energy range. We first study the case of a pure 
Majorana force (1.2). Let us separate g((J) into a symmetric and an 
anti-symmetric part around (J=7r/2: 

g((J) = geven + godd = t [g((J) + g(7r-(J)] + t [g((J) - g(7r-(J)] (2.17) 

Since the even spherical harmonics (l even) are even functions of (J 
in this sense and the odd spherical harmonics are odd functions, we 
conclude that scattering in states of even 1 contributes to geven whereas 
scattering in states of odd 1 contributes to godd' The Majorana 
exchange operator yY is equal to + 1 for even l, - 1 for odd l. Since 
the Born approximation value for g((J), (2.7), depends linearly on 
the potential, we obtain the Born approximation to g((J) for a pure 
Majorana force by reversing the sign of godd in (2.17). Thus 

(2.18) 

where the subscripts stand for Majorana and Wigner exchange 
character, respectively. Equation (2.18) is correct at all energies (to 
the extent that the Born approximation is valid, that is). In the 
medium-energy range under consideration the transformation (2.18) 
is equivalent to a reversal of the sign of the P wave g((J),.(2.9). 

As the S wave scattering amplitude J is independent of the exchange 
character of the nuclear forces, we finally obtain the result: for the 
same radial dependence (range, depth, and shape) of the force, and to 
the extent that the Born approximation for scatteri,tg in states of l~O is 
valid, a pure M ajorana force gives the same scattering in the direction (J 
as a Wigner force does in the direction 7r-(J. In particular, if the Wig
ner force leads to a preference for scattering in the forward direction, 
a Majorana force leads to a preference for scattering in the backward 
direction. 

This result has a very simple physical interpretation. Consider a 
collision between a neutron and a proton in which the neutron is 
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deflected (in the center-of-gravity system) through an angle O. The 
proton is observed emerging in the diagonally opposite direction. 
K ow assume that the force which produced the deflection was an 
exchange force, but with other\\;se identical dynamical properties 
(strength and range). The collision still looks the same as before, 
with one difference: the particles have exchanged their roles during the 
collision. Hence the particle emerging in the direction 0 is now a 
proton, and the neutron appears in the direction 7r - O. This shows 
that observation in the direction 7r - 0 with exchange forces is equiva
lent to observation in the direction 0 with ordinary forces: the col
lisions observed are essentially the same, and the cross sections are 
equal. All these statements are only approximately true, of course. 
If the interaction is strong (so that the Born approximation is inap
plicable), the neutron and proton could change places more than once 
during the collision, invalidating the above argument. 

In the medium-energy range under consideration here a pure 
Majorana exchange force gives the cross section (2.16) with the sign 
of Bl (the coefficient of cos 0) reversed. Thus, in particular, there is 
no significant difference in the scattering by a pure W igner and a pure 
Majorana force in the 12 to 15 Mev region. The coefficient Bl in the 
cross section is too small to be detected anyhow, so it does not matter 
whether its sign is reversed. l 

Since there is little difference between Wigner and Majorana forces 
in the scattering around 12 to 15 Mev, we might think that the scatter
ing cross section at that energy is independent of the exchange character 
of the force. This is by no means true, however. To demonstrate 
this point, consider the Serber force (1.4). This force acts only in 
states of even orbital angular momentum l. In states of odd l the 
Majorana exchange operator pM equals -1, so the Serber force (1.4) 
is zero. We have proved already that the scattering in states of even 
l contributes only to geven in (2.17), the scattering in states of odd l 
contributes only to godd. 2 We conclude that the scattering amplitude 
f(O) =l+g(O) produced by a Serber force is an even function of 0, i.e., 

1 It is particularly unfortunate that the earlier calculations with longer triplet 
ranges gave a result opposite to this, since the experimenters were encouraged 
thereby to measure only the ratio of the cross section at 8=71" and 8=71"/2 rather 
than the full angular distribution. This ratio is sufficient if the cos2 8 term is 
negligible, but not otherwise. Furthermore, our estimates show that the 12 to 15 
Mev region is just about the poorest region for distinguishing hetween Wigner and 
Majorana forces. Any other energy range (even lower energies) would be prefer
able for this purpose. 

s Unlike (2.18), which depends on the use of the Born approximation for g(8), 
the above statement is true even if the Born approximation is not valid. 
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f(O) =f(r-O) (Serber force) (2.19) 

The scattering cross section (2.8) is then also an even function of 0 
in both spin states. 

Let us investigate the effect of a Serber force in the medium-energy 
scattering. The approximate g(O), (2.9), which we have employed so 
far is due to scattering in the P state. It is an odd function of cos 0 
(proportional to cos 0) and is therefore not present if the force is a 
Serber force. Rather, we have to go to the next (D wave) term in the 
expansion of g(O), (2.7). The even part of this term is 

g(O) = io (3 cos2 0 - 1) k4 !O .. W(r) r6 dr (Serber force) (2.20) 

A simple calculation shows that this deviation from spherically 
symmetric scattering is much too small to be detected around 12 to 
15 Mev. 

We now determine the scattering due to the force (1.3) which obeys 
the saturation requirements. We can write (1.3) in the form 

I+PM I_PM 
V = (a + (3) -2- VCr) + (a - (3) -2- VCr) ({3 > 4a) 

where the first term is a Serber force and the second term is an 
"anti-Serber" force which is zero in even states and acts in odd 
states only. Hence the P scattering is given exclusively by the second 
term and would be equal to the P scattering of a Wigner force of 
strength (a-{3) VCr). The ratio BdBo in (2.l6) is therefore equal to 
the one given in Fig. 2.3 multiplied by the factor [(a-{3)/(a+{3)j2. 
This factor is (!)2 for {3=4a. Hence the force (1.3) would give an 
angular variation in the cross section around 12 to 15 Mev which is 
l-s times smaller than the angular variation due to a pure Wigner or a 
pure Majorana force (within the accuracy of the Born approximation). 

Let us now compare the theoretical conclusions with the experi
mental results. As far as the total cross section is concerned, the 
theory is in agreement with the experiments. By far the main con
tribution to the total cross section comes from the S scattering in the 
medium-energy range. This part does not depend on the exchange 
character of the force. Since the triplet phase shift which is responsi
ble for about 75 percent of the cross section is near 90° in this energy 
region, the total cross section is close to 4r~2 within the limits of the 
experimental accuracy. This agrees with the observations. How
ever, the predictions drawn from Fig. 2.3 for a pure Wigner force or a 
pure Majorana force are in disagreement with the experimental 
results between 12 and 15 Mev. While BdBo is negligible at these 
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energies, the coefficient B2IBo of the cos2 8 term is predicted to be of 
the order of 0.15 to 0.20. This would make the cross section at 
8=1r/2 some 15 to 20 percent lower than the cross section at 8=1r, in 
definite disagreement with experimenV (quoted at the beginning of 
this section). The experimental result would be in agreement with a 
Serber force which gives almost complete spherical symmetry for these 
energies. It is also in fair agreement with a force of the type (1.3), 
since a variation which is about a third of the one predicted by Fig. 
2.3 would not contradict the measurements. 

It must be emphasized that the disagreement between experiment 
and the theoretical predictions of a pure Wigner or Majorana force 
could be removed by an assumption of a different well shape for the 
potential well. Figure 2.3 is based on the exponential well shape. 
A less "long-tailed" well, the square well for example, would give 

a much lower value for the integral !o .. W(r) r4 dr because of the r 4 in 

the integrand. Since the coefficient of cos2 8, (2.15), is proportional 
to the square of this integral, the well shape effect is quite appreciable. 
(Under our shape-independent approximation for J, on the other hand, 
there is no well shape effect at all on Ao or Bo.) If we had chosen a 
square well rather than an exponential well shape, the ratio (B 21 B 0) 
would be only about a quarter of the values indicated in Fig. 2.3. 
The predictions would then be in agreement with experiment within 
the experimental errors even for pure Wigner or Majorana forces. 

At this stage we encounter the difficulty of interpretation mentioned 
in the introduction. The theory can be made to agree with the present 
data in two entirely different ways: (1) we can choose a long-tailed 
potential shape with one of the mixed exchange characters, (1.3) or 
(1.4); or (2) we can use a pure exchange character (either Wigner or 
Majorana) provided the well shape is more compact (short-tailed). 
More specific information about the neutron-proton force will be 
acquired from measurements in the 20 to 30 Mev energy range. 
Figure 2.3 shows that, in that range, both the cos 8 and cos2 8 terms 
have large enough coefficients to be measurable with present experi
mental techniques; thus the measured angular dependence of the cross 
section would reveal more about the exchange character of the forces 
than similar measurements in the 12 to 15 Mev region. Some pre
liminary measurements (Brolley 50, 51) at 27 Mev show an appreciable 
angular variation of the cross section. 

1 We have warned the reader before against direct comparison of this figure with 
experiment. The comparison made here is permitted, however, because the dis
agreement is so large that it may be considered meaningful. 
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3. NEUTRON-PROTON SCATTERING AT ENERGIES 
LARGER THAN 30 MEV 

In the limit of very high energy the scattering cross section as 
expected by theory is discussed most easily by considering the behavior 
of g(O), (2.7). Let us assume that the de Broglie wavelength in the 
center-of-mass system, 'A = k- 1, is small compared to the range b of the 
nuclear forces. The brace in the integrand of (2.7) contains two terms, 
one of which is an oscillating function of r [sin(Kr)j(Kr)], whereas the 
other always has the same sign. If the oscillations of the first term 
occur within the range b of the forces, the first term contributes very 
little compared to the second term. The oscillations of the first 
term occur for values of r larger than K-1• Thus the first term in the 
brace of (2.7) makes a negligible contribution to the integral provided 
that 

i < K = 2k sin (;) (3.1) 

Under our assumption kb»l the maximum angle for which (3.1) 
is fulfilled is so small that we can replace the sine by its argument. 
Thus the first term in the brace of (2.7) makes a negligible contribu
tion provided that the scattering angle 0 exceeds a certain critical 
angle 8e given by 

(3.2) 

Let us consider an attractive Wigner force for which W(r) is positive. 
At angles 0> 8e, g(O) is negative and independent of 8. Since the 
average value of g(O) over all directions is zero by construction, the 
variation of g(O) with the angle 0 is as indicated in Fig. 3.1. The S 
wave phase shifts 0 are less than tn- in both spin states at these energies. 
The resulting cross section shows a sharp peak in the forward direction 
and drops to a roughly constant, lower value for angles 0> Oe. 

A pure Majorana force gives the opposite behavior according to 
(2.18): the cross section shows a sharp peak in the backward direction 
and drops to a roughly constant, lower value for angles 8 < 11" - Oe. 

The experimental data (Brueckner 49, Hadley 49, Kelly 50, Wallace 
51) were taken with neutron beams of "mean" energies around 
40 Mev, 90 Mev, and 260 Mev. The energy spread in these beams is 
illustrated by Fig. 3.2, which is taken from Hadley et al. In Fig. 3.3, 
taken from the same .source, there are plotted the experimental cross 
sections in the center-of-gravity system. The points in the upper part 
of the figure refer to the" 40 Mev" data, the lower points to the" 90 
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FIG. 3.1. The non-S-wave scattering amplitude g(O) is shown schematically as a 
function of 0, for very high energies, under the assumption of an ordinary (Wigner) 
force. g(O) has a sharp maximum at 0 = 0, then drops to a constant, negative value 
at angles O>Oc, where Oc",kb (k=relative wave number, b=range of the force). 
A Majorana force gives the same result with 0 replaced by 1< - o. A Serber force 

annihilates the odd part of g(O), i.e., gSerber = Ug(O) + g(".-O)]. 
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FIG. 3.2. Energy distribution of the neutrons obtained by stripping 190-Mev 
deuterons on beryllium 1.27 em thick. The solid curve is from the theory of 
Serber (47). The shaded rectangles and the vertical points (with errors) are 
experimental values obtained by different techniques of measurement. There is 
a considerable spread of energies around the mean energy (90 Mev). [This is 

Fig. 3 of Hadley (49).] 
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FIG. 3.3. The differential neutron-proton scattering cross section in the center-of
gravity system in 10-27 cm2/steradian. The upper points were taken with 
"40 Mev" neutrons, the lower points with "90 Mev" neutrons. The various 
points for each angle were obtained in different runs with various experimental 
conditions. The stars represent the final best averages. [This is Fig. 10 of 

Hadley (49.)) 

Mev" data. The stars in the figure represent the best averages 
available. It is apparent from Figs. 3.2 and 3.3 that any detailed 
fitting of these experiments by theory is out of the question. Only 
qualitative conclusions may be drawn from the data. 

The total cross section 

(3.3) 

was also measured by the same authors and by De Juren (50) with the 
following results: 

(J' = (1.7 ± 0.2) X 10-25 cm2 

(J' = (7.6 ± 1.0) X 10-26 cm2 

(J' = (3.8 ± 0.15) X 10-26 cm2 

(E1Bb = "40 Mev") 

(E1Bb = "90 Mev") 

(3.4) 

(3.5) 

(E1Bb = "280 Mev") (3.5a) 
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We shall now show that both the angular distribution and the total 
cross section at 90 Mev favor the assumption of a Serber exchange 
force, (1.4). Consider first the angular distribution. If the force 
were a pure Wigner force, the cross section for angles 0> Oc ought to 
be roughly angle independent and low. At 90 Mev the critical angle 
Oc is of the order of 0.5 radian. The experimental cross section shows 
a qualitatively different behavior: it rises sharply for angles O>j-Jr. 
Thus pure Wigner forces are excluded by the data. Conversely, the 
rise in the cross section for 0 < 70° can be used to exclude a pure 
Majorana force. On the other hand, (2.19) shows that a Serber force 
leads to a cross section which is symmetric around 0 =j-Jr. Although 
the experimental cross section is not exactly symmetric around 90°, it 
is near enough to this behavior to show that the Serber exchange 
character gives a reasonable first approximation. The extensive 
calculations of Christian and Hart (50) bear out this qualitative 
conclusion. 

The total cross sections, (3.5) at "90 Mev" and (3.5a) at "280 
Mev," are quite low compared to most theoretical predictions. We 
shall now show that, given the potential VCr) in the S state, the Serber 
exchange character gives the lowest possible cross section. The total 
cross section is given by (2.4) and (3.3). We again split y(O) into an 
even and an odd part to get 

(3.6) 

The cross term vanishes because the integrand is an odd function of 
cos o. Let us assume an arbitrary exchange character for the force: 

v = (ex + f3pM) VCr) (with ex + f3 = 1) (3.7) 

Then the force in the states with even 1 is necessarily equal to the force 
in the S state, since pM = +1 in states with even l. As the first integral 
in (3.6) contains the contributions of the states with even l, its value is 
determined by the force in the S state. It is now apparent that we 
get the minimum cross section if Yodd =0, and this is the case for the 
Serber exchange force, ex = f3 = t. This theorem is true in the singlet 
and triplet spin states separately and is therefore also true for the 
observed cross section. 

The Serber force is therefore a satisfactory exchange force to fit the 
neutron-proton scattering data at all energies at which they have 
been observed. On the other hand, the Serber force is completely 
unsatisfactory from the point of view of saturation. The Serber force 
is attractive for symmetric pairs, but zero (rather than repulsive) 
for anti-symmetric pairs. In the complete absence of repulsive forces 
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the heavy nuclei are unstable against collapse. There is no saturation 
with an attractive Serber force (Gerjuoy 50). 

I t is therefore of interest to determine whether the cross sections 
can also be fitted with a saturated force, i.e., with a mixture (3.7) 
for which {3/ a> 4. We come closest to the Serber force by choosing 

a = ! {3=! (saturated) (3.8) 

According to Christian and Hart, such a force is in disagreement with 
the "90 Mev" data. It does not give the rise in the differential 
cross section observed for 8> 70°, and the predicted total cross section 
is considerably too large for reasonable well shapes and ranges. 

The situation at present is rather disconcerting: we have intro
duced exchange forces in order to explain the saturation of nuclear 
binding energies and of nuclear densities. Hence it is gratifying that 
the high-energy scattering data are in disagreement with a Wigner 
force and can be fitted with an exchange force. But the exchange 
character which gives the best fit (the Serber force) does not lead to 
saturation! Although there have been suggestions toward a solution 
of this contradiction (Jastrow 50, 51), no detailed calculations of 
neutron-proton scattering with forces other than those discussed here 
have been published as yet. 

We add a few details resulting from the theoretical interpretation of the high
{'nergy data in terms of a neutron-proton force derivable from a potential function 
(Christian 50): 

(1) A long-tailed potential well shape (Yukawa or exponential well) gives an 
appreciably better fit to the data than a short-tailed (square or Gaussian) well 
shape. 

(2) The shape of the angular distribution around 90° is evidence of a tensor 
force contribution to the scattering. A purely central Serber force yields a flatter 
(more U-shaped) angular distribution than the experimental one (Figure 3.3), 
which is more nearly a V-shape. 

(3) The triplet range needed for the high-energy data is in agreement with the 
triplet effective range from the low-energy data. The singlet range must be larger 
than 2 X 10-13 cm to fit the high-energy data, and must be between 1.5 and 
3 X 10-13 cm to fit the low-energy data. 

(4) The shape and range of the tensor force are not uniquely determined. In 
particular, the range of the tensor interaction may be longer than the central force 
range by as much as a factor of 2 without giving any disagreement. On the other 
hand, a tensor range appreciably shorter than the central force range is in disagree
ment with the quadrupole moment and magnetic moment of the deuteron (see 
Section 5 of Chapter II). 

4. PROTON-PROTON SCATTERING 

The identity of the two protons in the proton-proton scattering 
reduces considerably the number of parameters necessary to describe 
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the scattering. States with even l have only singlet scattering, states 
with odd l have only triplet scattering. If we ignore the tensor forces, 
we need to determine only one phase shift for each value of the orbital 
angular momentum l, whereas we had to determine two phase shifts 
for each l in neutron-proton scattering with central forces. 

Measurements of proton-proton scattering have been performed at 
energies of 32 Mev (Cork 50, Panofsky 50) and 340 Mev (Chamber
lain 50). The data at 32 Mev are consistent with a nuclear interaction 
in the S state (l =0) only. This is very surprising, since the P state 
and D state scattering should be expected to enter significantly at this 
energy. It is possible that scattering in these states is present but 
the contributions add up in such a way as to simulate a pure S wave 
effect. Experiments at different energies in the 20 to 60 Mev region 
would check this possibility since the cancellation of P wave and D 
wave angular dependences at 32 Mev could hardly be expected to 
maintain itself over a wide range of energies. 

It is possible to construct a force which is effective only in the S state 
and is zero in all other states. This force [given by (111,3.25)] is not 
an exchange force in the usual sense of the term, however. Further
more we shall see that the scattering at 340 Mev is in disagreement with 
this assumption. 

Christian and Noyes (Christian 50a) have analyzed the 32-Mev data 
on the assumption of exchange forces which are purely attractive in 
the IS state. They find that it is necessary to introduce appreciable 
tensor force effects in the 3p state to explain the 32-Mev data on that 
basis. (There are no tensor forces in the S, D, ... states of the proton
proton system since states of even l are required by the Pauli exclusion 
principle to be singlet states.) Alternative explanations of the 
data have been suggested, however (Jastrow 50, 51, Case 50). More 
experimental material is necessary before there can be a definite 
decision between the various hypotheses. The most important con
clusion from the present results is this: it is likely that the proton
proton scattering cannot be described by the same force that repro
duces the neutron-proton results. The Serber force, which was a 
satisfactory possibility for the neutron-proton scattering, does not 
predict the observed proton-proton scattering at 32 Mev. The 
charge independence of nuclear forces which seemed to be valid at low 
energies is probably invalid at higher energies. 

Let us now turn to the 340-Mev data. In the region of angles where 
the Coulomb scattering is unimportant, the experimental cross section 
is quite flat and has a value of (Chamberlain 51) 

du = (4 ± 0.4) X 10-27 cm2/steradian (4.1) 
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This cross section is too large to be explained on the basis of an 
interaction in the S state only. The largest possible S wave cross 
section is given by 

du = ~2 dw (maximum S wave) (4.2) 

where l\ =k-1 is the de Broglie wavelength in the center-of-mass 
system. At an energy of 340 Mev, we should expect the cross section 
to be appreciably smaller than this maximum (which corresponds to 
an S wave phase shift 15 0 =tn-). However, at 340 Mev in the laboratory 
system, the wavelength ~ is about 5 X 1(}-14 cm. Hence the experi
mental cross section is almost twice the maximum possible one for pure 
S wave scattering. Thus the force (III,3.25) is excluded by the 340-
Mev data, even though it is consistent with the 32-Mev data. 

Christian and Noyes have tried to fit the 340-Mev data with an 
exchange force of the Serber type, and purely attractive (negative) 
V(r). The usual potential well shapes lead to theoretical results in 
qualitative disagreement with the cross section at 340 Mev. The 
theoretical cross sections are approximately independent of angle in 
the central region of angles, but they are one order of magnitude too 
small in absolute value. This can be interpreted as more evidence 
against the charge independence of nuclear forces. 

Several attempts were made to explain the abnormal behavior of 
the proton-proton scattering at high energies by means of new types 
of forces. Christian and Noyes (50a) used a highly singular tensor 
force to correlate the data. Jastrow (50, 51) has suggested that the 
large, spherically symmetric scattering found at 340 Mev may be due to 
strong repulsive forces when two protons approach each other closely. 
Case and Pais (50) have suggested a third explanation in terms of a 
force which cannot be derived from a potential function. It is a 
velocity-dependent force which includes spin orbit coupling. Only 
more experimental material can decide which of these choices, if any, 
is the correct one. 

The only feature which appears to be common to all these attempts 
to explain the data is a very strong interaction of the proton-proton 
pair at distances of the order of 10-13 cm or less. It may be that this 
common feature of the otherwise completely disparate explanations is 
significant. 

a 

a. 
a, 

SYMBOLS 

Scattering length· (Section 2) 
Scattering length in the singlet spin state 
Scattering length in the triplet spin state 

(Section 2) 
(Section 2) 
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Ao Isotropic part of the differential scattering cross section du 
[= IJI2] (2.12), (2.13) 

A 1 Coefficient of cos 8 in du (2.12), (2.14) 
A2 Coefficient of cos2 8 in du (2.12), (2.15) 
b Range of the nuclear force (Section 2) 
Bo Isotropic part of the experimental differential scattering cross 

section (2.16) 
B 1 Coefficient of cos 8 in the experimental differential scattering 

cross section (2.16) 
B2 Coefficient of cos2 8 in the experimental differential scattering 

cross section (2.16) 
du Differential scattering cross section (2.8) 
(du). Differential scattering cross section in the singlet spin state 

(2.16) 
(du), Differential scattering cross section in the triplet spin state 

(2.16) 
dw Element of solid angle (2.5) 
E Energy of the relative motion (Section 2) 
Elab Energy of the neutron in the laboratory system [ = 2E] (Sec-

tion 2) 
f(8) Scattering amplitude (2.1) 
J Average value of f(8) [=S wave part of f(8)] (2.4), (2.5) 
(J)o Value of J at energy E = 0 (Section 2) 
Ji Imaginary part of J (2.11) 
Jr Real part of J (2.10) 
g(8) The non-S-wave part of f(8) [=f(8) -J] (2.4), (2.7) 
geven =j-[g(8) + g(r-8)] (2.17) 
gM(8) Value of g(8) for a pure Majorana force (2.18) 
godd =t!g(8) - g(r-8)] (2.17) 
gw(8) Value of g(8) for a pure Wigner force (2.18) 
k Wave number of the relative motion (Section 1) 
k llnal Wave vector of the relative motion after the collision (2.3) 
k init Wave vector of the relative motion before the collision (2.3) 
K =Ikfinal-kinitl (2.1), (2.3) 
l Orbital angular momentum quantum number (Section 1) 
M Nucleon mass (2.2) 

V 
W(r) 

Majorana exchange operator (Section 1) 
Distance between the two particles (Section 1) 
Effective range for scattering in the triplet spin state 
tion 2) 
Potential of the nuclear force (Section 1) 
= - (M /1&2) VCr) (2.1), (2.2) 

(Sec-



190 IV. Two-Body Problems at High Energies 

z Component of the interparticle separation vector along the 
direction of the incident beam (Section 2) 

a Coefficient of the Wigner part of the potential V (1.3) 
{3 Coefficient of the Majorana part of the potential V (1.3) 
6 Phase shift for S wave scattering (2.10), (2.11) 
6. S wave phase shift in the singlet spin state (Section 2) 
6, S wave phase shift in the triplet spin state (Section 2) 
8 Angle of scattering in the center-of-gravity system (Sec

tion 2) 
8, Critical scattering angle at high energies; for 8> 8e, du is 

roughly independent of 8 (3.2) 
~ de Broglie wavelength of the relative motion (divided by 211") 

[= k- 1] (Section 1) 
JJ. Reduced mass [.......,tM] (2.2) 
u Total scattering cross section (3.3) 



CHAPTER V 

Three- and Four-Body Problems 

1. INTRODUCTION 

Historically, the study of the three- and four-body problems was of 
decisive importance for nuclear physics. The basic work of Wigner 
on the binding energy of the alpha-particle (Wigner 33a) showed that 
nuclear forces have a short range and are very strong inside that range. 
The range of the nuclear forces was estimated from the binding energies 
of the triton and the alpha-particle before the two-body scattering 
experiments were able to give any indication of a range of the force. 
In particular, L. H. Thomas (35) gave a proof that the nuclear forces 
cannot have zero range at a time when the neutron-proton scattering 
experiments were still completely consistent with a zero range inter
action, and when no proton-proton scattering experiments were 
available at all. Thomas was able to show that a neutron-proton 
force of very small range, and of strength appropriate to give the cor
rect binding energy of the deuteron, leads to a very large binding 
energy of the triton, even if the two neutrons in the triton do not 
attract each other at all. Indeed, the predicted binding energy of the 
triton can be made arbitrarily large by choosing the range of the force 
small enough. 

The study of three- and four-body problems should allow us, in 
principle, to estimate the importance of many-body forces in nuclei. l 

If we knew the forces between two nucleons, we could solve the wave 
equation for the three- and four-body problems, assuming that there 
are no additional forces which come into play. If the results agree 
with the experimental data, there is no need to invoke many-body 
forces; if there is disagreement, many-body forces must be present. 

Unfortunately, the situation is not nearly so clear cut. First of 
all, we do not know the forces between two nucleons well enough to 
delimit the three-body and four-body problems completely. Unlike 
the two-body problems at low energies, the three- and four-particle 

1 Estimates of the importance of three-body forces, based on field theory, have 
been given by Janossy (39) and by Primakofi and Holstein (Primakoff 39). 
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systems are sensitive to the finer details of the force law, such as the 
well shape and the ratio of tensor force to central force in the triplet 
spin state. There is one saving feature: the problems treated in this 
chapter are not very sensitive to the exchange character of the nuclear 
forces. The triton and the alpha-particle are tightly bound units in 
which the wave function is as symmetric as possible to take -the most 
advantage of the short-range nuclear forces. Thus the effective 
nuclear interaction is the one in symmetric states, so that a Majorana 
force gives almost the same results as a Wigner force. Conversely, 
we cannot learn anything about the exchange nature of the nuclear 
forces from a study of the ground states of the triton and the alpha
particle. 

Secondly, even if we did know the forces between two nucleons 
exactly, the mathematical treatment of the three- and four-body 
systems presents appreciable difficulties if the forces are central forces, 
and practically insurmountable difficulties if tensor forces are present. 
There is no simple approximation scheme which gives accurate results. 
Rather, we must have recourse to very complicated and tedious varia
tional calculations similar to those used by Hylleraas (30) in his study 
of the atomic three-body problem, the helium atom. Although the 
problem is simple to set up in principle, carrying out the required 
operations for a sufficient number of choices of the force parameters 
would take a prohibitive amount of time by desk computing methods. 

Thirdly, the theory of the scattering and reactions which can take 
place in three- and four-body systems has not even been developed 
schematically in a satisfactory form. Although there is considerable 
experimental information on the scattering of protons by deuterons, 
we do not as yet have any way of utilizing this information to infer 
something about nuclear forces. The calculations so far have used 
approximations of doubtful validity. 

Fourthly, there is every reason to believe that relativistic corrections 
(Feenberg 36, Primakoff 47) are much more important here than in 
the study of the deuteron. The triton and the alpha-particle are 
much more tightly bound than the deuteron. The nucleons are closer 
together and have correspondingly larger kinetic energies. It is very 
difficult to estimate the relativistic corrections accurately; they may 
change the computed binding energy of the triton by 10 to 20 percent 
in either direction, and they have an even greater effect in the alpha
particle. Thus we should not hope for agreement between the non
relativistic theory and experiment to better than 10 percent accuracy. 

The three- and four-body problems present a fascinating challenge 
to research. Presumably there is a great deal of information about 
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nuclear forces contained in the experimental data, but we lack the 
means to get at that information. 

2. THE GROUND STATE OF THE TRITON; CENTRAL FORCES 
The wave function of the triton adjusts itself so as to take the 

greatest advantage of the short-range attractive forces between the 
three pairs of particles. This adjustment is best if there are no nodes 
in the wave function. Rather, the wave function has to be large 
whenever the two particles are close enough together to feel the nuclear 
forces, and it has to be as smooth as possible in order to minimize the 
kinetic energy. 

We shall therefore assume that the wave function of the ground 
state is symmetric under the exchange of the space coordinates of any 
pair of particles. A state anti-symmetric under the exchange of the 
space coordinates of particle 1 and 2, say, would have 'It =0 wherever 
rl =r21 and 'It close to zero over a region of one (relative) de Broglie 
wavelength JI. (see Chapter I, Section 8). Since JI. in the triton is of 
the order of magnitude of the range of the nuclear forces, particles 1 
and 2 would stay outside the nuclear range of each other most of the 
time. As this is very unfavorable energetically, it should be expected 
that such a wave function does not give the lowest (ground) state of 
the triton. In addition to this, the kinetic energy is also unfavorable 
in this state: the kinetic energy is increased by rapid variations in the 
wave function. An anti-symmetric wave function varies more rapidly 
near rl =r2 than a symmetric wave function. Hence not only is the 
potential energy decreased in an anti-symmetric state but also the 
kinetic energy is increased as compared with a symmetric state. 

The symmetry of the wave function of the ground state has two 
consequences: (1) the two neutrons must have opposite spin, accord
ing to the Pauli exclusion principle (see Chapter I, Section 8); (2) a 
Majorana exchange force cannot be distinguished from an ordinary 
(Wigner) force in this state, since the Majorana exchange operator 
gives the result + 1 for every pair of particles. l 

Since the intrinsic spins of the two neutrons cancel each other, the 
net intrinsic spin of the triton is contributed by the proton: S =t (in 
spectroscopic notation the ground state of the triton is predominantly 
a doublet state). As far as the orbital angular momentum is con-

I Both of these statements are only approximately true, of course. The wave 
function of the ground state contains small admixtures of less symmetric states, 
unless the forces between all pairs of particles are precisely equal (and they are 
not). However, our arguments show that these admixtures are relatively unim
portant, so that we are allowed to neglect them in a qualitative discussion. 
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cerned, the requirement that the wave function have as few nodes as 
possible restricts us to the state with L = O. The total angular momen
tum I of the triton (the" nuclear spin ") is then t, and it has its 
origin in the spin of the proton. The magnetic moment of the triton 
is predicted to be the same as the magnetic moment of an isolated 
proton (the two neutron magnetic moments cancel each other since 
the neutrons have opposite spins, and there is no orbital angular 
momentum to produce a convection-current magnetic moment). 
Experimentally, both these predictions check very well: I =t, and 
the magnetic moment is 1-'=2.98 nuclear (Bohr) magnetons (Dieke 
49, Nelson 49, Bloch 47, Anderson 47). The small discrepancy 
between this magnetic moment and the proton magnetic moment, 
I-' = 2.79 magnetons, is commonly attributed to cooperative effects 
which do not concern us here (see Chapter VI). 

We might think that the spin dependence of the nuclear forces should 
enter the calculation significantly. To a first approximation, however, 
the only quantity of significance for the triton problem is the average 
of the forces in the two spin states (singlet and triplet). To prove 
this, we assume that the wave function is completely symmetric under 
the exchange of the space coordinates of any two nucleons. We shall 
also assume that the nuclear force, although spin dependent, is charge 
independent, i.e., the neutron-neutron force is equal to the (singlet 
state) neutron-proton force. Under our assumptions about the wave 
function, the probability of finding two nucleons with parallel spins 
(triplet state) a given distance apart is the same as the probability of 
finding two nucleons with opposite spin (singlet state) the same dis
tance apart. Furthermore, the potential energy as a function of 
distance depends only on the relative spin orientation, not on the type 
of pair (like or unlike particles).l Thus the contributions of the 
singlet and triplet pairs to the total potential energy are directly pro
portional to the number of each type of pair. Let us therefore count 
singlet and triplet pairs: the two neutrons form a singlet pair (Pauli); 
the up-spin neutron together with the up-spin proton forms a triplet 
pair; the remaining pair (down-spin neutron with up-spin proton) 
must be counted2 as half triplet, half singlet; there are equal numbers 

1 A reminder is in place here, perhaps, that we are deliberately excluding tensor 
forces from the discussion in this section. The "spin-dependent" forces involved 
here are by assumption of type (dl'd2) rather than tensor forces. 

'Proof: The spin part of the wave function for an up-spin proton and a down
spin neutron is Q(p)/l(n), where Q denotes an up spin, /l a down spin. We write 
this as Q(p)/l(n) = tlQ(p)/l(n)+/l(p)Q(n)] + t[Q(p)/l(n) -/l(p)Q(n)]. The first 
term corresponds to the triplet state; the second term to the singlet state. Since 
they occur with equal coefficients, the pair has to be counted as half singlet and 
half triplet. 
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(I) of triplet pairs and singlet pairs in the triton. The effective 
potential energy between each pair of particles in the triton is, hence, 

VefJ(r) = t [Vt(r) + V.(r)] (2.1) 

Of course this is only a first approximation. The triplet force is 
stronger than the singlet force (see Chapter II), and the wave function 
tries to take advantage of this extra attraction. The probability of 
finding a triplet pair close together is somewhat larger than the 
probability of finding a singlet pair close together. The true wave 
function is not completely symmetrical under the space interchange of 
all pairs of particles. This is only a small correction, however, espe
cially when compared with the effects of tensor forces. To the extent 
that the approximation (2.1) is justified, we cannot draw any conclu
sions about the spin dependence of the nuclear forces from a study of 
the ground state of the triton. 

We now proceed to a discussion of the theoretical results for the 
triton binding energy under the assumption of central forces. This 
discussion is considerably simplified compared with earlier work. 
First of all, we now know that the tensor force exists and is important. 
We therefore do not need to strive for great accuracy in the calcula
tions with purely central forces; rather, we can use rough approxima
tion methods (which are easy to handle) provided that they do not 
yield qualitatively incorrect answers, since we are interested only in 
those qualitative conclusions which can be expected to remain valid 
when tensor forces are brought into the discussion. Secondly, the 
theory of the effective range (Chapter II, Section 3) has enabled us 
to define an intrinsic range b for each shape of the potential well in 
such a way that two wells with different well shape but the same 
intrinsic range are closely comparable in the two-body problems. 
This will allow us to study well shape effects in the triton ground 
state. Thirdly, Feshbach 1 has introduced a simple trial wave func
tion which gives qualitatively correct results in the triton problem 
with very little effort. 

We shall be concerned primarily with the exponential and Yukawa 
well shapes (see Section 2 of Chapter II for definitions and notation). 
Although there has been considerable theoretical work with the Gauss 
well shape (Feenberg 35, 36a, Fluegge 37, Margenau 37, 38, Svartholm 
45,48), it turns out to be impossible to fit the present data on the two
body problems by using Gauss wells of the same intrinsic range b 
in both the triplet and the singlet states. The use of two different 
intrinsic ranges complicates the calculations considerably. Since we 

1 Private communication. 
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are interested only in qualitative results anyhow, this complication 
will be avoided here by not using the Gaussian well shape at all. 

The most useful method in the triton problem is the Ritz variational 
method. We calculate the expectation value of the energy with the 
following trial wave function (suggested by Feshbach) : 

(2.2) 

where K is an adjustable parameter which will be used to minimize 
the energy, T12 is the distance between particles 1 and 2, and so on. 
The normalization factor N is given by 

N = ("*") l/2K3 (2.3) 

We do not need to write the wave function for the spins of the particles, 
provided that we use the" effective" potential (2.1) throughout. 

The calculation of the expectation values of the kinetic and potential 
energies with this wave function is straightforward (Pease 50, 51). 
The result is 

15h2K2 
Kinetic energy = - -

14 M 
(2.4) 

where M is the mass of a nucleon. Using the conventional forms 
(I1,2.12, I1,2.13) for the exponential and Yukawa wells, respectively, 
we obtain 

Potential energy = - V Of(K{3) 

where (3 is the conventional range parameter, and 

f(x) = ~ C:IY [2 + 3 C:l) + 2 C:IYJ 
for the exponential well, and 

(2.5) 

(exponen tial) 

(2.6) 

f(x) = 274 x3(2x+1)-2 [1 + 2 Cx: 1) + 2 Cx: lYJ 
(Yukawa) (2.7) 

for the Yukawa well. We have to find the value of K which minimizes 
the total energy [the sum of (2.4) and (2.5)] and insert this value into 
the expressions above. This can be done rather simply by numerical 
calculation. In order to be able to compare the two wells we introduce 
the intrinsic ranges b (see 11,2.19 and 11,2.20) and the well depth 
parameters s (see 11,2.16 and 11,2.17) instead of the conventional 



2. Triton Ground State; Central Forces 197 

range parameters fJ and the conventional well depths Vo. The result 
can be written in the form 

h2 

Kinetic energy = Mb 2 T(s) (2.8) 

h2 

Potential energy = - Mb 2 V (s) (2.9) 

h2 h2 

Binding energy = Mb 2 B(s) = Mb 2 [V(s) - T(s)] (2.10) 

where T(s), V(s), and B(s) are slowly varying functions of the well 
depth parameter s. These functions are shown in Fig. 2.1 for the 
two well shapes, and for reasonable values of the well depth parameter 
s. (We recall here that s = 1 corresponds to a force just barely strong 
enough to produce a bound state in the deuteron.) 

Let us first consider the dependence of the binding energy B on 
the range b of the nuclear force. In the limit, as the range is made very 
short, the well depth parameters s necessary to fit the singlet neutron
proton scattering length a. and the triplet binding energy of the deu
teron approach unity both in the singlet and in the triplet states. 
Since B(s) does not approach zero as s approaches unity, (2.10) shows 
that the binding energy of the triton is inversely proportional to the 
square of the range of the force. In other words, a force which gives 
the correct binding energy of the deuteron and the correct singlet 
state scattering length for neutron-proton scattering can give a very 
large binding energy for the triton if a very small range is chosen. In 
the limit of a zero range force, the predicted binding energy of the 
triton becomes infinite. We must assume that the force has a finite 
range of action. This argument is much less general than the one of 
Thomas for the following reasons: (1) we have restricted ourselves 
to some special well shapes, whereas Thomas' argument makes no 
assumption about the details of the force law; (2) we have assumed an 
attractive neutron-neutron force of the same strength as the (singlet 
state) neutron-proton force, whereas Thomas assumed that there 
was no attraction between the two neutrons. If we had assumed no 
attraction between the two neutrons, we would have had to multiply 
V(s) by l We would then get no binding at all [B(s) negative] for 
s= 1. 

Comparison of the results of Fig. 2.1 with the very accurate calcula
tions of Rarita and Present (Rarita 37; exponential well, intrinsic 
range b=3.06X1O-13 cm) and of Brown and Plesset (Brown 39, 39a; 
Yukawa well, intrinsic range b=3.89X1O-13 cm) shows that the trial 
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FIG.2.1. The potential energy V(s), kinetic energy T(s), and binding energy B(s) 
of the triton (in units 11.2/ Mb 2, where b is the intrinsic range of the force) as func
tions of the well depth parameter s for two well shapes: Yukawa well (solid curves) 
and exponential well (dashed curves). The "deep hole" of the Yukawa well 
pulls the wave function toward the center, leading to large values of the kinetic 

and potential energies. 
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wave function (2.2) gives over 90 percent of the binding energy for 
these long ranges. l It is reasonable, therefore, to assume that the 
results obtained with (2.2) can be trusted for qualitative purposes 
also for ranges b more nearly in agreement with present data on the 
two-body problems (b,.....,2.5XlO- l3 em). 

Let us proceed to interpret the curves of Fig. 2.1. The figure shows 
that the binding energy is a small difference between two large quanti
ties (the potential energy and the kinetic energy). This situation is 
very similar to the one in the deuteron ground state, except that the 
ratio of the potential energy to the binding energy is somewhat smaller 
here than in the (more weakly bound) deuteron. 

There is a characteristic difference between the two well shapes, 
however. Both the kinetic and the potential energies are very much 
larger for a Yukawa well than for an exponential well of the same 
(intrinsic) range b (Irving 51). This result allows a simple interpreta
tion: the Yukawa well, being more long-tailed, has a deeper hole near 
r = 0 than the exponential well. This is shown in Fig. 2.2, where we 
have drawn a Yukawa well and an exponential well of the same (intrin
sic) range and the same well depth (8=1). The triton wave function 
tries to take advantage of this region of strong attraction in the 
Yukawa well by "drawing in." For example, the value of " which 
minimizes the energy for a well depth 8 = 1 is" = 1.90/b for the exponen
tial well, ,,=2.49/b for the Yukawa well. That is, the wave function is 
"drawn into" the Yukawa well some 30 percent more than into 
the exponential well for the same intrinsic range. 

The results of calculations with a "deep hole" well (like the 
Yukawa well) are more questionable than the results with less singular 
well shapes for several reasons: 

(1) The binding energy is a small difference between large quanti
ties; hence high accuracy is needed in both the kinetic and the poten
tial energies in order to get a good value for the binding energy. 

(2) A less trivial source of error comes from the relativistic cor
rections; for reasonable well depths (8 between 1 and 1.2) the ratio of 
kinetic energy to binding energy is between 6 and 10; thus a binding 
energy of 8.5 Mev implies kinetic energies of the order of 50 to 85 
Mev for the Yukawa well. At such energies the relativistic corrections 
can become quite appreciable (10 to 20 percent in the binding energy). 

I These very long ranges are a particularly regrettable choice since considerable 
theoretical work on light-weight nuclei has been based on these force parameters 
(Inglis 37, Margenau 3Ba, 38b, 39, Humblet 48, Nakabayasi 37). In view of the 
incorrect ranges employed, it is now impossible to interpret this work from a 
quantitative point of view. 
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FIG. 2.2. Picture of a Yukawa well and an exponential well 8.8 functions of the 
interparticle distance r. The two wells shown here have the same intrinsic range 
b and the same well depth parameter 8. The abscissa r is measured in units of the 
range b; the ordinate is in arbitrary units. Notice the "deep hole" of the 
Yukawa well for r/b:SO.2. The left-hand ordinate scale is to be used when 

r/b<l.l, the right-hand one when r/b>l.l. 

(3) If the nuclear forces should turn out to be velocity dependent, 
this will give large corrections to the triton calculation with deep 
hole wells. 

Let us now investigate the actual value of the predicted binding 
energy for nuclear forces adjusted to fit the two-body data approxi
mately (there is no need to make an exact adjustment, since we are 
neglecting tensor forces). We shall choose the range so as to fit the 
proton-proton scattering data, and the well depths in the singlet and 
triplet states so as to fit the proton-proton scattering length and the 
binding energy of the deuteron, respectively. This adjustment gives 
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an almost correct well depth for the singlet state neutron-proton force 
automatically (see the discussion of charge independence in Section 4 
of Chapter II), and it gives a not unreasonable value for the effective 
range rOt in the triplet state. The values for the exponential well are: 

b = 2.51 X 10-13 cm 

s, = 0.905 (singlet state) 

St = 1.449 (triplet state) 

S = 1.177 (average) 

(exponential well) (2.11) 

The triplet well constants imply a triplet effective range 
rOt = 1.77 X 10-13 em, which is very close to the experimental value. 
Substitution into (2.10) and Fig. 2.1 gives a binding energy of 

B = 9.79 Mev (exponential well) (2.12) 

This must be compared with the experimental value (Tollestrup 50) 
of Bezp = 8.492 Mev. If we recall that the figure in equation (2.12) 
was obtained from a variational calculation and gives therefore an 
underestimate of the theoretical binding energy, we can conclude that 
an exponential well adjusted to the two-particle data gives too large a 
binding energy for the triton. 

The situation becomes even worse when we use a Yukawa well 
shape. The constants for a Yukawa well, adjusted as before, are 

b = 2.47 X 10-13 cm 

s. = 0.922 (singlet state) 

St = 1.356 (triplet state) 

S = 1.139 (average) 

(Yukawa well) (2.13) 

The triplet effective range implied by these force constants is 
rOt = 1.51 X 10-13 cm, which is somewhat low but not unreasonable. 
Equation (2.10) and Fig. 2.1 give 

B = 12.3 Mev (Yukawa well) (2.14) 

The much larger theoretical value for the binding energy is a result 
of the "drawing" of the wave function into the deep hole of the 
Yukawa well. A Yukawa well, adjusted to the two-particle data, gives 
even worse agreement with experiment in the triton (an even larger binding 
energy) than the exponential well. 

If we were restricted to the use of purely central forces, the conclu
sion of the argument would be that we must go to more concentrated 
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well shapes (like the Gauss well or the square well) in order to fit 
experiment. However, we know from the deuteron analysis that there 
exists an appreciable tensor force which must also be present in the 
triton. We shall defer the discussion of the calculations with tensor 
forces until Section 5 of this chapter. Meanwhile, we conclude that 

(1) The results for the triton ground state are highly well shape 
dependent. 

(2) A "deep hole" well pulls the wave function toward the center 
and leads to a larger binding energy than a less singular potential. 

(3) The theoretical results become more questionable (the likely 
corrections increase) as the well becomes more singular. 

(4) Central force wells adjusted to the two-body data lead to exces
sive binding in the triton. 

The first three conclusions remain correct when tensor forces are 
included in the discussion. 

·3. THE GROUND STATE OF THE ALPHA-PARTICLE; 
CENTRAL FORCES 

The alpha-particle is the first completely saturated nucleus. The 
two protons have opposite spin, and so do the two neutrons. The 
space wave function is then symmetric under the interchange of the 
two protons, and also under the interchange of the two neutrons. To 
a good first approximation, it is also symmetric under the interchange 
of one of the neutrons with one of the protons. In spectroscopic 
notation, the alpha-particle ground state is a ISO state. In the 
approximation that the space wave function is symmetric under the 
interchange of any pair of particles, we can again find the effective 
potential energy by counting singlet and triplet pairs.· Of the six 
pairs, two are definitely singlet (neutron-neutron and proton-proton); 
two are definitely triplet (up-spin neutron with up-spin proton, and 
down-spin neutron with down-spin proton); and the remaining pairs 
are of mixed type and have to be counted as half singlet and half trip
let. The result is again an equal number (3) of singlet and triplet 
pairs, so that the effective potential energy is still given by (2.1). 

The result of Rarita and Present (Rarita 37) for the binding energy 
of the alpha-particle was larger than the experimental value. Since 
this was before the discovery of the quadrupole moment of the deu
teron (and hence the tensor force), it was interpreted widely as a 
serious contradiction between theory and experiment. The con
tradiction becomes even worse when we use the adjusted exponential 
well (2.11) rather than the (longer-range) Rarita-Present well. The 
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very simplest trial function of Rarita and Present (their formula 7) 
then gives a binding energy of 38~2 Mev for the alpha-particle-1O Mev 
too much. An improved trial function would make this disagreement 
much worse. 

The relevant calculations for the Yukawa well shape were performed 
by Svartholm (45). He expresses his results in the form of the well 
depth necessary to fit the observed binding energy, rather than by 
giving the theoretical binding energy implied by a certain well depth. 
This makes little difference for our present purposes. Svartholm gives 
numerical results for the Breit (39) range which fits the proton-proton 
data (b =2.51 X 10-13 cm, which is close to the best value at present): 
the well depth necessary to fit the alpha-particle is V ~ 52.5 Mev, 
which corresponds to S =i(St+ss) ~ 1.052 compared to an "adjusted" 
value (2.13) of S = 1.139. The well depth necessary to fit the alpha
particle is appreciably smaller than the one from the two-body data. 
The adjusted well depth (2.13) (which is already too deep for the 
triton) would give an excessively large binding energy for the alpha
particle. l 

Unlike the triton, the results for the alpha-particle are not extensive 
enough to allow interpretation, other than to say that the adjusted 
central forces give too much binding energy. In particular, we do 
not have enough information to draw conclusions regarding the effects 
of well shape in this problem. We expect, however, that the effects 
are very similar to those in the triton. There is reason to believe 
(Gerjuoy 42) that the tensor forces tend to reduce the theoretical 
binding energy of the alpha-particle (see Section 5). 

4. H3 AND He3 : THE EQUALITY OF NEUTRON -NEUTRON 
AND PROTON -PROTON FORCES 

Although the two-body data give relatively good information about 
the forces between two protons and between a neutron and a proton, 
the information about neutron-neutron forces is very meager indeed. 
Our only piece of evidence is negative: the non-existence of a stable 
di-neutron. This puts an upper limit on the strength of an attractive 
neutron-neutron force. Neutron-neutron scattering experiments are 
out of the question from the practical point of view: the density of 
neutrons in the densest neutron beam available is many orders of 
magnitude too small to permit scattering experiments to be made. 

The three-body systems are, therefore, most likely to give us 

1 The small differences in the well depth correspond to large differences in the 
binding energy, as a look at Fig. 2.1 will show for the triton; the statement is also 
true for the alpha-particle. 
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unambiguous information about neutron-neutron forces. There is 
only one like-particle pair in the triton (a neutron-neutron pair) and 
in Re3 (a proton-proton pair). The remaining two pairs are neutron
proton pairs in each case. Thus these simplest "mirror nuclei" 
can be expected to give a more unambiguous test of various assump
tions regarding the neutron-neutron force than any heavier nuclei. 

The binding energies of R3 and Re3 are rather close to each other 
(Tollestrup 50): 

B(R 3 ) = 8.492 Mev B(Re 3 ) = 7.728 Mev (4.1) 

This near equality makes it reasonable to assume that the neutron
neutron force (in R 3) is not very different from the proton-proton force 
(in Re3). The small difference between the binding energies, 

~B = 0.764 Mev (4.2) 

is then attributed to the Coulomb repulsion between the two protons 
in Re3 (which has no counterpart in R 3). The effect is in the right 
direction to allow this interpretation, since Re3 is less strongly bound 
than R3. ~B is also of the right order of magnitude. We can see 
this by computing the Coulomb radius Re of Re3, which is defined 
through! 

Coulomb energy of He 3 
6 e 2 

5 R, 
(4.3) 

If we attribute the entire difference of binding energies ~B, (4.2), to 
the Coulomb effect, the Coulomb radius Re of Re3 turns out to be 

Rc = 2.26 X 10-13 em (4.4) 

This is certainly a reasonable value for the "radius" of a light 
nucleus such as Re3. 

We conclude that the binding energies of R3 and Re3 can be under
stood most simply under the assumption that neutron-neutron forces 
are equal to prolon-prolon forces except for lhe Coulomb repulsion bel ween 
two protons. 2 

This assumption is in agreement with the lack of stability of the 
di-neutron. The proton-proton scattering experiments show that the 
di-proton is dynamically unstable (see Section 4 of Chapter II). 

1 The general definition of the Coulomb radius for arbitrary Z is given in Chapter 
VI. 

• Three-body forces are not excluded by this argument. However, if present, 
the "neutron-neutron-proton" and" proton-proton-neutron" forces would have 
to equal each other. 
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Under the assumption of equal neutron-neutron and proton-proton 
forces, the neutron-neutron scattering length is just the a' of (II,4.9). 
Since a' is negative, we conclude that the removal of the Coulomb force 
is not enough to make the di-neutron stable. 

Strong confirmation for equality of neutron-neutron and proton
proton forces comes also from the study of heavier mirror nuclei, 
which will be discussed in the next chapter. 

Once we accept the hypothesis of equality of neutron-neutron and 
proton-proton forces, the observed binding energy difference IlB pro
vides an additional test of the theory, a test which is independent of 
the absolute amount of the binding energies. The Coulomb radius 
R. depends on the "extent" of the wave function of the ground 
state. Since the Coulomb energy of He3 is equal to the expectation 
value of e2/r12 in the ground state (where particles 1 and 2 are the two 
protons), we see from (4.3) that the Coulomb radius R. can be found 
from the wave function of the ground state of lIe3 through the relation 

R.- = - it* - it dT I 5 f 1 
6 r12 

(4.5) 

Since the Coulomb force is small compared to nuclear forces in the 
region which contributes most to this integral, we can approximate 
(4.5) by inserting for it" the wave function of H 3, (2.2), with the best 
value of /C (adjusted to give the highest binding energy for H 3). This 
gives 

42 
R =-/C 

c 25 (4.6) 

According to the calculations of Brown and Plesset (39), equation 
(4.6) is within lO percent of the correct value. If we substitute the 
force parameters for the "adjusted" wells, (2.11) and (2.13), we get 

R. = 1.81 X lO-13 cm 

R. = 1.32 X lO-13 cm 

(exponential well) 

(Yukawa well) 

(4.7) 

(4.8) 

Comparison with the experimental value (4.4) shows that the Yukawa 
well shape gives considerably too Iowa value for the Coulomb radius 
(too high a Coulomb energy) and is probably excluded on this score. 
Preliminary calculations of Pease (50, 51) with tensor forces confirm 
this conclusion. 

The two identical particles (two neutrons in H 3, two protons in He3) 

have opposite spins in the ground state of the three-body system. 
Furthermore they have no relative orbital angular momentum to a 
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first approximation. Thus the comparison of the binding energies 
of H3 and He3 gives information about neutron-neutron and proton
proton forces in one state only, the 18 state. In principle there exists 
an excellent method of studying neutron-neutron forces in other states 
also: the analysis of neutron-deuteron and proton-deuteron impacts. 
Three events can happen when a neutron collides with a deuteron: 

Elastic scattering: 

Deuteron disintegration: n + d = p + n + n 

Radiative capture: n + d = H3 + 'Y 

(4.9) 

(4.10) 

(4.11) 

The disintegration of the deuteron is less likely than elastic scatter
ing at low energies (it is impossible energetically for neutron energies 

. En.18b~3.34 Mev, i.e., i the binding energy of the deuteron) but 
should be observable. 

The corresponding "mirror" reactions occur when a proton col
lides with a deuteron: 

Elastic scattering: 

Deuteron disintegration: p + d = p + p + n 

Radiative capture: p + d = He3 + 'Y 

(4.9') 

(4.10') 

(4.11') 

Although there is considerable experimental material about these 
processes, especially about the elastic scattering (Barkas 39, Barschall 
40, Taschek 42, Smith 48, Fermi 49, Mather 50, and many others), 
the theoretical interpretation of these results is still in a very pre
liminary state (Primakoff 37, Ochiai 37, Motz 40, Buckingham 41, 
Hoecker 42, Massey 48a, Burhop 48a, Critchfield 48). 

~ 6. GROUND STATE OF THE TRITON; TENSOR FORCES 
The presence of tensor forces has several effects on the ground 

state of the triton. First, it is no longer true that the ground state is a 
pure 28112 state. Various other states with the same I =t and the 
same parity are admixed to the dominant 28112 part of the wave func
tion. The main admixture is of type 4Dl!2 (Gerjuoy 42). This can 
be seen most simply by observing that the tensor operator 8 12, (II,5.2), 
behaves like a wave function with 1=2 under rotations of the space 
coordinates. It therefore makes a D state out of an 8 state. In 
the deuteron the D state is the only possible admixture. In the triton 
other admixtures are possible (which can be obtained by applying 
the tensor operator 8 12 to the various D states which are admixed in 
first order), but they are less important than the D state admixture. 
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We can estimate the amount of admixture of other states from the 
measured magnetic moments of the triton and He3 by their contribu
tion to the magnetic moment. In order to distinguish between these 
contributions and the exchange magnetic moments, we must make the 
assumption that the exchange magnetic moment contributions are 
equal and opposite for these two nuclei (Sachs 48, Morrison 48, 
Spruch 50). This assumption is subject to some doubt, however, since 
we do not have a complete understanding of these cooperative effects 
in nuclear magnetism. The result of the estimate, interpreted in 
terms of a predominant D state admixture, is a D state probability of 
roughly 4 percent. This estimate is even less reliable than the similar 
one in the deuteron. The relativistic corrections to the magnetic 
moments of the triton and He 3 are much larger than for the deuteron, 
since the particles are, in general, moving much faster. 

The most striking effect of the tensor forces in the triton is not their 
admixture of other states, but their effect in decreasing the predicted 
binding energy (which we have seen in Section 2 to be necessary for 
bringing theory and experiment into agreement). Equation (2.1) for 
the effective potential between two nucleons in the triton applies only 
to the central force part of the potential. Tensor forces must not be 
averaged in like this. The expectation value of the tensor operator is 
zero in a 28112 state (because the square of the wave function is 
spherically symmetric in such a state and the average of 812 over a 
spherically symmetric distribution is zero, by construction). Thus 
the tensor force contributes to the binding energy of the triton only 
indirectly, through coupling in other, less symmetric, states. This 
situation is entirely analogous to the one for the deuteron. However, 
the tensor force is considerably less effective in the triton than it is in 
the deuteron. First of all, only half of the pairs are triplet pairs. 
The other half are singlet pairs for which the tensor force is zero. 
Secondly, the states which are coupled in are much less favorable 
energetically in the triton than in the deuteron. The triton is a much 
more closely bound structure than the deuteron, so that a state with 
nodes in it (such as the admixed D state) is forced much farther out, 
comparatively, than in the deuteron. The binding energy contribu
tion of the tensor force comes mostly from the cross term between the 
dominant 8 state and the various admixtures. This cross term is 
reduced in the triton because the wave functions for the admixed 
states overlap more poorly with the dominant wave function (the 
8 state) than they do in the deuteron. The result is that a given 
strength of the tensor force has an appreciably smaller effect on the 
binding energy of the triton than on that of the deuteron. 
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This effect reduces the predicted binding energy of the triton com
pared to the value obtained with purely central forces. The potential 
energy is given by 

if ir*[Vt + V.]ir dr 

according to (2.1). If tensor forces are present, V t contains a central 
and tensor part: V t = V tc+ V'To The latter force contributes rela
tively less in the triton than in the deuteron. Since the force constants 
are adjusted to fit the deuteron, we expect that the binding energy of 
the triton is appreciably less with adjusted tensor forces than with 
adjusted central ones. This effect is even stronger in the alpha
particle. 

The early computations (Gerjuoy 42, Feshbach 49) with the Rarita
Schwinger square well (Rarita 41) gave not enough binding energy for 
the triton, rather than too much binding energy as obtained from 
central forces. The situation is complicated by several factors. First, 
Clapp (49) has shown that the approximations used in the earlier 
calculations are not adequate to define the binding energy of the triton 
to sufficient accuracy. Secondly, the well constants used in these 
calculations (the Rarita-Schwinger well) are inconsistent with present 
data on the two-body problems (Biedenharn 50). Pease (50, 51), 
using Yukawa wells which fit the two-body data, gets close to the 
experimental value of the binding energy but gets too small a Coulomb 
radius for Hea. 

In view of the tremendous labor of computation involved in finding 
the binding energy of the triton in the presence of tensor forces (and 
even more for the alpha-particle), it seems likely that a resolution of 
this problem requires large-scale computing machines. Until then, 
the situation is as follows: the introduction of the tensor force goes 
qualitatively in the right direction to explain the discrepancies between 
theoretical and experimental binding energies under the assumption of 
purely central forces. We cannot say at this time whether the dis
crepancies will actually disappear in the tensor force case, or whether 
introduction of explicit many-body forces will prove necessary. How
ever, it seems likely that a fit will be possible using two-body forces 
only, because the two-body data permit a large range of choices of 
acceptable nuclear forces and the three- and four-body problems are 
sensitive to the details of the assumed force law. 

SYMBOLS 

a' Neutron-neutron scattering length, as deduced from proton-
proton scattering data (Section 4) 
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N 
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T(s) 

Vo 

V(s) 

Symbols 209 

Neutron-proton scattering length III the singlet Spill state 
(Section 2) 
Intrinsic range of the nuclear force; for the definition see 
Chapter II, Sections 2 and 3 (Section 2) 
Nuclear binding energy (Section 2) 
Parameter in the binding energy [= yes) - T(s)] (2.10) 
Total angular momentum of the nucleus (Section 2) 
Quantum number for the orbital angular momentum of the 
nucleus (Section 2) 
Nucleon mass (2.4) 
!\ ormalizatioll constant for the trial wave function 'l1 (2.2) 
Distance between two nucleons (2.1) 
Position vector of a nucleon (Section 2) 
Effective range for neutron-proton scattering in the triplet 
spin state (Section 2) 
Coulomb radius of He 3 (4.3) 
Non-dimensional well depth parameter for the nuclear force; 
for the definition of s see Chapter II, Section 2 (Section 2) 
\' alue of s for a neutron-proton pair in the singlet spin state 
(2.11) 
Value of s for a neutron-proton pair in the triplet spin state 
(assuming a purely central force in the triplet spin state) 
(2.11 ) 
Quantum number for the spin angular momentum of the 
nucleus (Section 2) 
Tensor operator; for its definition see Chapter II, Section 5 
(Hection 5) 
The kinetic energy expressed in units h2/Mb2, using the trial 
wave function 'l1 (2.8) 
Conventional well depth parameter of the nuclear potential; 
for its definition see Chapter II, Section 2 (2.5) 
The effective potential energy between each pair of nucleons 
in a completely symmetric state of the three- (or four-) body 
system (2.1) 
The absolute value of the potential energy in units It 2/ Mb 2, 

using the trial wave function 'l1 (2.9) 
Potential of the nuclear force in the singlet spin state 
Potential of the nuclear force in the triplet spin state 
Potential of the central force in the triplet spin state 
tion 5) 
Potential of the tensor force in the triplet spin state 
tion 5) 

(2.1) 
(2.1) 
(Sec-

(Sec-
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a(n) Spin wave function for a neutron with spin pointing up 
(Section 2) 

a(p) Spin wave function for a proton with spin pointing up 
(Section 2) 

{3 Conventional parameter for the range of the nuclear force; 
for the definition see Chapter II, Section 2 (2.5) 

(3(n) Spin wave function for a neutron with spin pointing down 
(Section 2) 

(3(p) Spin wave function for a proton with spin pointing down 
(Section 2) 

t.B Difference in binding energy of R3 and Re3 (4.2) 
K Parameter in the trial wave function 'lr (2.2) 
~ de Broglie wavelength of the relative motion of two particles 

(divided by 211") (Section 2) 
IJ. Nuclear magnetic moment (in nuclear magnetons) (Sec

tion 2) 
d Pauli spin vector of a nucleon (Section 2) 
'lr Wave function for the triton (Section 2); trial wave 

function for the triton (2.2) 



CHAPTER VI 

Nuclear Spectroscopy 

I. General Theory 

1. THE SYSTEMATICS OF STABLE NUCLEI 

A. Stability Conditions 
I t was observed quite early in the development of nuclear physics 

that, at least for light nuclei, the stable species contain approximately 
equal numbers of neutrons and protons (Harkins 22). This is illus
trated in Fig. 1.1 where the quantity 

N-Z 
Tr =--

2 
(1.1) 

is plotted against the mass number A. In Fig. 1.1 each stable nuclear 
species is indicated by a circle. 

The fact that Tr is restricted to 0, -j-, and 1 for the light stable nuclei 
has led to the hypothesis that nuclear forces act between neutrons and 
protons but not between neutrons and neutrons or between protons 
and protons. Then the stability would be largest for the largest 
number of pairs of different types, and this would lead to a preference 
for Tr to be near zero. This drastic assumption of forces only between 
unlike particles is by no means necessary, however. Actually, the 
experiments on proton-proton scattering demonstrate conclusively the 
existence of nuclear forces between protons. Therefore the low values 
of Tr have to be accounted for by a more general argument. 

We recall that there are two kinds of "stability" for a nuclear 
species: 

(1) Dynamical stability: the breaking of the nuclear system into two 
or more parts is energetically impossible. 

(2) Beta-stability: the transformation of a neutron into a proton 
(or vice versa) with the emission (capture) of an electron and a neu
trino is energetically impossible. 
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As the problems connected with dynamical stability are taken up in 
Chapter XI, we shall not be concerned here with that kind of stability. 
In this chapter we want to find out which is the stable nucleus of a 
group of isobaric nuclei with different neutron excess Tr. Since any 
nucleus can transform into any other one in this group by a series of 
beta-transformations, the stable nucleus is the one with the lowest 
energy. 

Hence our problem can be formulated as follows: given a series of 
isobaric nuclei (same A), what are the decisive factors in the deter
mination of the one or the ones with the lowest energy? 

The stability conditions are based on two main factors which we 
enumerate in the order of their importance: 

(1) The symmetry effect: the charge independence and the exchange 
character of nuclear forces, together with the Pauli exclusion principle, 
strongly depresses the energy of nuclei with equal or nearly equal 
numbers of neutrons and protons. 

(2) The charge effect: the effect of the Coulomb repulsion of the 
protons favors nuclei with fewer protons than neutrons. The neutron
proton mass difference also enters the charge effect, but only as a small 
correction. The charge effect increases in importance with increasing 
nuclear charge. 

(3) In a few special cases a third effect is important: the spin
dependence of nuclear forces favors parallel spin over anti-parallel 
spin of a pair of (extra) nucleons. 

We discuss first the symmetry effect and the charge effect. The 
influence of the spin dependence of nuclear forces will be discussed in 
connection with the stability considerations for nuclei with mass 
numbers A = 4n + 2. 

(1) The Symmetry Effect. The significance of the symmetry effect 
is easiest to see if applied to a very simple model of a nucleus, one which 
is far from reality: the independent-particle model. In this model we 
describe the nucleus by an assembly of independent nucleons moving 
inside a sphere of the nuclear radius R. This assumption is, of course, 
entirely unjustified; however, we shall use here only those properties of 
the independent-particle model which follow from symmetry con
siderations, and which, therefore, can be generalized as we shall 
indicate later on. Conclusions which make an essential use of this 
(or any other) special model will be deferred to the next chapter. 

In the independent-particle picture, anyone particle occupies one 
of the levels which are the stationary states in the common central 
field. We shall not use the specific properties of these levels in our 
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present discussion. We treat all nucleons as identical particles with 
two internal degrees of freedom: the spin and the charge, each with 
two possible values. According to the exclusion principle, two identi
cal particles cannot be in the same state. Since we have four possible 
states corresponding to each "level" of the one-particle picture 
(neutron or proton, with spin up or down), each one-particle level 

(a) (b) 
E6r-------------------~ .-------------------.E6 

ESt-------------------I 

FIG. 1.2. A schematic picture of two nuclei of m8.88 number A = 16 on the inde
pendent-particle model. Shaded circles represent neutrons, open circles represent 
protons; the spin directions (up or down) are indicated by arrows. Each horizontal 
line represents a level of the independent-particle model; the levels are arranged in 
order of increasing energy, "1 ~"2 ~"3 ~ ..•. Because of the Pauli exclusion principle, 
the state shown in part (a) for 01& (Tr =0) cannot occur in Nl& (Tr = 1). In 
N 1& one of the neutrons is forced into a higher level, thereby making the wave 

function le88 symmetric. 

counts as four states in general and can accommodate four nucleons. 
This is illustrated in Fig. 1.2, where we have indicated the one-particle 
levels schematically by lines, a neutron by a shaded circle, a proton by 
an open circle, and the spin direction of either by an arrow. The 
nucleus pictured in Fig. 1.2a consists of 8 neutrons and 8 protons, with 
zero net spin (i.e., 0 16). We see that the first four levels are filled and 
the levels of higher energy are empty. Figure 1.2b also depicts a 



1. The Systematics of Stable Nuclei 215 

nucleus of 16 particles, but now made up of 9 neutrons and 7 protons 
(N 16), i.e., with Tr=l. We cannot put more than 2 neutrons in any 
one level; hence the extra neutron must go into the next level. There 
is a simple argument that the sum of all energies is smallest if the 
number of protons Z equals the number of neutrons N, for then the 
particles can be put into the lowest possible levels. If N ¢Z, higher 
levels must be used. In spite of its simplicity, this argument is not the 
main reason for the symmetry effect. In fact this argument breaks 
down when some of the levels are degenerate. 

The main argument for the symmetry effect comes from the ex
change character of nuclear forces. Exchange forces in nuclei 1 are 
attractive between two particles if the wave function is symmetric 
with respect to the space exchange of these particles; they are repulsive 
if the wave function is anti-symmetric. Thus exchange forces are 
attractive between particles in the same level, but less attractive or 
even repulsive between particles in different levels. 2 Hence we obtain 
the largest amount of attraction if the number of particles in equal 
levels is highest. This is the case for the smallest Tr among nuclei of 
equal A. 

Thus the assumption of exchange forces provides a natural explana
tion for the increased stability of nuclei with equal numbers of neu
trons and protons, for these are the nuclei which can have the largest 
number of symmetric pairs. Nuclei with an excess of either type of 
nucleon must have more anti-symmetric pairs, according to the Pauli 
principle. The anti-symmetric pairs do not contribute to the potential 
energy (in so far as they do make a contribution, it is of the wrong sign 
to give binding), so the stablest nuclei are the ones with the fewest 
anti-symmetric pairs, i.e., with Tr close to zero. This is the effect 
which we have called the symmetry effect. 

So far it appears that we have made use of a specific model which is 
entirely unrealistic. This is not true, however. The independent
particle model merely provides us with a simple way of counting the 
number of symmetric pairs of the true wave function. We shall prove 
in Section 3 that the number of symmetric pairs is correctly given by 
the independent-particle model even if the wave function in its details 
differs considerably from an independent-particle wave function. 

1 In this chapter "exchange forces" will be understood to mean space ex
change (Majorana) forces (see Chapter III) which involve an operator exchanging 
the positions of a pair of nucleons but not their spins. 

I The wave function is evidently symmetric for a pair of particles in the same 
level. It is anti-symmetric on account of the Pauli principle for a pair of identical 
particles in two different levels. It is partially symmetric and anti-symmetric for a 
pair of non-identical particles in two different levels (see, footnote 2, p. 194). 
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The exchange nature of the nuclear forces is the main determinant 
of the symmetry effect. There are, however, two other reasons why 
nuclei with a large number of symmetric pairs are more stable than 
other nuclei of the same mass number. These two additional, sub
sidiary arguments are: 

(a) The kinetic energy argument. A wave function anti-symmetric 
under the interchange of the space coordinates of two particles must 
be zero wherever the positions of these two particles coincide. It, 
therefore, oscillates more rapidly than a wave function symmetric 
under this interchange. Rapid oscillations in the wave function raise 
the kinetic energy. We conclude that a more symmetric wave func
tion in general has lower (positive) kinetic energy. 

(b) The overlap argument. It provides a reason why any inter
action (also a non-exchange one) is more effective between symmetric 
pairs than between anti-symmetric ones. Two particles for which the 
wave function is symmetric are found more frequently near one 
another, and this enhances their interaction; anti-symmetric pairs 
stay apart from each other, and this reduces their interaction. Since 
the force between symmetric pairs is attractive, this effect favors 
again a state with a larger number of symmetric pairs. 

(2) The Charge Effect. The effects of the electrostatic (Coulomb) 
energy of the protons and the difference in the rest energy between 
neutrons and protons (M nc2 - M pc2 = 1.3 Mev) can be investigated 
together. 

The Coulomb force is repulsive; hence it favors stability of nuclei 
with fewer protons (positive Tr). The neutron is heavier than the 
proton; hence the rest mass contribution to the energy of the nucleus is 
lowered if neutrons are replaced by protons; the neutron-proton mass 
difference favors the stability of nuclei with few neutrons (negative 
T r). Since two opposing tendencies are at work here, the stronger one 
determines the direction of the charge effect. 

We proceed to estimate the order of magnitude of the charge effect. 
The electrostatic energy C can be used to define a "Coulomb radius" 
R of the nucleus by the equation 

_ 1 6 e2 

C = 2Z(Z-I) 5 Ii (1.2) 

C would be the electrostatic energy of Z protons distributed uni
formly over a sphere of radius R. This assumption is unjustified for 
two reasons: (1) the protons are not distributed uniformly over the 
nuclear volume, because the nuclear volume has no sharply defined 
boundaries, and because the Coulomb repulsion may increase the 
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density of the protons near the boundary region (Feenberg 41); (2) 
the protons are correlated, i.e., the probability of finding two of them 
in two specified volume elements dV 1 and dV 2 is not simply the prod
uct of the probabilities of finding one of them in dV 1 and the other one 
in dV 2 (Feenberg 42, 46; Phillips 41). Since we do not know the 
magnitude of these two effects, we shall use (1.2) as a definition of R. 
For our present purposes it is sufficient to observe that R is of the 
order of magnitude of the nuclear radius determined by other means 
(scattering experiments). 

In terms of A and Tt , Eq. (1.2) can be rewritten 

6 [(A)2 A ] e2 C = - - - - - Tt(A -1- Tt ) -
10 2 2 R 

The rest mass energy of the nucleons is 

Erest = ZM pc2 + N M "c2 

or, in terms of A and T t , 

(1.3) 

(1.4) 

M"c 2 + M pc2 2 2 
Erest = A 2 + Tt (M"c - Mpc ) (1.5) 

The contribution of the charge effect to the total energy difference 
between two isobars with neutron excesses T t and Tr' is therefore given 
byl 

dEc = (Tt - Tr') 
X [(M"c 2 -Mpc2 ) - -h(A-I-Tr -Tr')(e2/R)] (1.6) 

B. Discussion of Stable Nuclei 
We now study the stability conditions among isobars, using the two 

factors (symmetry and charge) discussed above. Let us first consider 
nuclei with A =4n (n integral). According to the symmetry effect, 
the most favored nucleus among isobars of given mass number A =4n 
is the one in which the number of protons and neutrons is equal, 
T t = O. ,If T t ~ 0, one or several nucleons must be placed in higher 
levels, and the number of symmetric pairs is reduced. We therefore 
expect the stable nuclei to have Tt=O. 

Figure 1.1 shows that this is true for the light nuclei of the sequence 
A =4n. For nuclei of higher Z, the charge effect becomes strong 
enough to overcome the symmetry effect, and the stable species has a 
neutron excess (positive value of Tt). This takes place for A ~36. 

I We assume that the nuclear radius R is independent of the neutron excess Tt. 



(a) Tr= - t (b) Tr= t 

(e) Tr= t (ee I5) 

FIG. 1.3. A schematic picture of three nuclei of mass number A = 15 on the inde
pendent-particle model. The nuclei Oli (Tr = -1) and Nli (Tr = +1) are mirror 
nuclei; they have the sa.me kinetic energy and the sa.me nuclear potential energy; 
the charge effect favors the stability of the one with the higher neutron excess, 
i.e., of Nli. Nuclei with ITrl>l, such as the Cl& (Tr=1) shown in (c), are less 
stable because some of the particles are forced into higher levels, thereby making 

the wave function less symmetric. 
218 
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N ow consider nuclei with odd mass numbers. A typical case (A = 15) 
is illustrated in Fig. 1.3. The symmetry effect favors the low values 
of Tr, Tr = -j- and Tr = +j-, against higher values, such as Tr =-1. 
On the other hand, it does' not decide between Tr = -} and Tr = +1 
(extra proton or extra neutron). Indeed, the kinetic energy and the 
nuclear part of the potential energy of two "mirror nuclei" (nuclei 
with equal A and opposite Tr) are exactly the same if it is assumed tha.t 
the neutron-neutron forces equal the proton-proton forces. 

In order to decide which of two mirror nuclei is stable we invoke the 
charge effect. The difference of the binding energies between the 
nuclei with Tr = +1 and Tr = -j- is given by tlEe only. We get from 
(1.6) 

2 2 6 e2 
tlE = (M c - Me) - - - (A -1) 

e n P lOR (1.7) 

The isobar with T r = +t is the stable one if tlE e < mc2 ; then no 
electron can be emitted. If tlEc>mc2, the isobar with Tr = -t is 
stable (see 1,3.5 and 1,3.7). Thus we find that T r = +t is stable if 

R < (A-I) X 1.05 X 10-13 cm (1.8) 

A good empirical formula for the nuclear radii observed in fast neutron 
scattering experiments is (see Chapter I) 

R '" 1.45 X A~3 X 10-13 cm (1.9) 

Equation (1.8) is certainly fulfilled for A> 3; therefore the isobar with 
less charge is the stable one in all mirror nuclei pairs except for A = 3 
and 1. For A = 3, equation (1.9) gives R = 2.02 X 10-13 cm and equa
tion (1.8) requires that R be less than 2.10 X 10-13 cm for stability. 
This is quite close, and actually (because of the unusually small bind
ing energy per particle) the Coulomb radius of Re 3 exceeds the limit 
(1.8): Re3 is stable, whereas R3 decays by negative electron emission 
to Re3• The maximum kinetic energy of the electrons is only about 
19 kev, and this fact shows how close our estimate is. Our rule is 
borne out by the data summarized in Fig. 1.1 up to A =35. For 
larger values of A the charge effect is stronger than the symmetry 
effect and the stable nuclei have Tr>l 

We now turn to light nuclei with mass numbers A =4n+2 (n inte
gral). A typical case (A =6) is illustrated in Fig. 1.4. The symmetry 
effect does not discriminate between the nuclei with Tr= -1,0,+1. 
Each of the three can have a set of filled levels with two extra 
particles in the top level. The symmetry effect tells us that nuclei 
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with 1 T rl ~ 2 are much less stable, since one of the filled levels has to 
be broken up (Fig. l.4d). 

Of the three nuclei with T r = - 1,0, + I, those with T j = - 1 and 
Tr= +1 are mirror nuclei, and our previous argument applies, i.e., 
Tr = + 1 (Re6) is more stable than Tr = -1 (Be6).. The choice there
fore narrows down to the possibilities Tr =0 and Tr = 1 (Li6 and Re6, 

Figs. l.4b and l.4c). 
We have seen that the charge effect favors the stability of the larger 

Tr. We are therefore tempted to conclude that T j = +1 is the stable 
nucleus. This, however, is an erroneous conclusion: Li6 is stable 
whereas Re6 is unstable. 

Our reasoning above was invalid because we cannot assume here 
(as we could for mirror nuclei) that the nuclear potential energy has 
the same value for the two nuclei in question. The two "extra" 
particles in Li 6 are a neutron and a proton, whereas the two" extra" 
particles in Re6 are both neutrons. The fact that Li6 rather than Re 6 

is stable tells us that the effect of the neutron-proton force in Li6 is 
stronger than the effect of the neutron-neutron force in Re 6 by an 
amount sufficient to overcome the charge effect. This does not mean 
that we must give up the charge independence of nuclear forces. It is 
sufficient to give up the spin independence. Since the two extra 
particles in Li6 are not identical they may have parallel spin without 
violating the Pauli principle, whereas the two extra neutrons in Re6 

must have opposite spin. It is therefore sufficient to assume that two 
nucleons in the same level have a somewhat stronger attraction if 
their spins are parallel than if their spins are anti-parallel. This 
assumption of spin-dependent forces is justified on the basis of the 
experience in the deuteron, the simplest 4n+2 nucleus. The fact 
that the spin of the neutron and that of the proton are parallel in the 
ground state of the deuteron is the most obvious realization of this 
rule. 

We are therefore not required to drop the hypothesis of charge 
independence of nuclear forces to understand the st~bi1ity of Li6• If 
we maintain this hypothesis, we may draw some more conclusions 
about nuclear levels in the 4n+2 nuclei. The charge-independence 
hypothesis implies that the wave function of that excited state of 
Li6 in which the neutron and proton have opposite spin is identical 
with the wave function of Re6, except that the proton in Li6 has been 
changed to a neutron in Re6• Let us call this excited state Li6*. For 
the same reason this same wave function also describes the ground 
state of Be6• The states of Re6, Li6*, Be6, all with the same wave 
function, form a simple example of a mass multiplet or isotopic spin 
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FIG. 1.4. A schematic picture of four nuclei of mass number A =6 on the inde
pendent-particle model. The symmetry effect does not discriminate between the 
nuclei with Tr= -1 (Be'), Tr=O (Li'), and Tr= +1 (He'); but it does make the 
nuclei with ITrl >1, such as H' (Tr=2), unstable. The nuclei with Tr= ±1 (He' 
and Be') are mirror nuclei; the charge effect favors the stability of He'. The 
nuclei He' (Tr = 1) and Li' (Tr =0) are not mirror nuclei; the charge effect favors 
the stability of He', whereas the spin effect favors the stability of Li'; the latter 
effect predominates 80 that Li' (Tr =0) is actually the stable nucleus, the others on 

the figure being unstable. 

multiplet. In this case we are dealing with an isotopic spin triplet; 
the three nuclei He6, Li6*, Be6, with Tr= 1,0, -1, respectively, form 
the three components of this isotopic spin triplet. 

To the extent that the charge effect can be neglected, the energy 
levels of the lowest states of He6, Li6, and Be6 are as indicated in Fig. 
I.5a. The three levels of equal energy constitute the isotopic spin 
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triplet. The lower level of Li6 corresponding to its ground state con
tains the "extra" neutron and proton with parallel mechanical spin. 
This state is therefore a mechanical spin triplet and can suitably 
be called an isotopic spin singlet. 

If we had given up the charge-independence hypothesis and had 
made only the (weaker) assumption that neutron-neutron forces equal 
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FlO. 1.5. Schematic level schemes of isobaric nuclei under various assumptions 
about nuclear forces and about the charge effect: (a) charge effect neglected, 
nuclear forces charge-independent but spin-dependent; (b) charge effect neglected, 
nuclear forces dependent on charge and spin, but neutron-neutron forces assumed 
equal to proton-proton forces; (c) charge effect neglected, nuclear forces spin
and charge-independent (this is the Wigner assumption of Sections 3 ff.); the 
nuclear states form a "supermultiplet"; (d) charge effect taken into account, 
nuclear forces charge-independent but spin-dependent; the energy difference tl.Ec 

between "corresponding" levels is due to the charge effect and can be esti
mated by (1.11); (e) same as (d) but for heavier nuclei for which the charge effect 
is more pronounced; the charge effect now dominates over the spin effect, making 

the nucleus with Tr = 1 stable, the nucleus with Tr =0 unstable. 

proton-proton forces, the level scheme (a) would look somewhat like 
(b); i.e., the two mirror nuclei Re6 and 13e6 would still have the same 
energy (except for the charge effect), but the anti-parallel spin level of 
Li6 ( =Li6*) would no longer coincide in energy with the levels of Be6 

and Re 6• On the other hand, the (stronger) assumption of charge
and spin-independent forces would make the level scheme (a) appear 
like (c); i.eo, the parallel and anti-parallel spin levels of Li6 would 
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coincide in energy. Hence such forces would make the isotopic spin 
triplet and isotopic spin singlet of Fig. 1.5a merge into the super
multiplet of Figure 1.5c. 

Looking again at Fig. 1.1, we see that the T r = 0 nucleus is the stable 
one among the A =4n+2 nuclei up to N 14 inclusive. From there on, 
however, the stable species has Tr=+l (e.g., 0 18, Ne22, etc.). This 
can be understood as follows: the charge effect distorts the level 
scheme of Fig. 1.5a into that of Fig. 1.5d. We can use our previous 
estimate (1.6) to determine the downward displacement of the ground 
state energy of the Tr = 1 nucleus relative to the corresponding level 
in the T r = 0 nucleus. It is 

~E = ~ (A-2) ~ - (M c2 -M c2) 
c 10 R n p 

(1.10) 

Using the estimate (1.9) for the Coulomb radius R, we get 

A-2 
~Ec = 0.41 A 1/3 - 1.29 Mev (1.11) 

This shows that ~Ec increases strongly with the mass number, as was 
of course to be expected, since the Coulomb energy is proportional to 
the number of pairs of protons; the slow increase of the nuclear radius 
R (......, A 113) is not strong enough to stem this trend. As the mass 
number increases, therefore, we eventually reach a point at which the 
Tr = 1 member of the three states with opposite spin is below the 
Tr=O nucleus with parallel spin. This condition is illustrated in Fig. 
1.5e. From that point on, the stable isobar has Tr = 1 rather than 
Tr =0. As we have seen from Fig. 1.1, this happens between A = 14 
and A = 18. 

The considerations given so far account for the systematics of the 
stable light nuclei up to A =36 inclusive. From then on, Fig. 1.1 
shows a trend toward higher values of Tr. This relative increase of 
neutrons is the result of the electrostatic repulsion between the pro
tons. The Coulomb energy difference between adjacent isobars varies 
roughly like A 2/3 [see (1.6)] and is therefore the more effective the 
higher the mass number. 

We shall consider separately the nuclear series A =4n, A =4n+2, 
and the odd nuclei A=4n+1, 4n-1 (n integral). 

Starting with the series A =4n+2 (Fig. 1.6a) , the odd-odd nuclei 
with Tr=O are stable until N l 4; from 0 18 on, the stabl.e species has a 
neutron excess Tr=l. We have seen that this is due to the competi
tion between the relatively weak spin effect and the charge effect. 
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The charge effect increasingly favors larger values of Tr as A increases. 
Nevertheless, it takes until A =46 before ~ nucleus with Tr> 1 (Ca46, 

T r = 3) becomes stable. This large value of A gives an indication of 
the decisive importance of the symmetry properties of the wave func-
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FIG. 1.6. Graph of the stable nuclei ~ith A ~ 100, arranged in the same way as in 
Fig. 1.1, but with the different nuclear series shown separately: (a) nuclei with 
A =4n+2 (n integral); (b) nuclei with A =4n; (c) nuclei with odd A, i.e., A =4n+l 

and A =4n-1. 

tion for nuclear stability: a nucleus with Tr = 3 must necessarily have 
fewer symmetric pairs than the T r = 1 nucleus. 

When the charge effect becomes comparable to the symmetry effect, 
the stable species has Tr=3 rather than Tr=2; i.e., the odd-odd nuclei 
with Tr=2 are never stable. Indeed, for A=46, Ti46 (Tr=l) and 
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Ca46 (Tr=3) are both stable; they are separated by the radioactive 
(both (r and electron capture) SC46 with Tr =2. We shall see later 
that symmetry arguments can be used to assist us in understanding 
this fact. 

A similar trend toward higher values of Tr can be observed for nuclei 
with mass numbers A =4n (Fig. 1.6b). The saturated nuclei with 
Tr =0 (integral number of alpha-particles) are the only stable ones 
until A =32 inclusive. For each of A =36 and 40, there are two stable 
species, Tr=O and Tr=2. From then on until A =60, Tr=2 gives 
the only stable isobar (with the exception of A =48, where Tr=4 is 
also stable); A =64, for which both Tr=2 and Tr=4 are stable, starts 
a region with Tr =4 as the stable species, and so on. Again we observe 
that there are no odd-odd nuclei (odd values of Tr for A =4n) in this 
list. 

Finally we turn to the nuclei with odd mass numbers (A =4n+1 
and A = 4n -1). They can be treated together for the same reason 
that atoms near the beginning and end of a period of the periodic table 
of elements can be compared. The extra electron outside of the closed 
shell in the lithium atom behaves very similarly to the one "hole" 
(missing electron) by which the fluorine atom fails to complete a closed 
shell. Similarly the light 4n+ 1 nuclei have one nucleon outside the n 
filled levels, whereas the light 4n -1 nuclei (see Fig. 1.3) can be con
sidered to consist of n filled levels except for a "hole" (missing 
nucleon) in the top level. A similar parallelism persists also for the 
heavier odd nuclei. According to this argument, the symmetry effect 
ought to be about equally strong in the 4n+ 1 and 4n -1 nuclei. The 
charge effect is also about the same in the two series. The theory thus 
predicts that the trend toward higher values of Tr (due to competition 
between the charge effect and the symmetry effect) should manifest 
itself at nearly the same values of the mass number in the two series. 
This is borne out by the data summarized in Fig. 1.6c. 

There is only one stable nuclear species for each odd value of A, 
whereas there are many even values of A with two or more stable iso
bars. This fact will be explained by simple symmetry arguments in 
Section 4. 

2. THE SEMI-EMPIRICAL MASS FORMULA OF WEIZSACKER 
In the previous section we have discussed the effects which influence 

nuclear stability. We shall extend this treatment in order to obtain a 
simple interpolation formula for nuclear ground state energies. 

"Condensed" nuclear matter seems to be fairly incompressible: 
the nuclear volume is directly proportional to the mass number. 
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Furthermore the experimental binding energies show saturation, i.e., 
the binding energy is roughly proportional to the mass of the nucleus, 
hence also to its volume. We therefore write the main term in the 
nuclear energy formula as a "volume energy," 

Evol = -u"A (2.1) 

where u" is a constant which will be determined by comparison with 
experiment. 

The symmetry effect gives a correction to the volume energy. This 
effect favors Tr =0 and therefore contributes a positive (repulsive) 
term with a minimum at Tr=O. We make the rough assumption that 
this term is proportional to T/. The constant of proportionality is 
expected to depend on A. We shall show in the next section that for a 
given change in the number of symmetric pairs the change in the 
potential energy is inversely proportional to the mass number A. We 
therefore write for the "symmetry energy" 

where u,. is a constant. 

Tr2 
E.ym = 4u,.A (2.2) 

The Coulomb energy has already been estimated, and, according to 
(1.2), it turns out to be 

ECoulomb = 4uc Z(Z -1) A-lI3 (2.3) 

The constant U c is related to the constant TO in the nuclear radius 
formula R = ToA 113 through 

3 e2 

U c = 20 TO ~ 0.15 Mev (2.4) 

[The choice of the factors 4 in the definition of the constants u,. and U c 

is made here to adhere to the notation of the review paper by Feenberg 
(47).] 

There is, however, another effect which must be included. This is 
the surface effect (Wick 34). It is a close analogue to the surface 
tension effect as found in any liquid. The surface tension is explained 
by the fact that there are fewer" bonds" acting on a surface nucleon 
than on a nucleon inside nuclear matter; hence the total potential 
energy is lowered in absolute value compared to what we would get if 
we just considered a sphere of the size of the nucleus inside a very 
large volume of condensed nuclear matter. 1 The surface effect acts 

1 Other (quantum-mechanical) effects which lead to a surface tension term are 
discussed by Weizsacker (35) and Feenberg (41a). 
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like a repulsive term in the energy. The surface contribution to the 
energy is proportional to the surface area of the nucleus, i.e., to A 2/3. 

We therefore write 

E.urf = u.A 2/3 (2.5) 

Since the ratio of surface area to the volume of the nucleus decreases 
as the volume gets bigger, the surface term is most important for the 
light nuclei. Conversely, the charge effect is most important for the 
heavier nuclei (large values of Z). Indeed, the very heaviest nuclei 
are so strongly charged that they are unstable against alpha-particle 
emission and against fission. 

Putting together the various terms, we get the lV eizsacker semi
empirical formula for nuclear ground state energies (Weizsacker 35, 
Bethe 36a, Feenberg 47) : 

T2 
E = -B = -u"A + 414 ~ + 4uc Z(Z -1) A-V3 + u.A 2/3 (2.6) 

Here B is the binding energy as defined in Section 2 of Chapter I, 
E = - B is the energy of the ground state of the nucleus. The total 
energy U, which also includes the rest mass energy, is in these terms 

U = A MnC2~MpC2 + Tr(MnC2-MpC2) + E (2.7) 

Expression (2.6) is a rough interpolation formula and does not show 
any of the finer details. It is meant to reproduce only the main 
features and trends of nuclear energies. For example, let us use (2.7) 
to calculate the value of Tr which leads t.o the lowest energy U for a 
given mass number A: 

We simplify this expression by retaining only the leading terms and by 
neglecting the neutron-proton mass difference: 

(T) . ~ ~ A6/3 r mlD-2 u, 
(2.9) 

The ratio of U c to 14 enters because the stability against beta-decay is 
determined by the competition between the charge effect, which favors 
large neutron excesses, and the symmetry effect, which favors Tr=O. 
For the same reason the dependence on the mass number is A 6/ 3: the 
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charge effect varies like A 2/3, and this must be divided by the sym
metry effect, which varies like A -1. 

We now proceed to determine the constants in (2.6). The constant 
U c of the Coulomb energy can be determined fairly accurately from 
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FIG. 2.1. The energy difference between mirror nuclei (corrected for the neutron
proton mass difference) as a function of (A _1)A- 1'3. 

the energy differences between "mirror nuclei" (Stephens 40). The 
binding energy difference between the pair of nuclei (A, Tr = +t) and 
(A, Tr= -t) is, according to (2.6), 

A-I 
B(A,+l) - B(A,-j-) = 4uc A 113 (2.10) 

and contains only the constant U c• This expression can be com
pared with the experimental value of this difference, taken from the 
maximum energies of the positron spectra of the nuclei with Tr = -to 
In Fig. 2.1 we have plotted the energy difference (2.10) against 
(A -1)A -113. This should yield a straight line passing through the 
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origin, with slope equal to 4uc• We see that almost all the points fall 
on a straight line; the exceptions are among the very lightest nuclei, 
where special effects may be expected, e.g., the Coulomb exchange 
energy may be important (Feenberg 42, 46; Phillips 41). We get 
from this graph uc =0.148 Mev and the Coulomb radius 

Rc = 1.465 X 10-13 X A 113 em (2.11) 

Having determined U c, we can find a suitable value for u, by comparing 
our theoretical expression (2.8) for (Tr)min with the values of Tr of 
stable nuclei. In the cases where there are two stable values of Tr 

U(A.'/f) 

FIG. 2.2. The total energy U of isobaric nuclei as a function of the neutron excess 
Tr. in the semi-empirical approximation. The curve is a parabola. The value 
(Tr)min at which U has its minimum need not correspond to a real nucleus (i.e .• 

it need not be either integral or half-integral). 

for a given A, we use the average value of Tr in order to fit (2.8). A 
reasonable fit is obtained with u. = 18.1 Mev. The remaining two 
constants can be determined by adjusting formula (2.7) to the known 
nuclear masses. Feenberg (47) finds the following values: 

Ufll'"'-/ 14 Mev 
U c = 0.146 Mev 

U, 1'"'-/18.1 Mev 
u. 1'"'-/ 13.1 Mev 

(2.12) 

It should be noted that the constant U v is not equal to the constant q 
in the rough relation Bl'"'-/qA, which is used frequently. q is of the 
order of 8 Mev for medium-weight nuclei, and it includes the effect 
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of all terms in (2.6). We emphasize again that the simple formula 
(2.6) is not adequate to describe the binding energies of individual 
nuclei and should be taken only as a rough representation of the main 
features of the dependence of binding energies on mass number and 
neutron excess. The constants (2.12) are also only first approxima
tions. Better approximations can be found in the review article of 
Feenberg (47). 

u 
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FIG. 2.3a. The nuclear energy U as a function of the neutron excess Tr for fixed 
even mass number A, differentiating between even-even and odd-odd nuclei. The 
figure shows the case most favorable to the stability of an odd-odd nucleus, with a 
spacing parameter & chosen so small as to make an odd-odd nucleus stable. This 
case is not observed in nature. This leads to the condition 

& ~ 4u, + 4ueA 2/3 

on the spacing parameter &. 

The Weizsacker formula in the form (2.6) indicates that the energies 
of isobaric nuclei lie along a parabola with respect to Tr, the minimum 
of the parabola being at (Tr)min, as shown in Fig. 2.2. We can rewrite 
(2.6) in the form 

( 4UT 4Uc) 2 
U = U[A, (Tr)minl + A + A 113 [Tr - (Tr)minl (2.13) 

where (Tr)min is given by (2.8). There is only one minimum in this 
curve; the nucleus T r lying nearest (T r) min is beta-stable and the others 
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are beta-unstable. The semi-empirical mass formula in this simple 
form excludes the possibility of more than one stable isobar. Experi
mentally, there is only one stable isobar for odd mass numbers; but 
there are two and sometimes even three stable isobars for even mass 
numbers. These stable nuclei are always of the even-even variety 
with the odd-odd ones in between being beta-unstable in both direc
tions. We therefore must add to the Weizsacker formula a term 

u 

4(4UT + 4UC) 
A AI1 

FIG. 2.3b. The nuclear energy U as a function of the neutron excess Tr for fixed 
even mass number A, differentiating between even-even and odd-odd nuclei. The 
figure shows the case most favorable to the occurrence of three stable isobars (all 
of them even-even), with the spacing parameter" chosen so large as to make the 
three even-even isobars stable. Since three stable isobars are very rare in nature, 
we get the condition 

" :::; 3(4ur + 4ucA 2/3) 

on the spacing parameter o. This condition is violated only in very few cases. 

depending on the type of the nucleus. For our present purposes it 
suffices to assume that the even-even isobars lie along one parabola, 
and the odd-odd ones along another parabola of the same curvature 
and with the same minimum value of Ti , but displaced upwards by a 
constant amount. We thus add a term 
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a 
± 2A (2.14) 

to (2.13), with the minus sign for even-even nuclei and the plus sign 
for odd-odd nuclei. a is taken as a constant. The proportionality to 
A -1 is assumed, since this is a symmetry effect, and we have already 
assumed this proportionality for the main part of the symmetry effect. 
It turns out that the energies for the odd nuclei lie about halfway 
between the energies of nearby even-even and odd-odd nuclei; this 
was the motivation for adding the same amount (2.14) to the energies 
of odd-odd nuclei which is subtracted from the energies of even-even 
nuclei. 

The order of magnitude of the symmetry spacing parameter a can 
be estimated in a simple way as follows. There is a lower limit on a 
because all the odd-odd nuclei are unstable. This is illustrated 
schematically in Fig. 2.3a, where we have drawn the parabolas for the 
even-even and the odd-odd isobars in the case most favorable to the 
stability of the odd-odd species in the middle. The lower limit on a 
determined in this way (using the previously determined values of 
u,. and uc) ranges from 70 to 100 Mev, the higher values referring to 
the higher mass numbers. We can also get an upper limit on a from 
the condition that triple isobars are very rare occurrences. The case 
most favorable to the existence of triple isobars is illustrated in Fig. 
2.3b. If triple isobars did not occur at all, a would have to be smaller 
than three times the above lower limit; since a few triple isobars do 
exist, we see that the actual value of a is close to the upper limit, i.e., 
between 200 and 300 Mev. A more detailed study of beta-decay 
energies confirms this conclusion and gives the value 

a '" 270 Mev (for medium-weight nuclei) (2.15) 

This number must, of course, be divided by the mass number to get the 
actual spacing between the parabolas for the odd-odd and even-even 
nuclei. 1 

Bohr and Wheeler (39) used the semi-empirical mass formula (2.13) 
in their analysis of the fission process. However, they were interested 
in the finer details of the energy surface, especially the "winding" 
in the valley of the stable nuclei (Gamow 34). They made this cor
rection by the artifice of replacing the "theoretical" (T r) miDI as 

1 The semi-empirical value a/A overestimates the variation of this spacing with 
the mass number. The "effective" cl is lower for light-weight nuclei, larger 
for very heavy nuclei. A better approximation is obtained by using a' / A 3/4 

(Fermi. unpublished). 
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given by (2.7), by a purely empirical parameter giving the bottom of 
the mass valley for any particular A. This leads to a considerable 
improvement in the fit of the formula to the known binding energies 
and disintegration energies; however, this improvement is at the 
expense of a complete loss of theoretical foundation, and the formula 
must then be considered somewhat more empirical. This and similar 
formulas will not be discussed here any further (Way 48, Kohmann 48, 
Feenberg 47, Joliot 45). 

Even with all these corrections, certain nuclei show a special stability 
compared to their neighbors (Mayer 48, Elsasser 33, 34). The 
specially stable nuclei seem to be correlated with particular (" magic") 
numbers of neutrons or protons or both. These effects will be dis
cussed in Chapter XIV. 

3. DETAILED STUDY OF THE SYMMETRY EFFECT 

In this section the main argument for the symmetry effect will be 
put in a more quantitative form. We shall show that exchange forces 
lead to a potential energy which has a minimum value for the smallest 
lTd· 

We assume first that the nuclear potential is of pure Majorana type. 
We can then estimate the potential energy in the same way as in 
Chapter III (III,3.2): 

(3.1) 

where n+ and n_ are the numbers of symmetric and anti-symmetric 
pairs, p+ and p_ are the probabilities for interaction between sym
metric and anti-symmetric pairs, respectively, and Vo is the average 
potential energy (the well depth) within the range b. In the normal 
density state p+ is appreciably larger than p_. We therefore get a 
first estimate for V by neglecting the contributions of the anti-sym
metric pairs altogether. According to (III,3.6) p+ can be split into 
two factors, u+ and p. The value of u+ can be read off Fig. 3.1 in 
Chapter III. It approaches 2 for the limit p+»p_, in which u
becomes negligible. For p we use the asymptotic form of (III,2.8) for 
R»b, and get 

p+ = u+ . p '" 2 (~y 
The nuclear radius R is proportional to A \13, so that we get 

k 
A 

(3.2) 

(3.3) 
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where k is a constant of proportionality of the order of 2 to 3. Insert
ing (3.2) and (3.3) into (3.1) gives the result 

V ~ - 2kn+ Vo 
- A (pure Majorana force) (3.4) 

which shows that the potential energy has its minimum value for the 
state which has the maximum number of symmetric pairs. 

We now generalize our considerations by introducing a charge
independent nuclear potential whose exchange character is a combina
tion of the Wigner and Majorana types. Wigner (37) first pointed 
out the great simplifications and the numerous conclusions which are 
obtained with this assumption of charge- and spin-independent forces. 
There is still a good possibility that this assumption is not too far from 
reality. We write the potential energy between two particles as a 
sum of two terms: one is an ordinary (Wigner) force V w(r), and the 
other is a space-exchange (Majorana) force V M(r) pM: 

V(r) = V w(r) + V M(r) pM (3.5) 

where pM is the Majorana exchange operator which interchanges the 
space coordinates of the two nucleons. The total potential energy is 
the sum of (3.5) over all pairs: 

A 

V = L Vij(rij) 
i<;-l 

(3.6) 

The average value V of the potential is given by the following gen
eralization of (3.1): 

V = - (n+p+ + n_p_) (V w)o - (n+p+ - n_p_) (V M)o (3.7) 

where (V w)o and (V M)o are the corresponding averages (well depths) 
within the range b of V w(r) and V M(r), respectively. We again neg
lect p_ compared to p+ in the normal density state and get the same 
expression as (3.4) with 

(3.8) 

This sum determines the attraction between a neutron and a proton 
in the S state and can therefore be found from the two-body data 
analyzed in Chapter II. 

Let us illustrate the significance of (3.4) by applying it to a calcula
tion of the energy difference between 0 16 and NI6. We use the inde
pendent-particle picture (Fig. l.2a for 0 16, Fig. l.2b for N 16) to 
describe the nuclei: the only difference between the two nuclei, in our 
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crude estimate, comes from the number of symmetric pairs, n+. We 
can find n+ for these two nuclei by the methods used in Chapter III 
to get (III,4.27). 1 This gives for A = 16, Tr = 0 (Fig. 1.2a): 

4X3 
n+ - n_ = 4 X 6 - 4 X -2- = 0 n+ = 60 

and for A = 16, Tr = 1 (Fig. 1.2b): 

( 5X4 4X3 3X2) 
n+ - n_ = (3X6+1X3+1XO) - -2- +2X -2- + -2- =-4 

n+ = 58 

There are two more symmetric pairs in 0 16 than in N 16• Hence the 
potential energy V in 0 16 is lower than that in N 16 by an amount 

_ 2 
~ V = 2k A V 0 '" 5.3k Mev (3.9) 

where we have used A = 16 and Vo = 21 Mev (this estimate comes from 
the two-body data, discussed in Chapter II). With an estimated value 
of k between 2 and 3, we get 

~V '" 11 to 16 Mev (estimated) (3.10) 

The actual energy difference between the ground states of N 16 and 
0 16 is within that range. 2 

It would seem unreliable to base any estimate of n+ on the inde
pendent-particle model, which is probably very inaccurate. We 
shall show, however, that the values of n+ are given correctly by the 
independent-particle model provided that the nuclear potential contains 
only Wigner and Majorana forces as in (3.5). The number n+ in a 
nuclear state 'It is determined by the expression (III,4.26), which gives 
the difference n+ - n_ between the number of symmetric and anti
symmetric pairs. Since n++n_ =tA(A-l), we find 

A 

n+ = ~ [ 2: f 'It*PMij'ltdr + A(A2-1)] 

i<} = 1 

(3.11) 

1 A pair of particles in the same level contributes + 1 to n+ - n_; a pair of 
identical particles (necessarily in different levels) contributes -1; any other pair 
(unequal particles in different states) contributes zero. Note that the result 
(111,4.27) depended on the assumption N =Z =even. Hence the value of n+ - n_ 
quoted here agrees with (II1,4.27) for 0 16, but not for NIB 

S The difference between the binding energies of 0 16 and NI6 is about 9.7 Mev. 
This must be corrected for the charge effect according to (1.6). After this correc· 
tion, the energy difference is 13.0 Mev. 
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This expression is exact. n+ was found in Chapter III by making 
assumptions about the wave function 'It. We first show that the 
exchange operator pM;j commutes with the Hamiltonian T+ V under 
our assumption about the forces. The potential energy operator (3.6) 
depends only on the space coordinates of the nucleus and is invariant 
under the exchange of any two space coordinates (PM;j=pMji). 

Hence pM;j commutes with V. The space coordinates of all nucleons 
enter into the kinetic energy in exactly the same way. Thus pM;j 

also commutes with the kinetic energy operator T. 
Of course, p,v;j does not commute with the Coulomb energy term, 

since the exchange of a neutron and a proton changes the Coulomb 
energy of the nucleus. However, to the extent that the Coulomb energy 
can be treated as a small perturbation, we can say that pM;j commutes 
.approximately with the total Hamiltonian, H = T+ V +C. This 
approximation restricts us to light- and medium-weight nuclei, since 
the Coulomb energy term C is by no means very small compared to 
the potential energy V for heavy nuclei. This is especially true for the 
dependence of V and C on the neutron excess, in which we are inter
ested here. The expression (3.11) for the number n+ contains only 
the operator pM;j. In fact, we can consider n+ the expectation value 
of the following operator: 

1 (~M A (A -1)) 
(n+)op = 2 4 P ij + -2--

paIrS 

(3.12) 

This operator commutes with the Hamiltonian T+ V. 
In order to determine the possible values of n+ for a nucleus with A 

particles we therefore need not use the actual, complicated wave 
functions of the system. We can use wave functions appropriate to 
some fictitious potential, provided that these wave functions go over 
adiabatically into the correct ones as the fictitious potential is switched 
off and the true potential is switched on. The fact that the operator 
(n+)op commutes with the Hamiltonian insures that n+ stays the 
same during this switching operation. The fictitious potential we 
shall choose is simply the potential due to the walls of an impenetrable 
spherical box in which all the nucleons are enclosed without interact
ing with each other. The corresponding (independent-particle) wave 
functions are especially simple, and this fact allows an easy counting 
of the numbers of symmetric and anti-symmetric pairs. 

Of course, the energies and the wave functions of the assembly of 
nucleons change considerably during this switching operation. How
ever, our estimate (3.4) shows that, to a first approximation, it is 
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sufficient to know the number of symmetric pairs in the actual state 
of the nucleus in order to estimate the symmetry effect, no matter 
what are the details of the wave function. This number is given 
correctly by the independent-particle model. We therefore merely 
have to pick from the possible values of n+ the one which leads to the 
lowest energy according to (3.4). 

Before determining n+ in the general case, we introduce a simple 
notation to indicate how the particles are distributed between the 
various energy levels in the box. Let nl, n2, na, and n4 denote the 
number of levels containing 1, 2, 3, and 4 particles, respectively. For 
example, in Fig. 1.2a, 16 particles are distributed, 4 to each level. 
This is indicated by the four numbers nl = 0, n2 = 0, na = 0, and n4 = 4. 
The distribution in Fig. 1.2b is described by nl = 1, n2 = 0, na = 1, 
n4 = 3. Of course, this description does not tell what levels the par
ticles occupy, but this fact is not important for the symmetry prop
erties of the wave functions. Such distributions of particles among 
the levels will be called partitions. We are using this term rather 
loosely. The present definition is sufficient for our purposes, however. 1 

One of the four numbers nl, n2, na, n4 is redundant because of the 
following relation between them: 

(3.13) 

where A is the total number of particles. There are therefore three 
independent numbers necessary and sufficient to describe a partition 
uniquely, once the total number of particles is given. Their choice is, 
of course, arbitrary. A convenient choice is the set P, pI, P" defined 
by2 

p = t (nl + 2n2 + na) 

pI = t (nl + na) 

P" = t (nl - na) 

(3.14) 

The partition depicted in Fig. 1.2a is therefore described by (0,0,0), 
while that of Fig. 1.2b is (1,1,0). We observe that n4, the number of 
filled levels, does not enter into (3.14). In other words, P, pI, and P" 
determine the numbers of particles in the not completely filled levels. 
An appropriate number n4 of filled levels has then to be added to make 
up the total number A of particles according to (3.13). 

We have proved in Chapter III, Section 4, that each pair of particles 
in the same level contributes + 1 to n+ - n_, (111,4.26); that each pair 

1 For a more precise definition, see Wigner (37) and Weyl (31). 
I These numbers are called S, T, and Y, respectively, by Wigner (37). 
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of identical particles (same spin and type) contributes -1 to n+ - n_; 
and that all other pairs contribute nothing. 

The proof that the "diagonal" pairs 1 do not contribute anything 
to n+ - n_ depended on the fact that the exchange of such a pair leads 
to a state which violates the Pauli exclusion principle. This is true 
if all the particles are in filled levels (e.g., Fig. 1.2a). It is not true in 
general, however. In order to obtain unambiguous answers to the 
symmetry properties of the wave functions we must specify the way 
in which the incompletely filled levels are occupied. We shall use a 
special arrangement of the particles in these levels which we shall call 
the "normal" arrangement. It is described as follows: all levels con
taining one particle contain one neutron with spin up, all levels with 
two particles contain two neutrons with opposite spin, all levels with 
three particles contain two neutrons with opposite spin and a proton 
with spin up. Figures 3.Ia through 3.Id are examples of normal 
arrangements, and Fig. 3.Ie illustrates an arrangement which is not 
normal in our sense. The reason for introducing the normal arrange
ment lies in its symmetry properties. By virtue of the normal arrange
ment, every particle in anyone level has an identical partner in every 
other level whose occupation is equal or larger. The exchange of 
the space coordinates of any "diagonal" pair then leads to a state 
which violates the Pauli principle. 

If we had not specified the normal arrangement, the particle in the 
top level of Figure 3.Id could have been a proton with spin down (cf. 
Fig.3.Ie). Its symmetry relation to the particles in the lower level is 
then not specified completely. Thus the fact that there are three 
particles in one level and one particle in another level does not yet 
determine the partition. However, the partition is determined 
uniquely if the arrangement of the particles within the levels is 
" normal." 

The difference n+ - n_ is then equal to the number of pairs in 
equal levels minus the number of pairs of identical particles: 

n+ - n_ = [6Xn4 + 3Xna + IXn2 + oXnll 
- [t(nl +n2+na+n4) (nl +n2+na+n4 -1) 
+ t(n2+na+n4)(n2+na+n4 -1) 

+ t(na+n4)(na+n4-I) + tn4(n4-I)l (3.15) 

This can be rewritten in terms of the mass number A and the partition 
quantum numbers P, pI, and P". The result is2 

1 A "diagonal" pair is a pair of unequal particles in different levels. The con
necting line in a scheme of Fig. 3.1 would be neither horizontal nor vertical. 

S The quantity n+ -n_ is called =: by Wigner (37a), whereas our t is his =:'. 
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(b) 

(e) (d) (e) 

FIG. 3.1. Examples of arrangements of nucleons in four-particle levels. Parts 
(a) through (d) represent "normal" arrangements, whereas part (e) illustrates 

an arrangement which is not normal in our sense. 

where 

The number of symmetric pairs, n+, is then given by 

n+ = -hA 2 + iA + i- - it 

(3.16) 

(3.17) 

(3.18) 

and substitution into (3.4) gives the following estimate for the nuclear 
potential energy: 



240 VI. Nuclear Spectroscopy I 

- [3 3 5 1] kYo 
V '" -k 8 A + 2 + 2 A- Vo + ~ A 

where k is defined by (3.3). 

(3.19) 

The first term of (3.19) is independent of the neutron excess, and we 
have decided to ignore the dependence of the kinetic energy 'i' on 
the neutron excess in this chapter. Hence the entire (estimated) 
dependence of 'i' + V on the neutron excess arises from the last term of 
(3.19). Under our rough estimates the "symmetry energy" is 
given by 

(3.20) 

where V 0 = (V M) 0+ (V w) 0 is the well depth in the S state of the neu
tron-proton system. l V 0 is positive; hence the symmetry energy 
(3.20) favors low values of ~ for the nucleus. According to (3.17) this 
means small values of P, P', P". Looking back on the definition 
(3.14) of P, P', P", we see that we get the lowest energy if nI, n2, na 
are smallest, i.e., if as many particles as possible are injWed levels. 

In any given partition the possible values of the neutron excess are 
restricted by the Pauli principle. We express this excess by 

Tr = l(N - Z) 

For example, the partition (0,0,0) (see Fig. 1.2a) has only completely 
filled levels, and therefore the numbers of neutrons and protons must 
be equal: (Tr) max =0. The partition (1,1,0) (see Fig. 1.2b) admits 
three neutrons and one proton outside the filled levels. Hence Tr can 
be as large as (Tr)max=l, but no larger. 

To generalize this, we notice that the normal distribution contains 
the maximum number of neutrons allowed by the Pauli principle for 
the partition in question. Comparison of Fig. 3.1a with the definition 
(3.14) shows that 

P = Tr = l(N - Z) in the normal distribution (3.21) 

We conclude that the neutron excess in any partition (P,P',P") is 
limited by 

1 This well depth is different in the singlet and triplet spin states. We shall 
assume that most of the difference can be ascribed to the tensor force, and that the 
tensor force does not make a large contribution to the symmetry effect in the 
nuclei under consideration. We shall therefore estimate Vo in (3.20) from the 
singlet state of the neutron-proton system. 
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Since protons and neutrons enter in a perfectly symmetrical way, the 
proton excess t(Z -N) = - T t is restricted in the same way as the 
neutron excess. Thus we obtain the condition upon the possible values 
of T t in a partition (P,P',P"): 

(3.22) 

This limitation implies that a nucleus with a large neutron or proton 
excess (large value of ITtl) must belong to a partition (P,P',P") with 
large P, P2::ITt l. The symmetry energy estimate (3.20) depends on 
the value of ~, (3.17), which increases quadratically with P. Thus the 
theoretical symmetry energy estimate (3.20) has a behavior very similar to 
the semi-empirical symmetry energy (2.2). Expression (3.20) increases 
with increasing IT tl, in an approximately quadratic fashion, and it 
depends inversely on the mass number A. Furthermore the example of 
N I6 and 0 16 has shown that we can get even quantitative agreement 
in this special instance. The next section will be devoted to a more 
detailed discussion of the symmetry energy (3.20). 

A few words are in place here regarding the limitations of our various 
estimates. (1) The dependence of the kinetic energy on the neutron 
excess is not negligible, and it contributes to the actual symmetry effect 
in nuclei. (2) The contribution of the anti-symmetric pairs to the 
potential energy is not exactly zero. (3) Our rough estimate (3.4) 
does not take into account the detailed behavior of the wave function. 
According to (3.4), all states '1'1, '1'2, ... with the same number of sym
metric pairs n+- (with the same partition P,P',P") have the same 
potential energy. This is not correct. However, to the extent that 
our rough considerations are justified, the states with the same par
tition are close together in energy compared to the energy separation 
between states with different partitions. 

4. THE SYMMETRY ENERGY AND THE SYSTEMATICS 
OF STABLE NUCLEI 

In any sequence of isobaric nuclei, the one or ones with the lowest 
energy are stable against beta-decay. The energies of isobaric nuclei 
are determined primarily by two effects: the symmetry effect and the 
charge effect. Since we now have a first estimate of the symmetry 
energy E.ym , (3.20), under the assumption of exchange forces, we shall 
use this estimate to understand the systematics of stable nuclei. 

Let us start with nuclei of odd mass number A. The neutron excess 
T t can then assume the values Tt = ±t, ±j, ±t, .... We try to 
determine the partition (P,P',P") of the ground state of the nucleus 
which has the neutron excess T t . We must choose that partition 
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which gives rise to the lowest value of~. Equation (3.17) shows that 
we must choose the lowestP compatible with T r. According to (3.22), 
this is P= \Tr\. P' and pI! also must be as low as possible, and P' is 
necessarily positive because of (3.14). Since the nucleus has an odd 
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FIG. 4.1. Schematic picture of the dependence of the nuclear energy on the neu
tron excess Tr for nuclei with odd mass number A. The dashed curve shows the 
symmetry parameter E as a function of Tr. This parameter is proportional to 
the symmetry energy E.ym • Note the parabolic behavior and the cusp .at Tr =0. 
The solid curve shows E-iTr, which is an example of the change due to the charge 
effect. Note that there is only one sta.ble isobar (Tr = l in this exa.mple). The 
curves are drawn in, although actually only certain points on them (corresponding 

to half-integral values of Tr) are meaningful. 

number of particles, we cannot make nl and n3 both equal to zero. 
We get the lowest value of pI by making either n 1 = 1 and n3 = 0, or 
else n3 = 1 and nl = O. The first choice corresponds to nuclei of type 
A = 4n+ 1 (n integral), the second choice to A = 4n -1. The value of 
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P" is +j in the first case, -j in the second case. In either case the 
value of ~, (3.17), is equal to 

~ = jTr2 + 21Trl + ¥ (odd nuclei, ground state) (4.1) 

The symmetry energy (3.20) is proportional to f In Fig. 4.1, ~ is 
plotted against T r. The IT rI term in (4.1) causes a cusp at T r = ° in 
contrast to the assumption of a smooth parabola which was made in 
the derivation of the semi-empirical Weizsacker formula (2.2). The 
increase of the symmetry energy with lTd is somewhat stronger than 
a parabola would indicate. The empirical evidence for the existence 
of the cusp in the symmetry energy is inconclusive. Figure 4.1 also 

(a) (b) 

FIG. 4.2. Illustration of (a) the partition (2,0,0) and (b) the partition (1,1,0). 

shows the inclusion of the charge effect (1.6), which is approximately 
linear in T r. In the special example of this figure the charge effect is 
so chosen as to make Tr =* the stable isobar. 

We now turn to nuclei with even mass numbers, of type A =4n (n 
integral). We again search for the partition of the ground state, i.e., 
the partition with the lowest ~ which is consistent with (3.14) and 
(3.22). The optimum value of P is again P = I Trl. Since we now 
have an even number of nucleons, we try to minimize ~ by making 
P' =P" = 0. According to the definition (3.14), this choice of P, P', P" 
corresponds to nl=na=O and n2=ITrl. Since A must be a multiple 
of 4, this choice is possible only for even values of T r. This is illus
trated in Fig. 4.2, where we have assumed there are 4 nucleons outside 
the filled shells. If Tr is even (Tr = 2, Fig. 4.2a), all 4 nucleons can be 
neutrons, giving the partition (P,P',P") = (2,0,0). On the other hand, 
if Tr is odd (Tr=l, Fig. 4.2b), we must put 3 particles in one level 
and 1 particle in another level, giving the parition (P,P',P") = (1,1,0). 
In general, the ground state partition for A = 4n nuclei with even Tr is 
(P,P',P") = (ITrl,O,O) and with odd Tr, (ITrl,I,O). 
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This characteristic difference between A = 4n nuclei with even and 
odd Tr is an important feature of the theory. The A =4n nuclei with 
even Tr are even-even nuclei, whereas the A =4n nuclei with odd Tr 
are odd-odd nuclei. We shall now show that the theory predicts the 
instability of all odd-odd nuclei of mass number A =4n. 

To show this we need merely evaluate ~ for the two cases. The 
result is 

~ = iT/ + 21Trl + 4 

~ = iTr2 + 21 Trl + j 
(odd-odd nuclei) 

(even-even nuclei) 
(4.2) 

This is shown graphically in Fig. 4.3. There are now two different 
parabolas (each with a cusp at Tr=O as before), the lower one for the 
even-even nuclei, the upper one for the odd-odd nuclei. Thus the 
theoretical symmetry energy estimate (3.20) already includes a term 
of type (2.14) which had to be introduced artificially into the semi
empirical mass formula. Furthermore the coefficient of this term 
(which gives the spacing between the two parabolas in the figure) is 
now no longer an arbitrary parameter but is related to the other con
stants in the symmetry energy [the spacing between the two parabolas 
is three times the coefficient of Tr2 according to (4.2)]. 

The instability of the odd-odd nuclei is a direct consequence of the 
large spacing between the two parabolas in the figure. If we include 
the charge effect, the best possibility for making an odd-odd nucleus 
stable occurs when the minimum of the odd-odd curve coincides with 
a possible (odd) value of T r. Such a case is shown in Fig. 4.4. We 
see that even in this most favorable case the odd-odd nucleus has an 
energy higher than that of the two neighboring, even-even, isobaric 
nuclei. Thus the two even-even isobars are both stable, and the odd
odd isobar in between undergoes beta-decay in both directions. There 
are many such cases in the periodic table. All these cases are for 
even mass numbers A, none for odd A. This is again in agreement 
with theory: the behavior of ~ for the ground states·of odd A nuclei 
(Fig. 4.1) is smooth, and therefore only one isobar can be beta-stable. 1 

Finally, let us consider the even mass numbers of type A =4n+2 
(n = integral). A simple consideration analogous to the earlier one 
shows that the partition of the ground state is (P,P',P") = (I Trl,O,Q) 
for the (even-even) nuclei with odd Tr, and (P,P',P") = (ITrl,I,O) for 
the (odd-odd) nuclei with even T r, with one significant exception, 

1 There are a few cases of two stable isobars of odd A nuclei in the periodic table. 
These are always neighboring isobars, not isobars with an unstable one in between. 
It is extremely probable that one of the two "stable" isobars is actually unstable, 
but with a lifetime so long that the radioactivity has so far defied detection. 
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FIG. 4.3. The parameter E in the symmetry energy as a function of the neutron 
exceBB Tr for nuclei with mass numbers A =4n (n integral). The even-even nuclei 

(Tr even) have lower values of E than the odd-odd nuclei (Tr odd). 

however: the odd-odd nuclei with Z = N, T r = ° form a special case. 
Figure lAb shows that these nuclei have two particles above the filled 
levels, so that they belong to the same partition, (P,P',P") = (1,1,0), 
as their neighboring (even-even) isobars. 

The values of ~ for the ground states of the A =4n+2 nuclei are 
also given by (4.2). (However, the even-even nuclei now have odd 
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second term coming from the charge effect. 
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Tr, the odd-odd nuclei have even Tr-) The exceptional Tr = 0 nuclei 
have ~=5, the same value as their neighboring isobars. This is 
shown graphically in Fig. 4.5. The odd-odd nuclei are again unstable, 
with the exception of the Tr=O nuclei which must be treated as special 
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(Tr =odd). The odd-odd nucleus with equal numbers of neutrons and protons 
(Tr =0) forms an exception, however. Its symmetry energy (value of t) is equal 
to that of the neighboring even-even isobars. The stability relations among the 

nuclei Tr = 1,0, -1 thus depend on the charge effect and the spin effect. 

cases. These special cases have already been discussed in Section 1, 
where it was shown that the spin dependence of the nuclear forces 
(which we have neglected in our present rough estimates) is essential 
for an understanding of the stability of some of these nuclei. 

Although the simple estimate (3.20) of the symmetry energy has 
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enabled us to gain a complete understanding of the stability relations 
of nuclei, this spectacular agreement with experiment is undoubtedly 
at least partly accidental. After all, in order to understand the stabil
ity relations we have to consider cases in which the charge effect is of 
the same order of magnitude as the symmetry effect. It is doubtful 
that an effect as strong as the charge effect here can be treated validly 
by first-order perturbation theory (as we have done). Everything 
considered, the ease with which this simple theory predicts the stability 
relations of observed nuclei is perhaps somewhat deceptive. 

6. NUCLEAR MAGNETIC MOMENTS IN LIGHT ELEMENTS 

The very general arguments of the previous section are not sufficient 
to predict the magnetic moments of ground states of nuclei, since such 
a prediction requires a rather detailed description of the states involved. 
However, Margenau and Wigner (Margenau 4011.) have pointed out 
that considerable partial information concerning the magnetic moments 
can be obtained from symmetry considerations. 

We note that the type of nuclear potential (3.5) which we are using 
does not contain any spin-orbit coupling. Spin-orbit coupling in 
nuclei is due to the magnetic fields of the orbital motion and to the 
tensor forces. The former effect is very small in nuclei; the latter 
effect has been estimated only very roughly (Phillips 40, Dancoff 39, 
40). We shall discuss later some qualitative results of an appreci
able spin-orbit coupling, which is, however, still small enough so that 
it can be treated as a small perturbation. 

The expression for the magnetic moment Po of a nucleus under the 
assumption of no spin-orbit coupling has been given in Chapter I, 
(1,7.52 and 1,7.53). In Chapter I we have applied these expressions to 
the Schmidt model in which the orbital angular momentum L and the 
intrinsic spin S are assumed to be due to only one nucleon. Now 
several nucleons (those outside the filled four-shells) may contribute 
to the spin angular momentum, and (in principle at least) all nucleons 
may contribute to the orbital angular momentum. 

The considerations of the preceding sections enable us to predict 
the values of Sand gs for all nuclear ground states. We cannot, 
however, predict the values of the orbital angular momentum L, nor 
the way Sand L combine to form the vector J. The value of gL is 
also unknown. In one special case, however, gL is known: for nuclei 
composed of an equal number of protons and neutrons ("self-conju
gate" nuclei) the assumption of equal neutron-neutron and proton
proton forces implies that the Qrbital angular momentum is shared 
equally between the neutrons and the protons. gL would be unity for 
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a proton and zero for a neutron, so that gL =t in that case. Sachs (46) 
has pointed out that this argument can be applied also to the arith
metic mean of the magnetic moments of two mirror nuclei. 

We shall now take the following approach: instead of trying to 
predict magnetic moments and orbital angular momenta from first 
considerations, let us take the experimentally observed value of J 
and see how far we can get in predicting the observed magnetic 
moment. Since S is known from the general theory, there will be 
only a few possible values of L, and it will be easy to discriminate 
between them. Because of the large values of the spin magnetic 
moments of the proton and neutron, most of the observed magnetic 
moments are due to the first term in (1,7.52); therefore an error in gL is 
not very decisive. 

It is known experimentally that the total angular momenta of all 
even-even nuclei measured so far are zero, and therefore their magnetic 
moments are also zero. Light nuclei of this type, with T i = 0, are 
composed of an integral number of alpha-particles and hence belong 
to a partition in which all levels are completely filled [i.e., the partition 
(0,0,0) J. The spins therefore cancel out, and S = 0 for those nuclei. 
For heavier even-even nuclei, the neutron excess is contributed by two 
neutrons at a time, in successive levels, so that again the spins cancel 
out. Since S =0 theoretically and J =0 experimentally, we conclude 
that the orbital angular momentum L also vanishes for these nuclei. 
In other words, the individual nucleons move in such a way that the 
orbital angular momentum of the system as a whole is zero for all 
even-even nuclei. 

We now proceed to find Sand gs for nuclei with odd mass numbers. 
Light nuclei of this kind have all levels except one completely filled. 
The one remaining level contains either 1 or 3 particles. For nuclei 
of type A = 4n + 1 the one particle in the top level is the only one con
tributing to the spin (since all the other spins are saturated); hence 
the total spin angular momentum is S = t. The one "outside" 
particle is also the only one contributing to the spin part of the mag
netic moment; hence gs = 5.58 if the outside particle is a proton, and 
gs = - 3.82 if the outside particle is a neutron. The situation is 
exactly the same in the 4n - 1 nuclei, except that" outside particle" 
has to be replaced by "outside hole." In either case, for all odd 
nuclei, 

S=t 
gs = 5.58 if the number of protons is odd (5.1) 

gs = - 3.82 if the number of neutrons is odd 
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Statement (5.1) is expected to be true also for the heavier odd nuclei. 
since the neutron excess is provided by adding two neutrons at a time 
to successive levels (see Section 4). However, the approximation of 
charge- and spin-independent forces gets progresSively worse as we 
go to larger mass numbers (because of the increasing charge effect) 
and the prediction (5.1) must therefore be taken more cautiously. 

We wish to warn the reader at this point against taking the" levels" 
too literally, say, in terms of an individual-particle model. We are 
concerned here with the symmetry properties of the wave function 
under space exchanges. A" filled level" merely means 4 particles 
completely symmetrical under the exchange of their space coordinates. 
By the Pauli principle, their spins (and isotopic spins) must then 
cancel in pairs, and this is all we need in order to prove that the 
"filled levels" do not contribute to the spin angular momentum or 
the spin magnetic moment. The strength of these considerations of 
Margenau and Wigner lies in the fact that so little has to be assumed 
about the detailed behavior of the wave function. 

Before comparing (5.1) with experiment, we give the analogous 
argument for the four known stable odd-odd nuclei, all of which have 
equal numbers of protons and neutrons. In order to explain the 
stability of these elements we have invoked the spin dependence of 
the nuclear forces in Section 1, which causes the ground state of these 
elements to be a triplet spin state. In that state, the spins of the 
"outside" neutron and proton are parallel, and their magnetic 
moments add up; thus g8 is the sum of the neutron and proton magnetic 
moments divided by the spin angular momentum S, which is unity. 
Hence we get, for odd-odd nuclei with Tr=O, 

S = 1 g8 = 0.88 (5.2) 

We now compare these predictions with the experimental material. 
We start with the self-conjugate odd-odd nuclei, since for them YL 
is known to be t. The relevant data are summarized in Table 5.1. 
The experimental value of J is given, and the magnetic moment 
~theor is calculated for the different values of L compatible with J and 
the predicted value S = 1. The comparison with the experimental 
values ~exP shows that it is possible to pick one of the admissible values 
of L as the actual value or as the predominant one. 

Only L = 0 has been included for the deuteron, in accordance with 
the considerations of Chapter II. The small deviation between ~theor 
and ~e,.p is probably caused by the small admixture of D state (L = 2) 
due to the tensor force. We see that Li6 has mostly L=O, BIO mostly 
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L=2; N 14 is a mixture with a predominant L=2 component, and so is 
Na22 • 

The fact that none of the computed values agrees perfectly with the 
observed ones can be ascribed to three causes: (1) relativistic correc
tions to the magnetic moments of the individual nucleons; (2) coopera-

TABLE 5.1 
Nucleus J S gs L gL Ilt-beor "up 

H2 0.88 0 ! 0.88 0.86 

Lis 0.88 0 1 0.88 0.82 
1 1 0.69 
2 ! 0.31 

BID 3 0.88 2 1 1.88 1.80 
3 1 1.60 2 

4 ! 1.22 

N14 0.88 0 1 0.88 0.40 
1 ! 0.69 
2 ! 0.31 

Na 22 t 3 0.88 2 ! 1.88 1.75 
3 ! 1.60 
4 1 1.22 

t Na22 is a radioactive nucleus, but its spin and magnetic moment have been 
measured (Davis 49). The beta-decay does not influence the dynamical properties 
of a nucleus. 

tive effects, the so-called "exchange magnetic moments," which 
come into play only when many nucleons are assembled close together; 1 

(3) the influence of spin-orbit coupling. 
There is no reliable way of treating the relativistic effects on the mag

netic moments even in the simplest case, the deuteron. However, 
rough estimates show that the relativistic effects can be large enough 
to change the observed magnetic moment by an amount of the order of 
magnitude of 0.1 nuclear magneton. Hence this effect alone might be 
sufficient to account for most of the deviations in Table 5.1; whether 
it actually is sufficient is not known at present. As far as cooperali:'e 
effects are concerned, there is some reason to believe that they cancel 
out in self-conjugate nuclei (Morrison 48, Osborn 50). Finally, the 

1 The cooperative effects can be of two types: (a) the magnetic moments of the 
various nucleons at close distances may be different from thc values at large dis
tances, and (b) there may be contributions to the magnetism of the nucleus 
from the "exchange currents" set up by the exchange of protons and neutrons. 
The assumption of exchange forces implies the existence of such exchange currents 
(Sachs 48, Lamb 38, Siegert 37), but the magnitude of these currents cannot be 
deduced uniquely from the strength of the exchange forces (Osborn 50). 
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8pin-orbit coupling has the following effect (provided that it is a small 
perturbation): the wave function no longer has purely one Sand L 
value but becomes a mixture of the various possibilities indicated in 
the table. The observed magnetic moment is the weighted average of 
the values in the table, the weights being the probabilities of the 
various (L, S) combinations in the actual nuclear wave function. 1 In 
particular, therefore, we should expect the observed magnetic moment 
to lie between the extremes of the theoretical values. The fact that 
this is indeed so lends some support to the belief that the spin-orbit 
coupling is the most important correction of the three discussed here. 

We now consider the odd nuclei. It is more difficult to make a 
theoretical prediction of the magnetic moment, since the gyromag
netic ratio for the orbital motion is unknown. We shall give the 
theoretical values of the magnetic moments for both orbital angular 
momenta L compatible with the experimentally known values of J 
and the (theoretically) expected value S =j- under two assumptions 
about the orbital gyro magnetic ratio gL: (1) the Schmidt model 
(Schmidt 37, SchUler 37, 37a) according to which gL = 1 if Z is odd, 
gL = 0 if N is odd; and (2) the uniform model (Wigner 37 a, Margenau 
40a) according to which gL = Z / A. The latter model assumes that 
the nuclear motion is sufficiently complex to allow us to use statistical 
considerations; then the orbital angular momentum of the nucleus is 
distributed evenly among all the particles so that the protons as a 
whole contribute in proportion to their number. To the extent that 
the motion in the nucleus is more ordered than that, through shell 
formation for example, the statistical argument breaks down. The 
results are summarized in Table 5.2. 

The nuclei with mass number 3 have magnetic moments which 
deviate somewhat from the predicted values. An analysis by Sachs 
(Sachs 47a, Avery 48, 49) has shown that no reasonable admixture of 
other possible states gives these results. These deviations are prob
ably due to exchange magnetic moments which contribute about 0.2 
nuclear magneton in each case. Hence we should not expect agree
ment to better than 0.2 nuclear magneton between the simple theory 
(which neglects these effects) and experiment for the other odd nuclei 
either. Some calculations (Spruch 50) indicate that the exchange 
magnetic moment may become even more important as the mass of 
the nucleus increases. 

1 Note that we are not 9.8cribing the orbital momentum L to the motion of one 
nucleon only. Hence linear combinations of different L values are poBBible, in 
contrast to the one-particle model (see Chapter I, Section 7B) in which the parity 
rule prevents any such combinations. 
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For Li7, a P state is clearly indicated, and the statistical assumption 
for gL leads to a very good result. In Be9, we are also dealing with a 
P state; the statistical gL is not too bad, and the discrepancy is easily 

TABLE 5.2 

I'theor 

Nucleus J S gs L Schmidt Uniform "up 

gL = 0 gL = 1 gL = Z/A 
---- --

H3 I I 5.58 0 2.79 2.79 2.98 
He3 I I -3.82 0 -1.91 -1.91 -2.13 
Li7 ! I 5.58 1 3.79 3.22 3.25 

2 0.12 -0.90 
Be9 I i -3.82 1 -1.91 -1.47 -1.18 

2 1.15 1.95 
BII I I 5.58 1 3.79 3.25 2.69 

2 0.12 -0.84 
Cl3 I I -3.82 0 -1.91 -1.91 0.70 

1 0.64 0.95 
NI6 I I 5.58 0 2.79 2.79 -0.28t 

1 -0.26 -0.62 
FI9 I I 5.58 0 2.79 2.79 2.62 

1 -0.26 -0.61 
Na 23 ~ ; 5.58 1 3.79 3.27 2.21 

2 0.12 -0.81 
Al27 • I 5.58 2 4.79 3.75 3.64 2 

3 0.86 -0.63 
p31 I I 5.58 0 2.79 2.79 1.13 

1 -0.26 -0.61 
CI36 I I 5.58 1 3.79 3.28 0.82 

2 0.12 -0.81 
CI37 I I 5.58 1 3.79 3.25 0.68 

2 0.12 -0.85 

t For the sign of the magnetic moment of NI6 see Proctor (51). 

within the error expected as a result of exchange magnetic moments. 
Bll does not fit with any theory. An admixture of the D state (due 
to spin-orbit coupling) would perhaps account for the observations. 
The experimental results in N15 and C 13 indicate clearly that these 
nuclei are in P states. It should be emphasized that these are the 
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first two nuclei in the table for which the lowest possible L (i.e., L = 0 
in these cases) does not give a good fit. We shall see later that the 
independent-particle model predicts P states for these two nuclei. 
It seems that the Schmidt model gives the best fit for N16 and C13. 
In both cases we find L = l. 

The theory is no longer so good for the heavier elements. In Na, 
P, and CI the magnetic moments fall outside the limits of either L. 
The deviations are rather large to be explained by exchange magnetic 
moments. We are entering the region of medium-weight nuclei for 
which spin-orbit coupling is more important. Indeed, all these mag
netic moments fall between the highest and the lowest of the theoretical 
values and can therefore be explained by assuming appreciable spin
orbit coupling. 

The results of this section show that the theory is not adequate to 
predict the nuclear spins and magnetic moments. However, it gives a 
rough insight into the implications of the experimental data and allows 
some interpretation of the observed values. 

~ 6. THE SPECTROSCOPIC CLASSIFICATION 
OF NUCLEAR ENERGY LEVELS 

So far we have classified the energy levels only by the partition to 
which they belong. This suffices to provide an understanding of the 
systematics of stable nuclei. 

We shall now look for other constants of motion which can be used 
to give a more detailed classification of nuclear levels. The total 
angular momentum J and the parity are constants of motion in any 
nucleus. More rules for the classification of energy levels can be 
obtained if some assumptions about the nuclear forces are made which 
are only approximately valid. We shall enumerate these assumptions 
explicitly in this section, although most of them have already been 
used previously. 

We shall make the following two assumptions: (I) nuclear forces are 
charge independent; (II) the charge effect (Coulomb energy and neutron
proton mass difference) can validly be treated as a small perturbation. l 

Assumptions I and II imply the existence of the so-called isotopic 
spin multiplets. We saw one example of an isotopic spin multiplet 

1 Although it is usually assumed that the nuclear forces act between pairs of 
nucleons only, the conclusions below do not depend on that assumption. Many
body forces are admitted here, with the one condition that they must be charge 
independent. It is perhaps useful to point out also that assumptions I and II do 
not exclude strong tensor forces. The isotopic spin multiplets are not destroyed by 
tensor forces, provided only that the tensor forces 88 well 88 the central forces are 
charge independent. 
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in Section 1 (Fig. 1.5a). We shall now discuss isotopic spin multiplets 
in general. 

Suppose that we have a state of the nucleus (A, Tr) with the wave 
function '11. According to assumptions I and II we do not change the 
dynamical properties of the system if we transform some neutrons into 
protons, or vice versa. Hence the same wave function '11 also describes 
a possible state of the nuclei (A, Tr-I), (A, Tr-2), ... and (A, Tr+l), 
(A, Tr+2), "', the only difference being that some neutron coordinates 
in the original '11 are now interpreted as proton coordinates, or vice 
versa. There is one important exception to this method of generat
ing wave functions of isobaric nuclei: we must not violate the Pauli 
principle. Suppose that our original nucleus had Tr > 0, i.e., it was 
made up of more neutrons than protons. Let us introduce the symbol 
mr to denote this initial value of Tr. We can then replace a neutron 
by a proton, i.e., go to the nucleus with Tr=mr-1, without fear of 
violating the Pauli principle, since we have decreased the maximum 
number of identical particles. By the same argument, '11 is an accep
table wave function for the nuclei Tr = mr-2, mr-3, etc., all the 
way to T r = - mr. On the other hand, suppose that we replace a 
proton by a neutron. The original nucleus T r = mr already had a 
neutron excess; hence this replacement increases the maximum number 
of identical particles, and the resulting wave function may (but need 
not) violate the Pauli principle. 

We see therefore that for any wave function '11 there is a maximum 
value of Tr for which '11 is in agreement with the Pauli principle. This 
maximum value of Tr is called the total isotopic spin and is denoted by 
T.l '11 is an acceptable wave function for the nuclei 

Tr = T, T-l, "', -T, 

and the energy of this state is the same in all these isobaric nuclei 
(except for the charge effect, of course). These states of the isobaric 
nuclei (A, T) to (A, - T) are said to form an isotopic spin multiplet 
with total isotopic spin T. 

We now compare ordinary spin multiplets with isotopic spin multi
plets. In an ordinary (mechanical) spin multiplet 8, there are 28+1 
levels with the same energy, corresponding to values of 8% ranging 
from +8 to -8. Analogously, in an isotopic spin multiplet T, there 
are 2 T + 1 levels with the same energy, corresponding to values of T r 
ranging from + T to - T. In an ordinary spin multiplet the 28 + 1 
degenerate levels are levels of the same nuclear species. On the other 

I The symbol T for the total isotopic spin quantum number should not lead to 
confusion with the kinetic energy T in the nucleus. Both notations are standard. 
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hand, the degenerate levels in an isotopic spin multiplet belong to 
2T+ 1 different nuclear species (ranging from Tr = + T to Tr = - T). 
The (2S+ I)-fold degeneracy in an ordinary spin multiplet can be 
lifted by a perturbation (an electric or magnetic field, for example). 
The (2T+ I)-fold degeneracy in an isotopic spin multiplet is in practice 
lifted by the charge effect (compare Figs. 1.5a and 1.5d). 

We have seen before that knowledge of a state if in a nucleus Tr=m 
allows us to predict that the same state occurs in the isobaric nuclei 
Tr=mr-I, Tr=mr-2, ... , Tr= -mr. To illustrate the applications 
of this theorem, consider Fig. 6.1, which is a conceivable level system 
for an isobaric sequence of nuclei with an even mass number A. Sup
pose that we know (experimentally) the levels of the nucleus T r = 1. 
We can then make the following predictions: 

(1) There are exactly the same number of levels with the same exci
tation energies in the mirror nucleus T r = - 1. 1 

(2) All the levels known in the nucleus T r = 1 also occur in the 
nucleus T r = 0. However, T r = ° has additional levels (isotopic spin 
singlets) without" partners" in T r = 1. 

(3) Some, but not all, of the levels known in Tr= 1 are also found in 
the nuclei T r = 2 and T r = - 2. The levels which occur only in T r = ° 
are isotopic spin singlets, those which occur in Tr = 1,0, -1 (but no 
higher ITrl) are isotopic spin triplets, the others are isotopic spin quin
tets and higher multiplets. 

Predictions (1), (2), and (3) are valid if the charge effect is neglected. 
To the extent that the charge effect is a small perturbation, the cor
rection caused by it is nearly the same for all levels of a given nucleus 
Tr. Thus all the levels of a given species Tr are shifted upwards in 
energy by equal amounts. The magnitude of the shift depends on Tr, 
of course. An example of this is provided by the levels of the mirror 
nuclei Bll and Cll which are shown in Fig. 6.2 (Hornyak 50, Johnson 
51, Lauritsen 51). We have drawn the ground states at energy E=O, 
and to the extent that the charge effect is the same from state to state, 
one should expect corresponding levels at the same excitation energies 
on the figure. It is apparent that the theoretical prediction is in 
excellent agreement with the experimental findings; there is only one 
level which does not seem to have a partner (7.5 Mev in Cll);2 future 

1 This prediction actually depends only on the assumed equality of neutron
neutron and proton-proton forces and does not require the full charge-independence 
888umption. 

I The 6.48-Mev e1l state is undoubtedly an unresolved doublet corresponding 
to the 6.76-Mev and 6.81-Mev Bll atatesj a similar statement holds for the upper
most levels on the figure. 
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FIG.6.1. A schematic level system of isobaric nuclei of different neutron excess Tt, 
neglecting the charge effect. The levels occurring in Tt =0 only are isotopic spin 
singlets; the levels which occur in only the three nuclei Tt*I,O,-I are isotopic 
spin triplets; the levels which occur in the five nuclei Tt =2,1,0, -1, -2 are isotopic 
spin quintets. All levels in Tt = 1 have partners in Tt = -1, the mirror nucleus, 
and also in Tt =0. Not all levels in Tt = 1 have partners in Tt =20r Tr - -2. The 
charge effect distorts this figure by raising all levels of a given species Tr by a cer
tain amount, the amount depending on Tr (larger for larger number of protons, 

i.e., for smaller Tr). 

work may well remove this one discrepancy. The small shifts in 
excitation energies of corresponding levels are to be expected, and they 
have a reasonable order of magnitude. 

The charge effect cannot always be treated as a small perturbation. An exam
ple of this is provided by the mirror nuclei eu and N 13 whose low-lying levels are 
shown in Fig. 6.3. The first excited level in e l3 is at 3.10 Mev, whereas in N 13 

it is at 2.4 Mev. This large difference was explained by Wigner. He pointed out 
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FIG. 6.2. Low-lying energy levels of Bll and Cll. The ground states are "part
ners" and so are the various excited states. The Bll levels were found from 
the B10(d,p)Bll reaction, the Cll levels from the BIO(d,n)Cll reaction. [Data for 

this figure were taken from Hornyak (50), Johnson (51), and Lauritsen (51).) 

that the separation energy 8 n of a neutron from C13 is 4.88 Mev, above the 3.10-
Mev level, whereas the separation energy 81' of a proton from N 13 is only 1.92 Mev, 
below the 2.4-Mev level. Hence the 2.4-Mev level in Nil is unstable against 
proton emission, whereas the "mirror" (3.10-Mev) level in CU is stable against 
particle (neutron) emission. Under these circumstances the Coulomb energy 
can no longer be treated as a small perturbation. A more detailed treatment 
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(Ehrman 51), using the theory of nuclear reactions, gives an estimate for the actual 
energy shift in this case, which then agrees with experiment as to order of magni
tude (the theory does not allow a very detailed comparison). 

The existence of corresponding levels in mirror nuclei depends on 
the assumption of equal neutron-neutron and proton-proton forces 
but does not require the full charge-independence hypothesis. The 
evidence for full isotopic spin multiplets in light nuclei is considerably 
weaker than for corresponding levels in mirror nuclei. The two best 

4 3.95 
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t3 
3.10 

'>' ... 2.39 ~ 
~2 ... 
c: .... 

----O.B? 

0 

N 13 Cl3 

FIG. 6.3. ww-Iying energy levels of Nil and eu , with the ground state drawn at 
zero energy for both species. The large discrepancy in excitation energy between 
the 2.39-Mev level in NU and the 3.10-Mev level in en is attributed to the fact 
that the Coulomb energy cannot be treated as a small perturbation in this case. 
The 3.10-Mev ell state is stable against neutron emission, whereas the 2.39-Mev 
Nil state is unstable against proton emission. The O.S-Mev en level has not 

been established beyond doubt. [Data taken from Hornyak (SO).] 

cases are the nuclei with A = 10 and A = 14 (Sherr 49). The levels of 
0 14, N 14, and C14 are shown in Fig. 6.4. After correction for the 
charge effect, we see that the following three states form an isotopic 
spin triplet: the ground state of 0 14, the 2.3-Mev excited state of N 14" 

and the ground state of Ca. This assignment is strengthened by the 
properties of the beta-decay of 0 14 and Ca. The C 14 decay is very 
slow, indicating that the ground state of N 14 is very different in struc
ture from the ground state of C14 (see Chapter XIII). On the other 
hand, the 0 14 nucleus decays predominantly to the 2.3-Mev level of 
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N 14, and this decay is very fast, indicating that the 2.3-Mev level of 
N 14 has very similar properties to the ground state of 0 14• 

Prediction (2) is also borne out by the data of Fig. 6.4. C 14 has an 
excited level at 5.6 Mev, and a doubtful excited level at 6.1 Mev. 
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FIG. 6.4. Energy levels of 0 14, N14, and C". The ground states of 0 14 and C14 
together with the 2.3-Mev N14 state form an isotopic spin triplet. The 8.07-Mev 
N14 state and the 5.~Mev C14 state may also be corresponding states. No state 

in N14 corresponding to the doubtfuI6.1-Mev C14level is known. 

If the ground state of C14 corresponds to the 2.3-Mev level of N 14, 

these two excited states of C 14 should correspond to levels in N 14 at 
7.9 Mev and 8.4 Mev, respectively. There is a well-established level 
in N 14 at 8.07 Mev, which may correspond to the 5.6-Mev state in Cu. 
The doubtful 6.1-Mev level in C14, on the other hand, does not seem 
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to have a partner in N 14. Only more experimental evidence will tell 
whether this is a real contradiction to theory. 

On the whole, the theoretical interpretation of the data on light 
nuclei is still in a very early state. Considerably more work is needed 
before the implications of these data will be fully explored. At 
present the data are not in disagreement with the assumption of charge 
independence of nuclear forces (i.e., with the existence of isotopic spin 
multiplets), but the data are not yet conclusive. 

It is possible to use the concept of partition to develop a spectro
scopic classification of nuclear energy levels much more detailed than 
the one which we have discussed so far (Wigner 37, Hund 37, Wigner 
41). Unfortunately this more detailed classification is based on the 
assumption that the tensor forces (spin-orbit coupling) can be neg
lected in a first approximation. This assumption is probably adequate 
for the 9,iscussion of the gross features of nuclear stability (see Section 
4). It is, however, too crude to lead to a practically useful spectro
scopic classification of energy levels. If the forces were really charge
and spin-independent, certain levels (those belonging to the same space 
wave function and hence to the same partition) would coincide in 
energy to form "supermultiplets." If the effect of spin-dependent 
forces (which can be of type dl'd2 or tensor forces) were small, the 
actual levels arising from this "supermultiplet" would still be close 
together in energy compared to the separations between different 
supermultiplets. There is no experimental evidence for such a group
ing of levels in light nuclei, and theoretical work (Feingold 50) has 
indicated that the effect of the tensor forces is by no means small. 
Thus the partition quantum numbers cannot be used as the basis of a 
detailed classification of energy levels. On the other hand, partition 
quantum numbers (P,P',P") sometimes can be assigned to nuclear 
levels, and this assignment can be used to draw some conclusions in 
special cases (Guthrie 42). 

We therefore arrive at the following general scheme for classification 
of energy levels of light nuclei: each level has a definite angular 
momentum J and parity 7r. In addition, the levels of isobaric nuclei 
can be grouped into isotopic spin multiplets. Under certain condi
tions, partition quantum numbers (P,P',P") can also be assigned to 
individual levels. 

This classification scheme is very much less extensive than the one 
available for energy levels of atoms (Condon 35). The reason is our 
ignorance concerning the nuclear forces as well as our inability to 
treat nuclear many-body problems by simple approximations. In 
atoms the nucleus exerts a predominant force of attraction, so that an 
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independent-particle model is a good first approximation which can be 
used to classify atomic energy levels. There is no similar first approxi
mation known for nuclei which could claim corresponding accuracy. 
However, recent successes of the shell model (see Chapter XIV) indi
cate that the independent-particle model is perhaps not so bad an 
approximation as it was hitherto assumed to be. 

We can summarize the achievements of the general theory of nuclear 
spectroscopy as follows: 

(1) We have obtained a qualitative understanding of the main 
factors determining the stability of nuclear species (Section 1). 

(2) This qualitative understanding could be used to establish a 
semi-empirical formula for nuclear binding energies which gives a 
satisfactory summary of the main outlines of the experimental material 
(Section 2). 

(3) A rough estimate of the symmetry effect due to the exchange 
nature of nuclear forces (Section 3) has enabled us to understand the 
main outlines of the table of stable nuclei (Section 4). 

(4) Some information has been obtained regarding magnetic 
moments, and this information could be used to interpret the experi
mental material (Section 5). 

(5) A study of the constants of motion of nuclear systems has 
provided us with a rudimentary framework for the classification of 
nuclear energy levels (Section 6). 

SYMBOLS 
A Mass number of the nucleus [ = N + Zl (Section 1) 
b Range of the nuclear force (3.2) 
B Binding energy of the nucleus (2.6) 
c Speed of light (Section 1) 
C Operator for the Coulomb energy of the nucleus (Sec

tion 3) 
C Expectation value of C (1.2) 
d Distance between nearest neighbors in the nucleus; for the 

definition of d, see Chapter III, Section 3 (3.2) 
ECoulomb Coulomb energy of the nucleus in the Weizsacker formula 

[=C] (2.3) 
Erest Rest mass energy of N neutrons and Z protons separated 

from each other (1.5) 
E.urf Surface energy of the nucleus in the Weizsacker formula 

(2.5) 
E.ym Symmetry energy of the nucleus in the Weizsacker formula 

(2.2) 
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Volume energy of the nucleus in the Weizsacker formula 
(2.1) 
Gyromagnetic ratio for the orbital part of the nuclear 
magnetic moment; for its definition, see Chapter I, Section 
7 (Section 5) 
Gyromagnetic ratio for the spin part of the nuclear mag
netic moment; for its definition, see Chapter I, Section 7 
(Section 5) 
Relative probability of interaction for a symmetric pair; 
for its definition, see Chapter III, Section 3 (3.2) 
Nuclear Hamiltonian [= T+ V +C] (Section 3) 
Total angular momentum quantum number of the nucleus 
(Section 5) 
Constant appearing in (b/R)3 =kA-1; k is estimated to lie 
between 2 and 3 (3.3) 
Orbital angular momentum quantum number of the nucleus 
(Section 5) 
The excited state of Li 6 which "corresponds" to the 
ground states of He6 and Be6 (Section 1) 
Mass of the electron (Section 1) 
Value of Tr for some definite nucleus (Section 6) 
Mass of the neutron (Section 1) 
Mass of the proton (Section 1) 
An integer (Section 1) 
Number of symmetric pairs (3.1), (3.11), (3.18) 
Number of anti-symmetric pairs (3.1) 
Operator for the number of symmetric pairs (3.12) 
Number of "levels" occupied by 1 nucleon (3.13) 
Number of "levels" occupied by 2 nucleons (3.13) 
Number of "levels" occupied by 3 nucleons (3.13) 
Number of "levels" occupied by 4 nucleons (3.13) 
Number of neutrons in the nucleus [=A -Z] (1.1) 
Probability of interaction for a pair regardless of its sym
metry [= p(b/R)]; for its definition see Chapter III, Section 
2 (3.2) 
Probability of interaction for a symmetric pair 
(3.2) 

(3.1), 

p_ Probability of interaction for an anti-symmetric pair 
(3.1) 

P Partition symbol [=t(nl +2n2+n3)] (3.14) 
pI Partition symbol [ =t(nl +n3)] (3.14) 
P" Partition symbol [=i(nl-n3)] (3.14) 
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Majorana exchange operator (3.5) 
Majorana exchange operator for particles i andj (3.11) 
Constant in the interpolation formula B"""'qA for the nuclear 
binding energy [q"""'8 Mev] (Section 2) 
Nuclear radius (1.2) 
Coulomb radius of the nucleus (2.11) 
Spin angular momentum quantum number of the nucleus 
(Section 5) 
Separation energy of a neutron (Section 6) 
Separation energy of a proton (Section 6) 
z component of the spin angular momentum of the nucleus 
(Section 6) 
Isotopic spin quantum number [= the maximum value of 
Tr for a set of "corresponding" levels in isobaric nuclei] 
(Section 6) 
Operator for the kinetic energy of the nucleus (Section 
3) 
Expectation value of the kinetic energy operator T (Sec-
tion 3) 
Neutron excess [=i(N -Z)] (1.1) 
Maximum neutron excess Tr consistent with the partition 
(P,P',P") (Section 3) 
Value of the neutron excess Tr which leads to the minimum 
total energy U (maximum binding energy) for a given mass 
number A (2.8), (2.9) 
Constant appearing in the Weizsiicker formula for the 
Coulomb energy (2.3), (2.4) 
Constant appearing in the Weizsiicker formula for the sur-
face energy (2.5) 
Constant appearing in the Weizsiicker formula for the 
volume energy (2.1) 
Constant appearing in the Weizsiicker formula for the sym-
metry energy (2.2) 
Total energy of the nucleus (2.7) 
Operator for the potential energy of the nucleus as a whole 
(3.6) 
Expectation value of the nuclear potential energy V 
(3.1) 
Well depth of the nuclear potential between two nucleons, 
in the square well approximation (3.1) 
Nuclear potential between the pair of nucleons i, j separated 
by the distance Tij (3.6) 
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Well depth of the Majorana potential between two nucleons 
in the square well approximation (3.7) 
Distance dependence of the Majorana exchange potential 
between two nucleons (3.5) 
Well depth of the Wigner potential between two nucleons 
in the square well approximation (3.7) 
Potential of the Wigner (non-exchange) force between two 
nucleons at separation r (3.5) 
Number of protons in the nucleus (1.1) 

Constant in the Weizsiicker formula, related to the energy 
difference between even-even and odd-odd isobars (2.14) 
Energy difference between two isobaric nuclei due to the 
charge effect (1.6) 
Difference in iT between two isobaric nuclei (3.9) 
Magnetic moment of the nucleus, in nuclear magnetons 
(Section 5) 
Experimental value of I-' (Section 5) 
Theoretical prediction for the magnetic moment on the 
assumption of no spin-orbit coupling (Section 5) 
Partition-dependent part of n+-n_ (3.16), (3.17) 
Parity of the nucleus (Section 6) 
Pauli spin vector of a nucleon (Section 6) 
Wave function of the nucleus (Section 3) 



CHAPTER VII 

Nuclear Spectroscopy 

II. Special Models 

1. INTRODUCTION 

The previous chapter is devoted to those aspects of nuclear spectros
copy which can be understood and correlated by means of rather 
general considerations. The scope of these general methods is con
siderable, but still rather narrowly circumscribed. We can get quali
tative information for the over-all properties of atomic nuclei, but it is 
much more difficult to obtain any quantitative information, and of 
course special properties of individual nuclear species (e.g., spin, mag
netic moment, excited states, deviation of binding energy from the 
smooth semi-empirical formula, etc.) cannot be predicted at all. 

In view of this situation, considerable effort has been devoted to 
finding more detailed descriptions of nuclear states which can still be 
treated with the mathematical methods at our disposal, without being 
too sweeping simplifications of the actual conditions. This chapter is 
devoted to a short exposition of these attempts. It will be seen that 
there are scattered successes in various places, but that most of these 
attempts can be considered failures. The various models which were 
invented to describe the behavior of nuclei prove to be insufficient if an 
attempt is made to put them on some solid theoretical foundation, or 
to subject them to really detailed comparison with experiment. 

We shall start with a discussion of the uniform model, since this 
model is most closely allied to the general considerations of the previous 
chapter. We shall then treat the independent-particle model in some 
detail. The alpha-particle model and the liquid drop model will be 
treated rather summarily, since they seem to be even farther from the 
truth than the first two. 

~ 2. THE UNIFORM MODEL OF WIGNER (37a, 40) 

A. Theory 
It was shown in the preceding chapter that very general symmetry 

arguments can be used to explain the stability of nuclei. These 
266 
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argUlaents can be extended to give quantitative information concern
ing nuclear binding energies. This extension is based on the assump
tion that the motion in nuclei is sufficiently complicated so that statis
tical considerations can be used. All the details of nuclear motion 
are ignored, and only the main qualitative features are retained. 
This model of the nucleus is therefore called the "uniform model." 
The uniform model fails to the extent that there exist in nuclei shell 
structure effects (compare the discussion of magnetic moments in the 
preceding chapter, and the evidence presented in Chapter XIV). 

The theory starts with the assumption of charge- and spin-inde
pendent forces. For simplicity, let us start by considering Majorana 
forces only. The potential energy operator is then given by (VI,3.S) 
and (VI,3.6), with the Wigner term omitted. The expectation value of 
the potential energy was estimated there by the use of the assumption 
that the anti-symmetric pairs do not contribute appreciably to the 
nuclear potential energy V. We now make a somewhat closer esti
mate as follows. The Majorana part of the potential energy gives! 

(1/1, V M1/I) = l (1/1, V M(rij) PMij 1/1) (2.1) 
ij 

where t.he sum is extended over all pairs of nucleons, counting each 
pair only once. We introduce the" projection" operators 

7ri/ = i (1 ± P Mij) (2.2) 

which select the part of the wave function which is symmetric (anti
symmetric) under the space interchange of !Jarticles i and j. Expres
sion (2.1) becomes 

(1/1, V M1/I) = l (1/1, V M(rij) 7ri/1/I) - l ("', V M(rij) 7rij-1/I) (2.3) 
ii ij 

Consider the first sum in (2.3). Because of the projection operator the 
interaction is computed only for the pairs which are symmetrical under 
space exchanges. Let us introduce the average M ajorana interaction 
V M· between a symmetric pair of particles 

l (1/1, VM(rij) 7ri/1/I) 

V • - ~~~. ~~----------
y - l (1/I, 1ri/1/I) 

(2.4) 

ij 

In Chapter VI we have estimated VMa to be equal to -p+(VM)o, 
where (Vy)o is the "well depth" of the Majorana force. Equation 

1 We use the notation (""V",) for f",·V"'dT. 
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(2.4) represents a refinement of this estimate. The sum in the 
denominator of (2.4) is just 11+, the number of symmetric pairs. In 
the same way we can introduce V M a , the average interaction between 
anti-symmetric pairs, by replacing 'tri/ with 1rij-. The expectation 
value (2.3) of the Majorana part of the potential energy becomes 

(2.5) 

So far, no approximations have been made. The uniform model 
of Wigner now assumes that the average interaction integrals, V M' and 
V M a, between symmetric and anti-symmetric pairs are smooth functions 
of the mass number A and, to a good approximation, independent of 
the neutron excess T t = t (N - Z) and of other properties of the nucleus. 
This approximation disregards all special features of individual nuclear 
species. The results of the uniform model must therefore be consid
ered a refinement of the semi-empirical treatment of the nuclear 
energy surface rather than detailed predictions of all relevant nuclear 
properties. For example, the uniform model makes no attempt to 
determine the orbital angular momentum L of the nuclear ground 
state, or its magnetic moment. 

I t is useful to rewrite formula (2.5) in the alternative form: 

(1/t, VM 1/t) = t (VM'- VM a ) (11++11_) + t (VM'+ VM a) (ii+-11_) (2.5') 

Under the assumptions of the uniform model the first term is the same 
for all isobars, whereas the second term determines the stability rela
tions in an isobaric sequence. The difference between the numbers of 
symmetric and anti-symmetric pairs has already been evaluated in 
Section 3 of Chapter VI. 

Since a pair of space anti-symmetric particles must stay apart 
from each other (the wave function must be zero when they are at the 
same place), the average interaction integral for anti-symmetric pairs 
is necessarily smaller in absolute value than the interaction integral 
for symmetric pairs. 

Formula (2.5') shows why it might be justifiable to neglect the varia
tion of the interaction integrals in an isobaric sequence. The quantity 
11+ - 11_ is a very rapidly varying function of T t, and the variations of 
the interaction integrals are expected to be considerably smaller and 
smoother, so that these variations can validly be neglected in a first 
approximation. 

The uniform model makes no attempt to calculate the interaction 
integrals. However, an estimate of their variation with mass number 
is possible. The interaction between a pair of particles comes only 
from distances of the order of magnitude of the range of nuclear forces. 
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The probability p(b/R) of finding two particles that close together is 
inversely proportional to the volume of the nucleus, provided that this 
volume is much larger than the effective volume of interaction. 
Hence we shall assume that the average interaction integrals V are 
proportional to A -1. Of course, for light nuclei the nuclear volume is 
not large compared to the volume of interaction; hence we should 
include in the estimate of the interaction integrals a surface term simi
lar to the surface term in the Weizsacker semi-empirical mass formula. 
This has not been done in most of the work on the uniform model, 
although the possibility has been recognized in the first paper of Wigner 
on this subject (Wigner 37a). 

We now remove our assumption that the nuclear forces are of the 
Majorana type only, and we include a Wigner force in the theory. 
The equivalent of (2.5) for the Wigner force has the minus sign replaced 
by a plus sign, since the Wigner force does not change sign for anti
symmetric pairs. We then get for the expectation value of the total 
potential energy 

where 
(1/!, V1/!) = -J., (ii+-iL) - L' i.4(A -1) 

£ == -iev M"+ V.I/a) - i(V w" - V wa) 

£' == -iev M" - V M a ) - ieV w"+ V wa ) 

(2.6) 

(2.7) 

The signs have been chosen so that Land L' are expected to be positive 
quantities for forces obeying the saturation requirements. We have 
also used the fact that the sum of the number of symmetric and anti
symmetric pairs is equal to the total number of pairs, tA (A -1). 

We now proceed to the determination of the kinetic energy on the 
basis of the uniform model. We consider all the nuclear particles as 
moving independently in a sphere of the nuclear volume, except for the 
requirements of the exclusion principle; this" Fermi gas" is assumed 
to be completely degenerate, i.e., the particles are crowded into the 
lowest few levels consistent with the Pauli principle. In terms of the 
notation of the preceding chapter, using the "normal form" defined 
there, the number of neutrons with spin up is n1 +n2+n3+n4, the 
number of neutrons with spin down is n2+n3+n4, etc. There are 
four kinds of particles here, and the kinetic energy of the Fermi gas is 
(see Chapter III; M = mass of each nucleon, R = radius of sphere): 

3 h2 

T = 40 (3&n-) 2/3 MR2 · [(nl+ n 2+ n 3+ n 4)o/3 

+ (n2+n3+n4)6/3 + (n3+n4)o/3 + (n4)6/3] (2.8) 



270 VII. Nuclear Spectroscopy II 

This quantity is not the kinetic energy in the actual nucleus but a 
lower limit for it: the correlations between positions of the particles 
make the wave function less smooth in configuration space and there
fore raise the kinetic energy. However, we shall assume that this 
effect depends mostly on the mass number and is the same, to a good 
approximation, for all partitions and all isobars. This assumption 
may well be wrong; there does not seem to be any simple way of esti
mating the kinetic energy by taking correlations into account. It is 
customary to expand (2.8) under the assumption that nl, n2, and n3 
(and hence the partition quantum numbers P, P', P") are small' 
compared to the mass number. This gives, using R=roA 113, 

T = ToA [ 1 + 9~2 " + ... ] (2.8') 

where To and " are defined by 

T =..! (9r)2/3 ~ 
o 40 Mr02 (2.9) 

" = t [P 2 + (P') 2 + (P") 2] 

The leading term of (2.8') is proportional to the mass number A and is 
the same foJ' isobaric nuclei. The term which distinguishes between 
isobars depends on the partition (symmetry properties) of the wave 
function through the combination" (2.9). In order to get the lowest 
energy for the nucleus, we want " to be small. The kinetic energy 
term favors the stability of nuclei with small values of ITri. 

The estimate of the kinetic energy is very critical for the determina
tion of the binding energy: the kinetic energy neutralizes more than 
half of the potential energy in actual nuclei, so that the observed 
binding energy is a small difference of large quantities. A small 
fractional error in the kinetic energy estimate therefore leads to a 
large fractional error in the binding energy. It is not altogether clear 
whether the rough approximations used here give a sufficiently accu
rate estimate of the kinetic energy. 

The charge effect and its influence on the energy in the uniform 
model is taken over directly from the Weizsa.cker formula; see (VI,2.3). 

For purposes of later discussion, we shall divide the total energy U 
of the nucleus in the Wigner uniform model into two parts, the first of 
which is independent of Tr and hence is the same for all isobars: 

U(A,Tr) = Vo(A) + [U(A,Tr) - Uo(A)) 

U o(A) can be suitably defined by 

(2.10) 
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Uo(A) = (iA2_2A-i)L - lA(A-1)L' + ATo 

+ (l-2A- 1)A5/3uc + iA(M"c2+Mpc2) (2.11) 

If we use TO = 1.465 X 10-13 cm as in Section 2 of Chapter VI, the con
stant To is about 13Mev; the constant uc =0.148 Mev was introduced 
in Chapter VI in connection with the Weizsacker formula. The 
apparent dependence of U o(A) on the square of the mass number is 
not real because the interaction integrals which enter into Land L' 
are assumed to vary like A -I. 

The second part of (2.10) is concerned with the comparison between 
isobars. Collecting the various formulas and using the quantity 
~ of the preceding chapter, we get 

U(A,Tr) - Uo(A) 
LI TI Tr(A-1-Tr) 2 2 

= A ~ + A" - 4uc A 1/3 + (M"c -Mpc )Tr (2.12) 

Here the quantity LI is defined by L==L1A-1 and is expected to be 
constant. It will be determined by comparison with the experimental 
data concerning isobars. The constant T 1 is given by T 1 == (4%) To 
and is estimated to be equal to about 60 Mev. The third and the 
fourth terms represent the differential effect between isobars of the 
Coulomb energy and the neutron-proton mass difference (the charge 
effect) . 

Since we shall be concerned only with ground state properties of 
nuclei, we shall restrict ourselves to the lowest partition (lowest 
values of ~ and ,,) for each nuclear species. These partitions, and the 
corresponding values of ~, have been determined in Section 4 of 
Chapter VI. An explicit formula was given there for ~; there exists 
a similar explicit formula for". We collect both of them here for 
easier reference: 

~ = t Tr2 + 21Trl + ¥ odd A 

~ = t Tr2 + 21Trl + i even-even nuclei 

~ = t Tr2 + 21Trl + 4 odd-odd nuclei with N ~Z 
(2.13) 

~ = 5 odd-odd nuclei with N = Z 
and 

" = t Tr2 + t odd A 

" = l Tr2 even-even nuclei 

" = t Tr2 + t odd-odd nuclei with N ~ Z 
(2.14) 

,,=t odd-odd nuclei with N = Z 
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The expression of the Wigner uniform model for the symmetry 
energy is given by the first two terms of (2.12) (the last two terms 
represent the charge effect): 

E . = L1~ + Tl11 
aym A (2.15) 

This represents a refinement of expression (VI,3.20). Formula (2.15) 
becomes very similar to (VI,3.20) if the contribution of the kinetic 
energy is neglected, i.e., if we put T1 =0, for then both (2.15) and 
(VI,3.20) predict that the symmetry energy is proportional to ~ and 
inversely proportional to the mass number A. Although L1 could in 
principle be found from the wave function I{I of the nucleus, in practice 
it serves merely as an adjustable parameter in the theory which can 
be chosen to give the best fit to the experiments. 

However, even rather rough estimates show that T1 is by no means 
negligible compared to L 1• We can estimate L1 as in Chapter VI by 
neglecting the contributions of the anti-symmetric pairs and estimat
ing the probability of interaction of the symmetric pairs. Formula 
(VI,3.20) then gives the estimate 

(2.16) 

where k, defined by (VI,3.3), is expected to be between 2 and 3, and 
V 0 can be estimated, from the two-body problems, to be of the order 
of 20 Mev. Hence our estimate for L1 lies between 40 and 60 Mev, 
whereas the value of T1 as estimated from (2.8') and (2.9) is about 
60 Mev. 

The symmetry energy under the assumption T1 =0 has been dis
cussed in detail in Section 4 of Chapter VI. Let us now investigate 
the consequences of the contribution of the kinetic energy to the sym
metry effect. 1/, (2.14), differs from ~, (2.13), qualitatively through 
the absence of the term proportional to IT rl, and quantitatively 
through the smaller difference between even-even and odd-odd nuclei. 
The absence of the ITil term in 1/ implies that there is no "cusp" 
for Tr = O. Thus, to the extent that the kinetic energy contribu
tion to Eaym is important, the "cusp" at T r = 0 is less pronounced 
than in Figs. 4.1 to 4.5 of Chapter VI. 

The second effect of the kinetic energy is to decrease the energy 
separation between the curves for the even-even and odd-odd nuclei 
in Fig. 4.4 of Chapter VI. We can see this by considering the ratio 
p of this spacing to the coefficient of Ti 2 in the symmetry energy. 
According to (2.13), (2.14), and (2.15) this ratio is given by 
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3L I + TI 
P = 

LI + TI 
(2.17) 

Since LI and T I are both inherently positive quantities, (2.17) implies 
that we get the largest spacing between the two parabolas for the even
even and odd-odd nuclei (compared to the curvature of the parabolas) 
if T I = O. Since T 1 is actually expected to be of the same order of 
magnitude as L I , the spacing between the parabolas is decreased 
considerably. 

The uniform model is based on assumptions which are likely to lose 
their validity both for very low and moderately high mass numbers. 
In very light nuclei, it is not likely that special properties of indi
vidual nuclear species (such as shell effects, for example) can be 
ignored without appreciable errors. Hence Wigner applied the uni
form model to the study of nuclei beyond 0 16. On the high mass num
ber side, there are several reasons for the model to break down. 
First, the increasing relative importance of the Coulomb energy makes 
the basic approximation of charge independence of the forces in the 
nucleus less applicable. Eventually the Coulomb repulsion mixes 
up terms belonging to different partitions, and the space symmetry 
properties of the wave function cease to play an important role. 
Second, the total number of nucleon pairs increases very rapidly with 
the mass number; thus a shift of a few pairs from an anti-symmetric 
to a symmetric character, say, represents a smaller effect on a relative 
basis. Furthermore the average coefficients Land L' decrease in 
magnitude, so that one pair with special properties (say, with a 
particularly strong interaction) can upset the statistical considerations 
quite easily. For A = 50, the number of pairs !A (A -1) = 1225, and 
a shift of a few pairs either way represents an effect of only 1 percent 
or less. It is therefore unlikely that the uniform model should be 
applicable to nuclei of mass numbers larger than 50. Of course, an 
appreciable tendency toward shell structure or spin-orbit coupling or 
both would invalidate the uniform model even in the remaining region 
of mass numbers, 16~A~50. 

The main content of the uniform model can be formulated by stating 
that it gives essentially a theoretical justification of the semi-empirical 
mass formula of Weizsacker without attempting any detailed predic
tions about individual nuclei. The mass formula of Weizsacker is 
modified as follows: 

(1) A term in I Ttl appears which leads to a cusp in the parabolas at 
Tr=O. This cusp is less pronounced, however, than in our rough 
estimate (VI,3.20). 
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(2) The existence of separate, spaced parabolas for even-even and 
odd-odd nuclei of the same mass number is a natural consequence of 
the theory. The spacing is somewhat less than in our rough estimate 
(VI,3.20). 

(3) The odd-odd nuclei with Z=N (Tr=O) constitute a special case 
(see Section 4 of Chapter VI). 

(4) The constants L1 and T1 in the symmetry energy can be esti
mated theoretically to be of the order of 40 to 60 Mev and around 
60 Mev, respectively. 

(5) The model is expected to be adequate for mass numbers between 
16 and 50. 

B. Comparison with Experiment 
We now compare the uniform model with experiment. It is by its 

very nature restricted to a rather narrow range of A, and we shall 
investigate only the nuclei within that range (16,.$A,.$50). 

Let us start with the energy differences between isobars. The 
energy difference [U(A,Tr) - U(A, Tr-l)] can be found from the 
experimental data on the beta-decay (one of the two nuclei Tr, Tr-l is 
necessarily beta-unstable). After correction for the charge effect, 1 

we obtain an experimental value for the difference in the symmetry 
energies: 

where ~E is the difference between E, (2.13), for Tr and Tr-l, respec
tively; ~1/ is defined in an analogous way. 

According to the prediction (2.18), the difference between the sym
metry energies is proportional to A- 1• This prediction can be tested 
by plotting the experimental values of ~E. for a given type of transi
tion (e.g., odd A nuclei, Tr=i to Tr=t or vice versa) against the 
reciprocal of the mass number A. The experimental points should lie 
on a straight line passing through the origin, of slope equal to 

L1~E + T1~1/ 
Such a plot is shown in Fig. 2.1 for the symmetry energy differences 

between odd A nuclei with Tr=i and Tr=t. More information 
about these energy differences can be obtained from the direction of 
the beta-decay, without knowledge of the decay energy itself, for the 

1 This correction is made by aBBuming that the Coulomb radius Rc is given by 
R._roAl/3 with ro-1.465 X 10-13 cm (its value for the mirror nuclei Tr= ±ii see 
Section 2 of Chapter VI). 
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tions are indicated by single circles, whereas "magic" transitions (in which 
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are indicated by double circles. According to the uniform model, all points should 
be consistent with a straight line passing through the origin. The slope of this 
straight line is predicted to be 3L1 +T1• The best straight line is drawn in, as well 
as two dashed straight lines which represent estimates of upper and lower limits 

for the slope, respectively. 
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direction of the beta-decay implies a limit (upper or lower, as the case 
may be) on the actual energy difference, and hence a similar limit on 
the energy difference corrected for the charge effect. These limits are 
also drawn in on the figure, the shaded areas being excluded regions. 
It is seen that the experimental points fall on a reasonably good 
straight line and that the line so drawn avoids the shaded regions. 
Hence the simple assumption that the symmetry terms are propor
tional to A -1 is seen to be fairly good. (It should be remarked, how
ever, that we have picked a rather favorable case; other classes of 
transitions show a much wider fluctuation.) 

We have also indicated on the figure the points arising from transi
tions in which one of the two nuclei contains a "magic" number 
of neutrons or protons (see Chapter XIV). The particular magic 
number involved is indicated next to each of those points. We see 
that the points for magic numbers 8, 20, and 28 do deviate from the 
best straight line more than the others. In each case the deviation is 
in the right direction (the magic nucleus has higher stability than 
expected on the uniform model). The magic number 14, on the 
other hand, does not appear to be very potent; the corresponding 
points fall right on the best straight line. The presence of these magic 
numbers makes it much more difficult to test the uniform model. 
Since the uniform model cannot account for the increased stability 
of magic nuclei, we should really omit these points from the graph. 
However, we would then have very few points left; i.e., there are only 
very few transitions between neighboring isobars for which neither 
isobar contains a magic number of neutrons or protons. 

Since Fig. 2.1 is a plot of (Ll~~+Tl~77)/A versus (I/A) for a 
particular class of transitions, the theoretical expression for the slope 
of the straight line can be deduced from formulas (2.13) and (2.14). 
For the class of transitions illustrated on the figure, ~ changes by 3, 
whereas 77 changes by 1; hence the slope ought to be equal to 3L1+T1• 

Such an analysis can be made for various classes of transitions and 
the results used to determine Ll and T 1 experimentally (Goldin 50, 
Frisch 50). Unfortunately, the experimental values of the slopes 
cannot be fitted closely by an expression of type (Ll~~+ Tl~77). If 
Ll and Tl are adjusted to fit the energy differences between isobars 
with odd mass numbers, the energy differences between even-et'en and 
odd-odd isobars are underestimated by the theoretical formula. 1 

To explain this discrepancy, it appears reasonable to suppose that 

1 This result is not quite conclusive at this time because the present data are not 
sufficient to define the slopes closely for all the relevant claBBes of transitions. By 
using the present uncertainties in the slopes to their full extent, it is poBBible to get 
bare agreement for a particular choice of Ll and Tlo However, it is very likely 
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there exists a tendency of individual pairs of nucleons to be closely 
associated with each other in their orbital motion in the nucleus. For 
example, adding two neutrons to a nucleus (thereby producing an 
isotope of the original one with mass number increased by 2) seems to 
leave many nuclear properties almost unchanged in a large number of 
isotopes. AB far as nuclear stability is concerned, this pairing of like 
nucleons has the effect that the nucleus has a tendency to bind odd 
particles less strongly than particles which come in pairs. Thus an 
even-odd nucleus is on the average less strongly held together than an 
even-even nucleus, because of the one unpaired particle. An odd-odd 
nucleus is even less strongly bound, since there are now two unpaired 
particles. The "levels" introduced in Chapter VI merely as a 
device for counting numbers of symmetric and anti-symmetric pairs 
seem to have a significance beyond their symmetry properties. We 
might say, for example, that two nucleons in different "levels" 
interact less strongly than two nucleons in the same "level" j hence 
pairs in different "levels" should be counted less strongly than 
pairs in the same "level." 

If the motion in nuclei were analogous to that in a liquid, say, with 
frequent collisions between particles and a large degree of randomness, 
it would be hard to understand how the "levels" could have any 
significance other than a purely mathematical one (e.g., counting of 
symmetric and anti-symmetric pairs). On the other hand, if each 
nucleon, to a valid first approximation, can be assumed to move in the 
average field created by the others, the "levels" can well assume 
physical meaning as the levels of a single particle in -this average field. 
Whether this particular explanation is correct is not known at this 
time. However, there is every reason to suppose that the motion of 
nucleons in heavy nuclei is appreciably more ordered (less liquid-like) 
in 80me sense than was commonly supposed until recently. This sub
ject will be discussed in more detail in Chapter XIV. 

The second, even more serious, difficulty of the uniform model has 
been stressed by Wigner (40) : it is the inability of this model to account 
for the observed total binding energy of the nucleus. Let us start by 
assuming (as we did in Chapter VI) that the anti-symmetric pairs 
make no contribution to the potential energy V. In that case (2.7) 
implies that L=L', and (2.6) gives the potential energy estimate 

(2.19) 

that this agreement will disappear as BOon as more complete data become available. 
Better agreement was found by Wigner (40) and Barkas (39a). The difference 
can be attributed to the additional data which have become available since that 
time. 
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Formula (2.19) represents an advance over the corresponding estimate 
(VI,3.4) in that we now have an approximate experimental value for L 
from the study of energy differences between isobars. 

The best values of Ll together with 11+ ........ /u-A 2 lead to the following 
estimate for the potential energy per particle: 

V 
A :: 9 to 18 Mev (2.20) 

The value (2.8') of the kinetic energy is a lower limit, since correlations 
in the wave function increase the kinetic energy. Thus the kinetic 
energy per particle is at least as large as 

'i' 
A ~ To:: 13 Mev (2.21 ) 

Comparison of (2.20) and (2.21) shows that the binding energy of the 
nucleus must be less than 5 Mev per particle before the correction for 
the Coulomb effect. This is a very serious discrepancy, since we have 
underestimated the kinetic energy and overestimated the potential 
energy. 

We have stated without proof that (2.19) is an overestimate of IVI. According 
to (2.7) the ratio L' /L is decreased by anti-symmetric Majorana interactions and 
increased by anti-symmetric Wigner interactions. In order to give saturation, 
the Majorana forces must predominate over the Wigner forces by a ratio of at 
least 4: 1. Thus the contribution of the anti-symmetric pairs decreases L' /L 
below the value 1 which we have assumed in (2.19). The potential energy per 
particle then becomes even less than our estimate (2.20). 

Recent work of Wigner (unpublished) has shown that the dis
crepancy in the total binding energy can be explained by taking into 
account the tensor forces which have been neglected so far. How
ever, this refinement of the model decreases the theoretical energy 
difference between even-even and odd-odd nuclei, thereby making 
that disagreement with experiment even worse. Probably this poor 
success of the uniform model is due to the fact that the ground state 
of the nucleus (which determines the nuclear binding energy) should 
be described not by a uniform model but by a shell (independent par
ticle) model. It is possible that the uniform model will prove more 
adequate for the description of excited nuclear states (Hurwitz 51). 

3. THE INDEPENDENT-PARTICLE MODEL 

A. Introduction 
The independent-particle model is based on the assumption that 

each nucleon moves independently of all other nucleons in a common 
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potential field. This field represents the average effect of all inter
actions with. other nucleons, and it is the same for each particle. 
Every nucleon is then considered an independent particle, and the 
presence of other particles moving in the same field exerts its influence 
only by means of the requirements of the Pauli principle, which 
excludes identical particles from occupying the same quantum state. 
The independent-particle method is therefore expected to give a good 
approximation if the assumption of an average field is justified. This 
assumption is justified if the motions of the various nucleons in the 
nucleus are not closely correlated with each other (the assumption 
fails, for example, if there is a strong tendency toward clustering into 
alpha-particles inside the nucleus). 

The average field acting on a nucleon, due to the motion of the other 
nucleons, could be computed if these motions were known. If we 
assumed that the independent-particle model provides a good approxi
mation, we could find the average field from the independent-particle 
wave function. This computed average field in general would be 
different from the initially assumed average field which was used to 
find the wave function. The Hartree-Fock "self-consistent field" 
method determines the best (= self-consistent) wave function for the 
system by the requirement that the average field computed from the 
wave function be identical with the initially assumed average field. 
For nuclei only one self-consistent field computation has been done 
(for He4 ; Matricon 38), with rather good results (which, however, can 
be obtained for He4 with much less labor by using the variational 
method with a reasonable trial wave function). For the nuclei to 
which the independent-particle model is usually applied, i.e., for 
5~A ~ 16, no self-consistent field calculation has ever been attempted. 
Instead, the wave functions have been chosen from the point of view of 
mathematical convenience. There are, therefore, two separate sources 
of error in the nuclear calculations with the independent-particle 
model: the general inadequacy of the model, and the lack of "self
consistency" of the wave functions. 

Mathematically the assumption of independent (not correlated) 
motions for the nucleons means that the wave functions for the system 
as a whole can be written in product form, each factor describing the 
motion of one nucleon: 

'" = !Pl(ql) !P2(q2) ... !PA(qA) (3.1) 

Here qi stands for the coordinates (space, spin, and isotopic spin) 
of the ith nucleon. A typical !p(q) has the form 

!p(q) = u(x,y,z) f(r,fI) (3.2) 
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where X,Y,Z are the space coordinates, r is the mechanical spin coordi
nate, and 1/ is the isotopic spin coordinate of the nucleon (see Chapter 
III, Section 5); the function f(r,1/) could, for instance, stand for a 
neutron with spin pointing up: f(r,1/) = a(r) v(1/). 

Expression (3.1) is not an acceptable wave function for particles 
obeying the exclusion principle, since it is not anti-symmetric under 
the exchange of any two q's. However, we can get properly anti
symmetric wave functions by linear combinations of functions of the 
type (3.1). We shall not need the details of this method here. 

The assumption that the average field is a central field allows us to 
classify the one-particle wave functions u(x,y,z), just as in atoms, 
with a principal quantum number n and an orbital angular momentum 
quantum number l. The principal quantum number n is related to 
the number of nodes in the radial part R(r) of lL(X,Y,Z) = R(r) Yz",(9,q,) 
through 

Number of radial nodes = n - l - 1 (3.3) 

The sequence of levels arranged in order of increasing energy depends 
on the nature of the potential. 

We give here the sequence of levels for three characteristic central 
fields. The levels are written in the usual spectroscopic notation, 
and the equality sign denotes levels with equal energies: 

I. Shielded Inverse Square Force. V = -const r- 1 exp (-ar). 

(Is), (2s), (2p), (3s) , (3p), (3d), (4s) , (4p) , (4d), (4f), ... (3.3a) 

II. Oscillator Force. V = const r2. 

(Is), (2p), (3d) = (2s), (4f) = (3p), (5g) = (4d) = (3s) ... (3.3b) 

III. Spherical Well.! V =0 for r<b, V = Vo for r>b, VO-HO. 

(Is), (2p), (3d), (2s), (4f), (3p), (5g), (4d), (3s), ... (3.3c) 

The shielded inverse square force is important in atoms. Its poten
tial differs from the other two by its large negative value in the 
center, which depresses the energy of the states in which the particle is 
found mostly at the center. These are the states with low orbital 
angular momenta, especially the s states. The average potential 
energy in nuclei is expected to differ qualitatively from the shielded 
inverse square potential and be more like the oscillator-or the spheri
cal well-potential. A most characteristic difference is found in the 
fact that, in the latter two potentials, the second level is a 2p state 

1 Taken from Margenau (34), who also discusses the case of finite Yo. 
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and not a 2s state as in the atomic potential. In general, the order of 
levels in (3.3b) and (3.3c) is quite similar but differs completely from 
the order in the inverse square field. 

If we now try to build up a "periodic system of nuclei," in 
analogy with the Bohr explanation of the periodic system in atoms, we 
should expect the (1s) level to be filled up first. It can accommodate 
four particles and is filled at He'. The next level to fill up is the (2p) 
level. Since an orbital angular momentum of one unit has three 
directions of orientation, the (2p) orbit can hold 3 X 4 = 12 particles 
and is filled at 016. It is somewhat harder to predict which orbit is 
filled next. It would be the (3d) orbit in an infinitely deep spherical 
well (which is certainly too strong an idealization) and could be either 
(28) or (3d) in an oscillator potential. Until rather recently no one 
had tried to extend the concept of shells much beyond 0 16, since the 
independent-particle model was not expected to yield an adequate 
approximation for nuclei heavier than that if conventional nuclear 
forces were assumed to act. Lately there has been much experimental 
evidence that this model is much better than anyone had believed (see 
Chapter XIV). We shall restrict ourselves here to the nuclei between 
A =5 and A = 16, whose lowest states should belong to the configura
tion (ls)'(2p)A-4. 

B. The P Shell Configurations 
We now investigate in greater detail what quantum states can be 

obtained from the (1S)4(2p)A-4 configuration for the nuclei with A 
between 5 and 16. 

We start with the simplest case: A =5. The closed (18) shell can 
be ignored for our purposes since its spin and angular momentum 
are zero. Since the one particle outside the closed shell has an angu
lar momentum l = 1, our system is in a P state. The parity is -1 
since the (2p) levels have odd parity and there is an odd number (one) 
of particles in the (2p) shell. We can ascribe a partition to this state, 
and this partition is evidently (i,t,t), corresponding to a situation in 
which only one particle is outside the closed four-groups. (See 
Chapter VI.) 

For A =6 there are two particles in the (2p) shell. By the vector 
rule of composition of angular momenta, the orbital angular momenta 
of these two p particles can combine to give L = 0, 1, 2. We now deter
mine the symmetry properties (partition) of these three terms. A p 
particle can have its orbital angular momentum directed in anyone 
of three ways: m = 1, 0, -1. The corresponding three wave functions 
have the form 
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U(X,y,z) 
x+iy 

- V2 g(r) == (m= I) 

U(x,y,z) = z g(r) == pz (m=O) (3.4) 

x-iy () Pz-iPII 
u(x,y,z) = V2 g r == v2 = P- (m= -I) 

where g(r) is a function of r = Irl only, and the functions Pz, PII' Pz, P+, 
and p_ are defined by (3.4). These three one-particle wave functions 
can be thought of as the three components of a vector p. Let us call 
p(l) the vector whose components represent the possible wave func
tions of the first P particle, and p(2) the vector representing the second P 
particle. The two-particle wave function which describes the state 
formed by the two particles is a bilinear combination of the components 
of the two vectors pel) and p(2). We get the 8 state (L=O) wave 
function I by combining the two vectors so as to form a scalar: 

1/18 = p(I)·p(2) (8 state) (3.5a) 

The three wave functions of the P state are obtained by forming the 
three components of the cross product vector: 

1/Ip = p(l) X p(2) (P state) (3.5b) 

The five wave functions of the D state are the five components of a 
symmetric tensor: 

1/ID,± 2 = P± (1) P± (2) 

1/ID,± 1 = P± (I) p.(2) + pz(1) P± (2) (D state) (3.5c) 

1/ID,O = 3 pz(l) p.(2) - p(I)·p(2) 

The 8 and the D states are symmetric with respect to the space ex
change of the two particles; the P state is anti-symmetric. The 
parity of all three states is II even." 

The Majorana part of the nuclear forces acts repulsively in anti
symmetric states and attractively in symmetric ones; hence the 8 and 
D states are low and the P state high in energy. 

The symmetry properties of the 8 and D states can be expressed 
also in terms of the partition quantum numbers. We compare the 
symmetry here with the symmetry conditions in the normal distribu
tion of Section 3 of Chapter VI. The 8 and D states are symmetric 

1 The wave functions (3.5) are not normalized. The correctly normalized 
functions are given in Appendix A, Section 5, by using expression (A,5.1) with 
i - j'.,.1 and J = 0, 1 ,2, respectively. 
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with respect to the two particles; hence their symmetry corresponds 
to that of a normal distribution in which the two particles are in the 
same "level." We therefore obtain the occupation numbers nl =0, 
n2 = 1, na =0, which give rise to the parition (P,P',P") = (1,0,0). 

The symmetry properties of the P state can also be expressed in 
terms of the partition quantum numbers. Since the P state wave 
function (3.5b) is anti-symmetric under the exchange of the space 
coordinates of the two particles outside the closed shell, the symmetry 
corresponds to the occupation numbers n 1 = 2, n2 = 0, na = 0, which give 
rise to the partition (P,P',P") = (1,1,1).1 

The cases of more than two particles in the (2p) shell are somewhat 
more complicated (Feenberg 37b,c; Hund 37), and we shall not treat 
them in detail. We restrict ourselves to the listing of the low-lying 
states only. According to the considerations of Chapter VI, the 
energy of the states is determined to a first approximation by their 
partition and, more specifically, by the value ~ (VI,3.17) belonging to 
this partition. High values of ~ correspond to higher energies, low 
values to lower energies. We shall list only those states of the con
figuration (ls)4(2p)A-4 which belong to the lowest partition (the one 
with the smallest ~) consistent with the configuration. These states 
are listed in Table 3.1. They are expected to correspond to the low
lying levels of nuclei with Tr near zero and mass number A between 
4 and 16. 

It should be emphasized that the states listed here are the low-lying levels only 
for those nuclei which can belong to the partition indicated in each case. For 
example, the partition (0,0,0) is listed for A = 12. This partition implies an 
equal number of neutrons and protons (see Chapter VI); hence the states listed 
apply only to C l2• The nucleus N12, with one more proton (Tr= -1), does not 
possess any of these states. Rather, its low-lying levels belong to the partition 
(1,1,0) and are presumably the states of partition (1,1,0) arising from the con
figuration (ls)4(2p)A-4. These states, and similar ones for other mass numbers in 
this region, are listed by Feenberg and Phillips (37c). We shall not treat them 
here. 

A striking feature of this table is its symmetry about the middle, 
A = 10. Except for the sign of P" in the partition symbol, the lowest 
partition and the states belonging to it are the same for the nuclei 
A'=x and A'=12-x. The x "holes" in the second case act very 
similarly to the x particles in the p shell in the first case. This is well 

lOne may be confused by the apparent contradiction of having an anti-sym
metric state although both particles are in the same (2p) level. Actually the (2p) 
level consists of three sublevels (m= -1, 0, +1). Hence an anti-symmetric com
bination like (3.5b) is possible, the two particles being in different substates. 
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known from the theory of atomic spectra. Correspondingly, the 
nuclei with A = 10 have the largest number of low-lying states. 

Table 3.1 contains one definite prediction which can be checked 
directly against experiment. To the extent that all the low-lying 
levels of a nucleus belong to the configuration (ls)4(2p)A-4, they must 
all have the same parity, + 1 for even A, -1 for odd A. There are 
three cases at present which seem to contradict this rule. The beta
decay of C 14 to N 14 has a very long half-life; this slow decay is difficult 
to explain unless it is assumed that a parity change occurs during the 

TABLE 3.1 
Low-LYING STATES OF THE CONFIGURATION (ls)4(2p)A-4 

States of this 
Number Configuration 

of p Particles Belonging to the 
A (A') Parity Lowest Partition Lowest Partition 

4 ° + (0,0,0) S 
5 1 (l.U) P 
6 2 + (1,0,0) S, D 
7 3 (U,-!) P,F 
8 4 + (0,0,0) S,D,G 
9 5 (U,I) P,D,F,G 

10 6 + (1,0,0) S, D, D,F,G 
11 7 (U,-i) P,D,F,G 
12 8 + (0,0,0) S,D,G 
13 9 (!,i,l) P,F 
14 10 + (1,0,0) S, D 
15 11 (U,-I) P 
16 12 + (0,0,0) S 

transition. Then either C 14 or (more probably) N 14 would have odd 
parity (Gerjuoy 51). The second case is exemplified by the 2.4-Mev 
excited state of N 13 shown in Fig. 6.3 of Chapter VI. This state is 
unstable with respect to emission of protons. The emission proba
bility (width) of the level is too large for p wave protons but is reason
able for s wave protons. Since the residual nucleus, C12, presumably 
has even parity, emission of an s wave proton implies that the metasta
ble level of N 13 also has even parity, in contradiction to Table 3.1. 1 

The third case is the 2.42-Mev excited state of Be9 which decays by 
neutron emission to Be8• Be8 is known to have even parity since it 

1 The mirror nucleus, Cl3, has been studied by Thomas (50), who finds conclu
sive evidence for opposite parities of the ground state and the 3.1-Mev state of Cu. 
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decays into two alpha-particles (see Chapter IX, Section 5). The 
very low neutron width of the Be9 level, r n ~ 5 kev (Van Patter 51), 
makes it likely that this state emits D wave neutrons and hence has 
the same parity as Be8, i.e., even. This is in contradiction to Table 
3.1. 

Although these arguments are not conclusive, they lend weight to 
the assumption that levels belonging to different configurations are 
not widely separated in energy from each other, but rather interpene
trate to an appreciable extent. The theory of atomic spectroscopy 
(Condon 35) shows that appreciable "configuration interaction" 
can be expected in such a case. The model then fails to give simple 
predictions which can be proved or disproved by experiment. 

The prediction of the orbital angular momenta L for the low-lying 
levels is a specific prediction obtained from the independent-particle 
model which cannot be obtained from general considerations such 
as those of the last chapter. Experimentally L is not known except 
for the ground states (where it can be inferred from the magnetic 
moments). Table 3.1 shows only one low-lying level for A = 15, which 
should therefore be the ground state. Thus N 16 should be in a P state. 
This checks very well against the measured magnetic moment of N 16 

(see Section 5 of Chapter VI). Similarly, the "closed-shell" nuclei He4 

and 0 16 are in S states as predicted; however, this follows from a more 
general rule applying to all even-even nuclei and should therefore not 
be taken as a confirmation of the independent-particle model. 1 There 
are no stable nuclei with A = 5, but the scattering experiments with 
neutrons and protons on He4 can be interpreted as showing low-lying 
L= 1 (P state) resonances, in agreement with Table 3.1 (Critchfield 49, 
Goldstein 50). 

Nuclei with A between 6 and 14 do not allow such a simple com
parison with experiment, since there are several low-lying levels in the 
table for each case. Until we know which of these levels is the ground 
state according to the independent-particle model, we cannot compare 
this model with experimental results concerning the ground state (in 
particular, the magnetic moment). We therefore need an estimate of 
the energy differences among low-lying levels. 

c. The Energy of the Ground State 
We have determined the character of the low-lying levels in the 

independent-particle model. In order to find out which of these 

1 Recent considerations (Jahn 50, Racah 50) have shown that the independent
particle model predicts S states for the even-even nuclei also in the region where the 
(3d) shell is being completed. 
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levels is the ground state, we need a somewhat closer estimate of the 
energy. 

Let us first discuss the case A = 6 with two nucleons in the (2p) 
shell. Here the question narrows down to the problem which of the 
two space-symmetric states, the S state or the D state, is lower. This 
is determined by a perturbation calculation: We take the average of the 
energy operator over the wave functions, (3.5a) and (3.5c), represent
ing these states and find out which gives rise to a lower value. 

The two states are equal with respect to their kinetic energy since 
both consist of two particles in the (2p) shell. They are different 
with respect to the potential energy of interaction between the two 
(2p) particles. The potential is attractive since they are in symmetric 
states. Therefore, the lower state is the one in which the particles 
are found closer to each other, i.e., in which the wave functions of the 
two particles overlap to a stronger degree. The calculation shows 
that this is the S state. This result can be understood as follows: We 
first find the probability distribution in space of a single particle in a 
p state relative to the direction of its angular momentum I. We 
investigate the state m = 1 in which I is oriented along the z axis and 
find that the square of the one-particle wave function [first line of 
(3.4)] is proportional to sin2 8, where 8 is the angle of the radius vector 
with the z axis. 

Actually, in the state m = 1, the vector I is not oriented exactly 
parallel to the z axis but includes an angle " given by 

lz 1 
cos" = - = --

III V2 

[The magnitude of the square of an angular momentum is l(l+1).] 
Thus the breadth of the probability distribution-in-8 is partIy due to 
the fact that the direction of I is not strictly parallel to the z axis. We 
now compare the overlap of the wave functions of two particles in 
p states for the two cases: (1) the angular momenta add up to a D 
state; (2) the angular momenta cancel out and give an S state. In 
the first case the two angular momentum vectors 11 and '2 are not 
strictly parallel, since the maximum z component of the total angular 
momentum is 2 and not 2Yi. In the second case, however, the two 
vectors hand 12 are exactly opposed; their vectorial sum L is exactly 
zero. Therefore the probability distributions are narrower in the 
second case and give rise to a better overlap. 

It is found in general, also for more than two particles in the (2p) 
shell, that the lowest of the low-lying levels is the one with the smallest 



3. The Independent-Particle Model 287 

angular momentum. I In the actual calculation we compute the aver
age value of the potential energy between the (2p) particles as given 
by the independent-particle model. The result can be expressed as 
follows (Hund 37, Feenberg 37c, Shimose 38, Racah 42): the difference 
in energy between two low-lying levels of angular momentum £ and £' 
is given by 

E(L) - E(£') = t [L(L+ 1) - U(U + 1)] K (3.6) 

where K may be shown to be the following integral: 

(3.7) 

The integral is extended over the configuration space of two (2p) 
particles whose wave functions were defined in (3.4). V(rI2) is the 
potential energy between two particles in a symmetric state as a func
tion of their distance. Since V(rI2) is attractive, the sign of K is 
positive. 

Table 3.1 shows that the independent-particle model predicts the 
ground state to be an S state for even mass numbers and a P state for 
odd mass numbers in the range 4~A ~ 16. The only likely exception 
is for A = 10, where the model predicts two different D states of the 
same energy. It is very likely that these states interact strongly in 
the next approximation and are pushed apart in energy. Since their 
predicted excitation is not very large, it is not impossible that the 
lower one of the two is pushed in energy below the S state. This 
seems to be the case experimentally: the measured spin (total angular 
momentum I) of B IO is 3, and the magnetic moment indicates a D 
state (see Section 5 of Chapter VI). 

The prediction of the orbital angular momentum of the ground states 
of nuclei is a very specific prediction which can be checked easily 
against experiment. We therefore review the experimental evidence 
summarized in Chapter VI (Tables 5.1 and 5.2). The odd-odd nuclei 
do not fit well at all: Li6 has the predicted S state, but B IO and N I4 are 
in D states. We have seen that B IO can perhaps be explained, but 
the argument does not hold for N14. The situation is better for the 
odd nuclei: £ = 1 is a good fit to the magnetic moments of Li7, Be9, Bll, 
C13, and Nl6, i.e., for all the odd nuclei in this region whose magnetic 
moments are known. There is some indication of an admixture of a 
D state in Bll. This is not too surprising and is in fact a success 
rather than a failure of the independent-particle model. According to 
Table 3.1, there should be low-lying D states in odd nuclei only for 

1 A very simple proof is given by Shimose (38). 
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A = 9 and A = 11; hence only these nuclei can have admixtures of D 
states in appreciable amounts; experimentally no admixtures of states 
other than P states are indicated for A = 7,13,15. The even-even 
nuclei again give a check for the theory since they are all in S states. 
However, I =0 seems to be the rule for all even-even nuclei, not just 
for the ones in this region of mass numbers, so that we probably should 
explain this rule by much more general (so far unknown) arguments; 
if so, the check with the independent-particle model in this limited 
region of mass numbers does not prove very much about the model. 

Estimates have been made for the order of magnitude of the integral 
K. With reasonable values for the force strengths and ranges and the 
spread of the wave function we get K,......,l Mev. There is at present 
no way of checking this value against experiment. 

The spacing predicted by (3.6) between the ground state and the 
first excited state depends on the nucleus we are dealing with. The 
spacing is smallest for mass numbers A =9,11, where the ground state 
should be a P state and the first excited state a D state, so that formula 
(3.6) predicts a separation of 2K,......,2 Mev (both these levels, of course, 
split into two under spin-orbit coupling, giving four levels in all). 
For nuclei with even mass numbers, the ground states ought to be 
S states and the first excited levels ought to be D states, formula 
(3.6) predicting a separation of 3K,......,3 Mev. (These levels are not 
split in the A =4k, Tr=O nuclei and in the A =4k+2, Tr= ± 1 nuclei; 
they are split into four levels each for the A =4k+2, Tr=O nuclei.) 
The largest separation between ground states and first excited levels 
is predicted for mass numbers A =5,7,13,15, where the ground state is 
a P state and the first excited state an F state, with a separation 5K,......,5 
Mev (each level again splitting into two under spin-orbit coupling). 
Since we expect the spin-orbit coupling to have appreciable effects on 
the level structure, these predictions can hardly be tested in detail. 
However, we should expect to be able to predict something about the 
number of levels with low excitation, say less than 5 Mev. This 
number ought to be large (eight) for A = 6,10,14 and Tr =0, moderate 
(four) for A =9,11, and very small (two) for A =5,7,13,15 as well as 
for A=8,12 with Tr=O and for A =6,10,14 with Tr= ±l. Finally, 
there ought to be no low-lying excited levels at all for He4 and 0 16• 

By and large, these predictions are borne out surprisingly well. Of 
fourteen nuclei whose low-lying levels are fairly well known by now, 
there is only one non-conforming case (Nl4, with considerably too 
few levels). The complete absence of low-lying levels in 0 16 is a 
particularly striking confirmation of this picture. 

So far we have assumed that the forces are charge and spin inde-
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pendent. At the time these investigations were started, the quad
rupole moment of the deuteron had not yet been discovered; hence 
the assumption was made that all forces are central and that a small 
admixture of Heisenberg or Bartlett forces or both is required to fit 
the data on the two-body problem. It seems now that the singlet
triplet splitting in the neutron-proton system is predominantly due 
to the tensor force. It is not easy to include the tensor force in calcula
tions with the independent-particle model, and no such calculations 
have been published to date. l This must be kept in mind when the 
predictions of this model, as commonly given, are compared with 
experimental findings. 

~ D. Nuclear Magnetic Moments on Independent-Particle Model 
The orbital angular momenta L of the ground states of the odd 

nuclei check well against experiment. In order to predict the mag
netic moment itself we still need to determine two things: (1) the way 
in which Land S combine to form a total angular momentum I, 
and (2) the value of the orbital gyromagnetic ratio gL, i.e., the share 
of the orbital angular momentum L contributed by the protons. 

The first point was treated by Inglis (36), Dancoff (36), and Furry 
(36) on the basis of central nuclear forces (this was before the discovery 
of the quadrupole moment of the deuteron); the spin-orbit coupling 
was then attributed to relativistic effects. Inglis showed that the 
main effect (related to the "Thomas factor" in atomic spectros
copy) works in such a way as to make Land S line up parallel to 
each other for mass numbers below 10, and opposite one another for 
mass numbers above 10 (the behavior of the "holes" is the opposite 
of the particles as far as spin-orbit coupling is concerned). The sign 
of the tensor force as deduced from the deuteron is such that it acts in 
the same direction. 

This prediction seems to work out rather well: the only odd-odd 
nucleus for which it can be tested, N 14, has 1=1 = IL - sl, as predicted. 
The odd nuclei have I =}=L+S for A =7,9, and I =i-=IL-si for 
A = 13,15. The exception is A = 11 with I =i=L+S. 

We now turn to the orbital gyromagnetic ratio gL (Rose 37). For 
the odd-odd nuclei we get gL =1- from general considerations (equality 
of neutron-neutron and proton-proton forces), and of course the inde
pendent-particle model gives the same result. The odd nuclei are 
more interesting since gL is not determined a priori. For nuclei of mass 
number 5 the one outside particle carries all the angular momentum; 

1 The work of Feingold (50) indicates that the tensor force is very important and 
changes the theoretical predictions considerably. 
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hence gL = 1 if that outside particle is a proton (Li 6) and gL = 0 if it is a 
neutron (He6). Both nuclei are unstable, so this cannot be checked 
by experiment. The same reasoning applies to the end of the period, 
where there is just one "hole" left in the (2p) shell. In N 16 that 
hole is a proton; hence gL should be equal to unity. This checks quite 
well with experiment, significantly better than the statistical assump
tion gL=ZjA=i-s. 

For nuclei of mass number 7 we can form a P state out of a trilinear 
combination of three vectors [one for each of the three (2p) particles]: 

YtP = [p(I)·p(2)] p(3) + [p(2)·p(3)] p(l) + [p(3)·p(I)] p(2) (3.8) 

In each term of (3.8) two of the particles combine into an S state, the 
remaining particle contributing the net orbital angular momentum. 
Since (3.8) is completely symmetrical in the three particles, the orbital 
angular momentum is distributed equally among them, whereas the 
statistical assumption would imply that it is distributed equally 
among all seven particles. Hence gL of Li 7 is i- on the independent
particle model [one of the three (2p) particles is a proton], compared to 
gL =", on the basis of the statistical assumption. Experimentally, 
gL = i- and gL =", both fit within the error expected from exchange 
magnetic moments and other perturbations. In C13, where two of the 
three holes are protons, gL = t is a somewhat poorer fit than the statis
tical result gL=-h. These comparisons may be invalidated by the 
fact that the function (3.8) predicts a negative quadrupole moment for 
Li7, in direct contradiction to experiment (Kusch 49, Welles 42, 
Present 50, Hummel 51, Inglis 51). 

For mass number 9 the P state is more complicated than (3.8) since 
the space wave function cannot be symmetric in more than four of the 
five (2p) particles. The computation of gL is straightforward though 
lengthy. The result is i- if two of the five (2p) particles are protons, 
f if 3 of the 5 are protons. The agreement with experiment is not very 
good, either for Be9 or Bll, but D state admixtures can be expected in 
both cases. 

Altogether, the independent-particle model seemed to be successful 
in predicting angular momenta and magnetic moments. However, 
the reported positive quadrupole moment of Li7 and the difficulties 
with the parity of states of N 14, Nl3, and Bee make these successes 
appear somewhat like unexplained coincidences. In view of the 
theoretical criticisms which we shall now take up, it would have been 
surprising indeed if the independent-particle model had been quite as 
successful as it was believed to be until recently. 
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E. Criticism of the Independent-Particle Model 
The limitation of any independent-particle model lies in its inability 

to encompass the correlations between the positions and spins of the 
various particles in the system (Frank 37). As an extreme example, 
consider the eight-particle system Be8. This nucleus is known to be 
dynamically unstable against breakup into two alpha-particles. The 
wave function after this breakup is concentrated into two entirely 
separate regions of configuration spare, one for each alpha-particle, 
the positions of four particles being closely correlated with each other 
but uncorrelated with the positions of the other four (the other alpha
particle). There is no way in which the independent-particle model 
could do justice to this situation. 

There is, of course, no need to go to such extremes. Even in a 
dynamically stable nucleus we expect that there is some tendency for 
group formation; particles which attract each other are on the average 
closer together than particles which repel each other. The wave 
function of the system as a whole is distorted from that of the inde
pendent-particle model in a way to take better advantage of the 
attractive forces available and to be more effective in avoiding the 
repulsive forces. The wave function strikes a balance between the 
desire to minimize the potential energy and the resulting unfavorable 
increase in the kinetic energy so as to yield the lowest total energy for 
the ground state of the system. 

The problem of the correlation energy has been studied extensively 
in the theory of the solid state, in connection with the theory of free 
electrons in metals (Wigner 34, 38). It was found that the correla
tion energy cannot be neglected by any means; it is a significant part 
(up to 50 percent) of the binding energy in a metal. Nevertheless, 
certain qualitative conclusions (e.g., the existence of energy bands, 
"holes" in almost filled bands, etc.) can be drawn from the inde
pendent-particle model in a valid way. 

In nuclei the situation is presumably less favorable if one believes 
in the existence of both attractive and repulsive forces between nuclear 
particles (the usual exchange forces subject to the saturation condi
tions). The existence of forces of both signs forces the wave function 
into strongly correlated behavior to avoid the repulsions which raise 
the total energy. In contrast to this, if all the forces have the same 
sign, the assumption that anyone particle is acted upon by some 
"average" field is much closer to the truth, and this assumption is 
all that is needed for the independent-particle model. 

In order to get some idea of the errors in the calculations based on 
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the independent-particle model for nuclei, many investigators have 
carried out perturbation calculations starting from the independent
particle model as a zero-order approximation (Inglis 37, 38; N aka
bayasi 37; Gronblom 37, 38; Margenau 38b, 39; Watenabe 39; Carroll 
40; Tyrrell 39, 39a; Kroeger 38). They found that the change in the 
zero-order wave function introduced by this perturbation procedure 
is by no means small: if we write the wave function as 'l'O+'l'pert' the 
condition 

(3.9) 

is rather badly violated, the two integrals being of the same order of 
magnitude. This large perturbation in the zero-order wave function 
is due to two causes: (1) the zero-order wave function used as a start
ing point is not self-consistent in the Hartree-Fock sense, so that part 
of 'l' pert amounts to a "self-consistency correction" to 'l' 0, which 
correction does not transcend the limitations of the independent
particle model; (2) the remaining correction to 'l' 0 comes from the cor
relations between the motions of the particles in the nucleus. It is 
rather difficult to disentangle these two fundamentally different cor
rections (Watenabe 39). 

Since the perturbation is large, the zero-order wave function com
monly used with the independent-particle model is a very poor approxi
mation to the true wave function in a. conventional nuclear potential. 
Consequently, any conclusions drawn from this wave function (such 
as the nature of the low-lying levels. their separations, etc.) are on a 
rather uncertain footing. 

4. THE ALPHA-PARTICLE MODEL OF THE NUCLEUS 

A. Outline of the Theory 
Very early in the development of nuclear physics, it was observed 

that alpha-particles emerge in the decay of heavy radioactive nuclei. 
This led some investigators to suppose that alpha-particles also exist 
as stable substructures inside these heavy nuclei before they decay. 
This view is now rather generally discredited; the study of nuclear 
reactions has shown that protons and neutrons, as well as alpha
particles, can emerge from a heavy nucleus in a highly excited state, 
and a better understanding of nuclear forces in general has made it 
difficult to accept the idea that alpha-particles can maintain their 
identity for a very long time inside condensed nuclear matter. 

A new version of the same idea was later put forth by Wefelmeier 
(37, 37a), Wheeler (37), Weizsiicker (38), and Fano (37). They 
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were aware of the shortcomings of a naive alpha-particle model and 
suggested that the alpha-particles, rather than being stable structures 
inside a nucleus, be considered to have only a short-lived identity. 
After a certain time t the alpha-particle dissolves into its constitu
ents, and the remains of this and other dissolved alpha-particles rear
range themselves into a new alpha-particle structure, etc. Wheeler 
attempted to show that this time t is long compared to the periods of 
vibration and rotation of such a temporary alpha-structure. Then 
the properties of this alpha-structure would be manifest just as if it 
were permanent at least as far as the low excited states of this 
"molecule" are concerned. 

We shall not go into the criticisms of the alpha-particle model now; 
we shall instead discuss its predictions and successes and reserve the 
criticisms for later. 

The first and most obvious success of the alpha-particle model is in 
the prediction of the binding energies of nuclei which can be formed 
out of an integral number of alpha-particles. Let us, for example, 
describe the nucleus 0 16 by the simple "model" of four alpha
particles placed far apart from each other. The total energy of this 
system is four times the energy of a single alpha-particle, i.e., 

4 X 4.00391 = 16.01564 mass units 

The observed total energy of 016 is 16.00 mass units (by definition). 
If we subtract the masses of eight neutrons and eight protons from 
these two masses, we get the following result: our model of 0 16 gives 
a binding energy of 113 Mev, whereas the actual binding energy is 
127 Mev. Hence, without any binding whatsoever between the alpha
particles themselves, we have predicted almost 90 percent of the observed 
binding energy. 

Clearly, a model of four alpha-particles without any binding is 
not an adequate description of an 0 16 nucleus. Indeed, although this 
model is stable against separation into eight neutrons and eight pro
tons, it obviously does not show stability against breakup into four 
alpha-particles. However, the above result looks encouraging in the 
sense that the inter-alpha binding energy seems to be small compared 
to the intra-alpha binding energy (of the order of 10 percent). 

We shall therefore see how far we can get by assuming that the 
alpha-particles maintain their identity long enough so that we can 
consider the 0 16 nucleus a "polyatomic molecule," made up of 
four alpha-particles in close proximity. We shall not try to compute 
the force between two alpha-particles a distance r apart.. We shall 
merely assume that it is similar in character to the force between two 
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neutral atoms, with the Coulomb repulsion superposed. The potential 
between two neutral atoms which can form a chemical bond is shown 
schematically in Fig. 4.1a. At large distances r, the force is attractive 
(van der Waals force) with a fairly long "tail" (the potential 
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FIG. 4.1. (a) A schematic picture of the potential between two neutral atoms as a 
function of their separation r; ro is the equilibrium distance. The curve is dashed 
for small separations to indicate that the concept of a potential function VCr) 
becomes invalid there. (b) A schematic picture of the potential between two 
alpha-particles as a function of their separation T, as assumed in the alpha-particle 

model of the nucleus. 

decreases like r-6). For values of r less than the" equilibrium 
distance" TO the force is repulsive. Finally, at still smaller values 
of T, the two atoms interpenetrate to such an extent that the concept 
of a potential depending on their separation becomes meaningless. 
This is shown on the figure by a dashed line. In molecular physics 
it is valid to assume that the long-range, attractive van der Waals 
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forces are additive between the various atoms in the molecule. This 
is, of course, not true for the short-range repulsive forces, for which 
proximity of a third atom disturbs the force between the first two 
appreciably. 

We now add the Coulomb force to our assumed potential between 
alpha-particles (Fig. 4.1 b), and we assume that the part of the potential 
beyond TO is additive between the various alpha-particle pairs. In 
that case each alpha-particle "bond" contributes about equally to 
the total inter-alpha binding energy of a saturated nucleus. Let 
U(o:) be the total energy of an alpha-particle, and U(no:) be the total 
energy of the nucleus under consideration. We then define the 
"inter-alpha binding energy" Ba by 

Ba == nU(o:) - U(no:) (4.1) 

and divide it by the total number of bonds. This number of bonds is 
found from geometrical considprations; e.g., the 0 16 nucleus is con
sidered a regular tetrahedron with an alpha-particle at each corner 
and six connecting lines (bonds) between them. Table 4.1 gives the 

TABLE 4.1 
Inter-alpha 

Number Binding 
of Alpha- Number Energy per 
Particles of Ba Bond 

Nucleus n Configuration Bonds (Mev) (Mev) 

Be 8 2 Dumbbell -0.12 -0.12 
C12 3 Triangle 3 7.33 2.45 

0 16 4 Tetrahedron 6 14.5 2.42 

Ne20 5 Trigonal bipyramid 9(8) 19.3 2.14(2.41) 
Mg24 6 Octahedron 12(11) 28.8 2.40(2.62) 

8i 28 7 Pentagonal bipyramid 16 37.8 2.36 

8 32 8 Hexagonal bipyramid 19 46.8 2.47 

results (the numbers in parentheses will be discussed below). The 
constancy of the values in the last column of the table is rather encour
aging for the alpha-particle model of the nucleus. A binding energy 
per bond of the order of 2.5 Mev does not seem unreasonable at first 
sight. The most disturbing feature of this table is the lack of alpha
stability of Beg. This nucleus should be basic to the theory, since the 
value of the alpha-binding energy for each bond should be derived 
from it. 

Brown and Inglis (Brown 39b) have pointed out that these values should still 
be corrected for the Coulomb energy of the saturated nucleus. However, this 
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correction does not amount to very much here. The Coulomb energy consists of 
two parts in this model: the internal Coulomb energy of each alpha-particle, which 
is taken care of automatically by (4.1), and the Coulomb energy between alphas. 
The latter energy, however, is simply proportional to the number of bonds as 
long as each bond is associated with the same alpha-alpha distance. This is 
true for the first three nuclei of the table, and approximately true for the others. 
It does not seem worth while to make the correction for variable bond distances, 
since a similar but unknown correction would have to be made in the computation 
of the potential energy per bond (i.e., the more distant bonds would have to be 
weighted more lightly, so column four of the table would no longer consist of 
integers). However, the Coulomb correction does change the average nuclear 
binding per bond by an amount 4e2/raa~1.8 Mev if we aBBume an inter-alpha 
distance raa~3.0X 10-13 cm. After this correction, the nuclear binding in Be8 is 
about 1.7 Mev and the binding energy per bond is raised to about 4.1 Mev in the 
other saturated nuclei. Thus the discrepancy persists, although it is somewhat 
lessened. 

Hafstad and Teller (38) point out that the specially strong binding of 0 1& can 
be understood in this model by looking at the number of bonds as a function of the 
number of alphas, n. The ratio of the number of bonds to the number of alpha
particles is 0.5 for Be8, 1.0 for Cl2, 1.5 for 0 16; but from then on the rate of increase 
is much leBB rapid: 1.8 for N e20, 2.0 for Mg24, 2.3 for Si 21, etc. However, the value 
of Ba for Ne20 is rather low on this model, even after the number of bonds is taken 
into account. (The binding energy per bond in Ne20 is only 2.14 Mev compared to 
2.35 to 2.47 Mev in the others.) Wefelmeier (37) suggested that this can be under
stood on geometrical grounds: Ne20 is a double pyramid with a triangular base. 
The particles at the top and bottom of this structure are quite far apart and are 
"shielded" from each other by the intervening triangle. Hence we should 
count Ne20 as, having not 9, but 8 "effective" bonds. If that is done (num
bers in parentheses in Table 4.1), the binding energy per bond turns out to be 2.41 
Mev, in excellent agreement with that of the other alpha-particle nuclei. The 
corresponding correction for Mg24 is not so important, since the top and bottom 
particles on the octahedron are separated by a square with a big enough "hole" 
in it so that the top-to-bottom bond distance is much smaller than in Ne20 and 
the bond is much more effective. This is again in agreement with the bracketed 
numbers in Table 4.1. 

We shall now give a short outline of the remainder of the theory. 
We proceed to find the excited states of the alpha-particle nuclei by 
analogy with molecular spectroscopy (Hafstad 38, Dennison 40). 
The states are classified into vibrational and rotational levels, and 
usually only the rotational levels are considered since they presumably 
have lower energies. The only unknown quantity in the expression for 
the excitation energy is then the alpha-alpha distance (this determines 
the effective moments of inertia of the "molecule "). Since the 
alpha-particles obey Bose statistics, not all rotational states are 
actually realized, but only those states in which the wave function 
can be made symmetric under the exchange of every two alphas. This 
eliminates a number of low-lying rotational levels which would other-
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wise be present. We should perhaps observe that the alpha-particle 
model, by its very method of construction, can describe only those 
excited states which belong to the lowest partition (0,0,0) of the A = 4n 
nuclei. In addition to assuming that the wave function contains 
groups of four particles, each group showing internal symmetry with 
respect to space exchanges of the particles, the alpha-particle model 
assumes that these "groups" are actually separated in space and 
form individual entities. Conversely, a partition of lower symmetry 
is necessarily in conflict with the alpha-particle model (some alpha
particles would have to be broken up) and this model cannot encom
pass excited states with such partitions. 

Hafstad and Teller (38) and Kittel (42) have treated the nuclei 
composed of an integral number of alphas plus or minus one extra 
particle. This was also done in analogy to molecular physics. This 
time the aBalogy refers to the electronic states of molecules: the one 
"extra" particle or hole is treated as a "light" electron in the 
"heavy" structure made up of the "stationary" alpha-particles. 
They get P states for the same odd nuclei for which the independent
particle model gets P states as ground states. A detailed calculation 
of the magnetic moments on the alpha-model has been made by 
Bethe (38), Sachs (39), and Inglis (39, 39a, 41), who obtained results 
which check about as well (or as poorly) against experiment as those of 
the independent-particle model, although the discrepancies arise with 
different nuclei. In general, the value of gL from the alpha-model is 
more nearly equal to the statistical value Z/ A than the values from 
the independent-particle model. This is to be expected since so much 
of the orbital motion in the alpha-model is due to motion of the alpha
structure as a whole, in which one neutron is carried along with each 
moving proton. 

The alpha-particle model and the independent-particle model differ 
strongly regarding the nuclei with mass numbers A = 4n+2 (Latimer 
37). The alpha-particle model has no adequate method of treating 
them. They could be described in either of two different ways: as n 
alphas plus two extra particles, or as n+ 1 alphas plus two" holes." 
Since the geometric structure differs appreciably in these two models, 
no definite conclusion can be reached. 1 There is perhaps one predic-

I We could try to make a "resonating group" wave function (Wheeler 37a) 
by a linear combination of the wave functions describing these two models, but 
this gets us into difficulties rather quickly: without a dynamical theory for the 
motion of the particles in the alpha-particle model, i.e., without a detailed specifica
tion of the alpha-alpha forces and the forces between alpha-particles and extra 
particles or holes, we cannot know how heavily to weight each component of the 
mixture. 
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tion regarding the 4n+2 nuclei which can be made on the basis of the 
alpha-model: their binding energies ought to be appreciably lower 
than the mean of the binding energies of the (saturated) nuclei 4n and 
4n+4. Actually, however, the binding energies are about equal to 
this mean value. 

B. Criticism of the Alpha-Particle Model 
The main argument for the alpha-particle model comes from the 

binding energies of the "saturated" nuclei; however, as early as 
1934 Elsasser (33, 34) had pointed out that this binding energy argu
ment is not really valid. The fact that the binding energies of alpha
particle nuclei are very nearly integral multiples of the binding energy 
of the alpha-particle itself merely shows that the average binding 
energy per nucleon is the same in the alpha-particle as in nuclei 
made up of them. Indeed, even in non-alpha-particle nuclei the 
average binding energy per nucleon has roughly the same value as in 
the alpha-particle. This shows that nuclear matter is in a rather 
"liquid" state, with no special structure. Of course, there are 
short-range order effects even in liquids (as shown by x-ray diffraction 
phenomena, for example); similarly in nuclei we should expect to find 
a considerable amount of local correlation of particles. This is, 
however, far from Wefelmeier's assumption of a rigid alpha-structure 
of the nucleus. The short-range, "instantaneous" alpha-groupings 
which are undoubtedly present continually merge into one another and 
do not preserve their identity for any appreciable length of time. l 

A very strong experimental argument against the alpha-particle 
model comes from the scattering of alpha-particles in helium. The 
data were analyzed by Wheeler (41, 41a) who found, among other 
things, two resonance levels2 with zero total angular momentum, 
J =0. Their separation in energy is only a few Mev, much too little 
to be explained as two different levels in an alpha-alpha potential of 
the type shown in Fig. 4.1. Furthermore a potential of this type 
would make the upper level very wide, whereas it is actually rather 
sharp (the width is of the order of 1 Mev). Therefore the concept 
of a potential between two "rigid" alpha-particles is not adequate to 
describe the experiments even at energies of a few Mev. Rather we 

1 Wheeler's early arguments for long-time alpha-groupings were based on rather 
rough estimates, and later work has shown that the "degree of dissociation" 
of the alpha-particles inside condensed nuclear matter is very high indeed (Gron
blom 39, Wergeland 41). 

I See Chapter VIII for the significance of resonance levels. Some later evidence 
throws doubt upon Wheeler's values of J (Hornyak 50). 
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should interpret at least the second resonance level in the scattering 
in terms of a dissolution and reordering of the alpha-particles upon 
close collision. 

If the alpha-particles do not even maintain their identity effectively 
in collisions involving energies of a few Mev, we should expect that 
they will be very quickly" dissolved" in condensed nuclear matter. 
Theoretical calculations (Gronblom and Marshak 39, Margenau 
41, Wergeland 41) using conventional nuclear forces confirm this 
expectation. 

There is another point worth stressing: even if the potential of Fig. 
4.1 could be used to describe the forces between alpha-particles, the 
analogy to the usual theory of molecular energy levels would still 
be unsatisfactory. A rough estimate of the likely strength and 
range of alpha-alpha forces shows that the zero-point vibration 
amplitude in an alpha-alpha bond is not very much smaller than the 
alpha-alpha bond distance itself. (Experimental confirmation of this 
estimate is found in the instability of Be8 against dissociation into two 
alpha-particles.) This implies that the vibrational energies are of 
the same order of magnitude as the rotational energies, so that the 
separation of the total energy into these two parts becomes useless; 
a consistent treatment of such an alpha-particle model would have to 
assume strong vibration-rotation interaction. 

The analogy to molecules is questionable for nuclei with one extra 
particle (or hole) outside of the alpha-structure. The Born-Oppen
heimer (27) approximation treats the extra particle as a rapidly 
movine: p.ntity of negligible weight. This approximation corresponds 
to the zero-order term in an expansion in powers of the fourth root of 
the mass ratio and is therefore valid for molecules where the mass 
ratio of the electron to nucleus is at most of the order of 10-3• 

In the alpha-particle model the mass ratio of "extra" particle to 
alpha-particle is t, and the fourth root of this is 0.71, hardly negligible 
compared to unity. 

In addition to the shortcomings enumerated so far, the alpha
particle model is considerably less general in its possible applications 
than the independent-particle model. We recall the difficulties in 
treating the nuclei of mass number 4n+2 with this model, and also 
the exclusion of states belonging to other than the lowest partition in 
other nuclei. 1 

I What is in principle a more general method has been proposed by Wheeler 
(37a) and called the method of "resonating groups." However, in practice 
this method leads to difficulties of calculation even for the simplest nuclei (Way 
39), and the results of these calculations are not very encouraging. 
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5. THE LIQUID DROP MODEL 

It is very tempting to compare the dynamics of a nucleus with that 
of a liquid drop (Bohr and Kalckar 37). The molecules of the liquid 
correspond to the nucleons in the nucleus. We find the following 
points of analogy: The density of a liquid is almost independent of its 
size, so that the radius R of a liquid drop is proportional to the cube 
root of the number A of the molecules. The energy necessary to 
evaporate the drop completely into well-separated molecules is approxi
mately proportional to the number A (this is analogous to the binding 
energy of a nucleus). The surface tension of the liquid drop causes a 
correction to this relation, since the binding energy of the surface 
molecules is somewhat smaller than that of the interior molecules. 
This gives rise to a term in the total binding energy proportional to 
A 2/3. An analogous term has been introduced into the semi-empirical 
formula for nuclear binding energies (Chapter VI, Section 2). 

It is probable that this analogy is only very superficial. The quoted 
properties of liquid drops can be traced to the following facts: molecules 
attract one another at distances larger than the dimensions of the 
electron shells, and this attraction changes to a strong repulsion when 
the electron shells begin to interpenetrate. 

The potential of this force therefore reaches a minimum at distances 
dmin of the order of the size of the electron orbits. Hence stability is 
reached when the molecules are so arranged that the distance of near
est neighbors is equal to dmin' At the present time there is very little 
evidence of similar behavior of nuclear forces, although such repulsion 
at small distances has been proposed by Jastrow (50). Another 
important difference between the dynamics of liquid matter and 
nuclear matter is found in the wave-mechanical localization of the 
particles. The average kinetic energy of the molecules in the liquid is 
of the order of 0.1 ev. The corresponding de Broglie wavelength is of 
the order of 5 X 10-9 cm, which is very much smaller than the distance 
between molecules. The average kinetic energy of nucleons in nuclei 
is of the order of 10 Mev with a corresponding ",,-,10-13 cm, which is 
just of the order of internucleon distances. Hence, in liquids, the 
motion of the constituents can be described in classical terms and their 
positions can he well defined, compared to their mutual distance, 
whereas in nuclei the motion is necessarily of quantum character, 
since the uncertainty in the localization of the constituents is of the 
order of magnitude of their distance. 

In spite of these differences, attempts were made to describe nuclear 
dynamics in terms of the motion of a liquid drop. The most imp or-
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tant motions are the surface vibrations. A deformation of a spherical 
drop gives rise to periodic oscillations of the surface. We can analyze 
these vibrations and determine their frequencies WI. If the liquid drop 
picture is correct, the energy values so obtained give an approximate 
picture of nuclear level schemes. 

Consider a spherical drop of radius R. Any deformation of the 
surface can be described by introducing a function R'(e,,,,) which is 
the distance of the deformed surface from the center at an angle e,,,,. 
We consider especially the difference 

q(e,,,,) = R'(e,,,,) - R (5.1) 

which can be expanded in spherical harmonics: 

'" I 

q(e,,,,) = l l qlm Y1m(e,,,,) (5.2) 
1=0 m~-l 

For the sake of simplicity we discuss cylindrically symmetric deforma
tions, and hence we ignore all terms with m~O. It can be shown that 
the ql,O are" normal coordinates," i.e., that they oscillate harmoni
cally in time: 

(5.3) 

The characteristic frequency Wz is determined by the dynamics of 
the vibration. The restoring force is supplied by the surface tension 
which opposes a deformation of the surface. The surface energy E. is 
given by 

E. = as (5.4) 

where S is the surface area (S = 4rR2 for 
a spherical drop) and a is the coefficient 
of surface tension. 

The formula for the frequency WI was 
first given by Rayleigh (79): 

[ 4 ] 112 
CA.'l = 3; l(l-I)(l+2) (5.5) 

where gn; is the mass of the drop. 

We shall not give Rayleigh's derivation here, 
but we shall attempt to explain the qualitative 

FIG. 5.1. Schematic picture of 
a typical surface wave of a 

liquid drop, with l = 4. 

features. Figure 5.1 shows a characteristic deformation. Since the liquid is (by 
assumption) incompressible, the existence of waves on the surface implies some 
motion within the liquid. The amplitude of the motion inside the liquid is pro
portional to the amplitude ql of the surface vibration, but the factor of proportion-



302 VII. Nuclear Spectroscopy II 

ality decreases rapidly as we go farther away from the surface. The character
istic distance for this decrease is of the same order of magnitude as the wavelength 
lI. of the surface wave. In the case of surface vibrations of a liquid drop of radius 
R, this wavelength is given by 

R 
lI.=-

1 
(S.6) 

The mass ,. which participates in the vibration inside the liquid is approximately 
equal to the mass contained in the outer shell of the drop with a thickness of this 
order of magnitude. Hence we get for the mass ,. 

and the kinetic energy T in the vibration is about 

T ~lM12 

(S.7) 

(S.8) 

The restoring force can be estimated from the change in the surface energy. A 
plane surface S, which is rippled by a wave of amplitude ql and wavelength lI., is 
larger than a flat surface without ripples by an amount 

as ~ ~ (iYS (S.9) 

This relation is approximately true also for a spherical surface. Hence we get 
for the change in surface energy of the drop 

(S.10) 

From expressions (5.8) for the kinetic energy and (5.10) for the potential energy, 
we get immediately the frequency WI = (klp.)1!2 which becomes 

WI ___ ( 4;~3y/2 (5.11) 

when (5.6) is taken into account. Equation (5.11) is equivalent to (5.4) for large 
values of I. The specific properties of the spherical surface change the l' appearing 
in (5.11) into 1(1-1)(1+2). According to (5.4), WI=O for 1=1; this must be so 
since a deformation (5.2) with 1 = 1 corresponds to a displacement of the drop as a 
whole. 

We now apply (5.5) to an actual nucleus. The surface tension 
coefficient a can be calculated by using the expression for the surface 
energy E. from the Weizsacker formula (VI,2.5): 

E. = u.A 2/ 3 

Hence we get from (5.4) 

u.A 2/3 

41rR2 

u. '" 13 Mev (5.12) 
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where ro is the empirical radius: ro"'1.4 X 10-13 cm. We then get 

[ 
U J \/2 

wI '" l(l-l)(l+2) 3ro2~A (5.13) 

where M is the mass of a single nucleon. The corresponding energy is 

'" [l(l-l)(l+2)J1I2 M 
hWI = 14.7 A ev (5.14) 

This value is somewhat too high to account for most low-lying nuclear 
states. Empirically, the first excited states for nuclei with mass 
numbers A between 100 and 200 have an excitation energy of the 
order of 100 kev, whereas (5.14) would predict several Mev. 

The frequencies WI are reduced somewhat by the Coulomb effect. 
Whereas the surface tension increases if the drop is deformed, the 
Coulomb energy decreases upon deformation. This effect reduces 
the restoring force of the vibration and gives rise to the following 
expression instead of (5.13) for the frequencies (Frenkel 39, 39a, 
Rayleigh 82) : 

{ [ 101' J U } 1/2 
WI = l(l-l) (l+2) - -- 2 • 

2l+1 3ro MA 

where I' is the ratio between the Coulomb energy 

E = ~ (Ze)2 
c 5 R 

and the surface tension energy 

E. = 411"aR 2 = UsA 2/3 

for the undeformed nucleus; that is, I' is defined by 

3e2/roZ2 Z2 
I' = -- - = 0.0474-

5 u. A A 

(5.15) 

(5.16) 

Expression (5.15) can be understood qualitatively as follows: A surface wave of 
amplitude q can be obtained from the undeformed sphere by moving half of a 
surface layer of depth q outward by a distance q. The change in Coulomb energy 
is 

Ze 
l!!.Ec = - R2 (2 ... R2qp ) q (5.17) 

where Ze is the charge of the drop, and p =3Ze/4 ... R3 is the charge density. Hence 

(5.18) 
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The total potential energy change is then tJ.E. +tJ.Ec, and we get for the frequency 

( )
1/2 

wI = k~kc 
with the help of (5.6), (5.8), (5.10), and (5.16), 

[
4 ]112 

WI '" 3; (1 3 -5-yl) (5.19) 

This is the asymptotic form of expression (5.15) for 1»1, provided that a is replaced 
by (u,/hro2). 

Equation (5.15) leads to somewhat smaller frequencies for heavier 
nuclei, but it is still insufficient to represent the actual level distances. 
Therp are very many more, and more closely spaced, excited states 
found than (5.15) can predict. If the analogy with a liquid drop is 
valid at all, the surface vibrations must be considered one very special 
type of nuclear motion. The actual excited states of nuclei correspond 
very probably to much more complicated types. 

If the liquid is considered compressible (Present 41, Feenberg 41b), 
longitudinal compressional waves can also be set up in a drop. As 
long as the compressibility is small, the frequencies of these waves are 
much higher than the frequencies of the surface waves. We will not 
consider longitudinal waves here. 

The influence of the Coulomb field on the surface deformation be
comes important for large Z. We conclude from (5.15) that the fre
quency becomes imaginary when 'Y is larger than a certain limiting 
value 'Ye. This value is smallest for l=2, where it is 'Ye=2. If 'Y is 
larger than 'Ye, the negative Coulomb energy (5.17) overcompensates 
the surface energy (5.12) and the nucleus is no longer stable with 
respect to this deformation. We therefore get for the condition of 
stability against surface deformation from (5.16) (Frenkel 39, 39a, 
Feenberg 39, Young 39, Bohr 39, Weizsacker 39, Plesset 41) 

3 e2j ro Z2 Z2 
--- < 2 or -A < 42.2 (5.20) 
5 u. A 

Any nucleus violating this condition should get deformed and finally 
should split into two parts. It is interesting to note that the heaviest 
nuclei are very close to this limit (Z2 j A = 35.5 for U238). The condi
tion (5.20) can be considered the main reason for the non-existence of 
nuclei heavier than those observed. 

Nuclei for which Z2 j A is near its limit have a very small deformation 
frequency W2. The amplitude qo of an oscillation in the ground state 
(zero-point oscillation) is qo = (hj2JlW) 112 and therefore becomes large 
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for low frequencies. Only a small perturbation from the outside is 
then necessary to induce an instability, i.e., a breakup of the nucleus. 
We therefore expect in this model that the nuclei near the limit of 
Z2 / A are easily induced to perform fission by the additional supply 
of small amounts of energy. A detailed discussion of the fission 
mechanism on the basis of this model is given by Bohr and Wheeler 
(Bohr 39). 

We summarize the results of this section: The liquid drop model of 
the nucleus is not very successful in describing the actual excited states. 
It gives too large level distances. We conclude that the dynamical 
motions in the nucleus which are responsible for the excited states 
are much more complicated than those contained in this model. The 
liquid drop model is more successful when used to determine the 
stability of the ground states of nuclei against deformation. The 
limit for stability against fission is well reproduced, and the underlying 
idea is well borne out by the fact that nuclei near this limit show the 
phenomenon of induced fission. 

A 
A' 

g(r) 
I 

J 

k 

SYMBOLS 

Mass number of the nucleus [ = N + Z] (Section 2) 
Number of nucleons in the P shell for A~16 [=A-4) 
(Section 3) 
Range of the nuclear force (Section 2) 
Inter-alpha binding energy (4.1) 
Distance between two molecules for which the intermolecu
lar potential reaches its minimum value (Section 4) 
Surface energy of a liquid drop (5.4) 
Symmetry energy of the nucleus according to the uniform 
model (2.15) 
A function of the mechanical and isotopic spin coordinates 
of a nucleon (3.2) 
Orbital gyromagnetic ratio; for its definition see Chapter I, 
Section 7 (Section 3) 
Radial part of u(x,y,z) for a particle in the P shell (3.4) 
Total angular momentum quantum number ("spin") of 
the nucleus in its ground state (Section 3) 
Total angular momentum quantum number of a nuclear 
state (not necessarily the ground state) (Section 4) 
A constant defined in Chapter VI, Section 3; its value is 
estimated to be between 2 and 3 (2.16) 
Proportionality constant in AEa (5.10) 
Coefficient appearing in AEc [=3Z 2e2/R 3] (5.18) 
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Interaction integral for two nucleons in the P shell 
(3.7) 

(3.6), 

Order of a surface vibration of a liquid drop (Section 5) 
Orbital angular momentum quantum number of a single 
nucleon (3.3) 
Orbital angular momentum vector of a single nucleon 
(Section 3) 
Orbital angular momentum quantum number of the nucleus 
(Section 2) 
Coefficient of - (ii+ - iL) in the potential energy V, on the 
uniform model (2.6), (2.7) 
== AL; expected to be independent of the mass number A 
(2.12) 
Coefficient of - (ii+ +iL) in the potential energy V, on the 
uniform model (2.6), (2.7) 
Orbital angular momentum vector of the nucleus (Sec-
tion 3) 
Quantum number for the Z component of the angular 
momentum of a nucleon (3.4) 
Mass of a nucleon (Section 2) 
Mass of the neutron (2.11) 
Mass of the proton (2.11) 
Mass of a liquid drop (5.5) 
Principal quantum number of an orbit in the independent-
particle model (3.3) 
Number of alpha-particles in the nucleus (4.1) 
Number of "levels" occupied by one nucleon; see Chapter 
VI, Section 3 (Section 2) 
Number of "levels" occupied by two nucleons; see Chap-
ter VI, Section 3 (Section 2) 
N umber of "levels" occupied by three nucleons; see 
Chapter VI, Section 3 (Section 2) 
Number of "levels" occupied by four nucleons; see Chap-
ter VI, Section 3 (Section 2) 
Number of symmetric pairs in the nucleus (2.5) 
Number of anti-symmetric pairs in the nucleus (2.5) 
Number of neutrons in the nucleus (Section 2) 
Space wave function of a nucleon in the P shell (l = 1) with 
m = + 1 [= - (p",+ ipl/)/V2 = - (x+iy)g(r)/V2] (3.4) 
Probability of interaction of a symmetric pair (Section 
2) 
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Space wave function of a nucleon ill the P shell (l = 1) 
with m= -1 [= (p.,-ipl/)/V2= (x-iy)g(T)/V2] (3.4) 
Space wave function of a nucleon in the P shell (l= 1) with 
m =0 [=Zg(T)] (3.4) 
Probability of finding two nucleons within the range b 
of each other (Section 2) 
Vector with components P"'PI/'PZ, representing the space 
wave functions of a single nucleon in the P shell (3.4), 
(3.5a,b) 
Partition quantum number; for its definition see Chapter 
VI, Section 3 (Section 2) 
Partition quantum number; for its definition see Chapter 
VI, Section 3 (Section 2) 
Partition quantum number; for its definition see Chapter 
VI, Section 3 (Section 2) 
Majorana exchanj!;e operator for particles i and j (2.1) 
Coordinates (space, spin, and isotopic spin) of a single 
nucleon (3.1) 
Amplitude of the surface vibration of a liquid drop in its 
ground state (zero-point amplitude) (Section 5) 
Amplitude of the surface vibration of order l of a liquid 
drop (5.3) 
Surface deformation associated with the surface vibration 
of order l,m of a liquid drop (5.2) 
Instantaneous deformation of the surface of a liquid drop 
during a surface vibration (S.1) 
Distance between alpha-particles in the alpha-particle 
model of the nucleus (Section 4) 
Constant in the nuclear radius formula R =TO~ (2.9) 
Equilibrium distance between alpha-particles in the alpha-
particle model of the nucleus (Section 4) 
Distance between nucleons i and j (2.1) 
Average distance between alpha-particles in the alpha-
particle model of the nucleus (Section 4) 
Nuclear radius (Section 2) 
Coulomb radius of the nucleus (Section 2) 
Radial part of u(-r:,y,z) (Section 3) 
Instantaneous distance of the surface of the liquid drop from 
its center, during a surface vibration (5.1) 
Spin angular momentum quantum number of the nucleus 
(Section 3) 
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Surface area of a liquid drop (5.4) 
Lifetime of a given alpha-particle structure within the 
nucleus (Section 4) 
Kinetic energy of the nucleus (2.8) 
Kinetic energy of a surface vibration of a liquid drop 
(5.8) 
Kinetic energy per particle in a nucleus with partition 
(0,0,0) (2.8'), (2.9) 
=¥To; estimated to be about 60 Mev (2.12) 
Neutron excess [=t(N -Z)] (Section 2) 
Constant appearing in the Weizsii.cker formula for the 
Coulomb energy of the nucleus; for its definition see Chap-
ter VI, Section 2 (2.11) 
Coefficient appearing in the Weizsii.cker formula for the 
surface energy of the nucleus; for its definition see Chapter 
VI, Section 2 (5.12) 
Space wave function of a single nucleon (3.2) 
Total energy (including rest mass energy) of the nucleus 
[= U(A,Tr)] (2.10) 
The part of U which is independent of the neutron excess 
Tr (2.10), (2.11) 
Total energy (including rest mass energy) of a nucleus 
composed of n alpha-particles (4.1) 
Total energy (including rest mass energy) of an alpha-
particle (4.1) 
Average potential acting on a nucleon in the independent-
particle model of the nucleus (Section 3) 
Operator for the potential energy of the nucleus as a whole 
(Section 2) 
Expectation value of the potential energy V of the nucleus 
[= (!/I, V!/I)] (Section 2) 
The part of the total potential energy V of the nucleus 
contributed by Majorana exchange forces (2.1) 
Potential of the nuclear force between two nucleons at a 
distance r12 (3.7) 
Distance dependence of the Majorana exchange potential 
between nucleons i and i, at a distancE. ri; (2.1) 
Well depth of the Majorana exchange potential between 
two nucleons, in the square well approximation (Sec
tion 2) 
Average Majorana interaction between an anti-symmetric 
pair of nucleons (Section 2) 
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V M' Average Majorana interaction between a symmetric pair 
of nucleons (2.4) 

V WC Average Wigner interaction between an anti-symmetric 
pair of nucleons (2.7) 

V w' Average Wigner interaction between a symmetric pair of 
nucleons (2.7) 

YZm(8,1P) Spherical harmonic; for its definition see Appendix A, 
Section 2 (Section 3) 

Z Number of protons in the nucleus (Section 2) 

a Surface tension of a liquid drop (5.4) 
a(r) Spin wave function for a nucleon with spin up (Section 

3) 
'Y Ratio of Coulomb energy to surface energy of a liquid drop 

(5.15), (5.16) 
'Ye Critical value of 'Y for fission instability (Section 5) 
r n Neutron width of a compound state; for its definition see 

Chapter VIII, Section 3 (Section 3) 
t:.Ee Change in the Coulomb energy of a liquid drop during a 

surface vibration (5.17), (5.18) 
t:.E. Change in the surface energy of a liquid drop during a sur-

face vibration (5.10) 
t:.Er Difference in the symmetry energy of two neighboring 

isobars (2.18) 
t:.S Change in the surface area of a liquid drop during a surface 

vibration (5.9) 
t:.TJ Difference in TJ between two neighboring isobars (2.18) 
t:.~ Difference in ~ between two neighboring isobars (2.18) 
TJI =! [P 2 +(P')2+(P")2] (2.8'), (2.9), and (2.14) 
TJ The isotopic spin coordinate of a nucleon (3.2) 
8 Angle between the direction of I and the axis of quantiza-

tion (the z axis) (Section 3) 
8 Colatitude angle for a liquid drop (5.1) 
X Wavelength of a surface wave of a liquid drop (divided by 

211") (5.6) 
IJ. That part of the mass mt of the liquid drop which partici-

pates in the surface vibration (5.7) 
v(TJ) Isotopic spin wave function of a neutron (Section 3) 
~ The partition-dependent part of ii+ - ii_; for its definition 

see Chapter VI, Section 3 (2.12), (2.13) 
7ri/ Projection operator for selecting the part of 1{1 which IS 

symmetric in the interchange of particles i andj (2.2) 
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7('ij- Projection operator for selecting the part of '" which is 
anti-symmetric in the interchange of particles i and j 
(2.2) 

p Ratio of the energy spacing between even-even and odd-odd 
nuclei to the coefficient of Tr2 in the energy formula of the 
uniform model (2.17) 

p Charge density of a liquid drop [=3Ze/41rR3j (5.17) 
I{)(q) Wave function of an individual nucleon in the independent-

particle model (3.1) 
'" Nuclear wave function (Section 2) 
"'D Wave functions for the D state (L =2) of two nucleons in 

the P shell (3.5c) 
"'p Wave functions for the P state (L = 1) of two nucleons in 

the P shell (3.5b) 
"'8 Wave function for the S state (L=O) of two nucleons in the 

P shell (3.5a) 
Nuclear wave function (Section 2) 
Zero-order wave function for the nucleus (3.9) 

i'pert Difference between the true wave function i' and the zero-
order wave function i'o (3.9) 

Wz Circular frequency of the surface vibration of order 1 of a 
liquid drop (Section 5) 



CHAPTER VIII 

Nuclear Reactions: 

General Theory 

1. INTRODUCTION 

A. Description of a Nuclear Reaction 
A nuclear reaction is a process that occurs when a nuclear particle 

(nucleon or nucleus) gets into close contact with another. Most of 
the known nuclear reactions are produced by exposing different 
materials to a beam of accelerated nuclear particles. Usually a 
strong energy and momentum exchange takes place and the final 
products of the reaction are one, two, or more nuclear particles leaving 
the point of close contact in various directions. The products are 
mostly of a species different from the particles in the original pair. 
The present chapter contains a wave-mechanical description of nuclear 
reactions and a general analysis of the phenomena that are expected to 
occur. 

We shall consider nuclear reactions of the type 

a+X-Y+b (1.1) 

or, in more compact notation, X(a,b)Y. The notation means that 
particle a strikes nucleus X to produce nucleus Y and an outgoing 
particle b. "Particles" a and b may be elementary particles (neu
trons, protons), but they can also themselves be nuclei (e.g., deuterons 
or alpha-particles). 

Reaction (1.1) is not the most general nuclear reaction. In the 
general case, an arbitrary number of particles may emerge. This 
reaction is sufficiently general to include most of the known nuclear 
reactions at low energy. There is one exception to this, however. 
We shall be interested in the radiative capture process, where X and 
a stay together to form a nucleus W while a gamma-ray is emitted: 

a+X-W+hw 
311 

(1.2) 
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We might have included this as a reaction of type (1.1), provided that 
we considered the gamma-ray a particle of the same type as a. How
ever, there is good reason for not doing this. The interaction between 
nuclei and gamma-rays is weak and can be treated as a small perturba
tion, whereas the interaction of nuclear projectiles (neutrons, protons, 
deuterons, etc.) with nuclei cannot be treated in that way. Further
more in (1.2) the number of "particles" does not stay constant 
throughout the reaction if we admit hw as a particle-the gamma-ray 
is created during the process. For both these reasons (1.2) will be 
treated separately from reactions of type (1.1) in this section. The 
inverse reaction to (1.2) is called the photonuclear effect (in analogy to 
the photoelectric effect). It will be considered in Chapter XII, Sec
tion 7. 

We are usually interested in the probability of processes of type (1.1) 
or (1.2) as a function of the energy of the incident particle a, in the 
energy and the direction of the outgoing particles. 

Returning to reactions of type (1.1), we note that formula (1.1) 
symbolizes only one of the many possible reactions which can occur 
when a strikes X. We shall be interested in the whole set of reactions 

X+a 

X* + a 

a+X~ Y+b 

Z + c: 
etc. 

(1.3) 

The first two reactions (1.3) are distinguished by the fact that the 
"projectile" a re-emerges after the reaction. The first of these 
represents elastic scattering: the projectile a leaves with the same energy 
(in the center-of-gravity system), and the target nucleus X is left in its 
initial state. The second reaction represents inelastic scattering: the 
target nucleus X is forced into an excited state X*, and the projectile 
a re-emerges, but with an energy lower than its initial one by the 
amount of the excitation energy given to the target nucleus. It will 
prove useful to consider as elastic scattering only those events in 
which the initial and final states of the target nucleus are completely 
identical (e.g., there should not be any change of the spin direction of 
X, even if no excitation energy is involved). We shall therefore 
include in the inelastic scattering those events in which X changes its 
internal state in such a way that its energy stays constant, i.e., there 
is no energy transfer between X and a. (See Section 10.) 
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B. Channels 1 

All the reactions (1.3), except the elastic scattering, can be sub
divided again according to the quantum state of the residual nucleus 
and the emerging particle. We denote the states of the nuclei by 
a', {J', -y', ... , and the states of the incident or emerging particles by 
a", {J", -y", .... If particles a, b, etc., are elementary, states a", {J", 

etc., refer to their spin orientation. We get the reactions 

Y.,' + b.,n 

etc. 

(1.3') 

Here a' and a" are states of the target nucleus and the incident particle, 
{J' and {J", or -y' and -y", can denote any quantum state of X and a. 
or Y and b, respectively, which can be created in this reaction. Of 
course, the conservation laws of energy, angular momentum, and 

" X / 
/ 

0'/ 
---------- ............... 

'-
> 

, , , 
" a' '", 

FIG. 1.1. Elastic scattering, laboratory system. 

parity restrict the possible pairs of {3' and {3", -y' and -y", etc. Any 
such possible pair of residual nucleus and emerging particle, each in a 
definite quantum state, is called a reaction channel. We shall denote 
channels by single Greek letters, a, {J, ... , which comprise both indices 
a' and a", or {J' and {J". Channel X",+a"n is called the entrance 
channel or initiating channel of reaction (1.3'). 

The special position accorded to particle a and nucleus X in (1.3) 
corresponds to the experimental setup, in which a uniform beam of 
particles a bombard nucleus X, as in Fig. 1.1. Nucleus X is initially 
at rest (or moving very slowly in comparison to the projectiles a), 

1 The concept of a reaction "channel" was first introduced in the way we use 
it here by Wigner and Eisenbud (unpublished) and Breit (40). 
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and all projectiles are moving with the same velocity, indicated by 
arrows. Figure 1.1 shows one elastic scattering event. 

T ,et us consider the reaction in the system in which the center of 
mass of the projectile and the target nucleus is at rest. Figure 1.2 

""", , , , , 
......... ---~-r---e 
C.M. 
x d 

. __ ~ ________________ 1 -..... .... , , , , , , , 
..... , , , , , , 

" 
Flo. 1.2. Elastic scattering in the center-of-mass system (C.M. = center of mass). 
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'\ 

FIG. 1.3. Nuclear reaction in the center-of-mass system. 

shows this for elastic scattering. Since the total linear momentum 
of the system must be zero both before and after the collision, 
the particles enter from opposite directions and emerge in opposite 
directions. Since the mass of target nucleus X usually exceeds that 
of projectile a, the speed of X is much smaller than the speed of a. 
The distance d is called the impact parameter. 
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In Fig. 1.3, we show a general reaction (1.1) in the center-of-mass 
system. Here we have drawn a sphere around the region where the 
reaction takes place. To describe a reaction (1.1) in detail, we 
would have to determine the motion of all the particles in the system 
(including all the component particles of X and Y) within that region. 
This is neither possible nor desirable. We are interested only in the 
probability of getting the final result Y +b. 

c. Energy Relations 
Let us now consider the energy relations occurring in the nuclear 

reaction. If the incident particle a and the target nucleus X are still 
very far apart, there is no interaction energy between them, and the 
total energy E can be expressed as the sum of the kinetic energy 
Ea of the relative motion of the two partners a and X in channel a, 
and their internal energies Ea' of X and Ea" of a: 1 

E = Ea + Ea, + Ea" (1.4) 

Since we always consider the center of gravity at rest, the main 
part of Ea comes from the lighter partner a. Therefore Ea is essen
tially the kinetic energy of the incoming projectile a. We also refer 
to Ea as the" channel energy" of the entrance channel a, and we shall 
sometimes use for it the letter E without index. The kinetic energy 
(Ea)lab of the incident particle in the laboratory system is given by 

Ma+Mx 
(Ea)lab = M x Ea (1.5) 

where Ma and Mx are the masses of a and X, respectively. In the 
same way we define the energies in any other channel into which the 
reaction may lead. Consider, for example, channel {3, which leads to a 
residual nucleus Y in state {3' and an emitted particle b in state {3". 

The total energy must be equal to the total energy E in the entrance 
channel. If the partners Y and b are far apart. we can express E in 
terms of the sum of the kinetic energy E~ and the internal energies 
E~, and E~" of the two partners: 

E = E~ + E~, + E~" 
E{3 is again called the channel energy and is the sum of the kinetic 
energies of the outgoing particle b and of the residual nucleus Y in 

1 Since the number of neutrons and protons stays constant during the course of 
nuclear reactions, we do not need to include the rest mass contribution to the 
energy. Ea'in (1.4) is the negative of the binding energy of nucleus X in quantum 
state a'. 
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the center-of-gravity system. The channel energy E~ is related to the 
entrance channel energy Ea by 

(1.6) 
where 

(1.7) 

is the "Q value" from channel a to channel fJ. It is the difference 
in energy in the outgoing and entrance channels. Qa~ = - Q~a is 
characteristic of channels a and fJ and is independent of the channel 
energies. 

We can also express the Q value in terms of the separation energies 
Sa and Sb of particle a or b from the compound nucleus, and in terms 
of the excitation energies Ea·*, Ea,,* of the partners in channel a and 
the corresponding excitation energies E~.*, Er* in channel fJ: 

If the value of Ea is such that the channel energy E~ is negative 
according to (1.6), channel fJ is "closed." No (a,{3) reaction can take 
place in that case. If E~>O, we call the channel "open"; the (a,{3) 
reaction is then possible. 

In practice the target nucleus, as well as the bombarding particle, is 
in its ground state. We are often interested in knowing the minimum 
kinetic energy of a necessary to make the X(a,b)Y reaction occur, 
without inquiring into the precise channel through which the outgoing 
particles emerge. The minimum energy corresponds to the channel in 
which the outgoing particle b and the residual nucleus Yare both in 
their ground states; we shall call this channel the flo channel. The 
"Q value of the X (a,b) Y reaction" is defined by 

(1.9) 

where Eao·, etc., are the energies of the ground states of the particles 
X, a, Y, and b, respectively. If Qab is positive, the X(a,b)Y reaction is 
"exoergic"; it proceeds even with zero kinetic energy in the entrance 
channel. The kinetic energy in the exit channel flo is the maximum 
kinetic energy which the outgoing particle b and the residual nucleus Y 
can have. This energy is often used, and we shall call it EbY. It is 
given by 

(1.10) 

where E = Eao is the kinetic energy in the entrance channel (both a 
and X in their ground states). 

If the Q value, Qab, of the X(a,b)Y reaction is negative, the reaction 
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is "endoergic" and does not proceed unless the channel energy E in the 
entrance channel exceeds a certain amount. Equation (1.10) implies 
that E must exceed -Qab in order that the channel f30 be "open" (i.e., 
that EbY be positive). This minimum energy -Qab for an endoergic 
reaction is also called the" threshold energy" of the X(a,b)Y reaction.' 

2. CROSS SECTIONS 

A. Geometrical Limitations on Reaction and Scattering Cross Sections 
Consider a beam of particles directed at a layer of matter. In 

most nuclear reactions the effect of this layer is composed additively 
of the effects of individual units (scattering centers) in the layer; 
the individual nuclei in the material act as independent scattering 
centers. The cross section of a reaction is then defined by 

number of events of given type per unit time per nucleus 

CT = number of incident particles per unit area per unit time 
(2.1) 

The concept of a cross section cannot be used if large numbers of 
nuclei act coherently. This occurs in only one type of nuclear reac
tion: the scattering (but not the absorption) of a beam of very slow 
neutrons by crystalline material. In all other cases the cross section 
(2.1) has a well-defined meaning. 

Let us consider a plane wave of particles a incident upon the nucleus 
X, representing an entrance channel a. Particle a can be re-emitted 
into the same channel, or it can initiate a nuclear reaction which leads 
into another channel. We shall separate the elastic scattering events 
from all the other reactions (1.3) and from (1.2), so that the total cross 
section CTt(a) for all events which may take place is given by 

(2.2) 

Here CTu(a) denotes the elastic scattering cross section, and CTr(a) 
denotes the combined cross section for all events other than elastic 
scattering. (We include the various inelastic scattering cross sections 
in CT r' ) We shall refer to CT r as the" reaction cross section." 

We assume for the sake of simplicity that target nucleus X, as well as 
projectile a, has zero spin. This assumption is correct only if we use 
alpha-particles as projectiles, and nuclei with even A as targets. It is 
certainly incorrect for neutron or proton reactions. Most of the 

1 Sometimes a distinction is made between "threshold energy," which then 
refers to the necessary kinetic energy of a in the laboratory system, and the negative 
Q value, which determines the necessary kinetic energy in the center-of-gravity 
system. We shall not make this distinction here. 
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results, however, are not affected by this assumption, which greatly 
simplifies the treatment. The assumption will be dropped in Section 
10, which contains the theory including the effects of the spins. 

We can break up each channel a into sub channels (a,l) with given 
orbital angular momentum z.t It is useful to decompose the incident 
plane wave into spherical harmonics; each spherical harmonic Yl,0(8) 
in this expansion corresponds to a spherical wave in the particular 
entrance subchannel (a,l). The cross sections can also be subdivided 
into partial cross sections: .. 

u.c(a) = l Uu,l 

!-o 
(2.3) 

where U.c,l and Ur ,! are the cross sections for the reactions and the 
elastic scattering events initiated by incident particles with an angular 
momentum l. u! is defined by (2.1) if the numerator contains terms 
corresponding only to those reactions or scattering events which are 
initiated by incident particles of given l, the denominator remaining 
the same. The separation (2.3) of the cross section into additive 
contributions of given 1 is possible only for the cross sections integrated 
over the angles of emergence of the reaction products. The differen
tial cross section for a reaction or scattering in which the emergent 
particle leaves in a definite direction 8 involves interference terms 
between the contributions from different values of l, since definite 
phase relations between these contributions exist in the incident plane 
wave. These interference terms vanish after the integration over the 
full solid angle. 

Geometrical considerations show that there are upper bounds for 
the partial reaction cross sections U r ,!' Before deriving the value of 
these bounds, we give a crude argument for their existence. The 
significance of the angular momenta in a plane wave can be visualized 
by dividing up the incident beam into cylindrical zones (see Fig. 2.1). 
The innermost zone contains particles with impact parameters less 
than 'A = X/21r (X = de Broglie wavelength of the relative motion). 
The next zone contains all particles with impact parameters between 
'A and 2'A. The lth zone contains particles with impact parameters 
between l'A and (l+ 1 )'A. Then, according to elementary classical 
mechanics, the incident particles moving in the lth zone have angular 
momenta (Le., momentum X impact parameter) between Mvl'A and 
Mv(l+ 1)'A, i.e., between hl and h(l+ 1). 

1 Here and in the following sections we measure angular momenta in units of fl. 
The expression "angular momentum [" refers to a state in which the square 
of the angular momentum has the value fl2[([ + 1). 
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In quantum mechanics only integral values l of the angular momen
tum are admitted. It might be thought that this quantization of 
angular momenta implies also quantization of impact parameters 
(i.e., motion of the particles only with definite, quantized impact 
parameters). This interpretation is too rigid, since it is impossible to 

FIG. 2.1. The incident beam is directed perpendicular to the plane of the figure. 
The particles with a given l hit predominantly the indicated ring-shaped areas. 

speak of a well-defined impact parameter in a beam whose particles 
have a well-defined velocity. However, it is approximately correct 
to assume that the particles with an angular momentum l move in 
the lth zone. 

The cross-sectional area of the lth zone is (2l+ 1)r"-2. Since no 
more particles can be taken out of the beam than are in it originally, 
we expect that the reaction cross section (fr,l cannot be larger than this 
amount, i.e., 

(2.4) 

It should be noted that (2.4) does not apply to the scattering cross 
section. 

We now proceed to give a more formal derivation of (2.4). The 
incident beam is represented by a plane wave in the incident channel. 
We define the channel coordinate fa as the vector between the center 
of the target nucleus X and the projectile a. The plane wave can be 
written in the form 

exp (ika'fa) = exp (ikz) 

if we choose the z axis parallel to ka• The wave vector ka is related to 
the relative velocity Va =ta by 

k = Mava 
a h (2.5) 
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where the "channel mass" M a is the reduced mass of a and X. 
The channel wave number ka = Ikal and the channel wavelength ~a are 
related to the channel energy fa by 

k = ~ = (2Ma f a)1!2 

a ~a h (2.6) 

The plane wave can be expanded into spherical harmonics. For 
large values of kr this expansion becomes (we drop the index a in the 
rest of this section)! 

.. 
'11'1/2 \' __ 

exp (ikz):: kr ~ V2l+1 iZ+1 {exp [-i(kr-tl'll'») 
1-0 

- exp [+i(kr-il'll')l} Yl,o (2.7) 

This expression describes an undisturbed plane wave. The nuclear 
reaction changes this expression. However, only the outgoing wave 
which is proportional to exp (ikr) is changed. Hence the actual wave 
function in the incident channel has an asymptotic behavior differing 
from (2.7) in the coefficient of exp (ikr) only. We write for the wave 
function in the incident channel, for kr» 1, 

.. 
'11'112 '\' 

!/I(r) :: kr ~ v'2l+1 i ,+1 {exp [-i(kr-ilr») 
1-0 

- '71 exp [+i(kr-ilr)l} Yl,o (2.8) 

where the complex number '71 is the coefficient of the outgoing wave 
with angular momentum l. The scattered wave !/I.e is the difference 
between the actual wave (2.8) and the incident wave (2.7): 

!/I,e = !/I(r) - exp (ikz) 
.. 

'11'112 \' __ 

= kr ~ V2l+1 i l+1 (1 - '11) exp [+i(kr-j-lr») Yl,o (2.9) 
1-0 

We obtain the scattering cross section by dividing the number N.e of 
scattered particles per second by the number N of the incident particles 
per square centimeter per second. In order to find N.e we enclose the 
center by a large sphere of radius "0 and equate N.e to the flux of !/I.e 
through this sphere: 

1 For the definition of V,,,, and more about the expansion of exp (ikz), see Appen
dix A. 
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It f (a1/l.e • a1/l.e • ) 2· d d N.e = -. - -- 1/I.e - -- 1/I.e ro sm 8 8 I{J 
2tM or or 

where the integral is extended over the surface of the sphere. 
of the orthogonality and normalization of the Y"o we get 

.. 
N.e = ~ 2: (2l+1) 11 - 17112 

1-0 
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(2.10) 

Because 

where v is the velocity of the particles. The value of the flux N in a 
plane wave exp (ikz) is equal to the velocity v, so that we get for the 
scattering cross section 

(2.11) 

The reaction cross section is determined by the number N a of par
ticles taken out of the beam per second. N a is the number of particles 
which enter a sphere of radius ro around the center without leaving it 
again through the entrance channel. It is therefore equal to the net 
flux into this sphere as computed from the complete wave function 
1/1 (2.8): 

It f (01/1 01/1.) 2 • Na = - -.- -1/1. - -1/1 ro sm 8d8dI{J 
2tM or or 

(2.12) 

(The minus sign in front makes the influx N a positive.) The reaction 
cross section (fr is given by Na/N; thus the contribution of the lth 
subwave is 

(2.13) 

Equation (2.13) provides the formal proof of the geometrical limit 
(2.4) on the reaction cross section, since 117112 can never be negative. 
Furthermore, unless 117112 is smaller than or equal to unity, the out
going wave in (2.8) has a higher intensity than the incoming one. 
The condition 

insures that the cross section (2.13) does not become negative. 
Inspection of (2.11) and (2.12) leads to an inequality connecting 

(f.e,1 and (fr,l. To get the largest possible scattering cross section we 
must put 171 = -I, and this implies that (fr,1 vanishes. On the other 
hand, we get the maximum amount removed from the beam when we 
put 171=0, and this implies (f.e,1 =(fr,Z = (2l+1)d 2• This is precisely 
the limiting value (2.4) found qualitatively before. In general, for 
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any given scattering cross section there is a maximum value of the 
reaction cross section. This is indicated in Fig. 2.2 where the shaded 
region contains the possible values of O'u.l and O'r.l. 

We see from this figure that there cannot be any reaction without 
some scattering, although scattering without reaction is possibl£'. 
This can be understood simply by inspection of the main features of 

4r-r-r-r-r-~~T-T-T-~~ 

1 

0.2 0.4 0.6 0.8 1.0 
O'r.1 

(21+1) rr'J..2 

FIG. 2.2. Upper and lower limit of the elastic scattering cross section for a given 
reaction cross section. Values inside the shaded region are possible; those outside 

the shaded region are impossible. 

the calculation. Any reaction is equivalent to an absorption of the 
incident wave in the entrance channel. The reaction may lead to an 
emission of the particle in another channel. It is an absorption as 
far as the entrance channel is concerned. Any absorption consists of 
a weakening of the outgoing part of the plane wave. This is equiva
lent to an addition to the plane wave of an outgoing wave with a phase 
opposite to the one of the plane wave. This addition appears as a 
scattered wave. Scattering without absorption occurs if the outgoing 
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part of the plane wave is not weakened in intensity but only shifted in 
phase. 

The maximum value of the scattering cross section is four times the 
maximum value of the reaction cross section. We see from (2.11) 
that the phase of." affects the magnitude of Uu , whereas only 1.,,1 2 enters 
into ur . The incoming and outgoing waves are coherent in elastic 
scattering. They can interfere, constructively or destructively. The 
factor 4 noted above comes from the possibility of constructive inter
ference and is therefore absent in the reaction cross section ur(a).l 

The angular distribution of the scattered beam is also determined by 
the "'1. Let us ask for the cross section u8c (8) dn for the scattering 
into the solid angle element dn, which includes the angle 8 with the 
direction of the incident beam (z direction). We determine the num
ber N u (8) dn of particles scattered per second into dn by equating it 
to the flux through a surface element of the sphere of radius ro: 

h (iJr/loc * iJr/lu * ) 2 
N u (8) dn = 2iM a; r/lu - Tr r/loc ro dn (2.14) 

This can be calculated from (2.9); we obtain, after division by the 
ncident flux N =v, 

0'0.(8) dn = ;21 t (2l+ 1) 1/2(1 - "11) Yz.o(8) r dn 
1-0 

(2.15) 

Here the contributions of different l's interfere, so that it is no longer 
possible to write (1'oc(8) as a sum of contributions each of which is due to 
a specified l. 

The 711 do not determine the division of the reaction cross section into 
cross sections for the different reactions leading to the various open 
channels ~ ~ a. We shall need separate assumptions to determine this 
subdivision. 

It is of interest to discuss the limiting case of a "black" nucleus 
whose radius R is much larger than the wavelength l\. We assume that 
all particles that strike the nucleus are absorbed by it and therefore 
lead to a reaction. According to our previous considerations, all 
particles with l5:. R/7<. strike the nucleus. Our assumption therefore is 
expressed by 

1 The distinction between outgoing waves which are coherent with the incident 
wave and those which are incoherent gave the motivation for including in the 
"reaction" cross section all events in which the target nucleus changes its 
state; for these outgoing waves are all incoherent with the incident wave and with 
each other. 
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T/l = 0, 

T/l = 1, 

as long as l~ < R 

for larger values of 1 

Then equations (2.11) and (2.12) give 

R/" 

CTr = CTac = I (2l + 1)r~2::::rR2 
1-0 

(2.16) 

We thus obtain the apparently paradoxical result that the total cross 
section is twice the geometrical cross section of the nucleus: 

(2.17) 

This result has been confirmed experimentally. 
The seeming paradox may be explained by a consideration of the 

meaning of scattering. A picture of the effect of a "black" nucleus 
is given roughly in Fig. 2.3. 

Let us assume that the incident beam contains N neutrons per second 
per square centimeter. Since the wavelength is small compared with 

(1R\ 

FIG. 2.3. Shadow scattering. 

the radius, we can localize the impact of the incident particles on the 
nucleus and we find that N a =NrR2 neutrons hit the nucleus per 
second and are absorbed. There is, however, an additional process: 
the black nucleus throws a shadow behind it. This shadow cannot be 
perfectly sharp, because of diffraction effects. Far away, at a distance 
L from the black object, in the region of Fraunhofer diffraction, the 
edge of the shadow is blurred over its full extent and the shadow itself 
has disappeared. The distance L is of the order R2 /~, or larger. This 
is a very large distance for most black objects studied in optics, and 
that is why the approximation of a sharp geometrical shadow is very 
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accurate. In nuclear physics, on the other hand, R2/'A may be only a 
few nuclear diameters for fairly energetic projectiles. Thus a number 
N,e of particles are deviated from their straight path. This number 
can be determined by the following argument: The shadow behind the 
nucleus could be produced by replacing the nucleus with a disk of the 
size rR2 which emits, toward the right, neutron waves of the same 
intensity as those in the incident beam, but with opposite phase. 
The waves emitted from this disk would diverge from the initial direc
tion after a distance R 2/'A. The shadow is equivalent to this wave, 
and therefore the number N,e is equal to the number NrR2 of neutrons 
emitted by the imaginary disk. Hence the total number of scattered 
particles per second is N,e=NrR 2, which leads to a scattering cross 
section of (T,e =rR2 in addition to the reaction cross section. The 
scattering angles of this "shadow scattering" are rather small, of 
the order 'AIR. Nevertheless, the shadow scattering can be dis
tinguished from the incident beam if proper precautions are taken. 

B. The Determination of Cross Sections from the Conditions at the 
Nuclear Surface, for Neutrons with I = 0 

Nuclear cross sections can be calculated only if the internal structure 
of the nuclei is known. Expressions (2.11) and (2.13) show that for 
the elastic scattering cross section and the reaction cross section all 
necessary information is contained in the magnitudes 7Il; they define 
these two cross sections completely. We therefore investigate the 
connection between 7Il and the internal properties of the nucleus. 

No special assumption about the structure of the nuclei has yet 
been made. At this point we introduce only one general assumption: 
the existence of a well-defined nuclear surface. We assume that the 
projectile a and the nucleus X have no nuclear interaction if their 
distance r is larger than the "channel radius" R = Rx+ R,.. (See 
Fig. 2.4.) We refer to the region r>R as being "outside the 
nucleus," whereas r<R is the "interior of the nucleus."l 

We first restrict ourselves to the case where the incoming particle a 
is a neutron. This simplifies the calculations and helps to demonstrate 
the essential points. Then we can describe the relative motion of a 
and X for r>R by a wave function 1/t(r) which corresponds to the 
relative motion of two particles with no interaction between them: 

(r> R) (2.18) 

1 The radius differs from channel to channel. Hence, if different channels are 
considered, we shall denote the channel radius by Ra , just as we have denoted the 
channel coordinate by r... In this section thp. subscript is omitted. 
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Here k is the entrance channel wave number. Expression (2.18) is 
incorrect for r < R, since the motion of the particle inside the nucleus 
cannot be described by a wave function which depends on only one 
coordinate. 

FIG. 2.4. Definition of channel radius. 

For large values of Irl, if; consists of a superposition of a plane inci
dent wave exp (ikz) and an outgoing spherical wave, as indicated in 
(2.9). We are now interested not only in the asymptotic behavior of 
if; as given in (2.8) for very large r = Irl, but also in its behavior for 
smaller values of r, all the way down to the channel radius r =R. The 
wave function can be written as a sum of subwaves of given orbital 
angular momentum l: 

00 

if;(r) = if;(r,O) = - YI 0(0) 2: uI(r) 

r ' 
(2.19) 

1-0 

where YI,o are the spherical harmonics defined in Appendix A. We 
include sub waves with m =0 only, since the incident plane wave 
exp (ikz) is independent of the azimuthal angle 'P. Furthermore, we 
shall restrict ourselves for the time being to consideration of the S 
wave neutrons, i.e., of the l=O term in (2.19). As shown by inserting 
the l = 0 term of (2.19) into (2.18), the function uo(r) satisfies the 
equation 

d2uo 2 - + k Uo = 0 
dr 2 

(r ~ R) (2.20) 

uo(r) is not determined completely by (2.20) unless boundary condi
tions are specified. The general solution of (2.20) is of the form 
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uo(r) = d exp (-ikr) + b exp (+ikr) (r ~ R) 
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(2.21) 

where d and b are constants. These constants are determined by the 
behavior of the wave function far away, i.e., by (2.8). Comparison of 
(2.21) with (2.8) gives 

iy';' 
d =--

k 
(2.22) 

The quantity 710 and hence the coefficient b of the outgoing wave in 
(2.21) is not determined by the boundary condition at infinity, except 
that 17701 ~ l. Rather, 710 is to be found from the theory of nuclear 
reactions. This theory depends on conditions in the "interior" 
region, r < R. We therefore must connect the quantity 710, which 
determines the cross sections, with the conditions at the nuclear sur
face. We shall describe the behavior of uo(r) just outside the nuclear 
surface by the quantity 

fo == R [duo/dr] (2.23) 
Uo r=R 

The quantity fo and its analogues for higher values of the angular 
momentum will be used very often in this chapter. Since the value 
and derivative of uo(r) must be continuous at the surface, the magni
tude fo is completely defined by the conditions in the interior of the 
nucleus. The entire theory of nuclear reactions as developed here 
has as its aim to find an a.pproximate expression for the variation of f 
as a function of the channel energy E. For once f is found, 71 can be 
determined from it, and the cross sections from 71. At present we are 
not yet concerned with the essential part of the theory, the determina
tion of f. Rather, we shall indicate only how f can be used to deter
mine 71, i.e., how we can find the asymptotic behavior of the wave 
function for large r if its behavior at r = R is known. 

This is very easy for the simplest case of incident neutrons with zero 
angular momentum l=O. We substitute (2.21) with the coefficients 
(2.22) into the definition (2.23) and solve for 710 in terms of fo. This 
gives 

fo + ikR . 
710 = fo _ ikR exp (-2tkR) (2.24) 

If the logarithmic derivative fo is a real number, (2.24) implies that 
\710\2 = 1; hence the reaction cross section O"r,O vanishes (see 2.13). A 
real value of f gives pure scattering without any reaction (without any 
removal of particles from the entrance channel). 
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Substitution of (2.24) into (2.11) gives the l = 0 part of the scattering 
cross section. This can be written in the form 

where 
-2ikR 

A r ... = fo - ikR 

Apot = exp (2ikR) - 1 

(2.25) 

(2.26) 

(2.27) 

We shall refer to ArM as the "internal" or "resonance" scattering 
amplitude (the latter term is appropriate only under certain conditions; 
see Section 7), and to Apot as the "potential" or "hard sphere" 
scattering amplitude. The origin of this name can be seen if we replace 
the nucleus by a perfectly reflecting sphere with the same radius R. 
Such a sphere forces the wave function to vanish at r=R. According 
to the definition (2.23) of fo, this implies fo = 00. Equation (2.26) 
shows that the internal scattering amplitude is zero for a hard sphere; 
the hard sphere scattering is determined by Apot (2.27). 

The separation of the scattering amplitude A into an internal and an 
external part depends on the assumption of a definite radius R in 
the channel. To the extent that the channel radius R is indeterminate 
(e.g., because the nuclear boundary is not perfectly sharp), this separa
tion is only approximate. i Furthermore it must be realized that the 
separation of the scattering amplitude into these two portions has 
only a theoretical meaning, i.e., it cannot be observed experimentally. 
The only experimentally measurable quantity is the sum Ar ... +Apot. 
In spite of these restrictions, the separation of the scattering amplitude 
into an internal and an external part is very important for an under
standing of the theory of nuclear reactions. 

The contribution of the S wave neutrons to the reaction cross 
section can be found from (2.24) and (2.13). It is 

2 -4kR Imfo 
O"r.O = 7I"~ (Refo)2 + (Imfo _ kR)2 (2.28) 

where Refo and 1m fo stand for the real and imaginary parts of fo, 
respectively. 

I In principle, we could choose any value R' > R as a radius for the channel, since 
80 far our only condition upon R has been that there shall not be any nuclear 
interaction for r ~ R. In practice, the only choice of R which leads to physically 
useful results is the smallest R which satisfies this condition, as shown in Fig. 
2.4. See, however, Wigner (51). 
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Since the reaction cross section is an inherently positive quantity, 
the imaginary part of the logarithmic derivative fo must be negative: 1 

Imfo ~ 0 (2.29) 

This can also be seen from (2.24) by imposing the equivalent condition 
11101 2 ~ 1. 

~ C. The Determination of Cross Sections from the Conditions at the 
Nuclear Surface. General Case 

The relations of Section 2B are restricted to one special case, namely 
orbital angular momentum l = 0 and no Coulomb force. We now 
extend the treatment to the case of arbitrary angular momenta l 
and (or) charged-particle reactions. The wave function 1/I(r), corre
sponding to the relative motion of the incoming particle a and the 
target nucleus X, fulfills the equation 

V21/1 + [ k 2 - 2:; V(r)] 1/1 = 0 (2.1Sa) 

where M is the reduced mass in the channel and V(r) is the potential 
energy of a and X at separation r>R. The radial wave function 
ul(r) as defined in (2.19) satisfies a differential equation which can be 
found by inserting (2.19) into (2.1Sa): 

d2Ul [2 l(l+l) 2M ] 
dr2 + k - -r-2 - - h2 V(r) ul(r) = 0 (2.30) 

The potential energy VCr) which appears 
the electrostatic potential energy 

in (2.1Sa) and (2.30) is 

V(r) = ZaZ X e2 

r 
(2.31) 

where Za and Zx are the charges of a and X, respectively. Equation 
(2.30) is correct only as long as r> R, since the motion inside the 
nucleus cannot be described by a wave function which depends on 
only one coordinate. 

The two linearly independent solutions of (2.30) which can be found 

1 This theorem, 88 well 88 the relation between f and the cross sections in general, 
is well known in many fields; in particular, in electrical engineering, with somewhat 
different notations. The results will be discussed from a more general point of 
view in Chapter X. f corresponds to the impedance of a circuit; CT" and CT, corre
spond to the reflection and transmission coefficients, respectively. (The corre
spondence is not correct 88 to factors, however.) Relation (2.29) corresponds to 
the statement that resistances must be positive or zero in a passive linear network 
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tabulated are the "regular" and "irregular" solutions F,(r) and G,(r). 
They are defined as follows: F,(r) is a real function which satisfies 
(2.30) and vanishes for r=O. It is then determined completely, 
except for a numerical coefficient in front. This coefficient is chosen 
so that the asymptotic behavior of F,(r) is, for neutrons, 

F,(r) ~ sin (kr - tlr) neutrons, kr» 1 (2.32) 

For charged-particle reactions the asymptotic behavior is more com
plicated. To the extent that the shielding by the atomic electrons can 
be neglected, the asymptotic behavior of the regular solution F,(r) is 

F,(r) ~ sin [kr - tlr - "I In (2kr) + ud 
charged particles, kr »l (2.33) 

where "I is a parameter which determines the importance of the 
Coulomb effects l (v = velocity in the channel) 

ZaZX e2 
"1=-

hv 
(2.34) 

and Ul is the Coulomb phase shift which determines the purely electro
static (Rutherford) scattering; it is defined by 

. (l+i'Y)! (l+i'Y)(l-l+i'Y) ... (l+i'Y) . 
exp (2lUI) = (l-i'Y)! = (l-i'Y)(I-l+i'Y) ... (l-i'Y) exp (2lUo) (2.35) 

The "irregular" solution G,(r) of (2.30) is defined by its asymptotic 
behavior for large r: 

G,(r) ~ cos (kr - fIr) neutrons, kr» I (2.36) 

G,(r) ~ cos [kr - tlr - "I In (2kr) + ud 
charged particles, kr »l (2.37) 

The differential equation (2.30) implies that the "Wronskian" 
combination G(dF /dr) - F(dG/dr) is independent of r. It can there
fore be determined from the asymptotic forms for large r with the 
result 

(2.38) 

1 This parameter is usually called" in the literature, and was denoted by " in 
Chapter II, Section 4. We use the notation 'Y here to avoid confusion with the 
scattering parameters "I. 
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For neutrons [V(r) =0] the solutions F,(r) and G,(r) can be written in 
terms of Bessel functions: 

(2.39) 

(2.40) 

where J p(z) and N p(z) are the Bessel and Neumann functions of order 
p, respectively, as defined in Jahnke-Emde (33). Tables of F,(r) 
and G,(r) for neutrons can be found in several places: for example, 
Morse (45) and Lax (48). 

The corresponding functions for charged particles cannot be written 
in terms of elementary functions. The tabulation of F,(r) and G,(r) 
for charged particles iR complicated by the fact that these functions 
depend not only on kr but also on the charge parameter "1:. The 
extensive tabulations of these functions in connection with proton
proton scattering (Yost 35, 36, Wicher 36) do not cover the region of 
importance in nuclear reactions, except for very light nuclei. Some 
values will be given in this chapter. More detailed tables of the 
quantities of importance for nuclear reactions with charged particles 
are given by Bloch (51a) and by Christy (48). 

For the theory of nuclear reactions, we need the linear combinations 
of F,(r) and G,(r) which correspond to outgoing and ingoing spherical 
waves. We define u,(+)(r) and u,(-)(r) by 

u,(+)(r) == G,{r) + i F,(r) neutrons 

u,(+)(r) == exp (-iCT,) [G,(r) + i F,(r)] charged particles (2.41) 

u,(-)(r) == complex conjugate of u,(+)(r) 

For neutrons with l=O, 

uo(+)(r) = exp (+ikr) 

and in general the asymptotic behavior of u,(+)(r) for large r is 

u,(+)(r) ::: exp [i(kr - -1l1l')] (kr» l) (2.42) 

The radial wave function u,(r) in the outside region can always be 
written in the form 

(2.43) 

This reduces to (2.21) for l=O neutrons. The constants d and bare 
again determined by comparison with the behavior of the wave func-
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tion at large distances, (2.8). This gives 

d = il+1 (2l+ 1) 1/2 V; 
k 

b = -1/1 d (2.44) 

The quantity 1/1 must be connected with the conditions at the nuclear 
surface. We therefore introduce the logarithmic derivative of the 
wave function ul(r) at the nuclear boundary, fz, by 

fz == R [duzldr ] (2.45) U, r_R 

in complete analogy to (2.23). In order to get the general expression 
for 1/1 in terms of fz we introduce certain quantities which are completely 
determined by the conditions outside the nucleus: we define the real 
numbers t:., and S, through 

[ dUI<+) jdr] . 
R (+) == t:., + ~Sl 

U, r=R 
(2.46) 

t:., and S, depend on the wave number k, the channel radius R, the 
angular momentum l, and the charge parameter "I, (2.34). Com
parison of (2.46) and (2.41) shows that t:., and S, are related to the 
tabulated regular and irregular functions F,(r) and G,(r) by 

= R [GI (dG,jdr) + F, (dFzldr)] 
t:., 2 2 

G, + F, r~R 
(2.47) 

= R [GI (dF,jdr) - F, (dGzldr)] s, 2 2 
GI + F, r-=R 

(2.48) 

The numerator of (2.48) is actually independent of R, according to 
(2.38), and equal to k. The expression GI2+F,2 is unity for neutrons 
with l =0, and larger than unity for l~O and (or) charged particles. 
Since this expression occurs very frequently, it is convenient to intro
duce a quantity V, through l 

1 
(2.49) 

VI == GI2(R) + F,2(R) 

We shall see in Section 5 that this quantity is very important for 
the analysis of nuclear reaction data. A small vI«1 implies that 

1 The Coulomb penetration factor C2 in Chapter II, Section 4, is equal to (2.49) 
evaluated for R =0 and l =0. Sometimes the quantity [GI(R)]-2 is called a pene
tration factor. We shall adhere to the definition (2.49) throughout. The quan
tity III defined by (2.49) is different from the VI used in Feshbach (47, 49a). In 
these papers the symbol III was used for the function UI(-) (r). 



2. Cross Sections 333 

particle a does not penetrate to the nuclear surface appreciably and 
hence will lead to a weak nuclear reaction. We shall therefore call 
V, the "penetration factor" i its significance and behavior will be 
discussed in more detail in Section 5 of this chapter. 

In terms of the penetration factor VI, the quantity s/ (2.46) and 
(2.48), becomes 

s/=kRvl (2.50) 

In addition to the quantities ~, and S/, we shall also need the phase of 
uI<-)(r) at r=R. This phase constant, tl, is defined by 

. _ uI<-)(R) _ GI(R) - i FI(R) x 2' 
exp (2t tl) - uI<+)(R) - G,(R) + i F,(R) e p ( to'I) (2.51) 

where 0'1 =0 for neutrons, and 0'1 is given by (2.35) for charged particles. 
For neutrons with l¢O these phase constants have been tabulated by 
Morse (45).1 Tables of tl for charged particles are not available. 

For neutrons, tl decreases in absolute value as the penetration 
factor V, decreases and tl approaches zero for very low VI. The limiting 
values of tl for very high energies (VI close to 1, kR»l) and very low 
energies (VI close to 0, kR«l) are [we use the notation (2l + I)!! = 
1 X 3 X 5 X ... X (2l + 1)] 

kR» l: tl ::: - (kR - *lr) 
(for neutrons) (2.52) 

kR« l: 
(kR)2/+1 

tl '" - (2l-1)!! (2l+1)!! 

For charged particles, tl approaches the same limit for high energies 
(VI close to 1, kR»l), but for low energies (VI close to 0, kR«l) tl 
approaches the pure Coulomb phase shift 0'1, (2.35). 

Weare now in a position to write the relation between '1l and 
the logarithmic derivative II at the nuclear boundary. Substitution 
of (2.43) with the constants (2.44) into definition (2.45) gives (after 
some rearrangement) 

fz - ~I + iSI . 
'71 = I . exp (2t t/) 

I - ~I - tS, 
(2.53) 

Equation (2.53) reduces to (2.24) for neutrons with l = O. Again, a 
purely real fz implies 1'1l1 2 = 1, i.e., scattering without any reaction. 

1 The ~"of Morse (45) in the spherical case (their Table 10) is identical with the 
negative of our ~". They use the notation X = kR and tabulate 6,. = -~,. in 
degrees. Feshback (47, 49a) also use 01 for - tl, but their notation is x = kR, 
g = KR. 
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Since 171112~1, the maximum value of the scattering cross section is 
obtained when T/l= -1, according to (2.11). A straightforward 
calculation shows that this gives the following condition upon the 
logarithmic derivative fz in (2.53): 

fz = ~I + SI tan ~I (for 711 = -1) (2.54) 

This value of fz, which gives the maximum scattering cross section, is 
purely real and therefore corresponds to scattering without any 
reaction. This is to be expected, since the maximum scattering cross 
section is obtained when the outgoing wave has the same intensity as 
the incoming wave but is shifted in phase by exactly 180 degrees. 

We can calculate the scattering and reaction cross sections from 
'I1l, (2.53), by the use of (2.11) and (2.18), respectively. We again 
denote the real and imaginary parts of fz by Re fz and 1m fl. The 
result for the scattering cross section can be written III the form 
[analogous to (2.25)] 

(2.55) 

where the amplitudes for internal (resonance) scattering and for the 
"potential" (external) scattering are 

Al = - 2 iSI 

reo (Re fl - ~I) + i (1m fz - s,) 
(2.56) 

A~ot = exp (-2i~l) - 1 (2.57) 

These two equations reduce to (2.26) and (2.27) respectively for 
l = 0 neutrons. Again the potential scattering amplitude is the same 
as for scattering from an impenetrable sphere of radius R, since Are. 
vanishes in that case (fl = 00 ). 

The reaction cross section is given by 

2 - 4 SI Imfl 
CTr.1 = (2l + 1) 1r" -(R f )2 (I f )2 e I - ~I + m I - SI 

(2.58) 

As before, we conclude from (2.58) that the imaginary part of fl must 
be negative or zero. Furthermore the fact that SI occurs in the 
numerator provides a proof of our earlier statement that a low pene
tration factor VI [and hence low SI according to (2.50)] leads to a very 
low reaction cross section. 

Although the formulas in the general case are more complex in 
appearance than the earlier ones for l = 0 neutrons, no new physical 
idea is involved. The properties of the inside of the nucleus enter 
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into these cross sections only through the logarithmic derivative It of 
the wave function uI(r) at the nuclear boundary r=R. 

In the following sections certain assumptions will be made regarding 
the fz and their dependence on the energy of the incident particles. 
These assumptions make it possible to calculate the scattering and 
reaction cross sections by means of the expressions derived in this 
section. 

~ D. The Angular Distribution of Elastically Scattered Particles 

The angular dependence of the elastic scattering can be expressed 
also in terms of the scattering amplitudes A~e8 and A~ot, (2.56) and 
(2.57). We substitute 1/1, (2.53), into (2.15) and rearrange terms to 
get! 

.. 
dCToc(8) = 11",,212: V2l+1 exp (2itl) (A~e8 + A~ot) YI,o(8) 12 dfl 

1-0 
(2.59) 

When A~e.=O, (2.59) gives the angular dependence of the scattering 
from a reflecting sphere surrounded by the same potential field which 
surrounds the nucleus. The specifically nuclear effects are contained 
in A~, and the effects of the outside potentials are contained in A~ot. 
These effects add coherently, i.e., there are interference terms between 
them. 

In the case of charged particles expression (2.59) contains also the 
scattering by the Coulomb field of the nucleus. The potential scatter
ing alone is in this case identical with the scattering of a hard sphere 
surrounded by a Coulomb field, and it would give rise to a scattering 
that differs from Rutherford scattering only with respect to the near 
encounters which come close to the nuclear surface. Since these 
near encounters occur only for large scattering angles, the potential 
scattering alone agrees with ordinary Rutherford scattering at small 
scattering angles but deviates from Rutherford scattering for large 
scattering angles. 

The series (2,.59) converges only slowly for charged particles since 
every term contributes appreciably to the Coulomb scattering. It is 

1 This formula shows that our designation "scattering amplitude" for A~. and 
A:"'t is not entirely accurate. The amplitudes are actually exp(2i~l) A! •• and 
exp(2iE,) A~ot. This constant phase factor makes no difference in the total cross 
section but shows up in the differential cross section through the cross products 
in (2.59) between terms with different l. We shall continue, however, to refer to 
A~ •• and A:"'t as the scattering amplitudes of the internal (resonance) scattering 
and potential scattering, respectively. 
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therefore necessary to use an equivalent expression in which the main 
part of the potential scattering amplitude, namely the amplitude of 
pure Rutherford scattering, is not decomposed into contributions 
from various values of l. This expression is 

1 
ZaZXe2 2 • 

d<T,c(fJ) = 2Mv2 cosec (j8) exp [-2i-y In sm (i8)] 
.. 

-il\-V:;II V2l+1 exp (2iul-2iuo) {I - exp (2i~I-2iul) 
1-0 

with the auxiliary formulas 

exp (2iul - 2iu 0) 

exp (2itl-2iul) 

X [1 + A~""J} YI,0(8) 12 dfl (2.60) 

(l+i-y)(l-l+i'Y)'" (1+i-y) 
(l-i-y)(l-l-i-y)'" (l-i-y) 

GI(R) - i FI(R) 

GI(R) + i FI(R) 

(2.60a) 

(2.60b) 

where FI and GI are the tabulated regular and irregular Coulomb wave 
functions. 

Neither (2,59) nor (2.60) takes into account the influence of the 
spins of the particles and target nuclei upon the scattering cross 
section. 

The angular dependence of the reaction cross section is not a mean
ingful concept. This cross section measures the number of particles 
removed from the primary beam, no matter what happens afterwards. 
We may be interested in the angular dependence of special nuclear 
reactions, e.g., the angular distribution of the emitted neutrons in a 
(p,n) reaction, relative to the direction of the incident beam. The 
reaction cross section, however, as defined here, includes all the 
processes which occur. The problem of the angular distribution in 
individual nuclear reactions (going into a definite channel) is not dis
cussed in detail in this book. Some general theorems about the 
angular distribution of reaction products will be derived in Chapter X. 

E. The Reciprocity Theorem for Nuclear Reactions 
So far, we have considered the wave function only in the incident 

channel a: the reactions leading to different channels were lumped 
together into the reaction cross section ur(a). We now give a some
what more detailed description of the possible reactions. 

Let us consider the reaction in which channel a is the entrance 
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channel, and which leads into channel (3. The cross section u(a,{3) for 
this reaction is defined according to (2.1) by 

number of emissions into channel (3 per 
unit time per scattering center 

(2.61) 
number of incident particles in channel 

a per unit area per unit time 

The reaction cross section ur(a) in channel a is given by 

ur(a) = L u(a,{3) + ucap(a) (2.62) 
{J,. .. 

It contains the sum of the cross sections into all possible channels {3 

(the sum does not include a, of course), and the "capture cross 
section" Ucap, which is the cross section for those events in which 
particle a enters target nucleus X and no other particle is emitted, as 
described by (1.2). 

It is the aim of this chapter to find ways to calculate or to estimate 
the cross section u(a,{3). Before we enter into the discussion of these 
theories, we first establish an important relation between the cross 
sections of two opposite reactions: u(a,{3) and u({3,a). The two cross 
sections belong to the inverse reactions 

and 
bfJ" + YfJ' = X a, + aa" 

The relation is quite universal and depends only on the channel 
wavelengths )\. .. and )\.fJ. It is expressed by 

u(a,{3) u({3,a) 
-V-=~ (2.63) 

where )\. .. and )\.fJ are the channel wavelengths as defined in (2.6). 
Before proving this relation, we describe the process in more detail 
by specifying the relative directions of the incident and the outgoing 
particles. Let us introduce the differential cross section 

u(A,B) = u(a; (3,(J,I{J) dn (2.64) 

which is defined as the cross section for the process in which the 
incident particle a moves parallel to the z direction, and the outgoing 
particle b moves within a solid angle element dn whose direction is 
given by the polar angles (J and I{J. There is a corresponding differen-
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tial cross section for the opposite process, 

u( - B, - A) = u({3,O,I{J; a) dO (2.65) 

in which the incident particle b enters from the direction O,I{J, and the 
outgoing particle a leaves within a solid angle element dO which lies 
parallel to the negative z axis. There is a relation similar to (2.63) 
between these two differential cross sections, 

u(A,B) u( -B,-A) 

~ xi (2.66) 

The following identities hold: 

Ju(a; (3,O,I{J) dO = u(a,{3) J u({3,O,I{J; a) dO = u({3,a) 

if the integrations are extended over all angles, and these identities 
show that (2.63) follows from (2.66). 

We now prove (2.66). Let us consider the reaction which is de
scribed by the differential cross section (2.64) as a transition from one 
state A to another state B of a quantum-mechanical system. State A 
contains a particle a in a given quantum state a" and a nucleus X in 
state a', both moving as free particles. The channel energy lies in 
the interval between Ea and Ea+~E, and the direction of the motion of 
particle a is parallel to the z axis within a small solid angle element 
dO, and directed toward X. State B contains a particle b in the 
quantum state {3" and the nucleus Y in the quantum state (3', moving 
as free particles with a kinetic energy between EfJ and EfJ+ ~E; b is moving 
away from Y within a solid angle element dO whose direction is given 
by the angles ° and I{J. 

We now compare the transition A ~ B with the transition - B~ - A, 
where we understand by - A or - B the states A or B with "re
versed time," that is, with all motions reversed in direction. The 
cross section for the transition - B~ - A is obviously u( - B, - A). 

The relation between the processes A~B and -B~-A is best 
understood if we enclose our system in a large volume V and consider 
the probability per unit time P(A,B) of a transition from A to B, 
and the corresponding probability P( - B, - A) for the opposite tran
sition. These probabilities are related to the cross sections (2.64) and 
(2.65). P(A,B) is the probability that a particle somewhere within 
the volume V will hit the target area per unit time, and therefore it is 
related to u(A,B) by 

P(A,B) 
Va u(A,B) 

V 
(2.67) 
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where Va is the relative velocity in channel cx. Similarly, 

P(-B,-A) = V/lu(-:,-A) (2.68) 

There is a fundamental relation between the two transition proba
bilities P(A ,B) and P( - B, - A) which is based on the reversibility 
of transitions between two elementary states of a system. Let us 
consider a general quantum-mechanical system in state p. We assume 
that there exists another state q of the same energy. Let T pq be the 
transition probability per unit time from p to q. If p and q are both 
single, non-degenerate states (this means: states of statistical weight 
unity), the transition probability from p to q is equal to the one from 
-q to -p, where the minus signs signify again the time reversal. 
The state - q differs from q only by the fact that all motions are 
reversed. 

Let us now consider a pair of states P and Q which are defined in 
such a way that they comprise a number gp or gQ, respectively, of 
single states (gp and gQ are their statistical weights); the transition 
probabilities from P to Q, and vice versa, then fulfill the relation 

(2.69) 

The statistical weights gA and gs of the two states A and B are equal 
to the number of states of a free particle whose energy and direction 
are found in the interval ~E and dn, respectively: 

(2M a 3Ea) 1/2 

gA = V (21r)3h3 AE dO 

(2M /l3E/l) 1/2 

gs = V (21r)3h3 AE dO 

(2.70) 

so that we get from (2.69) 

(2.71) 

Inserting (2.67) and (2.68) into (2.71) leads immediately to the 
relation (2.66) which we set out to prove. 

The relations (2.63) and (2.66) are called the reciprocity theorem for 
nuclear reactions. The theorem shows that there is a general con
nection between the cross sections of opposite reactions. A complete 
proof of this theorem will be found in Chapter X. 
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3. THE COMPOUND NUCLEUS, CONTINUUM THEORY 

A. The Bohr Assumption 
The actual nuclear process in a nuclear reaction does not start 

before the two initial particles a and X have come near enough to one 
another, within the range of nuclear forces. The nuclear process has 
ceased when the two products have separated by more than the range. 
During the time of interaction, a compound system is formed whose 
properties are decisive for the course of the nuclear reaction. 

It was N. Bohr (36, 37) who first pointed out that it is useful to 
divide the nuclear reaction into two states: (a) the formation of the 
compound system C, and (b) the disintegration of the compound 
system into the products of the reaction. The following assumption 
has been proved valid, or at le8.dt approximately valid, in many cases. 
The two stages (a) and (b) can be treated as independent processes, 
in the sense that the mode of disintegration of the compound system 
depends only on its energy, angular momentum, and parity, but not on 
the specific way in which it has been produced. Thus the two steps of 
the reaction can be considered separate processes following one another. 
We shall refer to this as the Bohr assumption. It is based on the 
picture of a nucleus as a system of particles with very strong inter
actions and short-range forces. If the incident particle comes within 
the range of the forces, its energy is quickly shared among all con
stituents well before any re-emission can occur. The state of the 
compound system is then no longer dependent on the way it was 
formed. 

The validity of the' Bohr assumption and its limitations can be 
understood in the following way. Because of the strong interaction 
between the nucleons, the energy carried by a into X is shared with 
all other nucleons shortly after contact. This is due to the fact that 
the "mean free path" A of an entering nucleon in nuclear matter 
is very much smaller than the nuclear radius if the incident energy 
E is not too high (E <50 Mev). A can be estimated to be roughly 
A",OAXlO- 13 cm if the entering nucleon has a kinetic energy up to 
about E""20 Mev. For higher energies, A increases and is given 
approximately by A (in centimeters) '" 1.8XlO-l&XE (in Mev). 

The estimate of A is made in the following way: The mean free path is given by 
A = (lTp)-1 where IT is the collision cross section with other nucleons, and p is the 
nucleon density inside the nucleus. Recent experiments show that the neutron
proton scattering cross section is approximately given by IT '" (4 Mev/E) X 10-24 

cm2 for E>lO Mev, where E is the relative kinetic energy. p can be calculated 
from the approximative formula (1,4.1) for the nuclear radii, p=3/(4.r,:). The 
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relative energy E is of the order of E~HEo+e), where E o",,20 Mev is the average 
kinetic energy of the nucleons within the nucleus (see p. 355.) We thus get 
A"" 1.8 XlO- i6 X (e+Eo) em, where. and Eo are in Mev. 

Once the energy carried in by a is shared with the other nucleons, 
it takes a great number of energy exchanges, and thus a long time, 
before enough energy is concentrated on one particle so that it can be 
re-emitted by the compound system. This can be seen as follows: 
The total excitation energy E of the compound system is E=E+So, 
where So is the separation energy of a from the compound nucleus. 
Because of the small value of A, this energy is quickly shared among 
the A constituents of C, so that each of them possesses on the average 
the amount E/ A. As long as E/ A is small compared to the average 
separation energy S of a nucleon from C (E/ A « S), it takes many 
exchanges before enough energy is concentrated on one particle so 
that it can be re-emitted. The large number of exchanges is the main 
reason for the validity of the Bohr assumption. A thorough" mixing" 
of the energy of the incident particle is expected, so that the state of C 
before re-emission of another particle shows no traces depending on 
the special way the excitation energy was delivered. 

The conditions for the validity of the Bohr assumption are then 
(note that E/A«S can be written as (E/A)+(So/A)«S, and that 
So"",S) : 

A«R E« (A - 1) S 

Both conditions are fulfilled for nuclei with A> 10 as long as E <50 
Mev, since S is of the order of 8 Mev. It should be noted that the 
above conditions are necessary but not sufficient. There may be 
other mechanisms within the compound system preventing thorough 
"mixing" of the energy of the incident nucleon among all constitu
ents. One of many possible reasons for the breakdown of the Bohr 
assumption may be found in the Pauli exclusion principle. Let us 
describe the nucleus in first approximation as a system of A particles 
each moving in a given quantum state (independent-particle model; 
see Chapter XIV). Then the rate of energy exchange of an entering 
nucleon with the constituents of the target nucleus is smaller than 
would be expected from the scattering cross section, since the constitu
ents can take up energy only by transitions into unoccupied states. 
Most of the neighboring states are occupied by other nucleons. Hence 
the mean free path A may be longer than estimated above. It is 
difficult to analyze, however, to what extent this conclusion still 
remains valid for the actual nucleus. 

More and more evidence has been accumulated recently (see 



342 VIII. Nuclear Reactions: General Theory 

Chapter XIV) which points toward a different picture of the interior of 
the nucleus from the one on which the Bohr assumption is based. 
There are indications of independent orbits of individual nucleons 
within the nucleus which would lead to the conclusion that the inter
action between nucleons within the nucleus is not so strong or so 
effective as anticipated. If this conclusion is correct, and if it can 
also be applied to the situation existing during a nuclear reaction, we 
should be forced to use a different picture for the description of nuclear 
reactions. The present experimental material is not yet sufficiently 
complete to decide this question, and we shall assume full validity of 
the Bohr assumption in this section. For the time being, we shall 
assume that the state of the compound system and the way in which 
this system decays do not depend on the way it was formed. The 
processes following the formation will be assumed to depend only on 
the total energy, the angular momentum, and the parity of the com
pound system. These /I constants of motion" are the only /I mem
ory" the system retains of the way in which it was formed. The 
particular channel which served as the entrance channel has been 
/I forgotten." 

B. Nuclear Reactions, Cross Sections, and Emission Rates 
According to the Bohr assumption, we can write the cross section of 

a nuclear reaction X(a,b)Y in the form 

IT(a,b) = ITcCa) GcCb) (3.1) 

where ITcCa) is the cross section for the formation of a compound system 
by particle a incident upon the target nucleus X. GcCb) is the proba
bility that the compound system C, once formed, decays by emission of 
a particle b, leaving a residual nucleus Y. GcCb) is a pure number; 
the compound system C must decay eventually in some way; GcCb) is 
the probability of this special way of decay. It can also be referred to 
as the /I branching ratio" of the reaction into the emission of b. 

Evidently L GcCb) = 1 if the sum is extended over all particles b which 
b 

C can emit. l 

It is useful to specify the reaction X(a,b)Y in greater detail, by 
considering the cross section IT(a,f;J) corresponding to a specific entrance 
channel a and specific exit channel f;J. In other words, we specify the 
quantum states of all reaction partners before and after the reaction. 
We therefore write 

IT(a,f;J) = ITcCa) GcCf;J) (3.2) 

1 If a light quantum is not considered a particle, the sum is smaller than unity. 
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where ucCa) is the cross section for the formation of C through channel 
a, and GcC(3) is the probability that C decays through channel (3. 

According to the Bohr assumption, the disintegration of the com
pound system into the different channels (3, /" etc., depends only on 
the energy Ee, the angular momentum J e, and the parity of the com
pound system. There is one important exception to this: the dis
integration of C into the channel a by which C was formed. This is a 
part of what we have defined as elastic scattering in Section 1. The 
wave which describes the elastic scattering is coherent with the incident 
wave, and the consequent interference effects [between Ares and Apot 

in (2.25)] show that there is an interrelation between the incident 
and the scattered wave. We therefore do not apply (3.2) to elastic 
scattering processes u(a,a). They will be treated separately. 

In order to simplify our present considerations, the dependence of 
the properties of the compound system on the angular momentum 
J and the parity II will be ignored in this section. This procedure 
introduces errors which are not essential in view of the very qualitative 
nature of our considerations. 

We now introduce a few magnitudes which describe the disintegra
tion of the compound system C. We begin with the mean lifetime 
dEc) of C before disintegration and define the magnitude 

h 
r(Ec) =-

r(Ec) 

which is h times the rate of disintegration per unit time. 

(3.3) 

r is an energy and, later on, will play the role of a level width.! 
We therefore call it the "total width" of the state of C with an 
excitation energy Ee. C can decay into several channels, and its 
total decay rate r can therefore be subdivided into decay rates2 

referring to specific channels: 

r(Ec) = l r/l(Ec) (3.4) 
fJ 

where the sum is extended over all channels into which C can decay, 
i.e., over all "open" channels. The specific decay rate r /l(Ec) is 
also a function of Ee and is called the partial width for the decay into 
channel (3. 

I The interpretation of r /A as a decay rate is more general, however, than the 
interpretation of r as a level width. There are many cases in which the concept 
of a "level" with a "width" has no meaning; yet r, as defined by (3.3), remains a 
meaningful quantity. To this extent, the word "width" for r is misleading. 

I We shall sometimes call r the decay rate, although it is really II X (decay rate). 
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The magnitude r/l can also be defined as follows: If an assembly of N 
equal samples of the compound system C is arranged in such a way 
that, on the average, N stays constant in time (Le., as many compound 
systems decay as are produced), then the number of decays into the 
channel fj per unit time is given by Nr/l/h. 

We can now express the branching probability in terms of the decay 
rates by the relation 

r/l 
=-

r 
(3.5) 

The assumption of the independence of the two processes, the 
creation and the disintegration of the compound system, makes it 
possible to derive a connection between the two magnitudes ada) and 
r a which characterize the rate of two opposite processes (formation 
and disintegration of the compound nucleus through channel a). The 
connection is expressed by the following relation (Weisskopf 37,40): 

erda) = U(E ) 
lI. 2r C 

a a 
(3.6) 

where U(Ec) is a function of the excitation energy of the compound 
nucleus only and does not depend on channel a. 

Relation (3.6) can be derived from the reciprocity theorem (2.63) if 
we use the Bohr assumption (3.2) for er(a,fj) and expression (3.5) for 
Gdfj). Equation (2.63) becomes 

erda) erdfj) U(Ec) (3.7) 
rall.a 2 = r/lll.i = 

Since a and fj can be any pair of channels which lead to the compound 
system C, the function U(Ec) must be independent of the channel 
and we obtain (3.6). The probability Gdfj) of the disintegration 
through a specific channel fj can then be written in the form (k =lI.-1) 

Gdfj) = k/l2 erdfj) 

l k,/ erd'Y) 
(3.8) 

where the sum is extended over all channels 'Y into which C can decay. 
Hence the cross section (3.2) for the reaction a-+fj can be computed if 
the cross sections erd'Y) for the formation of the compound system by 
all possible channels are known, and if the Bohr assumption is valid. 
All magnitudes involved in (3.8) are energy dependent. The value of 
Gdfj) for a compound nucleus excited to an energy Ec is given by 
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(3.8) if the cross sections ad')') and the wave numbers k-y are taken for 
those channel energies E-y which produce the compound nucleus with an 
energy Ec. The same applies to ad(3), kll' and Ell. 

A few qualitative conclusions can be drawn without any detailed 
determination of the cross sections (Bethe 37, Konopinski 38). It is 
expected that uda) is, in general, much larger for neutrons than for 
protons or other charged particles, since the latter must penetrate the 
Coulomb potential barrier. Thus, according to (3.7), the neutron 
widths (i.e., the partial widths corresponding to channels with neutron 
emission) are larger than the proton or alpha-particle widths, except 
in the case in which the charged particle has much more kinetic energy 
at its disposal than the neutron. If a reaction with neutron emission is 
energetically possible, it is generally more likely to occur than any 
other reaction. Exceptions are found only just at the threshold of a 
reaction with neutron emission, when the neutron has very small 
energy. Thus, in reactions which are initiated by a particle a, the 
cross section uda) can be put approximately equal to the cross section 
u(a,n) of the (a,n) reaction: 

(3.9) 

where ao is the entrance channel for which the target nucleus X is in its 
ground state. 

4. DETERMINATION OF CROSS SECTIONS, 
CONTINUUM THEORY 

We now proceed to derive an approximate value for the cross section 
uda) for the formation of the compound system. The method used 
greatly oversimplifies the actual situation. We do not take into 
account any individual properties of the nuclei concerned. Accord
ingly the results must be considered useful only as a first orientation 
regarding the orders of magnitude to be expected. We base our con
sideration on three general assumptions regarding the structure of the 
nucleus: 

(1) The nucleus has a well-defined surface which is a sphere of 
radius R. The nuclear forces do not act between a and the nucleus if 
the distance between a and the center of the nucleus is larger than R. 

(2) If the particle a penetrates the nuclear surface, it moves with an 
average kinetic energy Tin, which is much higher than its energy Ea 
outside. In fact, Tin =Ea+To, where To is of the order of magnitude 
of the kinetic energy of intra-nuclear motion. We shall show in this 
section that To,.....,20 Mev if a is a proton or a neutron, and somewhat 
less if it is an alpha-particle. 
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(3) Particle a IS subject to very strong interactions inside the 
nucleus, so that it interchanges its energy rapidly with the other 
nucleons. 

In this section we determine the cross section for the formation of 
the compound nucleus by a crude method (the" continuum theory") 
which is valid only for energies Ea of at least several Mev. The cross 
sections obtained are independent of the quantum state or of any 
other special property of the target nucleus; in fact, they depend only 
on the type of the incident particle a (whether it is a neutron, proton, 
or alpha-particle, etc.), on the channel energy Ea , and on the charge 
and the radius of the target nucleus. 

In order to provide a first orientation, we shall derive the value of 
ITc on the basis of classical mechanics, neglecting the wave properties of 
the incident beam. We assume that every particle hitting the nuclear 
surface will form a compound system. If the incident particle is a 
neutron (Za =0), the cross section for reaching the nuclear surface is 
evidently given by the classical" target area": 

(4.1) 

In the case of charged particles, the incident beam is deviated by a 
potential V(r) =ZaZxe2jr, and the particles reaching the nuclear 
surface are those whose closest distance of approach to the center would 
be smaller than R. A simple calculation leads to the following results: 

Eo. > V(R) 

Ea < V(R) 

(4.2) 

Thus ITc vanishes below the "barrier energy" V(R) = ZaZxe2 / R 
and increases steadily above the barrier up to the asymptotic value 
7rR2. 

We now proceed to a qualitative wave-mechanical discussion of 
these cross sections. The resulting corrections to the classical expres
sions (4.1) and (4.2) can be described in terms of two typical wave 
phenomena: 

(A) The position of the particle is undefined within a wavelength J\. 
This can be approximately accounted for by replacing 7rR2 with 
7r(R+J\)2, and by allowing a small penetration of the particle into the 
nucleus even if Eo. < V(R). 

(B) There is a sudden change of potential when the particle crosses 
the boundary of the nucleus; this change is caused by the fact that the 
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particle enters into the range of the strongly attractive nuclear forces. 
The sudden change of potential gives rise to a reflection of the incom
ing wave at the nuclear surface. This reflection decreases the cross 
section, especially at low energy. 

Energy 

E --------------------

-Vo~ ____ ~V~~~) ____ __ 

FIG.4.1. A sudden change of the potential (from 0 at x<O to - Vo at x>O) 
leads to a reflection from the discontinuity. The transmission coefficient T is 

given by (4.3). It approaches unity for t» Vo. 

Let us illustrate the effect of this reflection with a simple calculation: 
A beam of particles of energy E moves in the positive x direction in a 
potential V(x) given by 

V(x) = 0 (for x <0) V(x) = - Vo (for x>O) 

This potential is illustrated in Fig. 4.1. The wave number of the 
particles is 

(2ME) 1/2 

k = h 

K = [2M(E+ VO)]V2 

h 

(for x <0) 

(for x>O) 

The particles are partially reflected at x = O. We determine the 
transmission coefficient T, which is defined as the ratio of the number 
of particles penetrating into the region x> 0 to the number of incident 
particles. The wave function 1/t(x) is given by 

1/t(x) = A exp (ikx) + B exp ( -ikx) 

1/t(x) = C exp (+iKx) 

(for x <0) 

(for x>O) 
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and T is given by 

By equating the value and the derivative of l/t(x) at x =0, we get 

4kK 
T = (K + k)2 

(4.3) 

The transmission coefficient T is especially small if k«K (at low 
energies) and approaches unity for high energies (k'::::.K). 

We may consider T an approximate expression for the transmission 
coefficient of a neutron beam into the nucleus. Combining effects 
(A) and (B), we get a rough expression for the cross section udn) for 
formation of the compound nucleus C by neutron bombardment: 

,..., 2 4kK 
udn) = 11" (R +~) (k + K)2 (4.4) 

where K is a wave number which is of the order of magnitude of those 
occurring within the nucleus (K,...,l.OXlO+ 13 em-I; see p. 355). 
While (4.4) is more accurate than the classical approximation (4.1), 
it is still only a rough interpolation formula. More accurate values of 
udn) will be derived later on; the results are shown in Figure 4.2. 

The cross section (4.4) approaches the classical value 1I"R2 at high 
energies, and increases with decreasing energy, but less strongly than 
1I"(R+~)2, because of the reflection mentioned above in (B). uc(n) is 
proportional to E- lI2 at low energies (~»R). This is the well-known 
l/v law of neutron absorption, which can be explained as follows: 
If the wavelength of the neutron becomes large compared with the 
size of the nucleus, the absorption probability of the neutron wave by 
the nucleus can depend only on the probability density 1= 1l/t1 2, and 
no longer on the neutron wavelength, the latter being essentially 
infinite. Thus the number of absorbed neutrons is proportional to I; 
the number of incident neutrons per unit area per second, however, is 
proportional to vI, so that the cross section becomes proportional to 
l/v. 

No simple approximate expression like (4.4) can be written for 
charged particles. Table 4.1 gives the result of the numerical calcula
tion, and Fig. 4.3 illustrates an example. For incident energies E .. 

above the barrier V(R), we can use the following crude improvement of 
the classical expression (4.2): 
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(Tc '" 11" (R + 1.)2 [1 _ V(~:1.)] (4.5) 

It reproduces the calculated values within 15 percent for Ea/V(R) > 1.2. 
We now proceed to a wave-mechanical calculation of the cross 

sections. We intend to use for this purpose expressions (2.55) to 
(2.58) by which the scattering and the reaction cross sections are 
expressed in terms of the logarithmic derivatives fl at ~he nuclear 
surface in the subchannel with angular momentum l. The functions 

120~--.---.----r---.----r---.---.----r---.---'r---' 

100 

lao 
"'e .... 

lEI 
'g 60 

~ 
40 

20 

(Tc for protons, 

Z=30, 

R = 6 x 10-13cm, 

B = 7.17 Mev 

---Approx. (4.5)~_-

", 

............. ,...... ... 
,/,,,,,, 

'~"Classical" value 
/ , 

y = .f. = channel enerBY 
B barrier enerBY 

FIG. 4.3. An example of the cross section for formation of the compound nucleus 
by protons. The solid curve represents the best theoretical value, the broken 
curve represents the approximation (4.5), and the dot-and-dash curve represents 

the classical value (4.2). The asymptotic value, 'IIR2, is also shown. 

fz depend on the conditions inside the nucleus, and we shall derive 
approximate expressions for fl from assumptions regarding the interior 
of the nucleus. 

In addition to the three basic assumptions listed at the beginning of 
this section, we shall now make a fourth assumption (Feshbach 49a);1 

(4) The number of open channels is very large. 

This assumption, unlike the preceding three, is peculiar to the 
continuum theory of nuclear reactions, and it will be dropped later 
on in this chapter. Condition (4) is fulfilled when the incident energy 
Ea is much higher than the first few excitation energies of the target 

1 A somewhat different assumption, which also leads to a continuum theory of 
nuclear reactions, was made by Bethe (40). 
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nucleus. For not too light target nuclei (A > 50), this condition is 
fulfilled for, say, Ea >3 Mev. It may also be fulfilled for lower energies 
if the incident particle produces some reaction with a large positive 
Q value (Q>3 Mev). 

Under these conditions we expect that the nuclear particle a which 
approaches the target nucleus in channel Q' is very unlikely to reappear 
in the entrance channel Q' once it has penetrated into the inside of the 
nucleus. It may well be reflected back into the entrance channel Q' 

at the surface; once inside the surface, however, it exchanges its 
energy rapidly with the other nucleons, and the chance that it leaves 
the nucleus by the same channel Q' is very small if many other channels 
are available. 

We also use the fact that the entering nucleon moves with a high 
kinetic energy inside, and we assume that the wave function in the 
entrance channel Q' would have roughly the form of an ingoing wave 
only (since it does not return) : 

Ul ,......, exp (-iKr) (r < R) (4.6) 

Here K is a wave number of the order of those that occur when a 
particle enters the nucleus. Since the logarithmic derivative of Ul 

must be continuous at r = R, comparison with (2.45) gives the funda
mental assumption of the continuum theory of nuclear reactions: 

fl = -iKR (4.7) 
(independently of l). 

It must be emphasized that (4.6) is only a very rough approximation. 
It is impossible to represent the motion of the incident particle inside 
the nucleus as a function of r only. Since it is in strong interaction 
with all other nucleons, (4.6) expresses the fact that nucleons possess on 
the average a kinetic energy which gives rise to the wave number K, 
and that they move inward only. It represents the main features of 
the dependence of the wave function on r, and it will be used only to 
give an estimate for the logarithmic derivative j. 

We shall call this method of determining the cross sections the" con
tinuum theory," because it will not reproduce nuclear resonances. 
A description of the behavior of 1l1(r) for r<R which is different from 
(4.6) is necessary to extend the considerations to lower energies (see 
Section 7) where the return of the particle into the entrance channel 
can no longer be neglected. 

Equations (2.55) to (2.58) can now be used to calculate the cross 
sections. Because of our assumption that particle a is not re-emitted 
by the compound nucleus into the entrance channel, the reaction 
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TABLE 

THE CROSS SECTION CTC FOR THE FORMATION OF A COMPOUND NUCLEUS C 

The energy. of the incident particle in the center-of-gravity system is measured 
given by R=roA~~+p, where A is the mass number of the target nucleus and 
given in units of 10-2& cm 2. The numbers in parentheses indicate negative powers 
approximated by the asymptotic formula 

eTC ~ 11" (R + l\) 2 [ 1 -

Protons: ro = 1.3 X 10-13 cm 

~ 10 20 30 40 50 60 70 80 90 

~ 1])2 56 (3) 40 (4) 39.3(5) 49 (6) 75 (7) 10.3(7) 16.6(8) 30.8(9) 
0.3 4.50 78 (2) 15.6(2) 38.8(3) 10.1(4) 30.4(4) 92 (5) 29.5(5) 10.8(5) 
0.4 10.3 28.4(1) 11.1 (1) 48 (2) 22.6(2) 10.6(2) 48 (3) 23.0(3) 11.7(3) 

0.5 16.7 77 (1) 41 (1) 23.1(1) 14.6(1) 91 (2) 56 (2) 36.1(2) 23.6(2) 
0.6 20.8 12.7 89 (1) 65 (1) 48 (1) 38 (1) 29 (1) 21.8(1) 16.8(1) 
0.7 25.6 18.6 15.4 13.2 11.4 98 (1) 84 (1) 74 (1) 64 (1) 
0.8 28.2 24.0 22.2 20.9 19.7 18.3 17.5 16.9 16.2 
0.9 31.0 28.5 28.7 28.5 28.6 27.9 27.6 27.4 27.3 

1.0 33.4 33.3 35 36 36.9 37 39 39.6 39.9 
1.1 35.4 37.1 41 43 45 46 48 50 53 
1.2 37.6 40 45 49 52 55 59 61 64 
1.3 40 43 49 53 59 62 67 70 74 
1.4 42 46 53 58 65 69 75 80 83 

1.5 45 49 56 63 70 75 81 87 91 
1.6 47 51 59 66 74 79 86 93 98 
1.7 50 53 61 69 77 83 91 99 104 
1.8 53 54 62 71 80 87 96 104 110 

B(Mev) 4.06 6.45 8.28 9.85 11.20 12.6 14.0 15.2 16.3 

Protons: ro = 1.5 X 10-11 cm 

o .2 74 (2) 32.3(3) 17.9(4) 14.7(5) 14.7(6) 20.3(7) 29.2(8) 38.3(9) 59 (10 
0.3 37 (1) 59 (2) 10.6(2) 23.2(3) 57 (4) 15.0(4) 47 (5) 14.0(5) 45 (6) 
0.4 10.2 28.1(1) 96 (2) 38.5(2) 15.4(2) 70 (3) 32 (3) 15.2(3) 75 (4) 

0.5 16.3 76 (1) 38.5(1) 21.3(1) 12.3(1) 76 (2) 47 (2) 28.6(2) 17.5(2) 
0.6 22.0 12.6 91 (1) 66 (1) 48 (1) 35.4(1) 26 (1) 22 (1) 17.2(1) 
0.7 27.1 20.7 17.2 14.3 12.0 10.2 87 (1) 75 (1) 65 (1) 
0.8 31.3 27.4 25.4 24.0 22.3 20.9 19.3 18.3 16.9 
0.9 35 33.6 33.8 33.4 33.1 32.6 32.2 32.0 32.8 

1.0 39 39 42 43 44 45 46 48 46 
1.1 42 45 50 52 55 58 61 63 64 
1.2 46 50 56 60 65 68 72 76 79 
1.3 49 55 62 67 74 78 83 88 93 
1.4 52 58 67 74 81 88 94 100 105 

1.5 56 62 72 79 87 97 103 110 116 
1.6 59 64 75 84 93 103 111 119 127 
1.7 61 67 77 88 97 108 117 124 137 
1.8 64 68 78 90 101 112 122 128 145 

B(Mev) 3.55 5.60 7.17 8.55 9.70 11.0 12.10 13.1 14.15 
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4.1 
BY CHARGED-PARTICLE BOMBARDMENT, AS A FUNCTION OF THE ENERGY e 

by Y=e/B, where B=Z"Zxe2/R is the barrier height. The effective radius R is 
p = 0 for protons, p = 1.2 X 10-13 cm for alpha-particles. The cross section "c is 
of 10, e.g., 39(5) =39XI0-&. For values of Y»1 the cross section "c can be 

(Y»I) 

Alpha-particles: TO = 1.3 X 10-11 cm 

~I 10 20 30 50 70 90 

0.2 75 (6) 18.7(10) 52 (14) 93 (20) 54 (25) 29 (29) 
0.3 28.5(4) 11.5(6) 10.7(8) 81 (12) 18 (15) 43 (18) 
0.4 84 (3) 23.8(4) 11.0(5) 57 (8) 50 (10) 97 (12) 

0.5 71 (2) 64 (3) 12.8(3) 28.0(5) 16.5(6) 11.5(7) 
0.6 24.9(1) 61 (2) 18.2(2) 22.9(3) 37 (4) 68 (5) 
0.7 65 (1) 27.7(1) 14.1(1) 39 (2) 15.1(2) 79 (3) 
0.8 11.2 75 (1) 54 (1) 30.3(1) 18.9(1) 11.8(1) 
0.9 16.8 13.9 12.4 11.2 97 (1) 85 (1) 

1.0 21.8 20.9 20.9 21.3 21.2 21.5 
1.1 26.7 27.7 29.3 32.6 36 38 
1.2 31.3 34 38 44 49 53 
1.3 36 39 45 54 60 67 
1.4 39 44 51 62 71 81 

1.5 42 49 56 70 81 93 
1.6 44 53 61 77 90 105 
1.7 46 56 66 84 98 113 
1.8 47 59 70 89 105 120 

B(Mev) 6.10 10.20 13.50 18.9 23.9 28.2 

Alpha-particles: TO = 1.5 X 10-13 cm 

0.2 79 (7) 28.6(11) 76 (15) 64 (21) 34 (26) 44 (31) 
0.3 17.9(4) 54 (6) 37 (8) 62 (13) 36 (16) 35 (19) 
0.4 61 (3) 15.6(4) 59 (6) 12.3(8) 63 (10) 42 (12) 

0.5 59 (2) 51 (3) 63 (4) 14.8(5) 81 (7) 46 (8) 
0.6 24.7(1) 56 (2) 15.6(2) 17.3(3) 24.9(4) 42 (5) 
0.7 67 (1) 27.9(1) 13.8(1) 39 (2) 13.2(2) 46 (3) 
0.8 12.5 81 (1) 58 (1) 32.3(1) 19.4(1) 12.1(1) 
0.9 19.2 15.9 14.3 94 (1) 10.3 12.3 

1.0 25.6 24.5 24.8 25.1 25.4 25.7 
1.1 31.6 33 36 40 42 45 
1.2 37 40 46 53 60 66 
1.3 42 47 55 65 76 85 
1.4 46 53 63 76 89 103 

1.5 50 58 70 86 101 117 
1.6 53 63 76 95 113 130 
1.7 55 68 81 103 123 142 
1.8 57 72 86 111 131 153 

B(Mev) 5.6 9.1 11.9 16.5 21.2 24.9 
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cross section (fr is here identical with the cross section (fda) for thc 
formation of the compound nucleus. Hence we can calculate the lattcr 
by inserting (4.7) into (2.58): 

.. 
~ 4s1 KR 

(fda) = 'If ,,2 ~ (2l + 1) d/2 + (KR + S/)2 

1-0 

(4.8) 

The value of K is the only information about the inside of the nucleus 
which enters into this expression. 

The l = 0 (8 wave) part of this expression is particularly simple for 
neutrons (do = 0, So = kR) : 

2 4kK 
(fe,o = 'If" (k + K)2 (neutrons, l = 0) (4.9) 

and can be directly interpreted as the product of the maximum cross 
section 'If,,2 and the transmission T as given in (4.3). 

The scattering cross section is found by substitution of (4.7) into 
(2.55), (2.56), and (2.57). It is 

.. 
~ I 2 i SI 12 

(foe = 'If ,,2 ~ (2l+1) dl + i (KR+s I ) + exp (-2i~/) - 1 
l-U 

(4.10) 

The scattering cross section is determined by two effects: the reflec
tion of the incoming wave at the nuclear surface because of the sudden 
change of wavelength in going from the outside to the inside, and the 
reflection of the wave at the barrier outside the nuclear surface. These 
two effects are coherent and therefore cannot be distinguished pre
cisely in the result (4.10). A third possible source of elastic scattering 
does not contribute to (4.10): the compound nucleus, once formed, 
could in principle decay again into channel a, thereby giving a third 
contribution to the elastic scattering. However, this contribution has 
been explicitly excluded by the assumptions of the continuum theory 
of nuclear reactions. While these three contributions to the elastic 
scattering process are coherent and can therefore not be distinguished 
from each other rigorously, it is very important to keep in mind this 
qualitative breakup into three effects. Indeed, the main difference 
between the continuum theory and the theory of resonance reactions is 
directly related to this point (see Section 7). 

We must now estimate the wave number K which appears in our 
expressions. K was defined as the wave number of the wave after it 
has penetrated the nuclear surface, and its value depends on the type 
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of the particle and on the channel by which it enters the nucleus. 
Inside the nuclear surface, the wave function of particle a can no 
longer be expressed as a function of its own coordinates only, and the 
wave number K of this particle has only qualitative significance. 
We determine K from the kinetic energy Tin = h 2 K2 12M corresponding 
to this wave number and equate Tin to the average kinetic energy of 
particle a after entering the nucleus. 

Let us first assume that particle a is a nucleon (a proton or a neu
tron). In order to get an approximate idea of the magnitude of K, 
we estimate the kinetic energies of nucleons inside the nucleus by the 
same method as in Chapter III, Section 4. The average kinetic 
energy 'i' for a nucleus with radius R containing A particles is given by 
(III,4.16). However, we must not equate this average value to A 
times the kinetic energy of a particle which is just entering the nucleus 
from outside. According to the Pauli exclusion principle, the enter
ing nucleon cannot go into any of the filled levels but must assume an 
energy which corresponds to the top of the Fermi distribution, i.e., 
its kinetic energy is of the order of E', (III,4.14). Comparison of 
(III,4.14) with (III,4.14a) gives (with R =roA 113) 

211ft' = (911")2/3 J_ == K02 
h2 8 r02 

(4.11 ) 

We shall assume that this is the order of magnitude of the wave num
ber of the nucleon a inside the nucleus if it did not carry any kinetic 
energy with it originally, i.e., if it entered the nucleus with a channel 
energy E«E'. On the other hand, if its channel energy E is appreciable, 
we shall assume that the kinetic energy of the entering particle just 
inside the nuclear surface is the sum of E' (the kinetic energy which it 
would have if it entered without appreciable channel energy) and its 
channel energy E outside the nuclear surface. This gives the following 
expression for the wave number K of the entering nucleon just inside 
the nuclear surface: 

K = (K02 + k2)1/2 (4.12) 

where K 0 is as defined by (4.11) and k is the wave number of the 
incident particle outside the nucleus. The wave number Ko does not 
depend on the number A of nucleons (because of the assumption of 
constant nuclear density) and is approximately the same for all 
nuclei. Using ro = 1.5 X 10-13 em, we obtain 

(for incident nucleons) (4.13) 

It is much harder to obtain an estimate for Ko in case of incident 
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alpha-particles or deuterons. It is perhaps reasonable to assume K 0 

to be of the order of the reciprocal of the distances between nucleons 
within a nucleus. We therefore put tentatively also 

(for alpha-particles and deuterons) (4.14) 

The cross sections O"c evaluated on the basis of (4.8) are found 
for neutrons in Fig. 4.2; and for protons as well as for alpha-particles in 
Table 4.1. The value of Ko enters only in the combination X 0 = K oR. 
The neutron curves for X o=5,7,9 correspond to elements with a radius 
of about 5XlO-13 cm (chlorine), 7XlO- 13 cm (silver), and 9XlO-13 

cm (uranium), respectively. The cross sections for charged particles 
are given in Table 4.1. In this table two different values of the 
nuclear radius R =ToA 113 have been used: TO = 1.3 X 10-13 cm and 
TO = 1.5 X 10-13 cm. The cross sections are quite sensitive to the choice 
of radius. 

In the case of alpha-particles (but not of incident nucleons), the 
channel radius R is the sum of the radius of the target. nucleus and the 
particle radius p: 

R = ToA 113 + p (4.15 ) 

For the computations of Table 4.1 the particle radius chosen for 
the alpha-particle was p = 1.2 X 10-13 cm. The choice of this value of p 

is rather arbitrary. Our choice is somewhat smaller than the radius 
of the alpha-particle (=2.3 X 10- 13 cm, according to Bashkin 50). 
It can be argued that the repulsive Coulomb force is still acting, even 
when the alpha-particle is partially immersed in the target nucleus, so 
that p should be smaller than the actual radius of the alpha-particle. 
The above choice of p leads to similar values for the radii in determina-

FIG. 4.4. Total cross section for neutrons. The abscissa is x = kR, where k is the 
wave number of the neutron (in the center-of-gravity system) and R is the nuclear 
radius; in terms of the neutron energy., x is given by x=O.218R.l/" where 
• is in Mev and R is in 10-13 cm. The ordinate is the total cross section, 
"I ="r +"'c ="C +"'" in units of the cross-sectional area of the nucleus, >rR2. 
The two upper curves refer to two different values of Xo :=KoR ~ R in 10-11 cm. 
The lower curve, labeled "0, is drawn in purely for purposes of comparison. "0 is 
the cross section for a perfectly reflecting sphere. We see that at high energies 
(kR >4) the total cross section is not sensitive to the value of Ko and is not very 
different from the cross section for the reflecting sphere (which corresponds to a 
value of K 0 = 00). Thus the value of the total cross section at high energies can 
be used to determine the nuclear radius R, but not the "interior" wave number 
Ko. We also call attention to the fact that the ultimate asymptotic value 
"I =21rR2 is approached only very slowly and is not a good approximation for 

neutron energies below 50 Mev. ("&0& in the figure stands for ",.) 
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tions with neut1:ons and charged particles (see Chapter XI, Section 4) 
and therefore can be considered a semi-empirical value. 

The elastic scattering cross section as given by (4.10) is of interest 
mainly in the case of neutrons. For charged particles the Coulomb 
scattering is the dominant part of the elastic scattering and is not 
of any nuclear interest. Figure. 4.4 shows the total cross section 
O't =O'c+O'oc as a function of energy for neutrons. It is seen that O't 

reaches the asymptotic value 2rrR2 (see p. 324) only at very high 
energies. For energies below 50 Mev, it is appreciably larger than 
21rR2. 

The theory also gives the angular distribution of the elastically 
scattered neutrons. In the limit of R»'A the scattering is mostly 
forward. It is the scattering due to the shadow, as discussed on page 
324, and is therefore confined to an angle 0 of the order 'AIR. Its 
angular distribution was first derived by Bethe and Placzek (Bethe 
37a). They proved that the cross section for the scattering into a 
solid angle element dn in the direction 0 is given by 

du.c(O) '" R21 Jl(~OI'A) 12 dn 

provided 0» 1 and 'A«R. 

6. TRANSMISSION OF POTENTIAL BARRIERS 

(4.16) 

The cross section for formation of the compound nucleus through 
the channel a, (4.8), is a sum of terms, each of which corresponds to a 
definite orbital angular momentum l of the incident particles: 

,. 

O'da) = I O'CI(a) 
1=0 

Each of these partial formation cross sections can be interpreted in the 
following way. We write 

(5.1) 

and call TI(a) the transmission coefficient for particle a in channel a. 
The cross section appears then as the product of the maximum possible 
cross section [see (2.4)1 and the transmission coefficient. 

Since the transmission coefficient TI(a) is of great importance in 
other connections, we shall derive its value directly from the shape of 
the potential which acts on particle a in channel a. Let us consider 
particles with a given angular momentum l in channel a. The effec-
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tive potential Ul(r) outside the nucleus is given by 

h21(l+ 1) 
Ul(r) = V(r) + 2Mr2 (for r>R) 

359 

(5.2) 

Here the first term is the Coulomb potential and the second one is the 
"centrifugal" potential which appears in the wave equation if it is 
reduced to the one-dimensional form (2.30). Both effects prevent the 
particle from entering or leaving the nucleus. We shall call the first 
the potential barrier, and the second the centrifugal barrier. Although 
it is impossible to describe by a potential the forces acting on the 
particle inside the nucleus, we get an approximate description by 
assuming a potential for r < R which would give rise to the wave 
number K: 

Ul(r) '" - Uo = (for r<R) (5.3) 

The transmission coefficient Tl(a) gives the fraction of particles 
incident from r = + 00 which penetrate into the region r < R. We 
therefore calculate the transmission of the potential barrier given by 
(5.2) and (5.3) and sketched in Fig. 5.1. We assume that this is a 
one-dimensional problem where the coordinate r runs from - 00 to 
+ 00 • A beam is incident from r = + 00 toward r = 0 and is partially 
reflected by the potential; partially it penetrates into the region 
r < R, and proceeds toward r = - 00. Actually, of course, the particles 
which reach the region r < R amalgamate with the other nucleons and 
form the compound nucleus. For the sake of a simple one-dimensional 
calculation, we assume that the beam, once past the potential dis
continuity at r = R, proceeds undisturbed toward r = - 00 • 

We therefore write the wave function uz(r) for r>R as a solution 
of (2.30) in the form 

(for r>R) 

and for r < R as a traveling wave with a wave number K, 

Ul = C exp (-iKr) (for r<R) 

Here Ul(+) and Ul(-) are the solutions of (2.30) defined by (2.41), 
and K is given by (4.12). The transmission coefficient is 1 - ib/dI 2, 

since Id 21 is the incident and Ib21 the reflected intensity. By equating 
the value and the first derivative of Uz at r = R, we get 

b Al - iSl + iKR . 
- = . 'KR exp (2Z~l) 
d Al + ZSl + Z 

(5.4) 
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and thus 
4s/KR 

T/(a) = ~12 + (SI + KR)2 (5.5) 

where ~l and SI are defined by (2.46). 

u 
~ "'(f-~o--.-I ... 

IR E 

r---~~------~---------------r 

V=O, 1= 0 

u 

~--~~~~--~---------------r 

V=O,I#O 

u 

~--~----------~=±~==~r 

V - Z"Zxe2 l-O - r ,-

FIG. 5.1. Potential barriers: d is the amplitude of the incident beam; b is the 
amplitude of the reflected beam; C is the amplitude of the transmitted beam. 

Even if there is no potential U (r) for r > R, as for neutrons with 
l = 0, the transmission coefficient is not unity. For then ~o = 0 and 
so=kR so that we get the expression (4.3) derived before. 

For not too high energies (k«K), SI and ~l are both small compared 
to KR. Equation (5.5) then reduces to the following approximate 
expression [VI is defined by (2.49) and (2.50)]: 
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4k 
TI(a) '" K VI (for k«K) (5.6) 

It should be noted that the transmission coefficients TI(a) are inde
pendent of the direction of motion. If there were a source of particles 
in the center of the nucleus, some of the particles would be reflected 
on reaching the surface from the inside. The ratio between the flux 
transmitted to the outside and the flux incident on the surface from 
the inside also would be given by TI(a). 

Expressions for TI(a) can be calculated exactly for neutrons by 
using (2.39) and (2.40), together with definitions (2.47) and (2.48) and 
relation (2.50). We also introduce the definitions 

x == kR X== KR 

to get the following form for TI(a), (5.5): 

4xXvi 
TI(a) = X2 + (2xX + x2vz') VI 

(neutrons) 

For small values of l the functions VI and VI' are given by 

Vo = 1 Vo' = 1 

1 ( 1)2 
Vi' = - + 1 --

x2 x2 

whereas for very large 1 the asymptotic forms of VI and vI' are 

VI '" [(2l-1) !!]2 
, '" [2 [(2l-1)!!]2 

VI = 21+2 
X 

(5.7) 

(5.8) 

(5.8 ) 

Expressions (5.8') are valid provided that x«l. The functions VI and 
vI' are tabulated by Feshbach and Lax (Lax 48). 

The calculation of the transmission coefficient TI(a) is more involved 
for the case of charged particles. The functions FI(x) and GI(x) are 
difficult to tabulate because they depend on two parameters [x and 
the charge parameter 'Y, (2.34)]. One sometimes makes use of the 
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W.K.B. approxima.tion method, but it should be realized that the 
W.K.B. approximation is not very accurate. This approximation 
leads to the results 

81(kR) ::.:::::: R l'l(R) } 
Az(kR) ::.:::::: -iR[K'(R)/K(R)] 

8z(kR) ::.:::::: R Kz(R) exp [ -2 f:' KI(r) dr] ) 

Az(kR) ::.:::::: -R[K(R)+iK'(R)/K(R)] 

where KI(r) is the function 

(1 2M /)H KZ(r) == k 2 - h! Uz(r) 

(5.9) 

(5.9') 

K'(R) is its derivative, and ro is the classical distance of closest approach 
for particles of angular momentum lft, given by 

KI(rO) = 0 

We emphasize again that the approximation formulas (5.9) sometimes 
differ from the accurate values even by one or more orders of magni-

1.0r--.....----r--~-__r_-___.--"T'"'"--,---~-__r_-___. 

t .. 0.8 
c: .. 
:Q III 
:t:c: 
8 e 0.6 
uS 
§ ~ 
'2j ~ 
°e ":,0.4 
lilt-' 
c: 

~ 
0.2 

10 
Channel energy (Mev) ~ 

FIG. 5.2. Transmission coefficient of neutrons with different values of l for a 
nucleus of radius 5 X 10-13 cm. The arrows at the abscissa indicate the energies 
for which kR = 1 and kR =2. In general, T, for neutrons approaches unity for 

kR»l. 

tude, especially if the energy is far below the barrier. Tables of Fz and 
Gz for charged particles, based on the exact formulas, are given by 
Bloch (510.). 

In order to illustrate the general behavior of these quantities, in 
Fig. 5.2 we have plotted T,(a) against the neutron energy for incident 
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neutrons for various values of 1 and for a nuclear radius R=5XIO- 13 

cm. Similar curves for protons and a nuclear radius R = 4.5 X 10-13 

cm are shown in Fig. 5.3. The particle energy which corresponds to 
the barrier height is marked with an arrow for each curve. We call 
attention to the fact that the transmission coefficient Tl(a) is by no 
means equal to unity at the barrier height. The angular momentum 
barrier is only subsidiary for charged particles below the barrier 
height, since the centrifugal potential with its r- 2 dependence presents 
a much "thinner" barrier to the protons than the Coulomb repul
sion, which is proportional to r- 1• 

0.20....---.-----,---.-----.-----,---.-----.-----,---.-----:::=-

II 0.15 

~III 
~li ..,1:; 

.~ ~ 0.10 
:g-e 
·e..:-
III 
c 

~ O.OS 

-13 
R=4.S x 10 em 
Z=20 

FIG. 5.3. Transmission coefficient of protons with different values of I for a 
nucleu8 of radiu8 R = 4.5 X 10-13 and a r harge Z = 20. The arrows denote the 
points where the channel energy equals the height of potential barrier. Notice 

that TI is appreciably smaller than unity at these points. 

For qualitative purposes, a nuclear reaction can be visualized by analogy with 
a wave guide junction, pictured in Fig. 5.4. The channels are represented by wave 
guides leading into a common "junction" (the compound nucleus). For neutron 
channels with I =0 there is no reflection in the wave guides themselves, but there 
is reflection at the point where the wave in the guide encounters the entrance to 
the central cavity. In engineering language, this reflection is said to be due to an 
impedance mismatch (i.e., f¢ -ikR, in our terminology). Since the wavclength 
inside the compound nucleus, K-I, is appreciably shorter than the o.utside wave
length, k- 1, we can represent this impedance mismatch at r = R by letting the 
incident wave go from a narrow wave guide to a wide opening leading into the 
cavity itself. This is shown on the figure. 

If there is a barrier in one of the channels, the wavelength in the channel is not 
constant. Rather, the wavelength increases continually as we proceed from 
infinity farther into the barrier region. If the barrier height exceeds the channel 
energy fa, a point is reached where the wave guide "cuts off"; i.e., it becomes so 
narrow that no traveling wave can propagate at the frequency (energy) in question. 
Only an exponentially damped wave proceeds farther to reach the cavity itself, 
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in complete analogy with the quantum-mechanical picture of a reaction. This is 
shown schematically in Fig. 5.5. Channel p has still been assumed to be a neutron 
channel with l =0, but the other two channels contain barriers and therefore have 
decreasing diameter (longer channel wavelength) as they get closer to the junction. 

FIG. 5.4. Wave guide junction analogy of a nuclear reaction without potential 
barriers. 

FIG. 5.5. Wave guide junction analogy of a nuclear reaction with potential bar
riers in channels a and 'Y. 

The reflected wave in that channel through which an incoming wave is sent, a for 
instance, is due to three causes: 

(1) Part of the wave is reflected because of the constriction of the wave guide 
(the barrier). 

(2) There is reflection because of the impedance mismatch at the entrance to 
the cavity (at r = R). 

(3) The remainder of the incoming wave then enters the cavity. The cavity 
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is excited and proceeds to send out waves into all the channels a, {J, 'Y ••• , i.e., in 
particular also back into channel a itself. This gives II. third contribution to the 
reflected wave in channel a. 

In the treatment of nuclear reactions given so far we have neglected this third 
contribution altogether. The continuum theory of nuclear reactions assumes 
that there are so many open channels through which the compound nucleus can 
disintegrate (so many different wave guides leading out of the junction in our 
figure) that the wave sent back from the cavity into the initial channel has an 
entirely negligible amplitude (assumption 4). The reflected wave in channel a is 
then due entirely to the first two contributions, and we can calculate it if we know 
the properties of the barrier and the amount of impedance mismatch (the ratio of 
internal to external wave number, K/k) at the entrance to the junction. 

Effects (1) and (2) above are not exactly additive. The reflection coefficient in II. 
channel with barrier cannot be written as the product of II. barrier reflection coef
ficient and II. reflection coefficient for the impedance mismatch, except as II. first 
approximation. This first approximation is given by formula (5.6): the factor VI 

is the reflection coefficient of the barrier, assuming no impedance mismatch at 
r=R; the factor 4k/K is the reflection coefficient of the impedance mismatch at 
r = R, assuming no barrier in the guide. Comparison of (5.6) with the exact 
expression (5.5) shows that this approximate separation of the two kinds of reflec
tion is possible only if both 81 and 111 are small compared to KR. 

6. THE DECAY OF THE COMPOUND NUCLEUS 

A. Competition; Evaporation Model 

We discuss in this section the processes occurring after the formation 
of the compound nucleus. On the basis of our assumptions, the 
probability that the compound nucleus C decays into channel fJ is 
given by (3.8) and therefore can be determined from the cross sections 
uc· 

We first study the energy distribution of the emitted particles. The 
kinetic energy in channel {3 is given by (1.6). Since most of this 
energy is the kinetic energy of the emitted particle b, and only a small 
part is the recoil energy of the residual nucleus Y, we consider EfJ the 
kinetic energy of b. We write here 

(6.1) 

where EbY is given by (1.10) and re}1l'esents the maximum value of Ell, 

which occurs if the residual nucleus Y remains in its ground state. 
EfJ* is the excitation energy of Y after the reaction and is the differ
ence between the energy of Y after the reaction and the energy of the 
ground state of Y. (The possibility that particle b might be in an 
excited state will be neglected here.) To every level EfJ* of the residual 
nucleus there corresponds an energy EfJ of the outgoing particle, as 
long as EIl* < EbY. Thus the energy distribution of the emitted 
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particles consists of a series of peaks which are a picture of the spec
trum of the residual nucleus, the highest energy corresponding to the 
lowest level of the residual nucleus. (See Fig. 6.1.) 

The relative intensity of the peaks can be estimated by means of 
expression (3.8). The formation cross section Uc generally increases 

<h 
c: 
g 
:J ., 
c: 

Q) 

.a 
E 
:J 

Z 

FIG.6.1. Energy distribution of emitted neutrons; ideal resolution. 

with increasing channel energy (owing to better penetration of the 
barrier), except for neutrons with l=O where Uc decreases, but very 
slowly (proportional to k- 1 or E- 1/2). In all cases the product k2uc 
which appears in (3.8) is a monotonically increasing function of the 

L-____________________ ~~~~~~ __ ~--~Ep 

FIG. 6.2. Energy distribution of emitted neutrons; finite resolution. 

channel energy E. Thus we expect the peaks to be stronger, the higher 
the energy Ell. This tendency should be more pronounced if b is a 
charged particle, since the potential barrier prevents it from leaving 
the nucleus with low energy. There are, of course, many individual 
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fluctuations in the intensity from peak to peak which are not taken 
into account by this treatment. If the energy is high enough, a 
great many levels of the residual nucleus can be excited. The energy 
distribution of the particles b becomes continuous when the energies 
EfJ· are closer together than the definition of the energy in the incident 
beam, or closer than the energy resolution of the experimental arrange
ment for detection of the reaction products (see Fig. 6.2). The shape 
of the distribution function Gb(E) dE for the number of particles b 
emitted between E and E+dE is then given by 

Gb(E) dE = l Gc({3) 
·<·fJ<·+d. 

(6.2) 

where the sum is extended over the channels (3 whose energy lies 
within the energy interval dE. The number of terms in this sum is 
given by the number of levels of the residual nucleus Y with an excita
tion energy EfJ· between E and E-dE, where E=Eby-E. We call 
this number wy(E) dE, and wy(E) the "level density." We now 
insert expression (3.8) into (6.2) and remember that the denominator 
in (3.8) is a sum over all channels and therefore does not depend on 
EfJ. To determine the relative intensity distribution of the outgoing 
particles h(E) dE, we need to consider only the numerator of (3.8) and 
we get 

(6.3) 

Here od(3) = OdE) is a function of the channel energy E =EfJ. The 
factor E replaces the factor kll. The product EUc({3) is an increasing 
function of E. WY(EbY-E) is a strongly decreasing function of E since 
the level density weE) increases very rapidly with higher excitation 
energy E. I beE) exhibits therefore a pronounced maximum. If 
particle b is a neutron, od(3) is almost constant: hence the rapid increase 
of weE) with E shifts the maximum of I beE) to values of E which are 
small compared to the maximum energy EbY. 

We obtain a rough estimate of the shape of h(E), especially for 
neutrons, by introducing the following Taylor expansion of the 
logarithm of the level density 

@S(E) = log weE) 

around the maximum energy EbY by which the residual nucleus Y can 
be excited (Bohr 37; Weisskopf 37, 40; Landau 37) : 

@5(Eby-E) = @S(EbY) - E (d@5) + ... (6.4) 
dE E='bY 
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If this expansion is used to approximate W(Eby-E) in (6.3), we can 
absorb the factor coming from @3(EbY) into the constant and get 

h(E) dE = const E odE) exp [ - ~(E ] dE (6.5) 
(; EbY) 

where the function 8 is determined by 

(6.6) 

8 has the dimension of an energy and can be interpreted as a nuclear 
"temperature" in the following way: The logarithm (r!;(E) of the 
level density can be considered (apart from the Boltzmann constant k) 
the entropy of the residual nucleus in the energy region dE near E. 
Then (6.6) is the well-known thermodynamical relation between 
entropy and temperature. (N ote that the omission of the Boltz
mann constant k in the definition of @3 leads to a temperature which is 
k times the conventional one and hence has the dimension of an 
energy.) 

For neutrons the function odE) varies very slowly (except at very 
low energies), and the distribution I beE) is mainly determined by the 
factor E exp ( - E/0). This is the "Maxwell" energy distribution of 
molecules evaporated from a surface of temperature 8. The maximum 
of h(E) lies at E =8, which should be small compared to EbY in order to 
make the expansion (6.4) a valid one. If the particles are charged, 
the distribution is distorted by the factor UcCE) , which is strongly 
energy dependent because of the influence of the potential barrier. 
The maximum of the distribution is then shifted to higher particle 
energies than E = e, and the approximation (6.4) is correspondingly 
poorer. 

The application of the temperature concept to nuclear reactions can 
be understood in the following way: The incident particle a enters the 
target nucleus and forms a highly excited compound nucleus. The 
excitation energy can be considered heat energy delivered by the 
impact of a on the target. The heating of the compound system 
causes an evaporation of neutrons or other particles, and the energy 
distribution of the emitted neutrons is similar to the Maxwell dis
tribution. The potential barrier distorts the Maxwell distribution 
for charged particles by depressing the emission of low-energy particles. 

The temperature which determines the Maxwell distribution is 
given by 9 (EbY) : 
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1 

It is the temperature of the residual nucleus Y at the excitation energy 
EbY. Here we understand by "temperature of a nucleus with an 
excitation E" the temperature at which the nucleus would have an 
average excitation E. It should be noted that the temperature 
determining the energy distribution of the emitted particles is not 
the "temperature of the compound nucleus before emission," but 
the "temperature of the residual nucleus after emission," since 
EbY is very near the excitation energy in which Y is left in most of the 
emlSSlOns. Evaporation of one particle constitutes a relatively large 
loss of energy which reduces the temperature considerably. The 
Maxwell distribution of the emitted particles is determined by the 
temperature after the emission. 

In many experimental arrangements it is impossible to distinguish 
the channel by which a particle b has left the nucleus, or even to 
determine the energy of b. We are then interested solely in the cross 
section of an (a,b) reaction, irrespective of the specific channels. This 
cross section is given by expression (3.1) with 

Gdb) = I GceS) 
(J 

(6.7) 

where the sum is extended over all open channels {3 which lead to an 
emission of b. 

If the energy of the incident particle is high enough so that the 
residual nucleus can be left in many different excited states, we can 
express (6.7) in terms of the level density w. We introduce for this 
purpose the abbreviation 

(6.8) 

where the sum is extended over all open channels (3 leading to an 
emission of b. This sum can be expressed in terms of an integral 

(6.9) 

Here O'dEp) is the cross section for the formation of a compound 
nucleus by a collision with the energy Ell between b and the excited 
nucleus Y*, the latter having an excitation energy EIlY - Ell. These 
cross sections depend only on the channel energy Ell. They do not 
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depend, in our simplified treatment, on the specific properties of the 
channels. Fb is a function of the maximum energy Eby which the par
ticle b can acquire (leaving the residual nucleus Y in the ground state). 
If the level densities WY(E) are known, the functions Fb can be computed 
for every particle type. According to (3.8) and (6.7), the cross section 
(3.1) of an (a,b) reaction can then be expressed by 

(6.10) 

where the sum is extended over all particle types c emitted in this 
reaction. It should be emphasized again that this expression can 
give only a very rough picture of the actual values, since it is based on 
many approximations. Especially when (6.10) gives rise to cross 
sections very much smaller than oda) (say less than 10-3), the (a,b) 
reaction may take place by mechanisms other than the evaporation of 
b from the compound nucleus. 

Some information about the nuclear level density weE) is necessary 
in order to evaluate the expressions for the nuclear temperature 8 and 
for the functions F b• Our present knowledge of the level spacing in 
nuclei is very scant, especially at higher excitation energies. l We can 
obtain a rough estimate of the energy dependence of Wy by a thermo
dynamical consideration which leads to a plausible energy dependence 
of the nuclear temperature. The corresponding level density can 
then be deduced. 

The average energy E of a system is a monotonically increasing 
function of the temperature 8. If the temperature is very high, so 
that all degrees of freedom are excited, E is proportional to 8. This is 
certainly not the case in a nucleus excited by a normal nuclear reac
tion. Considering the nucleus very roughly a gas of A particles con
centrated in a volume (4rR 3 /3), we find that this "gas" is degen
erate if the excitation energy is of the order of, or less than, 

Ah2 
-- Co! 9A 113 Mev 
2MR2 -

Heavy nuclei should therefore be considered, in this approximation, 
highly degenerate" gases." 

1 For calculations of level densities on the basis of rough approximations about 
nuclear wave functions, see: Bethe (36), Bardeen (37, 38), Van Lier (37), Motz 
(38), Husimi (38), Sneddon (48). 
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The function E(8) has a vanishing derivative, (dEjd8)e-o=0, for 
8 = o. (The specific heat is zero for 8 = 0, according to the third law of 
thermodynamics.) If an expansion of E(8) near 8 = 0 in powers of 8 is 
possible, it must therefore start at least with a quadratic term. We 
make the assumptions that: 

(1) E = E(8) allows a power series expansion around 8 =0. 
(2) The leading term of this series is proportional to 8 2• 

(3) The higher powers of 8 can be neglected. 

Then we can write (a = constant) 

From this we get 

f dE 
® = -- = 2(aE)1I2 + const 

8(E) 

and finally for the level density 

weE) = e exp [2~1 (6.11) 

We can try to adjust the constants a and e so that this equation 
reproduces our rather scant knowledge of level densities. 

The distances between levels around 1 Mev are known in many 
cases from the investigations of gamma-ray spectra and alpha-ray 
spectra. The observation of resonances in neutron or proton reactions 
gives some information about the level density at excitation energies 
which are equal to or higher than the separation energy of the bom
barding particles, which is usually around 6 to 8 Mev. The levels 
observed around I-Mev excitation have different angular momenta 
J and parities II. On the other hand, the slow neutron resonances all 
have the same parity and only two values of J (see Section 10). This 
difference was ignored in determining the values of e and a, a procedure 
consistent with the general approach of this chapter in which selection 
rules have always been ignored. Furthermore, the values of e and a 
listed below apply only to odd values of A. Not enough material is 
available for even A. Since formula (6.11) was fitted to experiment 
around I-Mev excitation, it represents the level density in that neigh
borhood, but it shows a rapid variation below 1 Mev which does not 
correspond to the facts. Evidently, a statistical formula like (6.11) 
is not applicable to a region which contains only very few levels. 
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A 27: !l = 0.45 Mev-I e = 0.5 Mev-I 

A 63: !l = 2 Mev-I e = 0.3 Mev-I 

A = 115: !l = 8 Mev-I e = 0.02 Mev-I (0.12) 

A = 181: !l = 10 Mev-I e = 0.G1 Mev-I 

A = 231 !l = 12 Mev-I e = 0.005 Mev-I 

Formula (6.11) with the values shown in (6.12) should not be considered 
quantitatively correct. Formulas (6.11) and (6.12) may serve as a 
first extremely rough approximate orientation to the general features 
of the density of nuclear levels. 

The nuclear temperature can be expressed as a function of E by the 
relation 

(6.12a) 

In order to obtain the temperature determining the Maxwell distribu
tion of outgoing neutrons, E must be put equal to the maximum energy 
EhY. Table 6.1 shows a few values of e for different values of E and A. 

TABLE 6.1 
SOME TYPICAL NUCLEAR TEMPERATURES (MEV) 

~ 25 55 115 181 231 
--- ------ ---- --- ---

5 1.6 0.8 0.7 0.6 
10 4.7 2.2 1.1 1.0 0.9 
15 5.8 2.7 1.4 1.2 1.1 

These temperatures can be obtained by any process leading to the 
excitation energy E of the compound nucleus which is high enough to 
give rise to a maximum particle energy Eby. The latter is given by 
E = Eby + Sb, where Sb is the separation energy of the particle from the 
compound nucleus. 

It must be emphasized that expression (6.11) for the level density 
of nuclei is nothing more than a first guess. It is very improbable 
that the actual level densities are represented by such a simple expres
sion. The level densities can be measured experimentally by compar
ing the energy distribution of the outgoing particles in a nuclear 
reaction with the theoretical formula (6.3). Reliable techniques for 
measurine: these distributions have only recently been developed 
(Gugelot 51) and not much knowledge has yet been assembled. 
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FIG. 6.3. The functions F n, F 1" Pa for residual nuclei whose Z is near 30, 50, 70, or 
90. These functions are to be used in conjunction with formula (6.10). The 
curves show the estimated values for residual nuclei with odd A. If A and Z are 
even, the functions F are smaller hy a factor which may be of the order of 10; if A 
is even and Z is odd, they are larger by a similar factor. The following constants 
were used: R =To·A ./, with TO = 1.3 X 10- 13 em, and formula (6.11) with e = 0.28, 
0.015,0.008, or 0.0025 and a = 2, 6.5, 10, or 12, respectively, for Z = 30, 50, 70, or 
90. This graph of the functions F is intended only for illustrative purposes; they 
are quantitatively unreliable because: (1) formula (6.10) and the constants used 
for the level density are very hypothetical and certainly inaccurate, and (2) the 

nuclear radii are probably chosen somewhat too small. 

It is expected that the actual level densities deviate from the simple 
expression (6.11) especially at lower energies, say up to an excitation 
energy of several Mev. Recent measurements by Kinsey (50) seem 
to show that the number of levels per Mev does not increase appreci
ably in the first two or three Mev of excitation. The strong increase 
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sets in at somewhat higher excitation. l This would give rise to a more 
complicated dependence of w on the energy, and to values of the 
nuclear temperature different from (6.12a). 

From the expression (6.11) for the level density, it is possible to 
calculate the functions Fb defined in (6.8) and (6.9) which serve to 
compute cross sections according to (6.10). Some typical values of Fb 
are shown in Fig. 6.3. These values are applicable only if the residual 
nucleus has odd A. In case of a residual nucleus with even mass 
number A, Fb is higher than shown for odd Z, and lower than shown for 
even Z. It is difficult to predict these differences quantitatively 
because of our scant information about level densities. 

B. Secondary Nuclear Reactions 

In most of the nuclear reactions of type a+X= Y +b, the residual 
nucleus Y is left in an excited state. This surplus energy is emitted 
by Y, in many cases, in the form of one or several gamma-rays, until 
the nucleus Y reaches its ground state. In some cases the excitation 
of Y may be so high that Y is able to emit another particle, say a neu
tron or a proton. The first reaction is then followed by a "secondary 
reaction" : 

Y = Z + c 

in which a particle c is emitted. The actually observed reaction is a 
bombardment of X by a, followed by an emission of band c, with a 
residual nucleus Z. In abbreviated form it is represented as an 
X(a;bc)Z reaction. The most common reactions of this type are the 
(a;2n) reactions. 

An observed X(a;bc)Z reaction can be due to two different mecha
nisms: 

X+a=Y+b 

X + a = Y' + c 

Y = Z + C 

Y' = Z + b 

(I) 

(II) 

When the time between the emissions of the first and the second 
particle becomes very short, e.g., of the order of the transit time of 
nucleons over nuclear dimensions, we can no longer speak of a defined 
excited state Y or Y' between the two emissions. The reaction should 

1 This behavior may be connected with the fact that the nuclear properties at 
low excitation can be described by a shell model of independent nuclear par
ticles. (See Chapter XIV.) A simple structure of the nuclear spectra in the 
region of validity of the shell model would then be expected. The statistical theory 
of strong interaction, which leads to a high level density, may be applicable at 
higher excitation energies (Hurwitz 51). 
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then be described as l 

X+a=Z+b+c (III) 

The last process corresponds to a simultaneous breakup of the com
pound system into a nucleus Z and two particles, band c. Process 
(III) does not correspond to any of the "channels" which we have 
used so far. It is not probable that process (III) occurs for incident 
energies less than 100 Mev except among the lightest elements. We 
shall therefore assume that the reaction X(a;bc)Z is due to process (I) 
or (II) or both, but not to (III). 

We shall denote the cross section for process I by u(a;b,c) and the 
cross section for process II by u(a;c,b). The observed cross section of 
the (a ;bc) reaction will be called it (a ;bc). It is the sum of the cross 
sections for processes I and II: 

it(a;bc) = u(a;b,c) + u(a;c,b) 

r sually one of these two contributions is much more important 
than the other, but cases can occur in which u(a;b,c) and u(a;c,b) are 
of the same order of magnitude. The distinction between processes I 
and II should not be made, of course, if band c are the same kind of 
particle, e.g., in (a;nn) reactions. 

According to definition (3.1), the cross section u(a,b) includes also 
those reactions in which the residual nucleus undergoes a secondary 
reaction afterwards. We therefore distinguish the cross section 
u*(a,b) which comprises only those reactions where the residual 
nucleus does not emit further particles. u~ (a,b) is what we under
stand conventionally by the cross section of an X(a,b)Y reaction. 
The following relation holds: 

u(a,b) = u*(a,b) + l u(a;b,c) 
c 

We can express the cross section for the (a;b,c) reaction (process I) in 
the following way: 

u(a;b,c) = uda) I' Gdi3) GYfJ,(c) (6.13) 
fJ 

Here a is the entrance channel, and the prime on the bum indicates 
that it is extended only over those channels i3 ill which the residual 
nucleus Y is excited highly enough to emit a particle c. Gdi3) is the 
relative probability (a pure number) that the compound nucleus C 

1 The following reactions may be regarded as examples of (III): n+d =p+n+n; 
p+Bll=3a. 
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will decay into channel (3, while Gyfj'Cc) is the relative probability that 
the nucleus Y in state {3' (corresponding to channel (3) will emit a 
particle c. All magnitudes in (6.13) can be calculated by the methods 
developed in this chapter provided that enough is known about the 
Q values of the various reactions and about the level densities of 
nuclei Y and Z. 

Let us make the simplifying assumption that the residual nucleus Y 
always emits a particle if its excitation energy is sufficient to do so. 
Let us call Smin(Y) the smallest separation energy of a particle from 
Y. Our assumption is then expressed by 

provided that EbY - Efj ~ Smin(Y) 

This is equivalent to neglecting the emission of gamma-rays in competi
tion with the emission of particles, an assumption which is in most 
cases approximately correct except in the immediate neighborhood of 
the threshold. We can then write 

u*(a,b) ,....., 2" u(a,{3) 
fj 

where the double prime on the sum indicates that it is extended only 
over those channels (3 in which the residual nucleus Y is excited below 
SminCY), Let us call Esec the maximum energy available for emission of 
secondary particles from the first residual nucleus Y, for a given 
excitation energy in the original compound nucleus. This energy 
is also the energy of the outgoing particles b in the primary X(a,b)Y 
reaction at which Y can just start emitting particles (see Fig. 6.4). 
Thus E.ec is given by 

E.ec = EbY - Smin(Y) 

We then obtain the following expressions for the "observed" cross 
section u*(a,b) of the X(a,b)Y reaction: 

u*(a,b) = u(a,b) 

t bY h(E) dE 
u*(a,b) ,....., u(a,b) r:e 

Jo bY h(E) dE 

(for Eeec < 0) 

(for Eeec > 0) 

where h(E) dE is the relative probability of emISSIOn of particles b 
with energies Ell between E and E+dE, as given by (6.3). 

These expressions can be reduced to a simple form if the first 
emitted particle b is a neutron. We can then use the approximate 
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Maxwell distribution (6.5). We ignore the variation of odE) with 
the energy E and we assume that Smin(Y) = EbY -Eeee is very much 
larger than the temperature e of the residual nucleus Y. We then 

~----i Y*(state S') 

---- -Sc(Y)--

Emission of 
secondary 
particles c, 

among others 

---- - - -Sm,n(Y) - -- ---

'--___ ....1._ -Ground state of Y - - - - -

Emission of 
secondary 
particles 

Emission of 
secondary 

gamma-rays 
only 

FIG. 6.4. Schematic picture of the energy relationships in the secondary nuclear 
reaction: X +a = Y· +b, Y· = Z +c. The levels shown are those of the nucleus Y. 

get the approximate expression 

* ""-' (Esee) (Elee) U (a,n) = u(a,n) 1 + e exp - e (6.14) 

Here e is the temperature e(EbY) governing the emission of neutrons. 
Elee can also be considered the difference Ea-Eth between the incident 
energy EA and the threshold energy Eth of the secondary reactions. 
It is seen that the "observed" u*(a,n) becomes very much smaller 
than the "actual" u(a,n) if Eeee is larger than the temperature e. 
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Then the secondary reactions take place in almost all cases after the 
first neutron is emitted. 

The cross section of a secondary reaction with emission of particles C 

following a primary (a,n) reaction can be written in the same approxi
mation as follows [Ee is defined by (6.16) and is indicated in Fig. 6.4]: 

10" E exp ( - i) GytJ,(c) dE 

u(a;n,c) '" u(a,n) ~ •• y (E) 
E exp - - dE 

o 8 

(6.15) 

The integral in the denominator is approximately equal to 8 2 provided 
that Eby»8, which is practically always the case. In order to evaluate 
the integral in the numerator, we express the branching probability 
GytJ'(c) for emission of particles c from the nucleus Y in state fJ' in 
terms of the functions F defined by (6.8) and (6.9). The functions F 
which we shall use here are for emission of particles from Y, not from 
0, and the level densities which need to be known are the ones in the 
various secondary residual nuclei Z, Z', etc. Ee is the surplus over the 
threshold of the (a;n,c) reaction (see Fig. 6.4) 

Ee == EbY - Se(Y) (6.16) 

Then the branching probability Gyp'(c) is given by 

Fe(Ee-E) 

-1 Fe'(Ee'-E) 

(6.17) 

e' 

where the functions F are evaluated for the nucleus Y, and the sum in 
the denominator is extended over all particles c' which Y can emit 
from state {J' with excitation energy Eby-E. The argument Ee-E of Fe 
is the energy with which particle c is emitted from the nucleus Y in 
state {J'. 

Since the functions F for charged particles are highly energy
dependent, the cross section for a secondary charged-particle emission 
can be found from (6.15) and (6.17) only by direct substitution and 
numerical evaluation of the integral in the numerator of (6.15). On 
the other hand, a very simple formula can be given for the (a;n,n) 
reaction in which both the first and second emitted particles are 
neutrons. We can assume that neutron emission is predominant as 
soon as it becomes energetically possible, i.e., Gy~'(n):::1 if the state fJ' 
of Y is excited highly enough so that it can emit neutrons. We then 
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get 

er(a;n,n) ~er(a,n) [1 - (1 + ~) exp ( - ~)] (6.18) 

In this formula Ec is the excess energy over the threshold of the (a;n,n) 
reaction; it is given by (6.16) with Sc(Y) = S,,(Y), the separation 
energy of neutrons from Y. 0 is the temperature 0(EbY) of the inter
mediate residual nucleus Y (not of the final residual nucleus Z). 

The cross section er(a,n) which appears in (6.14), (6.15), and (6.18) 
can usually be closely approximated by erda), the cross section for 
formation of the compound nucleus C by bombardment with particles 
a. 

If the energy of the incident particle becomes sufficiently high, 
the residual nucleus after emission of the second particle (nucleus Z) 
may be excited highly enough to emit a third particle. We then obtain 
tertiary reactions or reactions of even higher order. 

~ 7. RESONANCE THEORY; QUALITATIVE TREATMENT 

A. The Occurrence of Resonances 

The previous sections were based on assumptions which lead to a 
cross section erda) for the formation of the compound nucleus which is 
a monotonic function of the energy. No sharp maxima or minima 
(resonances) were anticipated. The theory must be extended in 
order to account for the observed resonance phenomena in nuclear 
cross sections. l 

It was assumed in Sections 4 to 6 that the incident particle has no 
appreciable chance to leave the nucleus through the entrance channel 
a once it has penetrated into the inside of the nucleus. It is then 
completely absorbed as far as the wave in channel a is concerned. 
Such an assumption is justified when the incident energy is high enough 
to allow the compound nucleus to decay by many channels. It is 
then very unlikely that the decay takes place by the entrance channel. 
In the present section, this assumption (4 in Section 4, p. 350) is 
dropped, and hence the theory is extended to lower incident energies. 
One of the main consequences is the appearance of resonances in the 
cross sections. 

1 The basic papers on resonance reactions are: Bohr (36, 37), Breit (36b), and 
Peierls (38). The discussion here follows the work of Feshbach et a1. (47), 
Weisskopf (50), and Akhiezer (48). There is considerable literature about the 
theory of resonance reactions; some of it will be quoted in context in this chapter 
and in Chapter X. 
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The wave function Ul just inside the nuclear boundary (r <R) can 
no longer be represented by (4.6), which symbolizes an ingoing wave 
only. It now must include also a term representing a wave returning 
toward the outside. This is indicated by 

Ul '" exp (-iKra) + b exp (+iKra ) (for r < R) (7.1) 

where b is the (complex) amplitude of the returning wave and depends 
on the properties of the compound nucleus. At high incident energies 
we expect b to be close to zero. In absolute value, b is never larger 
than unity, since no more particles can approach ra = R from the inte
rior in channel a than have originally penetrated into the inside region. 

It must be emphasized again that (7.1) is not an exact representation 
of the wave function Ul inside the nucleus. For r < R, the wave func
tion describing the motion of the incident particle depends on the 
variables of all other nucleons involved; it is no longer described by a 
one-particle function ul(r a). Relation (7.1) is a very approximate 
expression which is used to describe only the main features of the 
dependence of the actual wave function on ra near the nuclear surface. 
It expresses the fact that the incident particle possesses an average 
wave number K, and that it has a finite chance to return into the 
entrance channel. We are using (7.1) only to determine the logarith
mic derivative it at the nuclear surface. Expression (7.1) gives rise 
to a value of II different from (4.7), and therefore to different cross 
sections; (7.1) becomes equivalent to the form (4.6) if Ibl becomes very 
small. Ibl«1 represents the limit of high energies for which the 
particle has practically no chance to leave the nucleus again by the 
same channel by which it has entered (assumption 4 of Section 4, 
p. 350). 

Let us now consider the opposite extreme where the energy of the 
incident particle is so low that no other channel but the entrance channel 
is open, so that the compound system can decay only by re-emitting 
the incident particle with the same energy with which it entered. An 
example of this is a reaction in which the incident beam consists of 
neutrons of an energy E, smaller than the lowest excitation energy of 
the target nucleus, and smaller than the threshold of any nuclear 
reaction. (In general, an energy E < 100 kev will fulfill this condition 
if we neglect the possibility of radiative capture and fission.) Then 
the neutron must leave the compound nucleus again with an energy E. 

The wave function ins:de the surface can then be approximated by 

U/ "-' exp (-iKra) + exp [i(Kra + 2t)1 (7.2) 

in which the incoming and outgoing waves are equally strong (Ibl = 1), 
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the outgoing wave having a phase shift 2f (f = real). The boundary 
condition at r a = R on the wave function is now 

( dUz/dr) II = R -- = -KR tan [KR + f(E)] 
UI r=R 

(7.3) 

(7.3) is quite different from (4.7). The phase feE) with which the 
wave returns depends quite sensitively on the complicated interactions 
which the particle undergoes within the nucleus before it re-emerges 
near the surface, and is therefore a function of the energy of the enter
ing particle. The cross sections, which follow from (7.3), will be 
calculated in Section 8. In this section we restrict ourselves to quali
tative reasoning, and an attempt will be made to explain or to make 
plausible the most important qualitative features of the resonance 
phenomena. The quantitative calculations and the more rigorous 
derivations are found in the succeeding sections, and in Chapter X. 

The re-emergence of the particle gives rise to the occurrence of 
resonances in the compound system. This can be seen qualitatively 
in the following way: 1 Expression (7.2) shows that the wave function 
just inside the nuclear surface can be written in the form 

U'" C cos [Kr + f(E)] (for r < R) (7.4) 

where C is a constant. This function must be joined smoothly to 
the wave function U outside the nucleus. We understand by "smooth 
joining" that the two functions have equal value and equal deriva
tive at r = R. Let us, for the sake of simplicity, consider only neutrons 
of zero angular momentum as incident particles. Then the wave 
function outside is a periodic function A sin (kr+(l) with a wave 
number k, where A is adjusted so that it corresponds to an incident 
plane wave eikz of amplitude unity. The phase (l must be chosen so 
that A sin (kr+(l) joins smoothly to (7.4). k is the wave number of 
the neutron outside the nucleus, which is much smaller than K, i.e., 
k«K. Since we have to join smoothly a periodic function of high 
wave number K to a periodic function of low wave number k, the 
amplitude C is, in general, small compared to A in the ratio k/K, as 
Fig. 7.1a implies. (This is the effect which we called "impedance 
mismatch" in the preceding section.) There are exceptions, how
ever, if the value of f is such that U has a maximum or almost a maxi
mum at r=R, R(u'/U)r=R"'O. Only in this case can the two waves be 
joined with equal or almost equal amplitudes, as shown in Figs. 
7.lb and 7.1c. We conclude from this that the wave function of the 

I The corresponding calculations are given in Section SA. 
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incident particle in general penetrates very little into the nucleus. 
There is, however, a series of energy values E., the "resonance" 
energies, for which r(E.) has the right value, so that the tangent of Ul 

is horizontal at r = R. In the neighborhood of these energies the wave 
penetrates strongly into the nucleus. Hence the particle can enter 
the nucleus and form a "compound state" only if the energy E is 
equal or nearly equal to a "resonance" energy Ea. 

More conclusions can be drawn from our picture regarding the 
scattering cross section. The smallness of C/ A for energies off 
resonance implies also that the outside wave assumes a very small 

(a) OLI -_, ........ '<>'!~;,-------' .... ~------,...--, .. ~r 

(b) t'___--J\l+n+t~'__ __ ...""..----~/'---~ .. r 
o U1J~ 

(c) t!----11fH10 "'I=--~ __ +C_~ .. r 
o OO~ 

FIG. 7.1. Schematic representation of neutron wave functions at the nuclear sur
face. The wave functions are indicated as functions of the distance r from the 
center of the nucleus. r = R is the nuclear radius. Case (a) corresponds to a 
neutron energy between resonances, case (b) is near resonance, rase (c) is in 

resonance. 

value at r=R. It almost could be written in the form A sin k(r-R), 
which reaches zero at r = R. This would be just the solution for the 
scattering at an impenetrable sphere of radius R, which would force the 
wave function to vanish at r=R. Thus we conclude that the scatter
ing away from resonance ought to be almost identical with that of an 
impenetrable sphere of radius R.l 

We expect the following refinements to the conclusions of the 
previous sections: If the energy of the incident particle is so low that 
only one channel or only a few channels are open, the cross section 
Uc for formation of the compound nucleus is no longer a monotonic 
function of the energy as given by (4.8). Uc exhibits resonances for a 
discrete set of energy values E. of the incident particle and is very small 
for all energies E which do not coincide, or nearly coincide, with one of 
the Ea. 

1 See, however, Wisner (51). 
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Thus the compound nucleus is formed essentially only in certain 
discrete energy states. These states are not stationary, since, after 
some time, they decay by re-emission of the particle which has created 
them, or by emission of some other particle. We shall call them, there
fore, "decaying states." They are in many ways similar to the 
stationary states of a nucleus. 

B. The Compound Nucleus, Level Widths, Qualitative Description 
Let us now consider in greater detail the quantum-mechanical 

system C, consisting of the incident particle a and the target nucleus 
X, which we have called the "compound system." The system C 
is created in an excited state in the course of the nuclear reaction, 
since the entering of the particle a into the target nucleus X not only 
transmits the kinetic energy of a to the system C but also brings into 
play the attractive potential energy of the nuclear forces acting 
between a and X. 

Let us first investigate the system C in its lowest possible quantum 
states. These states lie much lower than those created in collisions 
between particle a and target nucleus X. C is a nucleus of A con
stituents, N neutrons, and A - N protons, where A is the total number 
of nucleons and N the total number of neutrons in the incident particle 
a and the target nucleus X. This nucleus, the compound nucleus, 
forms a series of stationary states with the exc tation energies 0, 
E I , E2, E a, .... These energies are counted from the ground state 
which, on this scale, has zero energy. These states are stable in the 
same sense as the stationaty states of atoms are. The nucleus would 
stay indefinitely in one of these states were it not for the electro
magnetic radiation, which makes it possible to perform a transition to 
a lower state with the emission of a light quantum. This stability 
ceases if the excitation energy is larger than Smin, where Smin is the 
smallest of the separation energies Sa of any particle a within the 
nucleus. If the excitation energy is larger than Smin, the spectrum of 
the nucleus C is, strictly speaking, a continuum, since then particle a 

can be split off and can assume any amount of kinetic energy. The 
energy Smin plays the same role as the ionization energy in atoms. 
This is shown schematically in Fig. 7.2. 

Why, then, do we observe resonances in the creation of the com
pound nucleus? Why is the compound nucleus formed only in states 
with special energies ? We shall show in this section that the main 
reason lies in the long lifetime of the compound nucleus after it is 
formed. Even if E>Smin, the peculiar properties of the compound 
state, especially the strong potential jump at the surface of the nucleus, 
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keep particle a from leaving the compound nucleus for a long time. At 

8 min 

FIG. 7.2. The spectrum of a 
nucleus (schematic -the actual 
number of levels is much greater). 
Strictly speaking, the spectrum 
is continuous above Sm;D. We 
find, however, "decaying" states 
in the continuum, with properties 
similar to the stationary states. 
The true stationary states are 
indicated by full lines, the decay
ing states by dashed lines. 
Several Mev above SmlD the 
continuum region is reached, so 
that there are no decaying states 

at higher energies. 

low excess energies, E - Smin, it is kept 
within the nucleus almost as rigidly as 
in the case of E < Smin, where energy 
conservation prevents any particle 
emission whatsoever. Hence the struc
ture of the compound nucleus for 
E <Smin is not qualitatively different 
from E> Smin, as will be shown in detail 
in Sections 8 and 9. The series of 
discrete energy values continues even 
above Smin, although the states whose 
energy is higher than Smin are not 
strictly stationary. 1 

The finite lifetime of these states is 
only partly due to the possibility of the 
compound nucleus splitting into two 
parts, the particle a and the residual 
nucleus. In addition, all the states of 
a nucleus, with the exception of the 
ground state, have a finite lifetime 
because of the possibility of radiative 
transitions to lower states. The life
time of the states with E> Smin is 
merely shortened some more by the 
possibility of ejection of particles. 
(The emission of beta-rays can be 
neglected here, since its probability is 
extremely small compared to all other 
processes.) The reciprocal value of 
the lifetime Ta of the level 8 is the 
emission probability per unit time of a 
gamma-ray or a particle. It is custom
ary to express this value in energy units 
by multiplying it by h: 

h r a =
T. 

(7.5) 

r a is also called the "width" of level 8 because of the Heisenberg 

1 The quantitative calculations underlying these qualitative arguments will be 
fOund in Section 9. 
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uncertainty relation between time and energy: I1t I1E '"'" h. The fact 
that state s exists only for a limited time causes an uncertainty in the 
energy, a width r". 

If the finite lifetime is due to the possibility of different kinds of 
emissions, the total emission probability r' is the sum of partial 
probabilities: 

(7.6) 

where r:ad is the probability per unit time to emit a light quantum, 1 
and r a" is the same magnitude for a particle a r;ad is also called 
"radiation width," and r a" is a "partial width" corresponding 
to the emission of a. r a" is also referred to as "particle width." 
The width of levels with E < Smin consists only of the radiation width. 

There is one condition on the lifetime which immediately follows 
from these considerations: In order to obtain a discrete spectrum of 
levels with an excitation energy larger than Smin, the lifetime must be 
long enough to make the width r" smaller than the distance D. to 
the neighhoring levels, i.e., 

r" < D. (7.7) 

With sufficient excitation energy E", the nucleus C can emit particles 
a with different energies, corresponding to the different states in which 
the residual nucleus can be left behind. We can thus subdivide ra' 
into partial widths. 

(7.8) 

where r~, corresponds to the probability of an emission of a with the 
special condition that the residual nucleus be left in the state a'. We 
can make (7.8) more specific by introducing the concept of channel. 
Every decay for which the products are specified completely (includ
ing their quantum states) corresponds to a specific channel, which we 
denote by the letter a. We introduce the channel emission probability 
or channel width ra" and we write for the total width 

r" = r:ad + L r a" (7.9) 
a 

where the sum is extended over all open channels into which state s 

I The "radiation width" is usually called r or in the literature. We are using 
a, p, 'Y, ••• to denote particle channels, and therefore employ the notation rrad in 
order to avoid confusion. 
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can decay. r a ' can be defined as follows: Let N, be the population in 
the excited state 8; then N,ra'/It is the number of decays into channel 
a per unit time. 

The total width r' increases with higher excitation energy because of 
several reasons: first, more particles can be emitted by a higher level; 
second, more different states a' of the various residual nuclei can be 
formed, so that the number of terms in (7.9) increases. Because of 
these two reasons, the number of open channels increases rapidly with 
increasing excitation energy. Furthermore the probability r a ' of any 
single mode of disintegration increases with increasing energy E,. 
Thus, at a certain excitation energy E above Smin, the average level 
width r' becomes larger than the average level distance D. Only 
then does the spectrum of the nucleus become truly continuous. 

The existence of quasi-discrete states of the compound nucleus at energies 
E>Smin can also be understood in another way, by reference to the wave guide 
analogy mentioned earlier. It is well known that an entirely closed cavity with 
perfectly reflecting walls has certain definite frequencies with which electromag
netic vibrations can occur inside. Our only experimental knowledge of these 
resonance states of a cavity comes from a situation in which the cavity is not 
completely closed: In order to make measurements, we must break the wall of 
the cavity at least once to connect a probe through it. The cavity is then no 
longer a closed system, and we might think that it no longer has stationary states. 
The radiation inside the cavity can leak out through the hole which we have made. 
Nevertheless, it is well known that such measurements are quite possible and reli
able, and that the states of the punctured cavity are still almost stationary and 
very close to the completely stationary states of an ideal, completely closed 
cavity. The condition that the perturbation introduced by the insertion of the 
probe be small is that the Q of the cavity shall be very large compared to unity. 
Q is defined as the ratio of the energy stored inside the cavity to the energy lost 
through our puncture during one period of vibration. The condition may be 
expressed in the following form: The lifetime of the state must be long compared to 
the period of the vibration inside the cavity. We shall see below that this is equiva
lent to the condition for nuclear resonance reactions that the width be much smaller 
than the level distance. 

c. Interpretation of D and r 
It is perhaps of some interest to discuss here the physical significance 

of the level distance D and its connection with some properties of the 
motion of the nuclear constituents within the nucleus. This motion 
cannot, in general, be described by a classical picture of moving par
ticles. However, according to the correspondence principle, the highly 
excited states lend themselves more readily to a classical description. 
We can build linear combinations of wave functions of a number of 
neighboring stationary states such that they correspond to a relatively 
well-defined grouping of particles in space with given velocities, 
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within the limits of accuracy set by the uncertainty principle. The 
motion of these particles (or, rather, of the maxima in the square of 
the wave function) corresponds to a good approximation to the motion 
calculated by classical mechanics. Weare here interested in only one 
feature, the period P of the motion. P is the time after which the 
initial grouping of particles recurs. We find that the time P is inti
mately connected with the level distance D of the states used in the 
linear combination. Let us assume for a moment that the energies 
En of these states (say their number is N) are equally spaced: 

En = Eo + n D 

We can then write for the linear combination of the N states, whose 
space dependence is given by I(Jn, 

f (iEnt) (iEot) ~ ( inDt) if; = ~ an I(Jn exp - h = exp - h L an I(Jn exp - h 
n=1 n=i 

It is evident that 1if;[t+(2'l1"h/D)112= 1if;[tW, so that the wave function 
describes the same configuration at time t as it does at time t+(2'l1"h/D). 
Thus the period of the motion is 

~ 211'"h 
P = "Ii (7.10) 

where D is the level distance. This conclusion holds only if the levels 
are equally spaced, which is approximately the case in simple systems 
at high excitations. 

We cite two elementary examples. First consider a particle of mass 
M in a one-dimensional potential well of width b and depth V o, which 
fulfills the condition V O(b 2 M /h 2)>> 1. The latter condition insures 
the existence of many stationary states. The energy En above the 
bottom of the well for a high quantum number n is approximately 
given by En"'1I'"2n2h2/2Mb 2, and the level distance D=1I'"2nh2/Mb2. 
The period P of the corresponding classical motion (oscillation between 
the two walls of the well) is given by P=2b/v, where v is the velocity 

inside the well: v = vi 2En/ M = 1I'"nh/ Mb. Thus the relation P = 211'"h/ D 
is verified. Another example can be found in the motion of an elec
tron in the Bohr orbits of the hydrogen atom. It can easily be verified 
that the level distance computed from the Balmer formula corresponds 
to the period of the motion in the corresponding Bohr orbit. 

In complicated systems like atomic nuclei, these considerations lose 
some of their accuracy, but they still remain valid qualitatively and 
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can be used for a pictorial description. We no longer find a.pproxi
mately equidistant level spacing, but we can consider the average level 
spacing D an indication of the period of the intranuclear motion. 
This period turns out to be very large, much larger, for example, 
than the periods of a one-body motion in a potential well of nuclear 
size. This is due to the interaction between nucleons, which makes 
the motion much more involved, so that the time interval between the 
recurrences of the same configuration becomes very much longer than 
in any simple motion. 

We now extend these considerations to the decaying states. Since 
these states do not differ essentially from the stationary states, their 
average level distance D can be used for an estimate of the period P of 
the motion. Let us in this case apply the concept of period to the 
recurrence of a very special configuration. We know that a decay:ng 
state can be created by a particle a entering into the residual nucleus 
through the channel a. We single out the configuration which is 
realized when particle a has just entered into the nucleus, and we ask 
after what time the particle would reappear at the nuclear surface 
with the rest of the nucleus arranged in such a way that a is ready to 
leave through the same channel by which it came in. Such a question 
can be answered only in a very approximate way: The time P is of 
the order of the period of the motion, and again we expect the relation 
P",27rh/ D to hold. 

The recurrence of this configuration does not necessarily mean that 
particle a will actually leave the compound nucleus. The nuclear 
surface is equivalent to a strong and sudden change of potential, and 
the particle is very likely to be reflected at this surface and start the 
motion inward into the nucleus over again. This repetition of the 
motion is essential for the existence of well-defined compound states. If 
particle a had left the nucleus after the time 27rh/D, the lifetime 7, of 
the state would have been of the order P, and the width r''''h/p'''D127r 
would be of the order D. The states of the compound nucleuR are 
well defined only if r'«D. Thus the lifetime T, must be large com
pared to P; a well-defined state does not yet decay after particle a 

has once returned to the surface. 
We then obtain an interesting interpretation of the significance of 

the probability r a" for the decay through channel a. r a" /h is the 
probability per unit time that the system decays through the channel 
a if all other channels are closed by some artifice. T a = h/r a" should, 
therefore be the lifetime of the state if only channel a is open. Evi
dently this lifetime must be at least of the order P. Because of the 
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reflection of a at the inner side of the surface, T", may be longer than P. 
Let us call T(er) the transmission coefficient toward the outside: 

T(er) = number of successful attempts to escape through channel er 

number of attempts to escape 
(7.11) 

We then get 

D 
r ",' "-I T(er) 211" (7.12) 

which shows that the partial width ra' must be smaller than D/211". 
In order to have well-defined levels, T(er) must be a very small number, 
making the motion in the state an almost periodic one. 

The coefficients Her) are precisely the transmission coefficients calcu
lated in Section 5. Since resonance phenomena occur only in the 
energy region where the wave number k can be assumed small com
pared to K, we can use here the approximate expression (5.G), which 
contains two factors: the transmission VI of the barrier in the channel, 
and the transmission 4k/ K of the impedance mismatch at r = R. The 
transmission coefficient depends on the angular momentum of the out
going (or incoming) particle, on its charge and mass, and on its final 
wave number k which it assumes at large distances from the nucleus. 

We get the following estimate for the channel width from (7.12) 
and (5.6): 

, 4k D r "-1- VI-
'" K 211" 

(7.13) 

where k is the wave number of the outgoing particle in channel er 
resulting from the decay of the compound state 8. The factor 4k/K 
comes from the reflection at the surface of the nucleus, and the factor 
VI expresses the combined effect of the centrifugal and the Coulomb 
barriers. For l=O and no Coulomb barrier (in the case of neutrons), 
we get 

, k D r "-12--
'" K 11" 

(for l=O neutrons) (7.14) 

where k is the wave number of the neutron. 
We see from (7.14) that the neutron width of a level is small com

pared to the level distance only if k«K . We do not expect resonances, 
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therefore, if the energy of the compound state is so high that the wave 
number k of the emitted neutron is of the order of K. Actually, the 
total width f' of a level may become equal to, or larger than, D even 
at energies where k <K, since f' consists of the sum of all partial 
widths fa'. 

It. is useful to split the channel width into two factors, 

fa' = (2kRvI) 'Ya' (7.15) 

The first factor (2kRvI) depends on the channel energy and the condi
tions outside the nucleus. The factor 'Ya' is called the "reduced 
widllh," and it incorporates all the properties of the interior of the 
nucleus. According to (7.13) its order of magnitude can be estimated 
to be 

D 
'Y • ,....., 

a 7f'KR (7.16) 

This relation does not differentiate between different channels. 
Actually, 'Ya' may differ strongly in different channels cx, but it is 
expected to be of the order of magnitude shown in (7.16). 

The 'Ya' depend on the excitation energy E, of the compound nucleus: 

E. = Ea. + Sa + Ea 

where Sa is the separation energy of a, and Ea is the excitation energy 
of the residual nucleus in channel cx. As long as Ea.«E., we can expect 
that 'Ya' shows no systematic dependence on Eo., although there may 
be strong fluctuations between different levels s and different channels 
cx. 

The dependence of the particle width fa· on the energy Eo, of the 
particle emitted by the compound state s is mainly determined by the 
factor 2kRvl. The expressions (5.8) for VI show that, for neutrons, 
the particle width is proportional to Ea 112 for l = 0; it is Rroportional to 
EaH1I2 for l~O as long as Ea is small enough so that the actual expres
sions (5.8) for VI can be replaced by the respective first terms. The 
widths fa' for charged particles contain the barrier penetration factor 
through VI. 

It is necessary to specify the type of levels whose average distance 
D can be interpreted as the reciprocal of the period of motion. The 
correspondence principle, as used in the interpretation of D, is appli
cable only to a series of states which fulfill the following condition: All 
physical magnitudes which are integrals of motion must have the 
same value, with the exception of the energy itself. Thus the distance 
D must be taken between levels of equal J (quantum number of the 
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total angular momentum of the nucleus) and equal parity. It is 
generally assumed that there are no other integrals for the motion of 
nucleons within the nucleus because of the strong interactions. If 
the character of nuclear forces admits more integrals, the meaning of 
D must be altered. We indicate a few examples. 

If there is no coupling between spin and orbital motion in a nucleus, 
D is the distance between levels of equal Land S. If we were allowed 
to consider a nucleus a system of independent nucleons moving in a 
common potential, the energies of the individual nucleons would be 
integrals, so that D would be the distance between the states of one 
single nucleon only. 

In any of these cases D is just the distance between those states 
which can be formed by an incoming particle with a definite angular 
momentum and spin. If there were no interaction between particles, 
only those states could be formed in which the incoming particle itself 
is excited. If there is no spin-orbit coupling, only states which have 
the quantum numbers Land S can be formed, where Land S are those 
orbital or spin angular momenta, respectively, which occur from the 
combination of the orbital and spin angular momentum vectors of 
the particle and the target nucleus. 

D. Cross Sections for Nuclear Reactions 

The qualitative arguments of the previous sections can be used to 
construct a formula for the cross sections of nuclear reactions in the 
resonance region. 1\0 mathematical derivation is attempted in this 
section; it will be given in Section 8B and, more generally, in Section 
9 and in Chapter X, Section .. L Here we intend only to make plausible 
the actual form of the expressions. 

We consider the cross section eT(a,{3) of an (a,{3) reaction, and we 
expect that this reaction can take place with appreciable intensity 
only if the energy of the incident particle is near certain resonance 
values E.. Since the resonance energies depend on the angular momen
tum l of the incident particle, only particles a which have the right 
value of l can initiate the nuclear reaction near a given resonance.! 
The cross" section eTCI for the formation of the compound nucleus by 
channel a with angular momentum l was found, in (5.1), to be the 
product of the maximum possible cross section (2l+ 1)11"" 2 and the 
transmission coefficient Tl(a). Equation (5.1) die! not take into 
account any resonance phenomena. We now make the assumption 

1 If the spin of the incident particle is taken into account, more than one I can 
excite one resonance. We disregard this complication in this section. It will be 
discussed in Section 10. 
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that (5.1) is still correct when UCI is averaged over an energy interval 
which is large enough to contain several resonances. Hence, in order to 
obtain the cross section near resonance, we multiply (5.1) by a function 
Y(Ea), which shows maxima at Ea=Ea" and whose average is unity. 
The width of the maxima should correspond to the lifetime of the 
compound state formed and should therefore be equal to r', as defined 
in (7.9). 

In analogy with the dispersion theory of light, we choose a special 
shape for Y(Ea) in the neighborhood of a given resonance energy Ea, by 
putting 

ct 
Y(Ea) '" (Ea -Ea ,)2 + (jT,)2 (for Ea near Ea ,) (7.17) 

This distribution has a half-width r' and becomes small when 

Its average over several resonances can be well approximated by the 
integral D-1f ~ ... Y(E) dE, where D is the level distance. The constant ct 
in the numerator of (7.17) must be chosen so that this average will be 
unity, i.e., (1 = Dr'/27r. Hence we obtain for the cross section, by 
using relation (7.12), 

(7.18) 

It is characteristic that this cross section is proportional to r a', which 
is the probability of the opposite process, the decay of the compound 
nucleus into channel a. 

In order to find the cross section for a particular (a,{3) reaction, we 
must multiply uda) by the branching ratio Gd(3) =r~'/r', which is 
the probability that the compound nucleus, once formed, decays 
through channel (3. [See (3.5).] We then get the following expression 
for u(a,{3) in the neighborhood of a resonance Ea" the resonance belong
ing to the set which is excited by particles of angular momentum l: 

'" 2 ra" r~' 
u(a,{3) = (2l + 1) 7r "a ( )2 (1 ,)2 

Ea-Eao + Tr 
(7.19) 

an expression which is called the Breit-lVigner one-level formula for 
nuclear reactions (Breit 36). 

It should be noted that the widths r a', r". depend on the channel 
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energies through the factor Tl(a) or TI(3). They are all functions of 
Ea , since the exit channel energies Efj are determined by fa on account of 
the energy law. Thus the values of r a' and rfj' at an energy, say, 
slightly below resonance are somewhat different from their values at 
an energy slightly above resonance. In contrast to this, the width 
expressed by (7.13) represents the emission probability into channel a 
by the compound state s; and, in evaluating the latter quantity, the 
value of k must be taken at the energy with which the particle would 
leave the decaying state, i.e., at Ea = Ea •. 

The more mathematical theory (Sections 8 and 9 of this chapter, 
and Chapter X) shows that the parameter EaB in (7.19) is independent 
of the channel energy Ea only for S-wave neutron resonances. In all 
other cases Ea. is itself a function of the channel energy Ea. It is 
customary to neglect the energy dependence of the widths r a.' and 
of EaB in fitting the Breit-Wigner formula to experimental data. How
ever, there are cases where this neglect is not justified (Thomas 51). 

Equation (7.19) must not be applied to the (a,a) process, the elastic 
scattering, because of the interference effects between the re-emission 
of particle a by the compound nucleus and the scattering at the nuclear 
surface, as well as at the potentials outside the nucleus. The expres
sion we obtain for the elastic scattering process is derived in Section 
8B, and it is 

U,c.l = ul(a,a) = (2l + 1) 11" "a 21--_1_T ~~ + A~ot \2 (7.20) 
(Ea-Ea .) + "2"~r 

where the first term in the absolute square is the" resonance scat
tering amplitude," and the second is the "potential scattering 
amplitude" defined by (2.57). Amplitude Apot corresponds to the 
scattering which would take place if the nucleus were replaced by a 
perfectly reflecting sphere of radius R; this process determines u(a,a) 
off resonance. The "resonance scattering amplitude" represents 
the scattering due to the re-emission by the compound nucleus into 
channel a. If (7.19) were used to calculate u(a,a), we would obtain 
the contribution of the first term only. We refer the reader to Sec
tion 10 for the changes introduced in (7.19) and (7.20) when the 
intrinsic spins are taken into account. 

A very important special application of (7.19) is the capture reaction 
as defined in (1.2). Here the compound nucleus C decays by emitting 
a gamma-ray to a lower excited state which, in general, is so low that, 
from then on, the nucleus C can be de-excited only by further gamma
ray emISSIOns. We have called r:ad the probahility (times h) of the 
emission of a gamma-ray by the compound nucleus per unit time, and 
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we expect therefore the capture cross section in the neighborhood of a 
resonance Ea, with an angular momentum l to be 

2 ra' r:ad 
O'cap(a) = (2l + 1) 'II' ~a (£a- Ea.)2 + (jT,)2 

where r' is the total width, including the radiation width, 

r' = l r a' + r:ad 
a 

(7.21) 

The resonance energies Ea. are those energies near which the incident 
particle forms the compound nucleus in one of the quasi-stationary 
excited states. Every state 8 of the compound nucleus leads to a 
resonance in every channel through which this state can be formed. 
The following relation holds between the resonance energies Ea. and 
E6. of two channels a, {J, leading to the same compound state 8: 

where Qa6 is the Q value as defined in (1.7). This is identical with 
relation (1.6) of the channel energies Ea and £6 in general. Hence we 
obtain the same resonance in an (a,{J) reaction and in a ({J,a) reaction if 
the entrance channel energy of the latter is equal to the exit channel 
energy of the former. It is perhaps more appropriate to write thp. 
Breit-Wigner formula (7.19) in the form 

2 fa' ftl' 
u(a,{J) = (2l + 1) 'II' ~a (E-E.)2 + (tr.)2 (7.22) 

where E is the excitation energy of the compound nucleus when formed 
by a channel energy Ea , and E. is the excitation energy of the quasi
stationary state 8 in the compound nucleus. We find, according to 
(1.8), 

E = Ea + Ea' + Ea" + Sa 

where Sa is the separation energy of a from the compound nucleus, and 
Ea" Ea" are the excitation energies of the partners in channel a. The 
form (7.22) makes it more apparent that the resonance denominator is 
determined by the properties of the compound nucleus and not by the 
specific entrance channel. 

E. Behavior of Nuclear Cross Sections near Threshold 

A nuclear (a,b) reaction shows certain characteristic properties when 
the channel energy of one of the partners, Ea or EtI, is very near zero 
(Wigner 48). Let us first consider the case where the energy Ea in the 
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entrance channel is very small. We assume Ea~.l, where .1 is an 
energy interval in which all magnitudes involved can be considered 
constant except those which vanish at Ea=O. Obviously, the reaction 
cross section u(a,{:J) at Ea->O is zero. unless the reaction is exoergic: 
Qa~>O. The cross section u(a,{:J) can then be written, from (7.22), 

(for Ea -> 0) 

where all magnitudes which do not vanish when Ea = 0 make up the 
"constant." We get, by using (7.13), 

(for Ea -> 0) (7.23) 

where the penetration factor VI(Ea ) depends on the nature of the 
incident particle. If the incident particle is a neutron, we find, by 
means of (5.8), 

u/(a,{3) = const Ea /- 1/2 (for Ea -> 0) (7.24) 

where this cross section applies only for reactions initiated by neutrons 
with an orbital angular momentum l. Unless selection rilles are of 
importance, the largest contribution comes from neutrons with l =0, 
so that we find for neutron-induced reactions: 

u(a,{3) = const f a - I12 (for Ea -> 0 in neutron-induced 
reactions) (7.25) 

which is the well-known l/v law. 
If the incident particle has a charge Zae, the penetration factor 

VI(E a ) decreases rapidly with decreasing energy Ea. The particles with 
l=O contribute most; the asymptotic expression for Vo can be calcu
lated with formulas (5.9). We find that 

(for fa -> 0) 

where Va is the speed of the particle; therefore we get 

( ZaZxe2) 
u(a,{:J) = const Ea - 1 exp - ---,;:- (for fa -> 0 in charged-

particle-induced reactions) (7.26) 

It should be noted that the asymptotic value (7.26) is reached only 
at very low energies. For all except very light nuclei, the energies 
Ea at which (7.26) is valid are so small that no reaction could be 
observed with present techniques. 

The asymptotic properties of u(a,{3) for ErO can also be stated in a 
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similar form. This case occurs only if the reaction is endoergic: 
Qa/l<O. We then get from (7.22) 

(for E/I- 0) (7.27) 

Especially, if the outgoing particle is a neutron with angular momen
tum l, 

(for E/I- 0) (7.28) 

In general, most of the neutrons emerging at threshold have l=O, so 
that we set 

0'( a,(3) = const E/l 1I2 (for E/I- 0, outgoing neutrons) (7.29) 

If the emerging particle is charged, we set 

( ZaZxe2) 
O'(a,{3) = const exp --,;;;;- (for Ell - 0, charged 

outgoing particles) (7.30) 

Finally, we consider the asymptotic properties of the elastic scatter
ing. O'(a,a) consists of two parts: the resonance and the potential 
scattering. For charged particles, the potential scattering becomes 
equal to the Rutherford scattering at low energies, since it is equal to 
the scattering of a charged reflecting sphere. The influence of the 
reflection at the nuclear surface on the scattering vanishes at low 
energies, and only the Coulomb scattering remains. This scattering 
is much larger than any nuclear effect and is of no interest here. The 
case of neutron scattering is more interesting. The asymptotic 
behavior of Apot is determined by the fact that ~l becomes very small. 
We get, from (2.52) and (2.57), 

2i (k R)2l+1 A I '" 2'/: '" __ -'------,-a-----'--__ _ 
pot = - ~"l = (2l-1)!! (2l+1)!! 

The amplitude for l=O is by far the largest and is 

A (O) I"J 2'k R pot = ~ a 

The resonance amplitude Are. is proportional to r a', which also con
tains the factor kaR. The combined amplitude A~~~+A~~)t is propor
tional to ka which, after squaring, cancels the factor ~a2 in (7.20), so 
that we get 

O'(a,a) - const (for Ea -+ 0, elastic scattering of neutrons) (7.31) 

The neutron scattering cross section approaches a constant value as the 
energy approaches zero. 
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We have derived the asymptotic relations from the Breit-Wigner 
formulas, (7.19) and (7.20). They can also be derived from the 
continuum theory, and their validity is not restricted to the energy 
region in which resonances occur. 

We start from (3.2) and find that erda) for Ea-+O is proportional to 
It.a 2"fl(a), as seen in (5.1). The dependence on the energy of the 

t 
b 

m 
v 

~~~----------+---~e L-------~--~------_1--~~e 
fO fo+"-

FIG. 7.3. Behavior of cross sections near threshold. Curve I: exoergic neutron
induced reaction, (n,a); curve II: elastic scattering of neutrons, (n,n); curve III: 
exoergic reaction initiated by a charged particle: (p,a) or (a,a); curve IV: endoergic 
reaction in which a neutron is emitted: (a,n), or inelastic scattering of neutrons 
(n,n'); curve v: endoergic reaction in which a charged particle is emitted: (a,p) or 
(a,a). <0 is the threshold energy of the endoergic reactions. d is the energy 
interval in which all magnitudes except the energy of the particle can be considered 

constants. 

emitted particle is found in Gd(3), which, according to (3.8) and (5.1), 
is proportional to TI ({3). Hence we get 

er (a (3) = { const It.a 2 Tl(a) 
I, const TI ({3) 

(for Ea -+ 0) 
(for Efl-+ 0) 

(7.32) 

This is equivalent to our previous relations (7.23) and (7.27), from 
which all others were derived. The equivalence comes from the fact 
that, for low energies, 

The asymptotic properties are indicated schematically in Fig. 7.3. 
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~ 8. RESONANCE THEORY; DETERMINATION 
OF CROSS SECTIONS 

A. Pure Resonance Scattering 
The conclusions of the previous section were based on qualitative 

arguments. This section provides a more quantitativeJormulation of 
the results as well as a formal derivation. 

We consider, first, processes in which the incoming particle must 
leave by the same channel by which it came in. The only cross 
section different from zero is the scattering cross section. Let us first 
discuss the case of neutrons with l=O, which is of the greatest interest. 
The scattering cross section is given by (2.25), (2.26), and (2.27) and 
is expressed in these equations as a function of the logarithmic deriva
tive fo. We now substitute (7.3) for fo in order to reproduce the 
argumen ts made on page 381. 

The general behavior of the logarithmic derivative fo as a function 
of the channel energy t can be estimated as follows: The function u(r) 
just inside the channel entrance (r-:5:R) has the qualitative behavior 
(7.2) 

u(r) ,....., exp (-iKr) + exp [i(Kr+2nl = 2 exp (in cos (Kr+n 

(for r-:5:R) (8.1) 

The cosine depends on the energy E in two ways: through K and 
through the "inside" phase factor r Nevertheless, the behavior 
of cos (Kr+.n as a function of energy E is expected to be fairly regular. 
r is a reJ1,1 number under our assumptions (only one channel open), 
and the cosine can never exceed unity in absolute value. For a con
stant value of r, say r = R, the quantity 

(8.2) 

is expected to be a monotonically increasing function of E.l Thus 
[cos (Kr+r)lr-R = COSZ(E) passes through +1,0, -1,0, +1, etc., 
as a function of E, as indicated in Fig. 8.1. Of course, the zeros are 
not equispaced in energy, but the qualitative behavior of cos Z(E) is 
the same as an ordinary cosine wave. 

The derivative of u(r), evaluated at r=R, is given by 

u'(R) ,....., -2 elc K sin (KR+r) = -2 elc K sin Z(E) (8.3) 

which has the same general behavior as a function of energy as u(R). 

1 It can be shown in all generality that dfo/dt ~O. Hence it follows from (8.4) 
that dz/dt ~O. 
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However, the zeros of u(R) do not coincide with those of u'(R). 
Instead, the cosine is zero when the sine is ± 1, and vice versa. This is 
also indicated in Fig. 8.l. 

The logarithmic derivative, fo=Ru'(R)/u(R), shows therefore the 
general behavior of a tangent function. It has a set of zeros, corre-

~ 

;~-tan z(d 

I \ 
- sin Z(E) I \ 

:-\ 

-1 

FIG. 8.1. The wave function u(R) at the channel entrance r =R is proportional 
to 

cos z(.) '" cos [KR + r(.)) 
Its derivative, u'(R), at r=R, is proportional to -sin z(.). Hence the logarithmic 
derivative, fo '" Ru' (R) /u(R), is proportional to -tan z(.); this quantity, and hence 

fo, has alternating zeros and poles as a function of •. 

sponding to the zeros of u'(R), and in between every two zeros a pole, 
corresponding to a zero of u(R), as shown in Fig. 8.l. 

Evaluation of fo from (8.1) and (8.3) gives 

fo'" -KR tan (KR+n = -KR tan Z(E) (~.4) 

where Z(E), (8.2), is expected to be a reasonably smooth function of the 
channel energy. The main physical results of the theory to be developed 
now depend on this assumption of a smooth behavior of Z as a function of 
energy. 

We shall be especially interested in the energy regions where fo is 
close to zero, for those are the regions where the resonance scattering 
amplitude Area, as given by (2.26), becomes very large. The inside 
wave and the wave outside r = R have roughly equal amplitudes only 
when the inside wave approaches r = R with almost zero slope, i.e., 
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with fo close to zero. We therefore define the "resonance energies" 
E. by the condition 

fO(E.) = - KR tan Z(E.) = 0 (8.5) 

There is a whole set of such energies. Let us consider anyone of them 
and study the behavior of the resonance scattering amplitude A"", 
for energies E near E. by a method which we call the "linear approxi
mation method."l We expand the function fO(E) around its zero at 
E. and neglect all but the first (linear) term of this power series: 

( dfo) fO(E) = - (E - E.) + ... 
dE • 

(8.6) 

where (dfo/dE). is the derivative of fo with respect to E for E ='.. After 
introducing the positive quantity (see footnote on page 398) 

• 2kR 
ro = ----

(dfo/dE). 
(8.7) 

we get the resonance scattering amplitude 

A ~ iro' 
"'" - (E-E.) + i1To' 

near resonance (8.8) 

The absolute square of this resonance scattering amplitude 

2 (ro·)2 
IAre.1 = (E-E.)2 + (j-r O')2 

has the well-known "dispersion" form with a maximum at the 
resonance energy and a half-width ro·. We note that roe depends on 
the energy because of the factor k. We may consider roo approxi
mately a constant, provided that its energy dependence is negligible 
over the width of the resonance. In the general case we shall define 
the" width of the resonance" as r o· evaluated at E = E.: 

"Width" of resonance = [rO·(E)].= .. (8.9) 

The resonance scattering amplitude is of the order of unity near 
resonance within a region of the width ro·. It is 2 at resonance and 
therefore much larger than the potential scattering amplitude Apot , 

(2.27), if kR«1. The scattering cross section assumes its maximum 
value 411",,2 at resonance. For energies far from resonance, fO(E) 
becomes of the order of KR and higher [see (8.4)], and therefore Are. 

1 This method is also called the method of perturbation of boundary conditions 
(Feshbach 44). See also Akhiezer (48). 
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is much smaller than A pot. i Then the scattering is mainly determined 
by Apot and is therefore almost equal to the scattering of an impenetra
ble sphere: 

off resonance (8.10) 

This approaches CT. c ""41rR 2 if kR«1. 
We find effects of interference between the two scattering amplitudes 

when they are of the same order. It is seen, from (2.27) and (8.8), 

I t Cross section 

o 

, , , , 

FIG. 8.2. Elastic scattering cross section for 1 =0 neutrons near a resonance 
in the compound nucleus. This curve is drawn on the assumption that the spin I 
of the target nucleus is zero. If I ;o<!O, the theory of Section 10 must be used: The 
angular momentum S of the compound nucleus is either I +i or I-i. The curve 
shown here is then modified as follows: it is multiplied by a constant g(S), (10.6), 
and to this a non-resonant contribution is added, equal to 

[1 - g(S)] ... ",2'IApot21 ~ [1 - g(S»)4 ... R2 

Thus, for I;o<!O the peak is less high, and the minimum less deep, than shown here 

that the two amplitudes have opposite signs for E < E. and equal signs 
for E>E., if roo is neglected compared to E-E., and if kR«l. Hence 
we expect destructive interference between resonance and potential 
scattering, and therefore a minimum in the scattering cross section, 
if E = E. - (ro' /2kR). Figure 8.2 illustrates the behavior of the scatter
ing cross section around resonance. 

We can get a rough estimate of the width roo from (8.7). We obtain 
from (8.4) 

df 
-= 

d(KR) dz 
- -- tan z - (KR) sec 2(z) -

dE dE 
(8.11) 

I Wigner (51) discusses possible exceptions to this rule. 
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and observe, from (8.5), that z must be a multiple of 11" at the reso
nances: 

Z(E.) = n 11", (n integral) 

Hence (8.11) gives for (dfldE) at a resonance 

( df) = -KR (dZ) 
dE • dE • 

(8.12) 

We now use our assumption of a smooth behavior for Z(E) to estimate 
the crucial magnitude (dzldE).. Z(E) changes by 11" in going from one 
value of E. to the next. Hence we shall assume that dzldE~/D, 
where D is the energy separation between two resonances. We write 

e:)~ = -;. (8.13) 

where D· is defined by (8.13) and is expected to be an energy of the 
order of the level distance D. If (8.13) is inserted in (8.12), we get 
from (8.7) 

4k D· roo =-
K 211" 

(8.14) 

The width is small compared to D as long as k«K. This expression is 
the same as the one which we derived qualitatively in Section 7C (7.14), 
for the width of a decaying state of the compound nucleus. 

The present discussion of the behavior of the resonance is based on 
the validity of the linear approximation (8.6). We have made use 
of this approximation only in a very small energy interval around the 
resonance E, • Are. is of importance only in that interval in which 
fO(E) < 1. If fO(E) is larger than unity, we find from (2.26) and (2.27) 
that IAre.1 <IApotl. We define the energy interval ~E by the condition 

(8.15) 

Since KR is much larger than unity, the value of tan z(e) remains 
small in the interval ~e, as shown by (8.4). The definition (8.15), 
together with (8.4), implies that IAre.I«IApotl for le-E.I >~e. Since z(e) 
changes by 11" when going from f. to the next resonance, we conclude 
that ~e«D. Hence the expansion (8.6) need only be valid for an 
energy interval small compared to the distance between resonances. 
On the other hand, ~E is appreciably larger than the width ro' as long 
as kR«1. We can see this by expanding Z(E) in (8.15) in a power 
series around E = E" which gives 
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(~). Lle r-v (KR)-l (8.15a) 

Comparison of (8.13), (8.14), and (8.15a) leads to the approximate 
relation 

roO r-v 2kR Lle 

which shows that our statement was correct. The width roo deter
mines the energy range over which IAresl~l, whereas Lle is the energy 
range over which IAreel~IApotl. 

Expression (S.13) and the estimate D*~D will be used quite frequently for the 
estimates of level widths of the type (S.14). A few critical remarks are necessary. 
Expression (S.1) for the wave function in the interior of the nucleus is highly 
hypothetical. Actually, the energy dependence /0(') of the logarithmic derivative 
is determined by the solution of the complete nuclear wave equation. The func
tion z(.) is then defined by (S.4) as z(.) = tan- 1(/0IKR). The only things we 
know about z(.) are that it assumes an integer multiple of r at resonances and that 
its derivative is positive. A function can well go from nr to (n + 1)". as the argu
ment changes from " to •• +D, without having the derivative even close to riD at 
either ., or .,+D. Two typical unfavorable cases are shown in Figs. S.3a and 
S.3b. The first one is an example which would lead to D* > D for all resonances, 
the second one to D* <D. The considerations following (S.I) suggest that 
(dzld.), should not exhibit such regular bias at the values z = n"., if the value of K 
has been choosen correctly. On the basis of our assumptions we expect the varia
tions of (dzld.). around the mean value". I D to be at random, say as in Fig. S.3c. 
However, we cannot exclude the possihility that our assumptions are too simple 
and that some properties of the internal nuclear structure give rise to a systematic 
bias of (dzld.), as in Fig. S.3s or S.3b. Our estimate (S.14) of the width would 
then be invalidated. 

We can draw interesting conclusions from a calculation of the ampli
tude C of the wave inside the nucleus as defined in (7.4). The wave 
uo(r) outside the nucleus can be written in the form (neutrons, l =0) 

uo(r) = A sin (kr + 00) (8.16) 

where 00 is a phase which must be determined by the condition that 
fo=R(u'/U)T=R must be given by (7.3). The value of uo(r) at r=R 
can then be expressed in the form uo(R) =A[1+(fo/kR)2j-1I2 from 
(8.16) and uo(R) =([1 + (fo/KR)2j-1/2 from (7.4). The equality of 
these two expressions yields the ratio of the intensities of the waves 
inside and outside the surface: 

1~12 = 1 + (fo/KR)2 
A 1 + (fo/kR)2 

In the neighborhood of a resonance energy E., we use again the 
approximate expression (8.6) and obtain with (8.7) 
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after neglecting (fo/KR)2 compared to unity. This expression is 
proportional to IAreal2 and shows the same resonance peaks and the 

Z(E) 

(n+2)lr 

(n+l)lr 

nlr 

(a) 

Z(E) 

(n+2)lr 

(n+l)lr 

nlr 

(b) 

Z(E) 

(n+2)lr 

(n+l)lr 

nlr 

(e) 

FIG. 8.3. Schematic behavior of the functions Z(f): (a) would give DO> D; (h) 
would give DO<D; (c) would give DO"'D. 

same widths. Outside of the resonance it falls off rapidly to very small 
values. 

Thus it is justified to say that, in the scattering process, the particle 
enters the nucleus with appreciable probability only near resonance, 
within an energy interval of about f o', Off resonance, the particle is 
almost entirely reflected at the boundary, and the wave function 
inside is very weak. That is why the scattering cross section off 



8. Resonance Theory; Cross Sections 405 

resonance IS well approximated by the effect of an impenetrable 
sphere of radius R. The resonance scattering is therefore ascribed to 
the inside of the nucleus; the potential scattering, to its surface. 

Let us set aside for a moment our previous assumptions and assume 
that the particle is able to perform some reactions once it has pene
trated to the interior. These reactions may be radiative capture or 
the ejection of another particle. The cross section (fr of these reactions 
is expected to be proportional to the relative intensity IC/AI 2 of the 
"inside" compared to the "outside" wave function. This may 
help us to understand the fact that the resonance energies are also the 
maxima for (fr and that the shapes of the resonances in the reactions are 
similar to those of IAresl 2 in the scattering. 

We now generalize our expressions for the scattering cross section 
to cases of higher angular momentum and to particles other than 
neutrons. We find the scattering cross section given in terms of the 
logarithmic derivative fz by Eqs. (2.55), (2.56), and (2.57). Since we 
are restricting ourselves to pure scattering processes (no reaction 
possible; only one open channel), the value of fz, as defined by (2.45), 
must be a real number. We introduce the "formal resonance 
energies" E, by a requirement analogous to (8.5): 

(8.17) 

In order to find the energy dependence of the resonance amplitude 
A;eo, (2.56), in the neighborhood of one of the formal resonance energies 
E" we use the expansion 

fz(E) = (E - E.) (df ) + ... 
dE • 

and the following abbreviations: the channel width, 

• 2 S/(E) r a == - -----=,-:---'---
(dlddE). 

(8.18) 

and the "actual resonance energy," 

I .1l(E) 
E. == E. + (dlddE). (8.19) 

r a" and Eo' are both functions of the channel energy E, the former 
through Sl(f), the latter through .1l(f). The resonance srattering 
amplitude (2.56) can then be written in the form 

(8.20) 
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The differences from the case of neutrons with l=O lie in the expression 
for the width r a ', in the shift of the maximum from f. to Ea', and in the 
fact that f,' is no longer a constant but depends on the channel energy 
f (Thomas 51). The width differs by a penetration factor sdkR =VI. 

according to (2.25): 
(8.21) 

Hence the width is, in general, smaller than the corresponding width 
for neutrons with l=O. 

According to (2.11) the scattering cross section for a given l is 
limited by 

[U'C;I] = 4 (2l + 1) 
11")1\ max 

(8.22) 

As seen in (2.54), this maximum value is reached when fl assumes a 
certain real value. Since the fz in pure rel;onance scattering assumes 
all real values between + 00 and - 00 as the energy changes [see Fig. 
8.1], we conclude that the maximum value (8.22) is actually reached for 
some energy within each scattering resonance peak. If the resonance is 
narrow, the energy for which the maximum (8.22) is attained is close 
to (but not exactly the same as) fa', (8.19). The energy fB' determines 
the maximum of the resonance scattering amplitude IA~e812 only, and 
not the maximum of IA~e. + A~otI2, which is involved in (8.22). 

B. Resonance Scattering and Resonance Reactions 
We generalize our considerations to include also the possibility that 

the incoming particle stays in the nucleus and initiates a nuclear 
reaction. Then the form of the wave function u(r) within the nucleus 
is symbolized by (7.1), with b an arbitrary number of magnitude 
Ib1 2 :::; 1. The limiting case I bl 2 = 1 leads to pure scattering, and b = 0 
leads to the continuum theory. We now consider the intermediate 
case. Let us write 

(8.23) 

where rand q are real numbers, both being functions of the energy E 

of the incoming particle. q must be greater than, or equal to, zero, 
since no more particles can return than entered originally. We then 
obtain, from (7.1), 

UI "" C cos (Kr + r + iq) (for r < R) 

where C is a constant independent of r. Hence l 

1 The logarithmic derivative R[(duz/dr)/udr_R depends on the channel through 
which the reaction is initiated. Definition (8.24) refers to the logarithmic deriva
tive in the initiating channel a of the reaction. 
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[dUddT] . 11 == R -- = - KR tan [Z{f) +tq] 
UI r=R 

(8.24) 

where Z is defined by (8.2). 
h is now a complex number and gives rise to a non-vanishing reaction 

cross section. Both the scattering and the reaction cross sections can 
be expressed in terms of h according to equations (2.55) to (2.58). 

We shall prove that the cross sections show resonances similar to the 
ones discussed before, provided that the magnitude q is small compared 
to unity. A small q indicates that there is only a small probability 
that the entering particle is diverted into other processes during the 
time P it needs to return again toward the nuclear surface in channel a. 
According to the discussion in Section 7C, this is a necessary condition 
for the existence of well-defined states in the compound nucleus. 

We now consider h as given in (8.24) as a function of f and q, i.e., 
h=h{f,q). We define a series of "formal resonance energies" in 
the same way as before: 

(8.25) 

and we expand h in the neighborhood of f. in a power series in E as well 
as in q, retaining the leading terms only: 

(8.26) 

Here we understand by (iJ.fl/iJf). the derivative of 11 with respect to f 

at f =f. and q =0. It is the derivative appearing in (8.6) and (8.18). 
The form (8.26) can be inserted into (2.56) and (2.58). We then 

obtain simple expressions, valid in the neighborhood of the resonances, 
by introducing the following magnitudes: the" particle width," 

the "reaction width, " 

t.he "total width, " 

r '= a -

r '= r -

(8.27) 

(8.28) 

(8.29) 
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and the" actual resonance energies, " 

, ~I(E) 
E. == E. + (aft/aE). (8.30) 

We then get the elastic scattering cross section from (2.55), where 
A~t is given by (2.57) and the resonance scattering amplitude by 

I ir,,· A = -----------
ree (E -Eo') + ij-r· 

(near resonance) (8.31) 

The reaction cross section becomes 

(near resonance) (8.32) 

This expression justifies our qualitative development in Section 7D. 
We observe that the scattering cross section differs only little from 

the one calculated for the case of pure scattering in Section 8A. The 
width r ,,' is given by the same expression, but the denominator of Are. 
contains here the total width r', whereas in the case of pure scattering 
it contained only the particle width. The maxima of both the reso
nance scattering and the reaction cross section occur at E=E,', and the 
width of the resonances is equal to the total width r'. The existence 
of an imaginary part of it increases the width of the resonances. 

Since it is no longer purely real, the scattering cross section does not 
reach its maximum value (8.22) in each resonance region. However, 
the scattering cross section comes close to its maximum value in a 
channel a for which the channel width r ". is much larger than the 
reaction width r r'. This condition implies that the various reactions 
which can occur are unimportant compared to the elastic scattering 
process, so that the resonance in question shows essentially the 
" one-channel" behavior of Section 8A. 

The formulas developed involve the parameter q=q(E) which enters 
into (8.28), about whose behavior we know very little as yet. q is a 
measure of the probability that the incoming particle stays in the 
nucleus [see (8.23) and (7.1)]. It depends on the channel energy and 
on the particular channel a through which the reaction is initiated. 
In order to use expression (8.32), we must obtain more information 
about the reaction width r r' . We employ the reciprocity theorem 
(2.63) for that purpose. 

We shall now be interested in reactions initiated through different 
channels a and {3 but leading to the same state 8 of the compound 
nucleus. We therefore add subscripts a and {3 to the reaction widths 
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rr', the channel wavelengths l\, the channel energies E, and the actual 
resonance energies Eo' in the two channels a and {3, respectively. The 
reaction cross section near resonance in channel a is then, according to 
(8.32), 

r I r I 

CT - (2l + 1) l\ 2 a ra 
ar,l - 11' a ( _ ')2 + l(r '+r ')2 

fa faa Tara 
(8.33) 

where we have written the total width (8.29) explicitly. The same 
formula gives the reaction cross section near resonance in channel {3: 

_ (2l 1) 2 rll'rrll' 
CTllr, I - + 1rl\1l ( _ ')2 + l(r '+r .)2 fill fill. T II rll 

(8.34) 

Let us assume first that there are only two channels open at the energy 
under consideration: channel a and channel {3. Radiative capture is 
neglected. Thus the only possible reactions are the (a,{3) and the 
({3,a) reactions. The reaction cross section CTar in channel a is then 
the cross section for only one reaction, the (a,{3) reaction: CTar=CTall; 
and the reaction cross section in channel {3 is the cross section for only 
one reaction, the ({3,a) reaction: CTllr = CTlla. The two cross sections (8.33) 
and (8.34) are cross sections of inverse reactions and must satisfy the 
reciprocity law (2.63). Substitution of (8.33) and (8.34) into (2.63) 
gives (using the energy law fill = fia+Qall) 

r a' r ra' 
(8.35) 

for all values of Ea near resonance. All widths r are slowly varying 
functions of the channel energies over the region of resonance. Hence 
(8.35) can be fulfilled only if: (I) resonances occur at the same (total) 
energy in the (a,{3) and in the ({3,a) reaction, i.e., if 

(8.36) 

and (2) the following relations hold: 

rrll' = r,,' (8.37) 

The reaction width for the (a,{3) process is the entrance channel width in 
the ((3,a) process, and vice versa. 

If (8.37) is substituted into (8.33), we obtain for CT(a,{3) near reso
nance the expression (7.19), which was introduced in Section 7D as the 
Breit-Wigner one-level formula. Hence we have obtained a deriva
tion of this important relation in the special case of two-channel 
reactions. 
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These considerations can be extended to the case of several open 
channels. We then obtain for the reaction width in channel a 

(8.38) 

where the sum is extended over all open channels with the exception of 
the entrance channel a. The reaction cross section breaks up accord
ingly into the individual (a,{3) cross sections, and the latter can be 
expressed again by the Breit-Wigner formula (7.19), as in the case of 
two open channels. If radiative capture is included, the radiation 
width r:ad must be added to (8.38). Hence the assumptions in 
Section 7D, leading to the Breit-Wigner formula, are justified. A 
generalization to the case of target nuclei with spin different from zero 
will be found in Section 10. 

Let us consider expression (8.27) for the channel widths in greater 
detail. We factor out the reduced width according to (7.15) and get 

(8.39) 

Here we have used (2.50) for Sia and the notation Via for the value of 
the penetration factor VI in channel a. The reduced width "fa· can be 
estimated by means of expression (8.13) for h:! 

D* D 
" "fa = 7rKR "-' 7rKR (8.40) 

This relation is equal to (7.16), and hence we may conclude that the 
r a" which appears in the Breit-Wigner expressions is also the width 
which determines the probability of the decay of the compound 
nucleus through channel a. We prove this relation more accurately 
(without introducing D*) in Section 9. 

The estimate (7.16) for the reduced width is independent of channel 
a. It serves only to indicate the order of magnitude of "fa" and must 
be considered only very approximate. There are differences between 
the actual values of "fa" in different channels, as indicated in the more 
accurate relation (8.39). The actual value of (dfddf). depends on 
the channel and may differ considerably from one channel to another. 

1 According to the definition (8.39), the reduced width "la' is a quantity character
istic of the resonance 8 and the channel a, and independent of the channel energy <a. 

On the other hand, r a' depends on the channel energy through the factor 2kaRvla. 

Strictly speaking, the D* appearing in (8.40) and defined by (8.13) is different for 
different channels a. 
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We can get a similar estimate for r / by applying (8.13) to (8.28): 

D* D 
r/ = 4q-""'" 4q-

211' 211' 
(8.41) 

This expression allows a direct interpretation of the physical sig
nificance of the reaction width. We go back to Eq. (7.1), which 
expresses the fact that only the fraction Ibl 2 of the wave that proceeds 
into the interior comes back to the nuclear surface through channel a. 

Thus the fraction 1-lbI2"'4q of the entering particles is diverted into 
other processes during the time P, which is the time the particle needs 
to return to the nuclear surface (compare Section 7C). Therefore 
4q/P is the probability per unit time for the decay of the compound 
nucleus by all possible processes except the re-emission of a into the 
entrance channel a. Because of the relation P,.....,211'h/ D, this decay 
probability is equal to r / / h as given in (8.41). Hence the reaction 
width r r" can be interpreted as the decay probability of the compound 
nucleus through all those channels f3 which lead to a reaction (f3~a). 
This explains the form (8.38) which we quoted above. 

It is useful to recapitulate at the end of this section what assump
tions and simplifications have been introduced in the derivation of the 
Breit-Wigner formula. Expressions (2.55) to (2.58) are exact formulas 
for the cross sections. The Breit-Wigner forms (8.31) and (8.32) are 
obtained by the expansion (8.26), which is correct only in the neighbor
hood of the resonance. The function h(E) changes its value appreci
ably over distances of the order of the level distance D, as the qualitative 
discussion of its behavior shows. Hence the expansion (8.26) is a 
good approximation for h only over a region which is small compared 
to D. Therefore the Breit-Wigner formulas are expected to be valid 
in a region near the resonance which is small compared to D. They 
are an exact description of the resonance cross sections only if the 
width of the resonance is very much smaller than the level distance 
(see Chapter IX, Fig. 2.3). Even then the theory predicts reliably 
only the shape of the resonance. The actual values of the constants 
are very badly determined. Expressions (8.27) and (8.28) for the 
widths cannot be directly evaluated since the derivative (afdaE). is not 
known. The latter was roughly estimated by setting D*,.....,D in (8.13), 
from which (8.40) was deduced. Hence, although the prediction of the 
resonance shape by the Breit-Wigner formulas can be considered very 
reliable when r'«D, our estimates of the widths must be regarded as 
a first orientation only. 
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~ 9. RESONANCE THEORY; DECAYING STATES 
OF THE COMPOUND NUCLEUS 

A. The Potential Well Model 

We illustrate the existence of decaying quasi-stationary states by an 
example which is really much too simple to describe an actual nucleus: 
the potential well. We imagine a single particle moving in the 
potential V given by 

VCr) = - Vo 

VCr) = 0 

(forr < b) 

(forr> b) 
(9.1) 

and we assume that the pure number 2MVob2 /h 2» 1. (In this respect 
this potential differs from the one assumed between a neutron and a 
proton in Chapter 2.) Furthermore we restrict ourselves to motions 
with l=O. We put u(r) = r/p(r) , where /p(r) is the wave function, and 
get for the wave equation of the motion of a particle with energy E: 

d2u - + K 2u = 0 (for r < b) 
dr2 

d 2u - + k2u = 0 
dr 2 

(for r > b) 

(9.2) 

where k is the wave number outside the well, and K the wave number 
inside: 

(9.2a) 

Let us first consider the bound states of the particle in the well. 
Their energy is negative, E <0, and the particle is restricted to the 
inside of the well. It is well known that the quantum conditions allow 
only a discrete set of values E I , E 2, "', Ea, ... for the energy. We can 
interpret the discrete eigenvalues for negative energies in the following 
way: The particle within the potential well is not able to leave the 
well, and it oscillates within the boundaries, since it is reflected at r = b. 
Only those energies E. are allowed for which the wave is in phase 
before and after reflection. If this phase relation is violated, the 
reflection leads to destructive interference, and no stationary state is 
possible. The situation is changed if E>O, since the particle can 
then penetrate to the outside of the well. Classically, any particle of 
positive energy leaves the well at once when it has reached its border. 
However, the following consideration makes it plausible that in wave 
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mechanics "quasi-bound" states must occur if the energy is only 
slightly higher than zero but much smaller than the depth of the well, 
i.e.,O<E«Vo. We make use of the fact derived in Section 5 that a 
wave of a free particle is reflected strongly when impinging upon a 
potential step which is almost as high as the kinetic energy of the 
particle inside. The intensity of the wave which passes over the step 
is only 4k/K times the total "inside" intensity, if K is the wave 
number of the wave impinging from inside the well, and k is the much 
smaller wave number outside the potential well. Thus, under the 
condition O<E«Vo, the wave of a particle with an energy E is 
strongly reflected at r = b and has only a slight chance of getting out of 
the well. The situation therefore is not wholly different from the 
case E < 0, where the particle cannot get out at all. We must expect 
the existence of discrete quasi-stationary states with positive energy E. 
which exhibit a small leakage to the outside. There are wave func
tions for all energies E>O. However, if E~E8' the reflected wave 
interferes destructively with the original wave in the interior of the 
well. Hence the wave function is small inside the well compared to 
its value outside the well for all energies except the set E = E •. 

Let us first consider the truly bound states. Their energy E is 
negative, and the most general solution of (9.2) is given by [note the 
condition u(r) = 0 for r = 0] 

u(r) = C sin (Kr) 

u(r) = Ae-a.r + Be+a.r 

for r < b 

for r > b 
(9.3) 

with a=(-2ME/h2)1I2. Since e+ar increases indefinitely with 
increasing r (and this is not permissible), we must have 

B =0 (9.4) 

Both u(r) and du/dr must be continuous at r=b; also, not all energies 
E are compatible with the condition (9.4). There are only certain 
discrete eigenvalues of the energy (which are the energy values of the 
bound states) for which (9.2) can be solved. 

The situation is different when E becomes positive. Then (9.3) 
becomes 

u(r) = Aeikr + Be-ikr (forr> b) (9.5) 

Both terms of the solution r> b are bounded for large r, and there is no 
reason for an additional condition of the type (9.4). Any value of 
E> 0 gives a solution; we are in the continuous spectrum. We now 
wish to define the quasi-stationary states, and we use for this purpose 
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the property of the leakage of particles from the well into the outside. 
The solution (9.5) represents for r>b a superposition of an incoming 
and outgoing wave. We obtain a quasi-stationary state if we postu
late that for r>b the solution consists of outgoing waves only. This is 
equivalent to the condition B = o. This restriction again singles out 
certain definite solutions which describe the "decaying states" and 
their eigenvalues. 

The requirement of only outgoing waves does not correspond pre
cisely to any physically realizable situation. Before the state can 
decay by emitting outgoing waves, it must first be formed. During 
the period of formation of the state, incoming waves must be present, 

'-

FIG. 9.1. Schematic picture of the emerging wave of an approximate physical 
realization of a decaying state. The wave should not approach zero sharply at 
r =vTj rather there is a transition region which is not shown here. For the 
explanation of the increase in amplitude with increasing r (exaggerated in the 

figure) see the end of Section 9A. 

whereas our requirement B = 0 excludes incoming waves altogether at 
all times. However, we can obtain an approximate physical realiza
tion of a decaying state, B =0, by considering a system formed a very 
long time T before we start observation. The wave function u(r) for 
r>b is then a purely outgoing wave exp (+ikr) for values of r5,vT 
(v=speed of the particle in the outside region), and is zero for r>vT. 
This wave function differs from the wave function of a pure" decaying 
state" only for very large values of r (r>vT) (Breit 35a, 40, Siegert 
30, Bloch 40). Such a state is shown schematically in Fig. 9.l. 

The restriction of the wave function to outgoing waves can be 
written in a more convenient form by making use of the logarithmic 
derivative f(E) defined in (2.23). Since the value of both du/dr and 
u must be continuous, we get a condition equivalent to (9.4) by postu-
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lating that the following condition must hold for the solution 

u = C sin Kr 
inside the well: 

b [dU/dr] == feE) = ikb 
U ,.,..b 

(9.6) 

the right side of which i" just the value of r(du/dr)/u of the outside 
solution (9.5) if 8 = o. This leads to the relation 

feE) = Kb cot Kb = ikb (9.7) 

We can solve (9.7) numerically, but it will be more instructive to 
apply the linear approximation method which we have applied before 
in the resonance scattering problem. 

We first impose, not the boundary condition (9.6), but the simpler 
one: 

feE) = Kb cot Kb = 0 (9.8) 

This condition does not contain any imaginary magnitude. We call 
the positive values of E for which (9.8) is fulfilled E I , E2, ••• , E., .... 
In order to get the solution for the boundary condition (9.6), we 
expand the function feE) around the point E. as we did in (8.6). 
Let us call W. the value of E for which (9.7) is fulfilled; then 

f(W.) = ik.b (9.8a) 

w.here k. == (2MW./h2)1~ is the corresponding value of k. 
We now assume that W. is near one of the values E.. f(W.) can 

then be expressed by the power series expansion (8.6): 

f(W.) = (:~). (W. - E.) + ... (9.9) 

By inserting this into (9.6), we get immediately 

W. = E. - ii-r' 

where the "width" r' is defined by 

r' = _ 2k.b 
(dfldE). 

(9.10) 

(9.11) 

and k. is the wave vector corresponding to the resonance energy E., 
i.e., k. 2 = (2M Ih2)E.. Actually, we should set k. 2 = (2M /h2) W., but 
the imaginary part of k enters only in the next approximation. 

Expression (9.10) tells us that W. differs from E. in first order 
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merely through the addition of an imaginary part to the energy. The 
center of the levels (real part of the energy W.) is determined by (9.8) 
and is therefore identical with the resonance energies of the scattering 
problem as given by (8.5).1 Also, the width ro of the virtual levels is 
equal to the width of the resonance levels, as a comparison of (9.11) 
with (8.7) reveals. Expression (8.7), however, is dependent on the 
energy of the incoming particle through the factor k; whereas in (9.11) 
k must be taken at the resonance energy. 

We may well ask what is the physical meaning of a complex energy. 
The time dependence of the wave function is 

( iWst) '" = ",(t=0) exp - -h-

which gives a time dependence for the probability density 1",1 2 of 

( rOt) 
1"'1 2 = 1"'(0)1 2 exp - h (9.12) 

This steady decrease of probability means that the state is continually 
decaying away with a lifetime T = h/ro. This exponential decrease of 
probability with time is a direct consequence of our assumption of 
outgoing waves only. I t also necessitates the condition r' > 0; other
wise, the system would gain probability continually, in disagreement 
with our outgoing wave assumption. 

The discrete energy levels which we have just defined must be 
thought of as being unsharp to the extent r'. We can see this by 
expanding (9.12) as a Fourier series in time and making the usual 
quantum-mechanical correspondence E = hw. We put 

",(t) (271")-112 f-+ ...... ~(w) eiwt dw 

so that 

~(w) = (271")-1/2 f-+ ...... "'(t) e-iwt dt 

This integral does not converge if we extend it to time t = - 00 • How
ever, it is reasonable to start not at t = - 00, but at t = - T, where T is 
some very large time interval. We then find that 

1 
r(w) ,....., i(w - E,/h) - r' /2h 

1 Since we are considering l =0 neutrons, there is no difference between the 
"formal" resonance energy t, and the "actual" resonance energy Eo' (ell = 0 
for l =0 and no charge). 
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The distribution in energy, i.e., in hw, is given by ir(w)i 2 and is there
fore proportional to 

The half-width of this distribution is r', which is related to the life
time T by (7.5). The energy of such a decaying state cannot be defined 
more closely than with an uncertainty 

h 
llE", r' = -

T 

This situation is by no means peculiar to nuclear physics. Any 
excited level of an atom is a suitable example. The atom can emit a 
light quantum, thereby returning to the ground state. The level width 
r' is related to the emission lifetime in exactly the same way. 

A wave function whose absolute square everywhere decreases with time through 
the factor exp (- r'/Ift) is in contradiction to the law of conservation of matter, 
which requires that the integral fi,p12 dV over all space be constant. Actually 
this integral is infinite for a pure decaying state. We can, however, use the 
approximate physical realization of such a state, which has heen discussed before. 
The integral fl,p12 dV is then finite because ,p =0 for r >vT. Furthermore, the 
integral is independent of the time / because the exponential decrease of 1,p(r,/)j2 for 
given r is compensated by the increase in the region of integration. 

The wave function which has leaked out of the well is an outgoing spherical 
wave whose amplitude increases with increasing r (see Fig. 9.1). The increase 
comes from the imaginary part of the wave number k. = (2MW./ft) 112. This 
increase is an expression of the fact that the parts of the wave function farther away 
from the well correspond to emissions at a time when the intensity inside the well 
was stronger. The largest amplitude is found in the front of the wave r=vT, 
which corresponds to the particles emitted at the time t = - T when the decay 
process was started. 

B. The Actual Nucleus 

So far, our considerations have been based on the example of a 
particle in a square well. They can be generalized to an actual 
nucleus. Let us consider a system of A nucleons whose wave function 
'I1(qI,q2, ... ,qA) depends on the coordinates Ql,q2, ... ,qA of all nucleons, 
which include the position and spin coordinates. '11 fulfills the wave 
equation 

H'I1 = E'I1 (9.13) 

where H is the Hamiltonian of a system of A nucleons: 

H = T + V(qI,···,qA) 

T is the operator of the kinetic energy of all A particles, and V is the 
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potential energy depending on the coordinates ql to qA. We shall 
never make use of the actual expression for H. The energy scale is 
chosen such that E = 0 corresponds to the ground state of the nucleus. 

Let us assume that particle a has the smallest separation energy 
Smin' As long as the energy E is smaller than Smin, the particle a is 
bound to the rest of the system, and solutions of (9.13) exist for a 
series of discrete energy levels only, i.e., Eo=O, E I , E2, "', etc. The 
situation is different for E>Smin. Particle a is able to emerge from 
the nucleus (leaving the residual nucleus X behind), and there are no 
restrictions as to the kinetic energy Ea = E - Smin which a can acquire. 
The energy spectrum of our system, therefore, is continuous for 
E>Smin' 

We restrict ourselves first to excitation energies in which only one 
channel is open. Let us call r the vector between a and the center of 
the residual nucleus X after they have been separated. The solutions 
of the wave equation (9.13) assume a simple form for r>R, where R 
is the channel radius. We can then write 

'11 = xo I/!(r) (for r > R) (9.14) 

where Xo is the normalized eigenfunction of the residual nucleus in its 
ground state j xo does not depend on r. We make a further simplifying 
assumption that the ground state of X has zero angular momentum, 
so that Xo is non-degenerate. I/!(r) is the wave function describing 
the relative motion of X and a in channel a. It is determined by the 
wave equation (2.18a). 

We now subdivide !/t(r) as in (2.19) into subwaves corresponding to a 
given angular momentum l and use this for a similar subdivision of the 
total solution '11. Thus 

with 

(for r > R) (9.15) 

each 'I1, being a solution of (9.13) belonging to the eigenvalue E and an 
angular momentum l. It is practically impossible to solve the wave 
equation (9.13). However, the only magnitude which enters into our 
consideration is the logarithmic derivative with respect to r, defined by 

iJ(r'l1,)/iJr R (dUz/dr) f,eE) = R =--
r'l1, u, r-R 

(9.16) 
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The functions fz(E) are completely determined by the Hamiltonian 
(9.13), although we shall make no attempt to calculate them. The 
value of f,eE) serves as a boundary condition at r = R to the wave 
equation (2.30) for ul(r), and determines all cross sections, as demon
strated in the previous sections. 

The definition of the" decaying states" introduced in the potential 
well model can be directly transferred to an actual nucleus. Let us 
consider the solutions of (9.13) for energies E above the separation 
energy, E>Sa. There is a solution for every value of E whose form 
for r>R is given in (9.15). The function ul(r) is, in general, a linear 
combination of the form 

(9.17) 

where the ratio AlB is a function of the energy. The functions ul(+)(r) 
and ul(-)(r) are defined in (2.41) and (2.42). In order to describe a 
decaying state of our system, the coefficient B in (9.17) must be zero; 
ul(r) then represents an outgoing wave only. This condition is ful
filled for certain values of E, which can be determined by means of 
the function f,eE). The condition B =0 is equivalent to 

f,eE) = ~,(E) + is,(E) (9.18) 

where ~, and S, are as defined in (2.46), (2.47), (2.48). Equation 
(9.18) says that fz(E) should be equal to the logarithmic derivative at 
r= R of a purely outgoing wave Ul(+). Equation (9.18) is a generaliza
tion of (9.6) and is fulfilled only for discrete values of E, say E= W •. 
We determine these values by the method of linear approximation. 
We first define the energy values E. by the condition fz(E,) =0. We 
then use again the expansion (9.9) of fz. Equation (9.18) can then 
be written in the form 

( dfl ) . dE , (W, - E,) = ~, + ~Sl (9.19) 

We introduce the definitions [E,=E.-Sa=formal resonance energy in 
channel al: 

",'la - (9.20) 

(9.21) 

(9.22) 

In terms of these constants the approximate value of W. is found from 
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(9.19) to be 
W, = E, + fJE, - ii-r,.' (9.23) 

W, is complex. Its real part E, + fJE, agrees with the actual reso
nance energy (8.19) of the scattering problem. 1 The imaginary part 
of W, gives rise to a width ra' of the decaying level which is equal to 
the scattering width ra' (8.18), evaluated at the resonance energy. 
We note that the width (8.18), which occurs in the Breit-Wigner 
formula, depends on the channel energy Ea through the factor kRvz. 
The constant (9.22) is equal to the value of this function at the formal 
resonance energy. 

It is useful to express the partial width for the emission of a in a 
different way. We determine the width from the flux of the particles 
a through the channel: the probability per unit time r / jh to emit a 
particle a is equal to the number of particles per second leaving 
through the channel. This number can be calculated from the current 
through a sphere of radius R: 

ra' =~f(UI.dUI_UldUI~ !yzm!2dn 
h 2tMa dr dr }r~R 

Here dn is the solid-angle element in the direction of r. The integra
tion extends over the full solid angle. Using the normalization of 
Y Zm , the definition (9.16), and the boundary condition (9.18), we 
obtain 

We then get, from (2.50), 
ra' = 2k,Rvz'Ya' 

where the reduced width (9.20) is now expressed in the form 

h2 

'Ya' = 2MaR !uz(RW (9.24) 

Equation (9.24) indicates that the reduced width is determined com
pletely by the conditions in the interior of the nucleus, especially by 
!ul(RW, which is the probability of finding particle a at the surface of 
the nucleus in channel tX. 

This result can be interpreted very simply in the case of neutrons 
with l = 0, where VI = 1. The emission probability r / jh must be 

1 It should be noted that we are considering here only one open channel, as in 
Section 8A, in contrast to Section 8B. 
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equal to the product of the probability \uo(RW of finding the neutron 
at r = R and its velocity of escape v = hk/ M a' This product gives the 
same expression that we would get from (9.22) and (9.24). 

We now try to evaluate \uI(RW by using the approximate form (7.2) 
for uI(R) inside the nucleus. The phase ~ ran be determined for a 
decaying state s by the condition (9.18) whirh we have imposed upon 
h For this evaluation it suffices to replace (9.18) by II = 0, which was 
the starting point of the method of linear approximation for h Equa
tion (7.2) can then be written in the form (C = constant) 

u.(r) ,......, C [e-iK(r-R) + e+iK(r-R)j (for r < R) 

and the value in question is \U.(R)\2,......,4C2. The normalization con
stant C can be estimated as follows. We have seen, in Section 7, 
that the particle a spends the time P.'"'-'27fh/ D in the compound state s 
before rearriving at the surface. It moves within the nueleus with an 
average velocity v,......,hK/ M and therefore covers an average" path 
length" L,......,P.v,......,27fh2K/ DM. This length is much larger than 
nuclear dimensions, since the particle undergoes many deflections 
within the nucleus. The average probability of finding it within the 
length interval dr of this path is dr/L. Since the wave function along 
this path is approximately C exp (iKr), we get dr/L,......,e dr, e,......,L-1, 
and \U.(R)\2""""4DM /(27fh2K). Inserting this into (9.24) leads to 

D 
'"ta',......, 7fKR 

in complete analogy to (8.40). 

(9.25) 

These considerations can be generalized to the case where several channels are 
open. We must now impose the boundary condition (9.18) in every open channel 
simultaneously. We may consider the energy W a function of the logarithmic 
derivatives fLa in the open channels: 

(9.26) 

where N is the number of open channels: a = 1,2,···,N. We define the formal 
resonance energy E. in the compound nucleus by setting all the /La equal to 0: 

E. == W(O,O,"',O) (9.27) 

We then expand W, (9.26), in a power series around fLa =0 and use (9.18) to deter
mine the values of the various fLa in the decaying state. The result can be written 
in terms of the following definitions:' 

, The definition (9.28) of the partial reduced width in channel a reduces to (9.20) 
when only one channel is open. The partial derivative in (9.28) is to be evaluated 
keeping all the other fLP =0 ({3 ~a). 
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. (aw) 'Yal a - -
alIa. 

N 

aE. a l .o.la(ea.) 'Yal' 

a-I 

N 

rl' IS l ral' 

a-I 

(9.28) 

(9.29) 

(9.30) 

(9.31) 

In terms of these quantities the energy of the decaying state 8, W., is approxi
mately given by 

w. = E. + aE. - ilrl' (9.32) 

The partial widths ral' are equal to the partial widths which occur in the Breit
Wigner formula, (8.27), evaluated at the formal resonance energy ea. =E. -8a in 
each channel. The relation (9.24) between the reduced width 'Yal' and the magni
tude of the wave function at the channel entrance remains valid in every open 
channel. 

~ 10. SPIN AND ORBITAL ANGULAR MOMENTUM 

A. I = 0 Neutrons 

We have made an important simplification in the previous sections. 
We have assumed that the incident particle and the target nucleus 
both have angular momenta (" spins") equal to zero.l Only because 
of this assumption was it possible to describe the incident beam by a 
simple plane wave exp (ikz). Actually, the incident beam consists of 
a combination of several waves, each corresponding to a different spin 
orientation of the incident particle and the target nucleus. We shall 
show in this section that the inclusion of the spins does not change the 
results of the continuum theory as developed in Sections 3 and 4. 
It does introduce some changes in the resonance region. 

If the spins of the incident particle and of the target nucleus are 
zero, the only contribution to the total angular momentum comes from 
the orbital angular momentum l of the incident particle. That is why 
we have decomposed the cross sections into parts corresponding to 
individual values of l. If the spins are different from zero, the total 
angular momentum J is a combination of three angular momenta: 
the orbital angular momentum I, the spin s of the incident particle, and 
the spin I of the nucleus (all in units of h). It is useful to introduce the 

1 We use the term "spin" for the angular momentum I of the target nucleus, 
even though this angular momentum may be due mostly to the orbital motions of 
the nucleons within that nucleus. 
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vector sum S of I and s. S is called the channel spin. l As an exam
ple, consider a neutron incident upon a nucleus of spin t. Here 
s=j-, 1 =t; the channel spin 8 can assume the value 4 or 5. If we 
consider the incident neutron in its lth partial wave, the total angular 
momentum J assumes the values Il-81, "', l+8. If l= 1, we find 
J = 4, 5, 6 for 8 = 5, while J = 3, 4, 5 for 8 = 4. 

Let us discuss the simplest case, namely, where only the orbital 
angular momentum l = 0 enters. This is true for very low incident 
energy, since then the particles with higher angular momenta do not 
get near enough to the nucleus to initiate a reaction (see p. 319). In 
this case, the total angular momentum J is made up of sand 1 alone. 
It is equal to the channel spin, i.e., J = 8. We consider only the case 
s=j-, corresponding to incident neutrons or protons. The treatment 
can be generalized to any value of s. The channel spin can assume the 
values 8 = 1 +j- and 8 = 1 -j-, except in the case 1 = 0, for which only 
the first alternative exists. Each value 8 of the channel spin has 
28 + 1 orientations in space, which are determined by the magnetic 
quantum number ms, where ms=8,S-I,···,-8. We therefore ob
tain altogether 

[2(1 +j-) + 1] + [2(l-j-) + 1] = 2 (21 + 1) = (2s + 1)(21 + 1) 

states of the channel spin. 
An unpolarized beam of incident particles impinging upon the 

nucleus no longer represents one single entrance channel. Such a. 
beam must rather be considered an incoherent mixture of incident waves 
in all the 2(21+1) entrance channels. Each possible set of spin 
orientations of the incident particle and the target nucleus corre
sponds to a different quantum state of the system. In an unpolarized 
beam, each such state has the same a priori probability, i.e., 

[2(21 + 1)]-1 

The contributions of these individual quantum states add incoherently, 
since the phase relations between them are random. There are 
2S + 1 elementary states associated with every value of the channel 
spin S. Thus the relative probability that the incident particles and 
target nuclei in an unpolarized beam will be found to have the channel 
spin 8 is 

8 _ 28 + 1 
g( ) - (2s + 1) (21 + 1) (10.1) 

This is the statistical weight of the channel spin S. As an example, 
consider neutron-proton scattering, where s=1 =i, and 8 can be 

I The channel spin Sis calledj, by Wigner and Eisenbud (Wigner 47). 
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either 0 (singlet state) or 1 (triplet state). Formula (10.1) gives t for 
the statistical weight of the singlet state, and i for the statistical weight 
of the triplet state. The scattering cross section for low-energy 
scattering of an unpolarized beam of neutrons is the weighted average 
of the singlet and triplet scattering with these statistical weights. 

We now consider one specific entrance channel S,ms. The l=O 
part of the wave function in this channel, in its dependence on the 
channel coordinate r, can be written in the form 

Ro(r) = uo(r) 
r 

uo(r) = if [exp (-ikr) - 'Io(S) exp (+ikr)] Yo,o,(8) x(S,ms) 

(10.2) 

where x(S,ms) is the wave function for channel spin S with z-com
ponent ms. Here the constants are chosen such that the incoming 
wave is equal to the l=O incoming wave in a plane wave exp (ikz), 
just as in (2.22). The constant 'Io(S) depends on the value S of the 
channel spin; it does not depend on ms, however, since the states of 
equal S and different ms differ only in their spatial orientation and 
therefore give rise to the same ratio of outgoing to incoming wave. 

The value of 'Io(S) can be quite different for the two possible values 
of S. Under our assumption l=O, the channel spin S is equal to the 
total angular momentum J of the compound nucleus. The resonance 
levels of the compound nucleus are at different energies for different 
values of J. (If two levels of different J should occur at the same 
energy, we would call it an accidental degeneracy; there is no reason to 
expect such accidental degeneracies to happen.) Hence, if the 
channels with channel spin S, say S = I +1, are in resonance, the other 
channels (S = I -l, in our example) are not in resonance. 'Io(S) is 
then very different in the two types of channels. 

We therefore find two types of resonances for l = 0 neutrons: one 
occurring in the channels S = [ +t; the other, in the channels S = [ -t. 
The cross sections 0"0 for an orbital angular momentum l=O are com
posed of the (incoherent) contributions of all the (28 + I) (2[ + 1) 
entrance channels. All entrance channels belonging to the same value 
of the channel spin S gin rise to the same 'Io(S), and hence to the 
same total cross sections. We can therefore write for the cross section 
due to incoming particles with l=O 

1+. 

0"0 = L g(S) O"o(S) 
8-11-11 

(10.3) 
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where yeS) is given by (10.1), and O'o(S) is the cross section in one of 
the entrance channels S. O'o(S) is related to 1/o(S) by expressions 
(2.11) and (2.13); 1/o(S) can be determined from the logarithmic 
derivativefo(S) at the surface of the nucleus in each channel, according 
to (2.24). Fors=j-, the sum in (10.3) has only two terms. 

In the continuum theory of nuclear reactions (Sections 3 and 4), 
fo is given by (4.7), a value which in this theory is assumed to be inde
pendent of the channel spin. Hence O'o(S) for all S is equal to the 

value computed without consideration of the spins. Since L yeS) = 1, 
8 

the inclusion of the spins does not chanye the final results of the con
tinuum theory. 

The situation is different if resonances occur. In the neighborhood 
of a resonance ~. occurring, say, in the channels with channel spin S" 
only these channels contribute to the reaction cross section. Channels 
with a channel spin S2 ~S, do not contribute appreciably, since there 
is no resonance near tI in these other channels. We shall let the 
channel index a include specification of the channel spin S and its 
z component ms. Then the reaction cross section for energies ~ near 
E. is no longer given by (8.32) but rather by 

(10.4) 

Here the channel width r a· and the reaction width in channel a, r ra' 

are defined by (8.27) and (8.38), respectively, with the magnitudes 
fl, q, Sl, etc., referring to the channels a with channel spin S, (these 
magnitudes are independent of the z component ms of S). Equation 
(10.4) differs from (8.32) through the statistical weight factor yeS,), 
which is the relative probability of having the spins of the neutron and 
target nucleus combine in such a way as to give the correct angular 
momentum of the resonance level of the compound nucleus (S =S, =J). 

While it is possible to neglect the contributions of the channels with 
S~S, to the reaction cross section, this is not possible for the scatter
ing cross section. Even the non-resonant channels, S ~ S" giye rise 
to scattering of the potential (hard-sphere) type. We therefore get 
instead (2.25) 

O',c,o = y(S,),.. ~2IA~~~ + A~~W + [1 - y(Sl)]'" ~2IA~~W (10.5) 

Here the second term represents the non-resonant contribution to the 
scattering. The amplitude of the potential scattering, A~tl is inde
pendent of the channel spin and is given by (2.27). The resonance 
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contribution to the scattering occurs only in the channels with 8=81 

[first term of (10.5)]. The resonance scattering amplitude, A~~~, in 
these channels is given by (8.31) with l=O. 

The scattering cross section for 1=0 neutrons has the same qualita
tive behavior that we derived in Section 8 for spinless particles with 
l=O [see Fig. (8.2)]. There is an interference minimum at an energy 
t < E. and a peak near E = E.. The minimum value of the cross section 
is higher now because of the potential scattering in the non-resonant 
channels. The maximum value of the scattering cross section is lower 
than before, approximately by the factor g(81). 

The statistical weight factor g(8), (10.1), can be written in a simple 
form for the case where the incident particle has the spin 8=!: 

g(8) = ! (1 ± _1_) 
2 2/+1 

(for 8=1 ±!) (10.6) 

The fact that channels with different channel spins are associated 
with different resonance levels of the compound nucleus is a result of 
our assumption 1=0. It implies J=8+1=8, so that two channels 
with different 8 form compound states of different total angular 
momentum J, hence with different sets of resonance levels. In the 
general case, where I is not zero, all those channels contribute to the 
same resonance which, together with l, can form the compound nucleus 
in its resonant state J, i.e., all channels for which S lies between 
/J -ll and J +l, and which lead to the correct parity. 

B. Particles with Arbitrary 1 

We now generalize our considerations to include the cases where 
the incident particle has an orbital angular momentum I different 
from zero. Again we have to deal with (28+ 1)(21 + 1) entrance 
channels, g(8) of them corresponding to each channel spin 8; the cross 
sections, however, are no longer given by (10.4) and (10.5). 

In each channel the partial waves of orbital angular momentum I 
combine with the channel spin 8 to form a total angular momentum J 
such that Il-sl ~J ~l+S. Each partial wave of given orbital angular 
momentum l can be considered a linear combination of subwaves 
belonging to each of these values of J. 

Consider one such subwave of given l, 8, ms, and J. Since m, = 0 
in a plane wave, we restrict ourselves to this value. The spin and angle 
dependence of this sub wave is given by the function lI:Zs defined in 
Appendix A, with M =m,+ms=ms. It is, in principle, possible to 
construct an ingoing wave of this type. It would be of the form 
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exp (-ikr) 'Y~8. This is a wave with a well-defined angular momen
tum i, a "pure II i wave. It is not possible, however, to have both the 
ingoing and the outgoing waves purely of this type. The outgoing 
waves generated by this pure ingoing wave are mixtures of all the pure 
waves i' which are consistent with the same J, M, and S.l Thus the 
orbital angular momentum i' of the outgoing waves may be different 
from i, provided only that J and M are the same. We shall denote 
the coefficient of the outgoing wave i', S, J by -TIll,(S,J). The wave 
function in channel a corresponding to the pure ingoing wave i, S, J, M 
is then 

u(i,S,J,M; r) = d {exp [-i(kr-ji7l")] 'Y~8 
J+S l TlldS,J) exp [i(kr -jl'1r)] 'Y~1'8} (10.7) 

l'-IJ-SI 

Equation (10.7) is the analogue of (2.43) for spinless particles. The 
possibility of elastic scattering with change of i is a new feature. In 
the previous sections the scattered wave had the same i as the incoming 
wave because of the conservation of angular momentum, which was 
orbital only. The presence of the channel spin S allows changes of i 
without a change of the total angular momentum J. 

Let us consider an example: A neutron beam impinges upon a 
nucleus with I =j. There are entrance channels with channel spins 
S = 1 and S = o. Let us consider a neutron entering with i = 0 in a 
channel S = 1. The total angular momentum is J = 1. The neutron 
can leave with i = 2 and S = 1 without violating the conservation of 
the total momentum J and without changing the channel spin S. 

The coefficients of the outgoing waves TJldS,J) are independent of 
the orientation of S, i.e., of m8. This follows directly from the over
all invariance of the problem under rotations of the coordinates and 
spins simultaneously. 

The constant din (10.7) must be chosen to agree with the incoming 
l,S,J,M part of a plane wave exp (ikz) x(S,m8) (x = spin function for 
the channel spin), since only the outgoing waves can be changed by 
the presence of the nucleus. The expansion of this plane wave into 
subwaves with definite l,S,J,M is, for large r: 

I There are outgoing waves also with different values of the channel spin S. 
According to our definition, however, these outgoing waves correspond to different 
channels {J;a!a and are not qualitatively different from the outgoing waves for 
other reaction products. 
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yI- .. 
exp (ikz) x(S,ms) = ~ ~ 

kr '-' 
l=u 

x CIs(J,M;O,ms) {exp[-i(kr-!lll')]-exp[+i(kr-jlll')J} 'Y:Zs (10.8) 

where the CIs(J ,M ;ml,ms) are the Clebsch-Gordan coefficients which 
are given in Appendix A. Note that we always have M =ms. Com
parison of the ingoing wave parts of (10.7) and (10.8) then gives 
(remembering that u is by definition r times the radial wave function) 

d = il+1 (2l + 1)1/2 .y; C (J M·O m ) k Is , " s (10.9) 

Equation (10.9) is the generalization of (2.44). 
Since the orbital angular momentum l is not conserved during the 

reaction, it becomes advantageous to combine the waves u(l,S,J,M; r) 
with the same value of J and S, but with different values of l, into one 
function, which we shall call w(S,J,M; r). That is, we define w by 

J+S 

w(S,J,M; r) == L u(l,S,J,M; r) 
1=IJ-SI 

where each u in the sum is given by (10.7) and (10.9). 

(10.10) 

The reason for treating all these values of l together is not merely 
that they transform into each other during the reaction; so do the 
various possible values of the channel spin S, which we shall still 
treat separately. The main reason is that there are definite phase 
relations between the incoming waves of the same S,ms,J, but different 
l, contained in the incident plane wave (10.8). Hence the contribu
tions of the various values of l are coherent and have to be treated 
together. On the other hand, the contributions of the various channel 
spins S and their orientations ms are incoherent, and we can obtain 
them finally by a simple averaging process. The scattering without 
change of energy or S, but with change of l, is therefore to be treated 
as coherent elastic scattering, while the particles which emerge with 
the same energy but different channel spin (and perhaps, but not 
necessarily, different l) can be considered reaction products, and the 
corresponding cross section can (and will) he included in the reaction 
cross section. 

Let us now determine the elastic scattering cross section for given 
S,M,J (ms=M). The scattered wave, W,C, is the difference between w 
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as given by (10.10) and the terms with the same value of J in the 
expansion (10.8) of the incident plane wave. Thus 

w.c(8,J,M; r) 
J+S 

L: 
/,I'=IJ-SI 

X exp [i(kr-}l'1I")] 'Y~h (10.11) 

For the sake of simplicity we shall derive the formulas only for the 
cross sections integrated over the solid angle and summed over the 
directions of the channel spin 8 of the outgoing particles. 1 (We have 
not yet averaged over the orientations of the channel spin 8 in the 
incident beam, but we shall do so later.) The scattered flux into a 
given solid angle dO is obtained by taking the probability density 
Iwsc/rl2 of the scattered wave at a given r and multiplying by the 
element of area r2dO on the sphere of radius r and by the speed v 
of the outgoing wave. The total flux is obtained by integration over 
dO and summation over spin orientations: 

Outgoing flux of scattered wave = v ~ f I w;cl 2 
r2 dO (10.12) 

8pID 
directions 

The substitution of (10.11) into (10.12) is greatly simplified by the 
orthogonality and normalization properties of the spin angle functions 
lI:Zs. (See Appendix A.) To get the cross section for elastic scatter
ing, we must divide this scattered flux by tht flux of the incident plane 
wave (10.8), i.e., by the speed v. This gives 

u.c (8,J,M) 
J+S J+S 

= 11" ,,2 L: I L: iHl V2l+1 C/s(J,M;O,ms) [«511' - 71lzt(S,J)] r 
1'=IJ-SI 1=IJ-SI 

(10.13) 

Equation (10.13) is the generalization of (2.11) and reduces to (2.11) 
for 8=0, J=l=l'. 

I The restriction to scattering cross sections integrated over the full solid angle 
gives useful results only for incident neutrons. If charged particles are incident, 
the total scattering cross section is determined by the Coulomb (Rutherford) 
scattering. The generalization of (2.60) for the case of spins is given by Lauben
stein (50) and by Blatt and Biedenharn (to be published in 1952). 
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This rather complicated expression can be simplified by performing 
the average (not the sum) over the possible orientations ms = M of 
the channel spin S in the incident wave. These contributions are 
incoherent as long as the incident beam is unpolarized; hence we can 
average the cross sections directly: 

S 

(f,e(S,J) = (2S+1)-1 L (f,e(S,J,M) (10.14) 
M-ma--S 

We make use of the following relation between the Clebsch-Gordan 
coefficients: 

J S L L C1s*(J,M;0,ms) C'''s(J,M;O,ms) 
M~-J m8=-S 

2J+1 
= -- all" 

2l+1 
(10.15) 

This is a special case of formula (A,5.1O) in Appendix A. 
Combination of (10.13), (10.14), and (10.15) gives the elastic scatter

ing cross section for channel spin S and total angular momentum J: 
J+S 

2J+1 2 " ooc(S,J) = 2S+1 "11":\ ~ 1011' - 111dS,J)j2 
1.1'=IJ-SI 

(10.16) 

The diagonal terms of this sum, i.e., with l=l', correspond to elastic 
scattering without change of orbital angular momentum; the terms 
with l~l' correspond to elastic scattering with change of orbital 
angular momentum. 

We now turn to the reaction cross section. For given values of S, 
J, M =ms, we obtain the reaction cross section as follows: We find 
from (l0.1l) the difference between the incoming spherical wave flux 
of w(S,J,M; r) and the outgoing spherical wave flux of the same func
tion. This difference must be divided by the flux of the incident 
plane wave, i.e., by the velocity v. The fluxes are calculated by using 
formulas similar to (10.12). The result is 

J+S 

(fr(S,J,M) = "11":\2 L (2l+1) IC's (J,M;0,ms)12 
l-IJ-SI 

_ 11":\2 Ji
S 

1 JIS il+ 1Y2l+1 Cls(J,M;O,ms) 11ldS,J) 12 (10.17) 
l'-IJ-SI l-IJ-SI 

The first term comes from the ingoing part of w; the second (double) 
sum, from the outgoing wave part. We again average over the orien
tations ms of the channel spin in the incident beam and use (10.15). 
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We then get the reaction cross section for channel spin S and total 
angular momentum J of the compound nucleus: 

(10.18) 

So far we have not mentioned the fact that there exists another 
quantum number (besides the total angular momentum J) which 
cannot change during the reaction or scattering: the parity TI (Wigner 
27). Every quantum state of a mechanical system is either even or 
odd. Its wave function is multiplied by either + 1 or -1 if all 
coordinates x, y, z are replaced by their negative values (the spins 
are unaffected by the parity operation). Therefore, if the wave 
function describing the incident particle plus target nucleus was even 
or odd before the collision, it must remain in the same parity after
wards. The parity of the wave function of the target nucleus, TI(X), 
is the same for all directions of its spin I. The parity of the wave 
function of the incident particle, TI(a), is also independent of the 
direction of its spin s. TI(a) is + 1 for protons, neutrons, deuterons, 
and alpha-particles, which are the projectiles mainly used in nuclear 
reactions. The parity of the wave function describing the relative 
motion of particle and target nucleus depends on the orbital angular 
momentum l: it is even for even l, and odd for odd l. Hence, during a 
scattering event, l can only change by an even number: if l was odd 
originally, it must stay odd; if 1 was even orginally, it must stay even. 

For example, consider a neutron being scattered by a target nucleus 
of spin I =t, and assume that the channel spin is S = 1. Then, as 
far as conservation of total angular momentum J is concerned, the 
neutron could come in with l =0 (J = 1) and leave with orbital angular 
momentum l = 1. This, however, is forbidden by the conservation of 
parity. The neutron can come out with l = 2, provided that land S 
add up to J = 1. 

Because of the parity rule, the elastic scattering with change of 1 is an 
unimportant phenomenon: At low energies, any process with high 1 
is very improbable. Since t:.l ~ 2, the absorption or the emission of 
the particle is connected with an l equal to, or larger than, 2. At 
high energies, on the other hand, inelastic scattering with energy 
change is highly probable, so that the elastic scattering process in 
which 1 changes, but not. the quantum state of the target, can be 
neglected. 

We introduce the following notation: TIc is the parity of the com-
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pound nucleus, IIa ', is the parity of the nucleus X in the quantum 
state a', IIa" is the parity of the projectile a in the quantum state a". 
a' and a" determine the channel a. The channel parity IIa is defined by 

(10.19) 

The relation between the channel parity and the parity of the com
pound nucleus is 

IIc = (-1)1 IIa (10.20) 

We also introduce the quantity WI(II), which is unity if (_1)1 = II, and 
zero if (_1)1 = - II: 

(10.21) 

The conservation of parity has the following effect upon formulas 
(10.16) and (10.18) for the cross sections: we must divide the process 
into events with parity (of the compound nucleus) IIc = + 1 and 
IIc = -1. Thus the elastic scattering cross section for channel spin S, 
total angular momentum J, and parity IIc becomes: 

2J+l 2 
uac(S,J,IIc) = -- 11" JI.. 

2S+1 
J+S 

X L wI(IIaIIc) WI' (IIaIIc) 1611' - 71l!,(S,J,IIc)j2 (10.22) 
I.I'-IJ-SI 

In the same way we find the reaction cross section for channel spin S, 
total angular momentum J, and parity IIc of the compound nucleus from 
(10.18) : 

J+S 

2J+l 2 ~ 
ur(S,J,IIc) = 2S+ 1 11" JI.. ~ 

I,l'-IJ-SI 

(10.23) 

The cross sections (10.22) and (10.23) still do not represent a full 
average over the spin directions in the incident beam, since we have 
restricted ourselves to only one value of the channel spin S. The 
cross sections for unpoillrized beams are given byl 

1 It should be noted that <r.c as given by (10.24) is not the cross section for elastic 
scattering if elastic scattering is defined as scattering without change of energy of 
the incident particles. Equation (10.24) does not include the cross section for 
events in which the channel spin S changes during the collision. Such events are 
included in the reaction cross section according to our definitions. Later on we 
shall give the expression for the cross section of collisions without energy transfer 
(the experimental elastic scattering cross section) in the special case where the 
Breit-Wigner one-level formula is applicable. 
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U. e•r = L 
nc-±l 

.. 1+. 

L L g(S) u.e,r(S,J,lIc) 
J-O 8=11-.1 

where g(S) is given by (10.1). 

(10.24) 

Our previous expression, (10.3), for l =0 neutrons was appreciably 
simpler than (10.24) only because it was assumed that the low energy 
did not merely prevent particles with l>O from approaching the 
nucleus, but also prevented particles with l' > 0 from emerging as 
scattered particles. Hence the terms with l'>O, as well as the terms 
with l>O, are missing from (10.3). 

The coefficients "1I!,(S,J,lIc), which determine the cross sections, are 
the generalization of them which occur in (2.8) for scattering without 
spins. We recall that 1"11\2 could not exceed 1, otherwise the intensity 
of the outgoing wave would exceed the intensity of the incoming wave. 
A similar condition holds for the '1zl'CS,J,lIc). The combined intensity 
of all the outgoing waves in (10.7) cannot exceed the intensity of the 
incoming wave: 

8+J 

L 1"1I!,(S,J,lIc)J2 ~ 1 
Z'=18-JI 

(10.25) 

We do not need to specify which values of l' (even or odd) enter the 
sum (10.25), since 'Ill' =0 when the parity rule is violated. 

We now interpret the cross sections (10.22) and (10.23) from the 
point of view of the continuum theory. Since, in this theory, no 
wave is reemitted by the compound nucleus, we obtain '1z!,(S,J,lIc) = 0 
for l~l'. The value of "1Iz(S,J,lIc) is determined by the logarithmic 
derivative f(S,J) of u(l,S,J ,M; r) at r = R. (f cannot depend on ms, 
since the states of different ms differ only by the orientation in space.) 
In the continuum theory all logarithmic derivatives are assumed equal 
and are given by (4.7). Thus all "1Iz(S,J,lIc) belonging to the same l 
are equal [see (2.53)] and independent of S,J and the parit.y lIe. The 
elastic scattering cross section, as given by (10.22) and (10.24), 
becomes 

1+. .. J+8 

(f.e = 11',,2 L g(S) (2S+1)-1 L L (2J+l) 11 - "1Iz12 
8=1/-.1 J=O Z=IJ-81 

Since the parity is unimportant here, the sum is performed over all 
the values of l indicated. We interchange summations over J and l 
and use the fact that 'Ill is independent of J, and that 

Z+8 L (2J+l) = (2l+1)(2S+1) 
J-IZ-81 
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This gives 
1+. .. 

CT. c = 11" ~2 L g(S) L (2l+1) 11 - 711112 
8-11-.1 I~O 

(10.26) 

Since the 7111 are independent of S also, we can perform the sum over S 
explicitly; the statistical weights add up to unity, so that finally 

.. 
CT. c = 11" ~2 L (2l+1) 11 - 771112 

1=0 

(10.27) 

This is the same expression as the one we get without any spins what
soever. A similar statement holds for the reaction cross section in the 
continuum theory. The presence of spins does not affect the conclusions 
of the continuum theory of nuclear reactions. 

We now discuss the cross sections in the resonance region. We 
restrict ourselves to the case where only one resonance level of the com
pound nucleus is of importance. The resonance energy will be denoted 
by En, rather than E., to avoid confusion with the spin of the incident 
particle. The resonance level has the angular momentum J and the 
parity lIe. 

The main difference between these and the expressions in the previous 
sections comes from the fact that the angular momentum J of the 
resonance level does not determine the orbital angular momentum l of 
the entering or leaving particle. J is the vector sum of l and the chan
nel spin S: J = I + S. Hence l can assume the values IJ - SI ... J + S. 
In the previous sections the channel spin was neglected (S = 0) and 
we had l = J. Hence it will be necessary to distinguish partial widths 
r aZn of the compound state n corresponding to the decay into channel 
a with different orbital angular momenta l. The specification of l 
was unnecessary for the case S =0 since l was uniquely determined by 
the character of the compound state. 

The widths rain are identical with the widths used in preceding 
sections. They can be split into an external and internal part as in 
(7.15): 

where the reduced widths 'Yazn can be estimated as before in (7.16) 
in terms of the level distances D. The level distance in question is 
the distance between levels of the compound nucleus which belong to 
the same J and the same parity lIe. D is, therefore, somewhat larger 



10. Spin and Orbital Angular Momentum 435 

than the distance between nearest levels in the observed spectrum of 
the compound nucleus. 

Let us consider first the cross section of a special nuclear reaction 
from one channel to another. Let as be a given entrance channel of 
spin S and let f3s' be an exit channel of spin S'; and let us seek the cross 
section of the (as,f3s') .. reaction. It can be shown, but we will not give 
the proof here in detail, that this cross section near the resonance for an 
unpolarized beam is given by 

q(a (:J') = 11" l\ 2 2J + 1 
s, s a (28+1)(21+1) 

J+S 

X 2: 
1=IJ-SI 

(10.28) 

Here 1 and 8 are the spins of the target nucleus and the incident 
particle, respectively. The widths razn and r~z,n are the partial 
widths for the decay with an orbital momentum l or l' into channel as 

or (:Js', respectively. rn is the total width of the leyel. 1 

The factors Co) insure that the parity law is obeyed: 

(10.29) 

This parity rule can be expressed in words as follows: If the parities of 
the entrance channel and exit channel are the sa'me (lla =II~), the 
orbital angular momenta l' of the outgoing particles are even (odd) 
if the orhital angular momenta l of the incoming particles were even 
(odd); on the other hand, if IIa= -II~, the outgoing l' are odd if the 
incoming l were even, and vice versa. In practice, the channel parity 
IIa is equal to the parity of the target nucleus in its ground state, and 
the channel parity II~ of the exit channel is equal to the parity of the 
residual nucleus Y in whichever state it is left. 

The general form of (10.28) and especially the statistical factor 

(2J + 1) 

(28 + 1)(21 + 1) 

can be understood as follows: Let us start from (7.19) for the cross section of an 

I It would have been more consistent to add the subscripts Sand S' to the 
widths also, e.g., r a IS" instead of r 121". We have omitted these subscripts at the 
r's in formulas (10.28), (10.31), and (10.32) in order to avoid bulky symbols. 



436 VIn. Nuclear Reactions: General Theory 

(a,fl) reaction initiated by a particle with an angular momentum 1 without channel 
spin. If the channel spin 8 is different from zero, not all the incoming particles 
with orbital angular momentum 1 form a state with spin J together with the target 
nucleus. The relative probability p(J) is 

p(J) 
2J+1 

(21+1)(28+1) 

Furthermore the relative probability g(8) that 8 and I give the channel spin 8 is 
given by (10.1). Hence we obtain the (a,fl) cross section initiated by an orbital 
momentum 1 for the case 8 =0 by multiplying (7.19) by p(J)·g(8). The (as,fls') 
cross section (10.28) is obtained by summing the result over all possible values of 1 
which can lead to the compound state n and over all possible /' with which it can 
decay. 

It is impossible in most cases to distinguish between channels which 
differ only in their channel spins. We therefore look for the cross 
section of a particular nuclear reaction a+ X = Y + b, where X, as 
well as Y, is in a definite quantum state. Because of the spins of both 
partners, the quantum state of the nucleus does not yet determine a 
definite channel. There are several entrance and several exit channels, 
according to the value and orientation of the channel spins. Let us 
call ex the group of entrance channels, and iJ the group of exit channels. 
The cross section u(a,iJ) from a to ~ in the neighborhood of a resonance 
is then the sum over the cross sections (10.28) extended over all channel 
spins Sand S' involved. Hence the Breit-Wigner one-level formula 
for the (a,{3) reaction is 

u(ex,iJ) (10.30) 

where I and s are the spins of the residual nucleus and the emitted 
particle. 

Expression (10.30) is a generalization of CT(a,{3) as given in (7.19). 
In fact, it is a sum of expressions of the form (7.19) corresponding to 
the transitions from each channel a in ex to e3.ch channel {J in iJ con
sistent with conservation of angular momentum and parity. Expres
sion (10.30) does not give any information about the angular distribu
tion of the reaction products, however. Some general theorems about 
this angular distribution will be proved in Chapter X. 

The Breit-Wigner one-level formula for the radiative-capture cross 
section from a compound state of angular momentum J and parity 
TIc is 
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2 2J+1 
UJ,rC(a) = 11" X 

cap a (2s+ 1)(2/ + 1) 

(10.31) 

where r~ad is the radiation width of the level in question. 
We now proceed to the elastic scattering in the resonance region. 

In order to be able to compare with experimentally measured elastic 
scattering cross sections, we shall give the combined cross section for 
all processes in which the incident neutron re-emerges without change 
of energy. This includes events in which the channel spin S changes 
during the collision-events which are not included in (10.22). We 
are interested in scattering of the group of a entrance channels which 
differ only by the channel spin S and its z component ms, but for which 
the target nucleus is in a definite energy state (the ground state, in 
practice). We quote the expression for the scattering cross section 
without giving its derivation. Since the formula is rather complicated, 
we precede it with an explanation of the meaning of the various terms. 
The first group of terms gives the resonance scattering without change 
of either the orbital angular momentum 1 or the channel spin S. These 
terms show interference between resonance and potential scattering. 
The next group of terms refers to the resonance scattering with change 
of l, but with no change of the channel spin S. This term is part of the 
elastic scattering as we have defined it so far, and it is contained in 
(10.22). The contribution of this elastic scattering with change of l, 
but no change of S, is practically of no importance. The third sum 
gives the scattering with change of the channel spin S, which is not 
included in our previous formulas (if was considered part of the reaction 
cross section). This contribution is of great importance in parity
unfavored 1 slow-neutron-scattering resonances but vanishes for parity
favored resonances if only the lowest possible 1 contributes appreciably 
to the cross section. The fourth sum in (10.32) represents the potential 
scattering which would be present if there were no resonance near the 
energy E. Finally, the last (fifth) sum subtracts from this potential 
scattering the contribution of those channels which are affected by 
the resonance. The Breit-W igner one-level formula for the scattering 
cross section near a resonance of angular momentum J, parity IIc, pro
duced by channels with parity IIa , corresponding w particles of spin 8 

(8=1- in practice) and target nuclei of spin I, is 

1 See Table 10.2 for the definition of parity-favored and parity-unfavored 
resonances. 



438 VIII. Nuclear Reactions: General Theory 

q = ,,",,2 2J + 1 .e (28+ 1) (2I + 1) 

1+. 

+ L 
8=1/-.1 

00 

+ (28+1)(2I+1) \' (2l+1) IAI \2 
2J+l ~ pot 

I~O 

(10.32) 

The second summation in the third line of formula (10.32) is a double 
sum over l as well as l', each running from IJ - 81 to J + 8, omitting 
the terms l = l'; equally the first summation in the fourth line is a 
double sum over S and Sf, each running from II - sl to I + S, omitting 
the terms S = S'. 

Formula (10.32) gives the total (integrated over all angles and 
summed and averaged over all spin directions) scattering cross section 
near an isolated resonance. It should be applied to the elastic scatter
ing of neutrons only. For charged particles the total scattering 
cross section contains also the Rutherford scattering and becomes 
infinitely large because of the contributions of small-angle scattering. 
The expression for the differential scattering cross section in a given 
direction is very much more complicated than (10.32) and will not be 
discussed here (see footnote on p. 429). 

It is of interest to determine the maximum possible value of the 
scattering cross section in the following special case: Only one channel 
spin S, total angular momentum J, and parity IIe contribute to the 
scattering; and only the lowest orbital angular momentum L,consistent 
with S, J, and IIe is of importance. The practical value of this special 
case arises from the analysis of neutron-scattering resonances, which 
correspond to one definite level of the compound nucleus (with a 
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definite J and lId, and for which all but the lowest possible orbital 
angular momentum l is unimportant because of the centrifugal barrier. 
The restriction to only one value of the channel spin 8 will be discussed 
later on. 

Let us first determine the lowest value L of l consistent with 8, J, 
and lIe. If we ignore the parity rule for the moment, the lowest 
possible l is equal to IJ -81. This is actually the lowest l if the parity 
rule permits it, i.e., if (_IY-s =lIalIe. If the parity is unfavorable, 
the lowest lis IJ -81 + 1, unless either 8 or J is zero; then there is no 
scattering at all from this channel. These statements are summarized 
in Table 10.1. 

TABLE 10.1 
MINUlUM: VALUE L OF l CONSISTENT WITH GIVEN CHANNEL SPIN S, ANGULAR 

MOMENTUM: OF COMPOUND NUCLEUS J, COMPOUND NUCLEUS PARITY lle, AND 

CHANNEL PARITY lla 

(-lV- S = -llalle 

L == lmin = IJ-S! 

L == lmin = IJ -si + 1 provided that neither S nor J 
is zero. 

No l possible if either S or J or both are zero. 

Under our restriction that only one value of 8, J, and lIe contributes, 
we need to consider only one term in the sum (10.24). Furthermore, 
under the restriction that only the lowest value of l, namely L, con
tributes, only one term survives in the sum (10.22). This term reaches 
its maximum value when TILL = -1 (the other TIll' are to be taken equal 
to 811' under our assumptions). Larger negative values of 'ILL are 
inconsistent with (10.25). We then get the following value for the 
maximum scaUering cross section which can be contributed by one value 
of J and lIe if only one channel spin 8 and only one (the lowest possible) 
orbital angular momentum l = L is of importance in the scattering: 

< 2J+l 2 
(f,e - (2s+ 1)(21 + 1) 41rl\. (10.33) 

For 8 wave (l=O) neutron resonances of given J, only one value of 
the channel spin 8 can contribute, namely 8=J, and (10.33) is 
indeed the maximum value of the resonance contribution to (10.5). 
This maximum is reached in the resonance if no reaction other than 
elastic scattering is possible (and if radiative capture is negligible). 
In 8 wave neutron resonances a determination of the maximum value of 
the cross section gives a measure of the angular momentum J of the 
resonance level of the compound nucleus. We must correct for the 
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potentia! scattering due to the non-resonant channels, of course, 
before evaluating the maximum. 

The situation is somewhat more complicated in the case of higher l, 
since then the spin-flipping (change of channel spin 8) process may 
be possible and is measured experimentally as part of the "elastic" 
scattering. We shall tabulate the relevant information for the case of 
neutrons only, i.e., 8=* (Table 10.2). We observe that the lowest L 
in the parity-unfavored case (second line of Table 10.2) is necessarily 
greater than, or equal to, 1. 8 wave neutron resonances (L=O) are 
always parity-favored. 

TABLE 10.2 
MINIMUM VALUES L OF lAND PossmLE CHANNEL SPINS 8 CONSISTENT WITH A 

CHANNEL PARITY Da AND WITH A COMPOUND STATE OF GIVEN J AND Dc 

I+l~J I-l~J 

"Parity-favored " L=J-(I+l) L = (I-I) - J 
(_I)J-I-t = DaDe 8 = 1+1 8 = I-I 

(unique 8) (unique 8) 

"Parity-unfavored " L = J - (I-I) L = (1+1) - J 
(_l)J-I-t = -DaDe 8 = IH 8 = IH 

Both values or 8 poBBible Both values of 8 poBBible 
unleBS 1=0 (8 = 1 only, in unleBS J =0 (8 =1 +1 only, 
that case) in that case) 

In the case of parity-favored resonances (first line of Table 10.2), 
only one channel spin 8 contributes to the resonance scattering if 
higher values of l can be neglected (for slow neutrons). The maximum 
(10.33) then applies directly, and this maximum is reached if elastic 
scattering is the predominant reaction. Then a measurement of this 
maximum determines the angular momentum J of the compound state. 

In the case of parity-unfavored resonances (second line of Table 
10.2), both channel spins 8 = I ± * contribute to the resonance scatter
ing; and scattering with change of channel spin 8, but without energy 
change (spin-flipping process), is possible. Hence (10.33) is no longer 
applicable. It can be shown, however, that (10.33) still gives the 
right maximum value at resonance to the extent that the interference 
between resonance and potential scattering is negligible close to the 
resonance peak. This maximum includes the spin-flipping events and 
is reached if the scattering without energy change is the predominant 
reaction. Thus the height of the resonance peak can still be used to 
determine the J of the compound level, provided that the resonance 
peak is high compared to the potential scattering background. 
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A parity-unfavored resonance corresponds to a value of L one higher 
than we would obtain from consideration of the angular momenta 
only. For slow neutrons the difference in the penetration factor VL for 
parity-favored and parity-un favored resonances is appreciable. A 
parity-unfavored resonance is therefore expected to have an abnor
mally small width. 

d 

d 

a 

d 

a 

a " a 

a{J" 
A 

A 

a 
A 

A pot 

Ares 

A~e. 

b 
b 
b 

b 
b 

SYMBOLS 

Coefficient of exp (-ikr) in uo(r) (2.21), (2.22) 
Coefficient of ut<-l(r) in ul(r) (2.43), (2.44) 
Constant appearing in the approximate relation 
E = a8 2 between the excitation energy and the 
temperature of the residual nucleus (6.11) 
Normalization coefficient in u(l,S,J,M; r) (10.7), 
(10.9) 
Incident particle in a nuclear reaction (l.1) 
Particle a in quantum state a" (l.3') 
Particle a in quantum state fJ" (l.3') 
Amplitude of u(r) outside the nuclear surface, for 
one-channel resonance reactions (Section 7 A) 
Coefficient of exp (-ar) or of exp (+ikr) in the 
wave function u(r) outside the well (9.3), (9.5) 
Constant appearing in Y(E.J (7.17) 
Mass number, either of the target nucleus or of the 
compound nucleus (Section 2A) 
Amplitude for S wave "potential" (hard-sphere) 
scattering (2.25), (2.27) 
Amplitude for potential scattering with orbital 
angular momentum l (2.55), (2.57) 
Amplitude for S wave resonance (internal) scatter-
mg (2.25), (2.26) 
Amplitude for resonance scattering with orbital 
angular momentum l (2.55), (2.56) 
Coefficient of exp (+ikr) in uo(r) (2.21), (2.22) 
Coefficient of u/<+l(r) in u/(r) (2.43), (2.44) 
Complex amplitude of the wave exp (+iKr) 
returning from the interior of the compound nucleus 
(7.1) 
Outgoing particle in a nuclear reaction 
Width (range) of a square well potential 
tion 7C) 

(Ll) 
(Sec-
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b..," Particle b in quantum state "(" (1.3') 
B Height of the Coulomb barrier [ = ZaZxe2 / R] 

(Section 4) 
B Coefficient of exp (+ar) or of exp (-ikr) in the 

wave function u(r) outside the well (9.3), 
(9.4), (9.5) 

c Outgoing particle in a nuclear reaction (1.3) 
C The compound nucleus (Section 3A) 
e Constant appearing in the approximate level density 

formula (6.11) 
C Amplitude of u(r) just inside the nuclear surface, 

for resonance reactions (7.4) 
Cls(J,M ;ml,mS) Clebsch-Gordan (vector addition) coefficient; for its 

definition, see Appendix A, Section 5 (10.8) 
d Impact parameter of a nuclear collision (Section 

1B) 
dO Element of solid angle (Section 2A) 
D. = D Level distance in the compound nucleus around the 

resonance level number 8 with excitation energy E. 
(7.7) 

D- An energy defined by (8.13), expected to be of the 
same order of magnitude as the level distance D 
(8.13), (8.14) 

E Energy of the system; E = 0 corresponds to all 
nucleons separated from each other and at rest 
(1.4) 

E Relative kinetic energy in a nucleon-nucleon col-
lision (Section 3A) 

E Excitation energy of the residual nucleus corre-
sponding to the channel energy E; E = EbY - E (Sec-
tion 6A) 

E Energy of a particle in a one-dimensional model of a 
nuclear reaction (E corresponds to the channel 
energy E, not to the excitation energy of the com-
pound nucleus) (9.2a) 

E 0 Average kinetic energy of nucleons inside the 
nucleus, estimated to be about 20 Mev (Section 
3A) 

Ea' Energy of nucleus X in quantum state a' (the 
negative of its binding energy in that state) (1.4) 

Ea" Energy of particle a in quantum state a" (the 
negative of its hinding energy in that state) (1.4) 
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Energy of nucleus X in its ground state ao' [= the 
negative of the binding energy of Xl (1.9) 
Energy of particle a in its ground state ao" [= the 
negative of the binding energy of al (1.9) 
Excitation energy of nucleus X in quantum state 
a' (1.8) 
Excitation energy of particle a in quantum state 
a" (1.8) 
=EIJ··+EIJ"·; internal excitation energy in channel 
~; it is commonly assumed that the outgoing particle 
is in its ground state so that EIJ·=EIJ··, the excita-
tion energy of the residual nucleus (6.1) 
Energy of nucleus Y in its ground state ~o' [= the 
negative of the binding energy of Yl (1.9) 
Energy of particle b in its ground state ~o" [= the 
negative of the binding energy of b] (1.9) 
Excitation energy of nucleus Y in quantum state 
~' (1.8) 
Excitation energy of particle b in quantum state 
~" (1.8) 
Excitation energy of the compound nucleus C, 
measured from its ground state (Section 3B) 
=Eo+nD; nth in a series of equally spaced energy 
levels (Section 7C) 
Excitation energy of the compound nucleus (meas
ured from its ground state) corresponding to 
resonance level number 8 (Sections 7C, 9A) 
Energy of stationary state number 8 in a square 
well potential (Section 9A) 
Logarithmic derivative of uo(r) evaluated at the 
channel radius r = R (2.23) 
Value of the logarithmic derivative loin the channel 
with channel spin S (Section IDA) 
Logarithmic derivative of uz(r) evaluated at the 
channel radius r = R (2.45) 
Logarithmic derivative fz in channel a (8.39) 
A function related to the branching probability 
Gdb) for emission of particles b from the compound 
nucleus C (6.8), (6.9) 
Regular solution of the extra-nuclear radial equation 
for collisions with orbital angular momentum 1 
(2.32), (2.33), (2.39) 
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Statistical weight of state A, etc. (Section 2E) 
Statistical weight of channel spin S (10.1), 
(10.6) 
Branching ratio for emission from the compound 
nucleus of particles b with channel energies between 
E and E+dE (6.2) 
Branching ratio (relative decay probability) for the 
compound nucleus C to decay by emission of 
particle b (3.1), (6.7) 
Branching ratio (relative decay probability) for the 
compound nucleus C to decay through channel 13 
(3.2) 
Irregular solution of the extra-nuclear radial equa
tion for collisions with orbital angular momentum 
l (2.36), (2.37), (2.40) 
Branching ratio (relative decay probability) for the 
nucleus Y in state 13' to decay by emission of particle 
c (6.13) 
A gamma-ray; the energy of a gamma-ray 
Probability density of the incident wave 
tion 4) 
Angular momentum of the target nucleus X 
(Section lOA) 

(1.2) 
(Sec-

Relative number of particles b emitted with channel 
energies between E and E+dE (6.3) 
The imaginary part of II (2.28), (2.56) 
Total angular momentum of the system, equal to 
the angular momentum of the compound nucleus 
(Sections 3B, lOA) 
Bessel function of first kind and order p; for its 
definition, see Jahnke-Emde (33) (Section 2C) 
= (2MW./h2) 1/2; wave number of decaying state 
number 8 (9.8a) 
= Ikal = "'a-I; channel wave number in channel a 
or 13 (2.6) 
Wave vector for the relative motion in channel a 
(2.5) 
Wave number of a particle just after it enters the 
compound nucleus (4.3), (4.12) 
:::::lXIO+ 13 cm- I ; wave number of a nucleon just 
after it enters the compound nucleus, if the outside 
(channel) energy was zero (4.11), (4.13), (4.14) 
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Quantum number for the orbital angular momentum 
in a channel (Section 2A) 
== 1 X 3 X 5 X .,. X (2l-1); the "double facto-
rial" (2.52) 
Distance from a "black" nucleus at which the 
"shadow" becomes blurred completely by diffrac-
tion effects [~R2 fA] (Section 2A) 
Orbital angular momentum quantum number of 
the compound nucleus (Section 7C) 
"Path length" of a nucleon inside the compound 
nucleus before rearriving at the nuclear surface 
(Section 9B) 
Lowest value of the channel orbital angular momen
tum l consistent with a channel spin S, a total 
angular momentum J, and a total (compound 
nucleus) parity IIe (Section lOB) 
Magnetic quantum number associated with the 
channel spin S (Section lOA) 
Reduced mass for the relative motion in channel a 
(2.5), (2.30) 
Mass of particle a (1.5) 
Mass of (target) nucleus X (1.5) 
Reduced mass M for the relative motion in channel 
tJ (2.70) 
Incident flux, equal to the number of particles 
incident per square centimeter per second (Sec
tion 2A) 
N umber of open channels at the energy under con-
sideration (Section 9B) 
Number of particles per second taken out of the 
beam by events other than elastic scattering 
(2.12) 
Neumann function (Bessel function of the second 
kind) of order p; for its definition, see Jahnke-
Emde (33) (2.40) 
Number of scattered particles per second (2.10) 
Number of particles per second scattered into the 
solid-angle element dn around the direction 8 with 
respect to the incident beam (2.14) 
A non-degenerate quantum state (Section 2E) 
Probability (statistical weight) of a state with total 
angular momentum J in a system with orbital 
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angular momentum l and (channel) spin 8, 
[= (2J + 1)/(2l+ 1)(28+ 1)] (Section lOB) 
A degenerate quantum state (Section 2E) 
Period of the motion in the compound nucleus 
(7.10) 
Probability per unit time of a transition from state A. 
to state B (2.67) 
Probability per unit time of a transition from the 
(time-reversed) state -B to state -A (2.68) 
Period of the motion of the compound nucleus in 
resonance level number 8 (Section 9B) 
A non-degenerate quantum state (Section 2E) 
A positive real number, related to the amplitude b 
of the wave exp (+iKT) returning from the interior 
of the compound nucleus through /b/ =exp( -2q); 
q depends on the channel energy E (8.23) 
A degenerate quantum state (Section 2E) 
Q value (energy release) of the X(a,b)Y reaction 
(1.9) 
Q value of the (a,{J) reaction (1.6), (1.7) 
= Ir .. l; distance between X and a in channel a 
(2.7) 
Radius of a large sphere, enclosing the origin, in 
which the reaction occurs (2.10) 
Constant appearing in the nuclear radius formula 
R = ToA 113 (Section 3A) 
Classical distance of closest approach for particles 
of orbital angular momentum l. defined as the 
largest root of KI(T) =0 (5.9) 
= Ir .. 1 (Section 2B) 
Channel coordinate in channel a, equal to the vector 
separation between X and a (Section 2A) 
Radius of a "black" nucleus (Section 2A) 
Channel radius (Section 2B; see also Fig. 2.4) 
Radius of the incident particle a (Section 2B) 
Radius of the target nucleus X (Section 2B) 
Channel radius in channel a (Section 2B) 
The real part of II (2.28), (2.56) 
Spin of the incident particle a (Section lOA) 
A function of the channel energy E which enters 
into the calculation of the width (2.46), (2.48), 
(2.50) 
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= log w(E); entropy of the residual nucleus at a 
temperature e corresponding to a mean excitation 
energy E (6.4) 
Separation energy of a nucleon from the compound 
nucleus (Section 3A) 
Spin angular momentum quantum number of the 
compound nucleus (Section 7C) 
Channel spin, formed by vector addition of the 
angular momenta I of the target nucleus and s of 
the incident particle (Section lOA) 
A particular value of the channel spin S for which 
there is a resonance near the energy under con-
sideration (Section lOA) 
A value of the channel spin S for which there is no 
resonance near the energy under consideration 
(Section lOA) 
Separation energy of particle a from the compound 
nucleus (1.8) 
Separation energy of particle c from the residual 
nucleus Y (Section 6B) 
Lowest separation energy of some particle from the 
residual nucleus Y (Section 6B) 
Separation energy of a neutron from the residual 
nucleus Y (Section 6B) 
Transmission coefficient of the nuclear surface 
(4.3), (7.11) 
Transmission coefficient for collisions through chan
nel a with orbital angular momentum I (5.1), 
(5.5), (5.6) 
A very long time interval (Section 9A) 
Average kinetic energy of nucleons inside the 
nucleus (Section 4) 
Kinetic energy of particles of a certain kind inside 
the nucleus; To"-'20 Mev for nucleons, somewhat 
less for alpha-particles (Section 4) 
Kinetic energy of the incident particle just after it 
enters the compound nucleus (Section 4) 
Probability per unit time of a transition from 
quantum state p to quantum state q (Section 
2E) 
Probability per unit time for a transition from state 
P to state Q (2.69) 
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T -Q._p 

u'(R) 

uo(r) 

u(l,8,J,M; r) 

Uo 

U(Ed 

v 

v 

Probability per unit time for a transition from 
(time-reversed) state -Q to state -P (2.69) 
The derivative du/dr of the radial wave function 
u(r) evaluated at the channel radius R (8.3) 
8 wave radial wave function [=uI(r) for l=Ol 
(2.19) 
r times the wave function for the relative motion in 
a channel with channel spin 8, for collisions with 
total angular momentum J, z component of total 
angular momentum M, induced by an ingoing wave 
with orbital angular momentum l (10.7) 
Radial wave function in the incident channel 
for collisions with orbital angular momentum 
l (2.19), (2.30) 
Outgoing wave solution of the extra-nuclear radial 
wave equation for orbital angular momflntum l 
(2.41), (2.42) 
Ingoing wave solution of the extra-nuclear radial 
wave equation for orbital angular momentum 1 
(2.41) 
Well depth of a schematic potential inside the 
nuclear surface, used for the calculation of trans-
mission coefficients (5.3) 
A function of the excitation energy of the compound 
nucleus (3.6) 
Effective potential energy (Coulomb plus centrif
ugal potential) outside the nuclear surface, for 
collisions with orbital angular momentum i (5.2) 
Speed of the relative motion in channel a Sec-
tion 2A and (2.67) 
Penetration factor in channel a for collisions with 
orbital angular momentum l; VI is a function of the 
channel energy Ell (2.49), (7.23), (8.39) 
A function appearing in the theoretical expression 
for the transmission coefficient TI(a) for neutron 
channels (5.7), (5.8) 
Speed of the relative motion in channel {3 (2.68) 
Vector velocity of the relative motion in channel 
a (2.5) 
A large volume enclosing the region of interaction 
(2.67), (2.68) 
Potential for a one-particle model of a nuclear 
reaction (Section 4) 
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Well depth of the potential V in the interior region 
for a one-particle model of a nuclear reaction 
(Section 4) 
Well depth of a square well (9.1) 
Extra-nuclear (electrostatic) potential energy in a 
channel (2.30), (2.31) 
r times the wave function for the relative motion in 
a channel with channel spin S, for collisions with 
total angular momentum J, z component of total 
angular momentum M, induced by an incident 
polarized plane wave (10.10) 
The part of w(S,J,M; r) corresponding to an elasti-
cally scattered wave (10.11) 
Level density of the residual nucleus Y at excitation 
energy E; wy(E) dE is the number of states of Y 
with excitation energies between E and E+dE 
(Section 6A) 
Nucleus formed by radiative capture of a particle 
(1.2) 
The (complex) energy of decaying state number 8 

(9.8a) 
=kR; product of the channel wave number and the 
channel radius (5.7) 
The target nucleus in a nuclear reaction (1.1) 
The target nucleus X in an excited state (1.3) 
=KR; product of the "interior" wave number 
and the channel radius (5.7) 
= K oR (Section 4) 
The target nucleus X in quantum state a' (1.3') 
A function giving the energy dependence of the 
reaction cross section near a resonance (Section 
7D) 
The residual nucleus in a nuclear reaction (1.1) 
=E/Bj ratio of the channel energy to the height of 
the Coulomb barrier (Section 4) 
Spherical harmonic; for its definition see Appendix 
A, Section 2 (Section 2A) 
Normalized "spin-angle" harmonic; for its defi-
nition see Appendix A, Section 5 (10.7) 
Residual nucleus Y in quantum state -y' (1.3') 
Channel coordinate along the direction of the 
incident beam (Section 2A) 
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Z(E) A quantity related to the radial wave function u(r) 
at the channel radius r = R (8.2)' 

Z A residual nucleus (1.3) 
Z.. The charge of particle a, in units of e (2.31) 
Zx The charge of nucleus X, in units of e (2.31) 

a Channel index, including both a' and 0" (Sec
tion 1 B) 

a Decay constant for the wave function u(r) of a 
bound state outside the well (9.3) 

a' Quantum state of a (residual or target) nucleus 
(Section 1B) 

a" Quantum state of an (incident or outgoing) particle 
(Section 1B) 

aD Channel in which both the target nucleus X and the 
incident particle a are in their respective ground 
states (Section 1 C) 

aD' Ground state of the target nucleus X (Section 
1C) 

aD" Ground state of the incident particle a (Section 
1C) 

a Group of channels a belonging to the same quantum 
state a' of X and a" of a, but with different channel 
spins S (Section lOB) 

fJ Channel index, including both fJ' and fJ" (Sec
tion 1B) 

fJ' Quantum state of a (target or residual) nucleus 
(Section 1B) 

fJ" Quantum state of an (incident or outgoing) particle 
(Section 1B) 

fJo Channel in which both the residual nucleus Y and 
the outgoing particle b are in their respective ground 
states (Section IC) 

fJo' Ground state of the residual nucleus Y (Section 
IC) 

fJo" Ground state of the outgoing particle b (Section 
IC) 

P Group of channels fJ belonging to the same quantum 
state fJ' of Y and fJ" of b, but with different channel 
spins S' (Section lOB) 

"Y =Z .. Zxe2/hv; a parameter measuring the relative 
importance of Coulomb effects (2.34) 
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Quantum state of a nucleus (target or residual 
nucleus) (Section 1B) 
Quantum state of a particle (incident or outgoing 
particle) (Section 1B) 
Reduced partial width of resonance level number 8 

for emission into channel a (7.15), (8.39), (9.20) 
Reduced partial width of resonance level number n 
for emission into channel a with orbital angular 
momentum l (Section lOB) 
Reduced partial width of resonance level number 8 

for emission into channel a, with orbital angular 
momentum l (9.28) 
Total width of a state of the compound nucleus C 
with excitation energy Ec (3.3) 
Total width of resonance level number n 
Total width of resonance level number 8 

(9.10), (9.11) 

(10.28) 
(7.5), 

"Particle width" [= partial width of the reso
nance level number 8 for emission of particle al 
(7.6) 
Partial width of resonance level number 8 for 
emission of particle a, leaving the residual nucleus 
in state a' (7.8) 
Partial width of resonance level number 8 for emis-
sion into channel a (7.9), (9.22) 
Partial width of resonance level number n for emis
sion into channel a, with orbital angular momentum 
l (Section lOB) 
Partial width of a state of the compound nucleus C 
with excitation energy Ec for emission into channel 
{3 (3.4) 
Reaction width [= h times the probability per unit 
time of decay of the compound nucleus in resonance 
level number 8 through some channel other than the 
incident channel a] (8.28) 
Radiation width of resonance level number n 
(10.31) 
Radiation width [= partial width of resonance 
level number 8 for emission of a light quantum] 
(7.6) 
Reaction width of resonance level number 8 for 
reactions initiated through channel a (8.33) 
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r rl Reaction width of resonance level number 8 for 
reactions initiated through channel fl (8.34) 

6 Phase shift of u(r) outside the nuclear surface, for 
one-channel resonance reactions (Section 7 A) 

tJE, Level shift of decaying state number 8 (9.21) 
II A small energy interval around the threshold of a 

nuclear reaction (Section 7E) 
llE A small increment in the channel energy E (Sec

tion 2E) 
llE A small energy interval around the resonance 

energy E=E" defined by condition (8.15) (8.15a) 
III = III (E) A parameter entering into the "level shift" for 

orbital angular momentum l; III is a function of the 
channel energy E (2.46), (2.47) 

E Channel energy in the entrance channel [= Ea] 

(1.10) 
E' Maximum kinetic energy of nucleons inside the 

nucleus (the top ofthe Fermi distribution) (4.11) 
EbY The·:: highest channel energy EfJ in any outgoing 

channel of an X(a,b)Y reaction, corresponding to 
leaving the residual nucleus Y in its ground state 
flo (1.10) 

Ee Surplus of energy above the threshold of the 
(a;b,c) reaction (6.16) 

En, E, Channel energy in the incident channel correspond-
ing to resonance level number n or 8 (Sections 
7A, lOB) 

E, "Formal" resonance energy for resonance num-
ber 8 (8.17) 

Ea' " Actual" resonance energy for resonance number 
8; this quantity is a function of the' channel energy 
E (8.19) 

Eaec == EbY - Smio(Y); maximum energy available for 
emission of secondary particles from the residual 
nucleus Y (Section 6B) 

Eth Threshold energy for secondary reactions (Sec
tion 6B) 

Ea Energy of the relative motion in channel a [= the 
"channel energy" in channel a] (1.4) 

(E .. ) lab Laboratory energy of particle a corresponding to the 
channel energy Ea (1.5) 

Ell, Channel energy corresponding to resonance number 
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8 in channel a; this quantity is denoted by E, if 
the channel specification is understood (Section 
7C) 
" Actual" resonance energy for resonance number 
8 in channel a; this quantity is a function of the 
channel energy Ea; it is denoted by E.' if the channel 
specification is understood (8.33) 
Channel energy in channel 130 [=EbY] (1.10) 
Channel energ} in channel 13 COrTf~sponding to 
resonance level number 8 of the compound nucleus 
(Section 7D) 
" Actual" resonance energy for resonance number 8 

in channel 13; this quantity is a function of the 
channel energy EIJ; it is denoted by E,' if the channel 
specification is understood (8.34) 
A real number defining the phase of the amplitude 
b of the wave exp (iKr) returning from the interior 
of the compound nucleus (7.2), (8.23) 
Fourier transform of the wave function "'(t) of a 
decaying state (Section 9A) 
= '11 for orbital angular momentum 1=0 (2.22) 
Coefficient of exp (+ikr) in uo(r) for channel spin 
S (10.2) 
Relative amplitude of the outgoing wave with 
orbital angular momentum l; m = 1 corresponds to 
an undisturbed wave (no reaction or scattering) 
(2.8) 
Coefficient of the outgoing wave with orbital angu
lar momentum I' induced by an in going wave with 
orbital angular momentum l, both in a channel 
with channel spin S and total angular momentum 
J (10.7) 
Coefficient of the outgoing wave with orbital angular 
momentum I' induced by an ingoing wave with 
orbital angular momentum I, both in a channel with 
channel spin S, total angular momentum J, and 
total (compound nucleus) parity TIc (10.22) 
Angle of the outgoing particle with respect to the 
incident beam, in the center-of-gravity system 
(Section 2A) 
Temperature of the residual nucleus (6.6) 
The local wave number which appears in the 
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~l 

II 
II(a) 

lIe 

II(X) 
IIa 
IIa' 

II " a 

p 

p 

u 

uo(S) 

u(a,b) 
u*(a,b) 

u(a;b,c) 

u(a;c,b) 

cr(a;bc) 

u(a,n) 

W.K.B. approximation for transmission coefficients 
(5.9') 
de Broglie wavelength of the relative motion In 

channel a, divided by 211" (Section 2A) 
Channel wavelength l\ in channel {3 (2.63) 
Mean free path of a nucleon in nuclear matter 
(Section 3A) 
Phase shift for the "potential" scattering with 
orbital angular momentum l (2.51), (2.52) 
Parity quantum number (Sections 3B, lOB) 
Parity of the incident particle a (Section lOB) 
Parity of the compound nucleus, equal to the total 
parity of the system before and after the reaction 
(Section lOB) 
Parity of the target nucleus X (Section lOB) 
Channel parity in channel a (10.19) 
Parity of the (target) nucleus X in quantum state 
a' (Section lOB) 
Parity of particle a in quantum state a" (Sec-
tion lOB) 
Density of nucleons inside the nucleus (Section 
3A) 
Difference between the channel radius Ra and the 
radius Rx of the target nucleus; p=O for nucleons, 
p"'1.2X10-13 cm for alpha-particles or deuterons 
(Section 4) 
Cross section (2.1) 
Cross section for collisions with orbital angular 
momentum l=O and channel spin S (10.3) 
Cross section of the reaction X(a,b)Y (3.1) 
The part of u(a,b) attributable to collisions in which 
the residual nucleus Y is left in a state of low enough 
excitation so that no further particles (only gatnma
rays) are emitted; this is the measured cross section 
of the X(a,b)Y reaction (Section 6B) 
Cross section for the reaction X+a = Y*+b, 
y* = Z+c (Section 6B) 
Cross section for the reaction X +a = (Y') *+c, 
(Y')*=Z+b (Section 6B) 
=u(a;b,c) + u(a;c,b); the observed cross section of 
the X(a,bc)Z reaction (Section 6B) 
Cross section for the reaction initiated by particles 
a and leading to the emission of neutrons (3.9) 
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Differential cross section of the (a,{3) reaction 
(2.64) 
Differential cross section for the ({3,a) (time-
reversed) reaction (2.65) 
Cross section for formation of the compound nucleus 
C by bombardment with particles a (3.1) 
Cross section for formation of the compound nucleus 
C by neutron bombardment (4.1), (4.4) 
Cross section for formation of the compound 
nucleus C through channel a (3.2) 
Cross section for formation of the compound 
nucleus C through channel a by collisions with 
orbital angular momentum l (5.1) 
Cross section for formation of the compound nucleus 
C through collision between a particle b and an 
excited nucleus Y·, the states of band Y· being 
such that the collision occurs through channel {3 

with channel energy E{J (6.9) 
Cross section for radiative capture from channel a 
(2.62), (7.21) 
Cross section for radiative capture from the group 
of channels ex due to formation of a compound 
state with total angular momentum J and parity 
TIc (10.31) 
Coulomb phase shift for scattering with orbital 
angular momentum l (2.35) 
The part of the reaction cross section due to colli
sions with orbital angular momentum l (2.3), 
(2.13) 
Reaction cross section in a channel with channel 
spin S due to collisions with total angular momen
tum J, for an unpolarized incident beam (10.18) 
Reaction cross section in a channel with channel 
spin S due to collisions with total angular momen
tum J and z component of total angular momentum 
M (10.17) 
Reaction cross section in a channel with channel spin 
S due to collisions with total angular momentum J 
and total (compound nucleus) parity TIc, for an 
unpolarized incident beam (10.23) 
Cross section for all events other than elastic 
scattering (" reaction cross section") in cha.nnel 
ex (2.2) 
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S wave elastic scattering cross section (2.25) 
That part of the elastic scattering cross section due 
to collisions with orbital angular momentum l 
(2.3), (2.11) 
Cross section for elastic scattering in a channel with 
channel spin S due to collisions with total angular 
momentum J, for an unpolarized -incident beam 
(10.14) 
Cross section for elastic scattering in a channel with 
channel spin S due to collisions with total angular 
momentum J and z component of total angular 
momentum M (10.13) 
Cross section for elastic scattering in a channel 
with channel spin S due to collisions with total 
angular momentum J and total (compound nucleus) 
parity IJe, for an unpolarized incident beam (10.22) 
Elastic scattering cross section in channel a (2.2) 
Differential cross section for elastic scattering 
through an angle 8 (Section 2A) 
Total cross section in channel a (2.2) 
Cross section of the (a,fJ) reaction (2.61) 
Differential cross section of the (a,{J) reaction; 
8 and I{J specify the direction of the outgoing particle 
(2.64) 
Reaction cross section for reactions initiated 
through channel a with orbital angular momentum 
l (8.33) 
Differential cross section of t.he ({J,a) reaction; 
8 and I{J specify the direction of the incident particle, 
while the outgoing particle is emitted along the 
negative z direction (2.65) 
Mean life of state number 8 of the compound 
nucleus (7.5) 
Mean life of the compound nucleus C with excitation 
energy Ee (3.3) 
Azimuthal angle of an outgoing particle with respect 
to the beam direction (Section 2A) 
Normalized wave function of the residual nucleus 
in a channel (9.14) 
Spin function for a channel spin S with z com-
ponent mB (10.2) 
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Wave function of a decaying state in a square well 
potential (Section 9A) 
='Hr) = 1/I(r, 9) ; wave function for the relative motion 
in the incident channel (2.8), (9.14) 
= 1/I(t = 0); the decaying state wave function 1/1 at 
time t=O (9.12) 
Wave function for the elastically scattered wave 
(2.9) 
Wave function of a state of an actual nucleus 
(9.13), (9.14) 
Wave function of a state of an actual nucleus with 
orbital angular momentum 1 (9.15) 
Circular frequency of a gamma-ray [ = 211"11] (1.2) 
Circular frequency appearing in the Fourier trans
form ~(w) of the wave function 1/I(t), corresponding 
to the energy E = hw (Section 9A) 
Parity-selecting function; it is 1 if II = ( _1)/, 
and it is 0 if II = - (_1)1 (10.21) 



CHAPTER IX 

Nuclear Reactions; Application 

of the Theory to Experiments 

1. INTRODUCTION 

In this chapter the theory of nuclear reactions will be applied to 
special reactions, and a comparison will be made between experi
mental results and theoretical predictions. The broad, general 
features of different reaction types will be emphasized, and no attempt 
will be made to include detailed effects which depend on special 
properties of individual nuclei. 

We classify the nuclear reactions into different groups by specifying 
the nature of the incident particle: we consider nuclear reactions 
initiated by neutrons, protons, alpha-particles and deuterons. Reac
tions initiated by gamma-rays will be treated separately in Chapter 
XII. 

We divide the range of energy E of the incident particle roughly into 
five regions: 

I. Low energies: 0 < E < 1000 ev. 
II. Intermediate energies: 1 kev < E < 500 kev. 

III. High energies: 0.5 Mev < E < 10 Mev. 
IV. Very high energies: 10 Mev < E < 50 Mev. 
V. Ultrahigh energies: 50 Mev < E < 00. 

It is also useful to divide the target nuclei into three categories: 

A. Light nuclei: 1 5 A < 25. 
B. Intermediate nuclei: 25 5 A < 80. 
C. Heavy nuclei: 80 5 A < 240. 

We shall classify the nuclear reactions into groups characterized by 
the nature of the initiating particle, its energy region, and the category 
to which the target nucleus belongs. This classification determines in 
general the character of the reactions, the particles which are emitted. 
their energy distribution, and so on. There is, of course, considerable 

458 



1. Introduction 459 

overlap and a gradual change from one energy region to the next. 
Many properties of one group can be extended to the neighboring 
nuclei of another group. 

The light nuclei (group A) must be treated individually. It is 
almost impossible to apply any general rules describing nuclear reac
tions in that group. The detailed structure of the individual nucleus 
is decisive for the character and yield of most of the reactions. Separa
tion energies and Q values differ by much larger amounts within 
group A than within any other group. The assumptions made in 
the preceding chapter about the interior of the nucleus are not applica
ble to group A, since there are too few nucleons in these nuclei to 
form a well-defined interior region. All nucleons are at the "sur
face" of the nucleus. 

We therefore describe only a few characteristic nuclear reactions 
with light nuclei which show some features different from those 
observed with intermediate or heavy nuclei. A very detailed descrip
tion of almost all observed nuclear reactions with light nuclei is found 
in review articles by Hornyak, Lauritsen, Morrison, and Fowler 
(Hornyak 48,50). 

The reactions with intermediate or heavy nuclei are of different 
character in the five energy regions. The outstanding features of 
these regions can be characterized as follows: Regions I and II are 
almost exclusively confined to neutron reactions, since charged par
ticles of this energy cannot penetrate to the nucleus. Region I (low 
energy) is characterized by the preponderance of resonance capture of 
neutrons in heavy nuclei. The most important reaction in region II 
is the resonance elastic scattering of neutrons. Energy region III is 
characterized by the fact that the residual nucleus can be left in several 
excited states. This leads to inelastic scattering, and to reactions in 
which the energy of the emitted particles assumes many values. In 
region IV the energy is high enough to allow secondary nuclear reac
tions [(p,2n), (p,np), etc.]; in region V the mean free path of a nucleon 
in nuclear matter becomes comparable to nuclear dimensions, and the 
compound nucleus description breaks down. We then observe 
nuclear reactions in which many nucleons are ejected. 

One part of the low-energy region I is of special significance: 
the "thermal" region. A beam of neutrons is called "thermal" if 
it possesses an energy distribution equal to the Maxwell distribution in 
a neutron gas at room temperature. Such a beam can be obtained 
readily from any neutron-producing apparatus in which the neutrons 
are slowed down in some medium and emerge in equilibrium with the 
thermal motion. The elastic scattering of "thermal" neutrons and 
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of neutrons of very low energy (E < 1 ev) frequently displays a very 
complicated angular and energy dependence with many closely spaced 
maxima (see Fig. 1.1). These are due to interference effects between 
the waves scattered from different nuclei within a crystal and arc 
similar to the diffraction of x-rays in crystals. They will not be dis
cussed in this book. 

In Table 1.1 the different reaction types are arranged according to 
the groups in which they appear. The reactions with light nuclei are 
not listed since they cannot be fitted into any general scheme. The 
reactions in each group are listed in the order of importance. The 
reaction which, in general, has the larger cross section precedes the 
one with lower yield. Reactions are omitted whose cross section is, 
in general, less than 1 percent of the leading reaction. It should 
always be kept in mind that there must be many exceptions to any 
attempt to systematize nuclear reactions. Among the most striking 
exceptions are some heavy nuclei like Pb, Bi, and others, which exhibit 
the properties of intermediate nuclei. This behavior is probably 
connected with the shell structure of nuclei (see Chapter XIV). 

In the following sections the different reaction groups will be dis
cussed in more detail. The results from the considerations of Chapter 
VIII "ill be compared with the experimental material, and this will 
help to determine some of the semi-empirical constants which were 
introduced in the theory, such as the resonance level spacing D and 
the radiation width r rad. 

2. NEUTRON -INDUCED REACTIONS 

A characteristic feature of neutron-induced reactions is the existence 
of a well-defined total cross section (1, which is the sum of the elastic 
scattering cross section and the reaction cross section. The total 
cross section can be measured directly by determining the attenuation 
of a well-collimated neutron beam in passing through a sample of 
material of known thickness, whereas the measurement of all other 
cross sections requires the determination of the yield of the reaction 
and of the strength of the incident beam as well. 

The total cross section is ill defined in reactions induced by charged 
particles, since it contains the Rutherford scattering cross section 
which becomes extremely large for very small scattering angles. The 
scattering through very small angles is determined by the Coulomb 
field far outside the nuclear surface and depends critically on the 
shielding of the nuclear charge by the atomic electrons. Hence the 
total cross section in the case of charged particles is mostly an atomic 
phenomenon. 
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A. Low and Intermediate Energy, Intermediate Nuclei 

Only few neutron reactions can take place with neutrons of low or 
intermediate energy. For intermediate nuclei the most important 
reactions are elastic scattering and radiative capture. All other reac
tions are energetically impossible or negligibly weak. Inelastic neu
tron scattering is not possible since, in general, the first excited state 
of the target nucleus is several hundred kilovolts above the ground 
state. The (n,p) or (n,a) reactions are weak because of the Coulomb 
barrier which acts as an obstacle to the emission of charged particles 
with low energy. 

The theoretical expressions for the elastic scattering and for the 
radiative capture are as given in Chapter VIII, Section 7-the Breit
Wigner formulas (VIII,7.20) and (VIII,7.21)-if the spin of the neu
tron is ignored. The factors which include the spin effect are given 
for the case l=O in (VIII,10.5) and (VIII,10.4). We expect that 
most of the observable resonances occur with neutrons of angular 
momentum l = 0 or l = 1; resonances with higher values of l have very 
small neutron widths rna. They are too narrow to be observed. 

The most important magnitudes appearing in the Breit-Wigner 
formula are the widths. The theoretical expression for the neutron 
width can be taken from (VIII,S.14), (VIII,S.21), and (VIII,5.S); it is 

~ .. : = 1.4 X 10-4 (E in ev) 112 VI (2.1) 

where r n' is the neutron width evaluated at the energy E near the 
resonance energy E.. D· is defined by (2.1), and according to the 
theory D· is expected to be of the order of the actual energy separa
tion D between levels of the same angular momentum J and same 
parity Ilc . The barrier penetration factor VI was given in (VIII,5.8) 
for various values of l. The values for l = 0, 1, 2 are 

Vo = 1 
EO + E 

(2.2) 

w~e EO is defined by 

( )
112 

kR == ~ 
h2 21 Mev 10 Mev 

EO == 2MR2 ::: (R in 10-13 cm)2 '" ~ (2.3) 

The energy EO plays an important role in the estimate of the contribu
tions of different orbital angular momenta l. The relevant quantity 
here is kR = (f/EO) 112. The neutron widths for angular momenta 
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l> (E/ EO) 112 are much smaller than those for l = O. The neutron widths 
for orbital angular momenta l < (E/EO) 112 are comparable to the S wave 
neutron widths. These statements can also be expressed as follows: 
the neutron widths for an angular momentum l are expected to be 
small compared to l = 0 neutron widths if the neutron energy E is 
appreciably below the" centrifugal barrier height" for this value of l. 
The height of the centrifugal barrier is 

Centrifugal barrier height = l(l+ l)Eo (2.4) 

Although the widths of resonances with high values of l become 
progressively smaller, this is by no means true of the maximum cross 
sections in resonance. If the resonance is a pure scattering resonance 
(as is the case for intermediate-energy neutrons in intermediate nuclei), 
the maximum cross section is given by (VIII,1O.33) and depends only 
on the resonance energy (i.e., on J\), on the angular momentum J of 
the resonance level, and on the nuclear spin I of the target nucleus. 
Hence a completely monoenergetic beam of neutrons incident upon 
completely stationary target nuclei would yield all pure scattering 
resonances in the compound nucleus, no matter how high the barrier 
energy. The resonances for neutrons with high values of l would be 
very narrow, but they would still give a maximum cross section deter
mined from (VIII, 10.33). 

We must therefore include the effects of finite resolution of the 
experiments in order to understand under what conditions resonance 
levels are observed. There are two main effects here: the incident 
neutrons are not precisely monoenergetic, and the target nuclei 
are not precisely at rest. The second effect is called the "Doppler 
broadening" of the resonance. It depends on the temperature of the 
target, and it can be estimated to be negligible for the data which we 
are going to discuss here. In order to estimate the first effect, we shall 
assume that the distribution-in-energy of the incident neutrons is 
constant within an energy interval LlE about the mean energy E, and 
zero outside this interval. For the narrow resonances under consid
eration, we can neglect the variation of the neutron width r ". across 
the resonance region and we can neglect the potential scattering. The 
height of the resonance peak observed experimentally is then, in the 
two limiting cases, 

tr max,exp ,........, (f max LlE« r 

(2.5) 
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Only those resonances will be observed for which O"mu,exp exceeds 
the experimental fluctuations in the measured cross sections. l 

The second width appearing in the Breit-Wigner formulas is the 
reaction width r/ which, in this case, is equal to the width for the 
radiative-capture process, since this is the only reaction possible: 

rr· = r:ad (low- and intermediate-energy neutrons) (2.6) 

The radiation width r:ad has been introduced into the theory as an 
empirical constant. An attempt at a theoretical determination of this 
quantity will be made in Chapter XII. Empirically, the radiation 
width is much smaller than the neutron width for observable levels 
in intermediate nuclei, in the low- and intermediate-energy region: 

(observable resonances of low- and intermediate
energy neutrons in intermediate nuclei) (2.7) 

Thus these resonances are practically pure scattering resonances, 
and we can use the theory of Chapter VIII, Section SA, to describe 
them. 

As an example, the total cross section and the radiative-capture 
cross section of aluminum for intermediate-energy neutrons are given 
in Fig. 2.1 (Henkel 50) . We first observe that the capture cross sec
tions are about three orders of magnitude lower than the total cross 
sections. Thus the total cross section is practically equal to the 
elastic scattering cross section. 

Neutron scattering resonances are observed at distances D' of 
roughly 50 kev. This D' is not the "level distance" D which is 
expected to be of the same order of magnitude as the D* in (2.1). D 
is defined to be the distance between levels of equal J and parity. 
We can use the observed level spacing D' to estimate the spacing D 
between levels of equal J and parity as follows: We can estimate 
from (2.1) and (2.5) that only Sand P resonances are observable with 
the energy spread ~E '" 5 kev used in the experiments. Aluminum 
has only one stable isotope, A127; hence all the observed resonances 
are levels in the same compound nucleus, A128. Al27 has a nuclear 
spin I =t, and an unknown parity which we call ITa (it is equal to the 
channel parity, since an isolated neutron has parity + 1). If the 
neutrons responsible for the resonance are S wave neutrons (l=O), 
the levels in the compound nucleus have a J of either 2 or 3, and a 

1 The estimate (2.5) assumes that the target used for the transmission experi
ments is thin for all the neutrons, including the resonance neutrons. The expres
sions are different if the target is thick for resonance neutrons, but thin for neutrons 
off resonance. 
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parity IIc = II... If the neutrons are P wave neutrons (I = 1), the 
compound levels have values of J = 1, 2, 3, or 4, and parity IIc = - IIa. 
Hence there are six types of resonances observed differing in J or 
parity, and we can conclude therefore that D '" 6D' ,....., 300 kev. 

Substitution of this value of D into (2.1) gives rn""'13 kev for S 
wave resonances near 100 kev, r n""'30 kev for S wave resonances near 

12 
11 

10 
9 .. 

E 8 
u 

~~ 7 

6 
. S 5 

"0 
l;) 4 

3 
2 

0 

20 

.. 
to 
515 

10 -
.~ 10 

Jl 
co 

~ 
tQ 5 

o 
o 

L 

\ ..., 

Total cross section 

~ 

I /\ 
I ~ \ 1\ 1\ ..... 
f \ \ \ 1 1\ TI I v \.. 
I \ \.. \ I IV \ I \ J 11 \.., 

j k.1 "" .I V 

" 

:\ Absorption cross section 

II. , 
~\ 

2 I" f\ " ~ ~ j\ ~'\ )\ '-<' 0 r"'\J ~ V 

50 100 150 200 250 300 350 400 450 500 
Neutron energy (kev) 

FIG.2.1. Neutron cross sections for aluminum, taken from Henkel (50). 

500 kev. The corresponding numbers for P wave resonances are 1.2 
kev and 10 kev, respectively. Figure 2.1 shows widths of the order 
of 5 to 10 kev in the lower-energy range, and somewhat larger widths 
(10 to 20 kev) at higher energies. This is in good agreement with 
the theoretical predictions. 

The capture cross section O'cap(n) shows resonances at the same 
energies as the total ('" scattering) cross section. This is to be 
expected according to the compound nucleus picture, and it serves 
as a confirmation of that picture. The ratio of resonance capture cross 
section to resonance scattering cross section varies from level to level. 
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Fluctuations from the average must occur, since the theory can make 
predictions only about the average behavior of resonance levels, not 
about individual levels. According to (VIII,lOA), (VIII,10.5), and 
(VIII,8.3l), the ratio of the capture cross section to the elastic scatter
ing cross section at the resonance peak (f = fa) is approximately 
[neglecting the potential scattering and using (2.6)) 

0' r. 0 C::! r:ad 

O'ac,O - r.: (2.8) 

The experimental ratio of capture cross section to total cross section 
is about 10-3• Since, experimentally, the neutron widths are of the 
order of 5 to 20 kev, we get values of r:ad of the order of 3 to 30 ev. 
Estimates of this sort give the rule 

r:ad '"""' 1 to 30 ev (for intermediate nuclei) (2.9) 

A cleaner separation between the resonance levels of the compound 
nucleus is obtained in sulfur, for which the total neutron cross section 
(~ elastic scattering cross section) is shown in Fig. 2.2 (data from 
Adair 49 and Peterson 50). Here the observed level spacing is about 
100 kev. Measurements by Blair and Wallace (Blair 50) in 23VDl 
indicate a spacing of 25 kev. 

The large variations of the level distance from nucleus to nucleus 
are probably connected with variations in the separation energy S of 
the neutron from the compound nucleus. The observed resonances 
correspond to states of the compound nucleus with an excitation 
energy E = E+S. For the same neutron energy E, E can be quite 
different in two different compound nuclei. Since the level spacing in 
a nucleus is a rapidly decreasing function of the excitation energy E, 
we may expect large fluctuations in the level spacing at the same 
neutron energy f from nucleus to nucleus. There is, however, a gen
eral trend toward smaller level distances for higher mass numbers. 

It is characteristic of the intermediate nuclei that the neutron width 
r "a is larger than the radiation width for all observable levels. Since 
the neutron width decreases with decreasing energy, we get the most 
unfavorable estimate by choosing a low resonance energy, say 10 ev. 
We also choose a low level spacing D "" 10 kev. Then (2.1) gives, for 
an S wave resonance which would be the only observable one at such 
a low energy, r fla ~ 5 ev, which is still comparable with the radiation 
widths (2.9). It is extremely unlikely that a level should be found 
within 10 ev of the neutron separation energy if the level spacing is 
10 kev. Hence all the observed resonances in intermediate nuclei are 
predominantly scattering resonances. The interaction of neutrons 
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below 200 kev with intermediate nuclei is a good example of almost 
pure elastic scattering as described in Section 8A of Chapter VIII. 

The theory predicts a characteristic behavior of the elastic scattering 
cross section near resonance due to the interference of potential and 
resonance scattering (see Chapter VIII, Section 8). There should be 
a minimum of the scattering cross section on the low-energy side of a 
resonance with l=O, and a slower decrease on the high-energy side. 
The total cross section in sulfur, as shown in Fig. 2.2, consists pre
dominantly of elastic scattering and should exhibit the expected 
phenomenon. The first, fifth, and seventh resonances show the 
phenomenon quite clearly. The other resonances belong probably to 
values of l higher than zero for which the potential scattering is too 
weak to produce appreciable interference. 

The scattering cross section between resonances is given by the 
potential scatterinl!; only and is therefore expected to be the same as 
that of a repulsive sphere of nuclear size, which approaches 4rR2 at 
low energies E«EO. We must not forget, however, that the interfer
ence between potential and resonance scattering is strong even at 
energies which differ from the resonance energy by much more than 
the width r' of the resonance. Hence deviations from pure potential 
scattering are found relatively far from resonance, at distances of the 
order of llE as given by (VIII,8.15a). 

The maximum value of the cross section gives information about the 
J of the resonance level. It was shown in Chapter VIII, Section 8, 
that the scattering cross section reaches its largest possible value in 
the resonances if the elastic scattering is the dominant reaction. The 
maximum cross section was found to be 4r",2(2l+1) if the spin is dis
regarded. We must use here the more detailed expression (VIII, 10.33), 
which gives the maximum cross section for energies E«EO [EO is defined 
in (2.3)], where only the lowest possible l =L contributes appreciably. 
Since the spin I of the target nucleus is usually known, J can be 
deduced from the maximum cross section at resonance with the help 
of (VIII,10.33). If J and I are known, the two possible values (depend
ing on the parity of the compound .nucleus) of the lowest orbital 
angular momentum L of the resonance neutrons are given in Table 
10.2 of Chapter VIII. 

The target nucleus in Fig. 2.2, sulfur, is predominantly (95.1 per
cent) an even-even isotope, S32, which has nuclear spin 1=0 and 
presumably even parity. S wave neutrons then lead to resonances in 
the comnound nucleus,' S33, with J =t and parity IIe = + 1. The 
maximum cross section for those resonances, acording to (VIII,1O.33), 
is 4r",2; this is drawn in on the figure (labeled J =i, S wave). Reso-



470 IX. Nuclear Reactions; Comparison with Experiments 

nances 1, 5, and 7 are probably S wave resonances. P wave neutrons 
lead to resonances with J =i or J =i and parity TIc = -1. The 
expected maximum cross sections are also drawn in on the figure 
(these curves include a rough correction for the potential scattering 
background which is not present for S wave resonances in this nucleus). 
Resonances 2, 3, 4, 6, 8, and 9 are probably P wave resonances. Most 
of them are only partially resolved and therefore do not reach the 
maximum value. 

The three S wave resonances visible on Fig. 2.2 all have the same 
value of J( =t) and the same parity. Thus the average level distance 
between them, D = 300 kev, is the proper value to substitute into the 
estimate (2.1). The widths predicted on this basis are within a 
factor 5 of the theoretical estimate (2.1). Agreement between the 
rough estimate (2.1) and any single experiment to within a factor of 
10 either way is considered satisfactory, but consistent disagreement 
between (2.1) and a whole set of experiments by the same factor 
would not be tolerable. 

We now turn to the capture cross section and consider especially 
capture near a resonance with l = O. We can use the expression 
(VIII,lO.4) for the reaction cross section and write it in the following 
form by substituting (VIII,8.39) for the neutron width: 

(2.10) 

where "rn' is the reduced neutron width. We find that ucap(n) is pro
portional to l\ or E- 1/2 at very low energies in contrast to the behavior 
of the elastic scattering cross section, which approaches a finite value 
as E~O. Although (2.10) is valid only near the resonance, we shall 
apply it to thermal energies Elh by assuming that E, is the resonance 
nearest to Eth, in which case (2.10) should be qualitatively correct. 
It is expected that IEth - Esl is of the order of the level distance D and 
certainly never larger than D /2. Hence we may put IEth - E,I == D /2r 
where r~ 1. We set for a rougp estimate g(S)"'t and use the estimate 
(VIII,8.40) for "rn·. Furthermore we assume that /Eth-E./ is much 
larger than r'. This gives for the thermal neutron capture cross 
section 

2 l\th (r:ad) 
[ucap(n)]th '" 4r K D 

'" r2'1100 (r;d) X 10-24 cm2 (2.11) 
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The experimental values of the capture cross section at thermal 
energies for intermediate nuclei are of the order of 10-25 cm 2 or higher. 
This indicates that (rrad! D) is of the order of 10-4 in agreement with 
the measurement shown in Fig. 2.1 and with similar results. There 
is a tendency toward larger values of <reap for larger A, which probably 
is connected with the decrease of the level distance D with increasing 
A. 

B. Low Energy, Heavy Nuclei 
The only reactions possible for low-energy neutrons on heavy nuclei 

are elastic scattering, radiative capture, and, in a very few cases, 
neutron-induced fission. The effect of the Coulomb barrier pro
hibiting the emission of charged particles of low energy is even more 
pronounced than with intermediate nuclei. Only neutrons with l =0 
can produce any reaction in this group, since 'A»R. 

The low-energy neutron reactions with heavy nuclei are charac
terized by the fact that the cross sections frequently show resonances 
very close together in energy. We find distances between resonances 
of the order of 10 and 100 ev in many heavy elements. However, 
in certain nuclear species no resonances at all have been found, and 
it is probable that there exist a large number of heavy nuclei with 
resonance spacing much larger than 100 ev. In fact, indications have 
been found (Goldhaber 49, Harris 50) that this is the case in most 
nuclei with even A. Certainly target nuclei with "magic" numbers 
(see Chapter XIV) of protons and neutrons show very large resonance 
spacing in the compound nucleus (many kev's), especially lead and 
bismuth (Barschall 49). 

Small level distances should be connected with very small neutron 
widths. In fact, (2.1) shows that the neutron widths should on the 
average be considerably smaller than 1 eVj for a resonance, say, at 
10 ev, and a level distance D"'30 ev, r n· becomes of the order of 10-2 

ev, a value which is in agreement with experimental measurements. 
However, the total widths of these low-lying resonances were found 
to be much larger-of the order of 10-1 ev. This forces us to conclude 
that most of the total width is due to the reaction width, which in this 
case is exclusively radiation width (with the exception of the very 
few fissionable nuclei). Hence we conclude that f rad"-'O.1 ev for 
low-energy neutron resonances in heavy nuclei. In contrast to the 
situation with intermediate nuclei, the neutron width is small compared 
to the radiation width for low-energy neutrons on heavy nuclei. Reso
nance capture is stronger than resonance scattering. 

The cross section for the radiative capture process [(n,'Y) process] 
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is given by (2.10), which we write for our present purposes in the form 
(using r:ad ~ r') 

(2.12) 

where "'tn' is the reduced neutron width. This formula has been 
checked quantitatively to a very high accuracy. Figure 2.3 shows, 
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FIG. 2.3. tTl for neutrons in cadmium (natural isotopic mixture). Fitted by a 
Breit-Wigner one-level formula with E. = 0.176 ev, tTma. = 7.2 X 10-21 cm 2, 

r' = 0.115 ev. [Taken from Goldsmith (47).] 

for cadmium, a series of measurements at different energies which are 
compared with the theoretical Breit-Wigner formula (2.12). The 
agreement is extremely accurate. The theory of the Breit-Wigner 
formula is expected to give very reliable results for the shape of reso
nances if the widths of the resonances are small compared to their 
separation in energy. 

The scattering cross section near resonance is much smaller than 
the capture cross section, since r:ad » r n' [see (2.8)]. At larger dis
tances from the resonance, however, (T,c approaches the potential 
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scattering cross section 471R2, whereas O'eap(n) becomes very much 
smaller than 4'71R2, except at energies very close to zero. According to 
(2.12) the capture cross section contains a factor" which goes to 
infinity for zero energy. Hence there is always an energy below which 
O'eap is larger than O',e since the latter cross section approaches a constant 
value 471R2. This energy is in general very low (lower than thermal 
energies) except when there is a resonance close to zero energy. The 
resonance of cadmium shown in Fig. 2,3 is an example of this case. 

The total cross section is approximately equal to the capture cross 
section O'eap(n) near resonance. Off resonance the total cross section 
becomes approximately equal to the S wave potential scattering cross 
section 4'71R2 except at very low energies where it becomes proportional 
to E-1/2• 

The relevant constants E., "I.', r:ad "" r' of a resonance are obtained 
by comparing the experimental results with the theoretical expression 
(2.12). Most of the experiments measure the total (transmission) 
cross section. Unlike resonances in intermediate nuclei, the slow 
neutron resonances in heavy nuclei have to be corrected for the Dop
pler broadening which is caused by the thermal motion of the nuclei 
in the target. The relative energy between the neutron and the nucleus 
is not what it would be for completely stationary nuclei but is spread 
over an interval (AE)D of the order of 

(2.13) 

where k T is the energy of the thermal motion (of the order of 0.025 
ev at room temperature) and A is the mass number. The Doppler 
width is small compared to r:ad for resonance energies E.,,-,l ev, but 
(AE)D becomes comparable to r:ad for resonances in the 100-ev range 
in nuclei of mass number A,2:100. 

We have listed in Table 2.1 some of the experimental results of 
measurements of resonance energies and widths. 

A very remarkable feature of the table is the fact that, in heavy 
nuclei, r:ad is always very near 0.1 ev. In all cases in which it could 
be measured directly it was found that it fell within the limits 

0.03 ev < r:ad < 0.20 ev (heavy nuclei) (2.14) 

These values are somewhat smaller than the radiation widths in inter
mediate nuclei. 

The measurements of rna can be compared with expression (2.1). 
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TABLE 2.1 
NEUTRON WIDTHS OF RESONANCE LEVELS AND LEVEL DISTANCESt 

The first column contains the target nucleus. If the mass number is not given, 
the isotope in question has not been assigned. Then the width can be determined 
only if the abundances of the isotopes in question are about equal. The second 
column contains the resonance energy EI of the neutrons. The third column con
tains the neutron width r,,". Since in most cases g(S) is not known, the value in 
this column is actually 2g(S)·r ,,", which is the closest result attainable since 
(g(S»av = 1. The fourth column contains the radiation width r~ wherever it 
was measured. In all these cases it is almost equal to the total width, r"~r~, 
and the values given are the measured total widths. The fifth column contains 
the product of ;the reduced neutron width ,,(,," as defined in (VIII,7.15) and the 
nuclear radius. The sixth column contains the magnitude D· derived from r" I 
according to (2.1). All resonances in this table are assumed to be due to l =0 
neutrons because of the low energy EI' The seventh column contains the level 
spacing D of levels of equal J and parity. It is very difficult to estimate this spac
ing from the present observations. If several levels of the same isotope are known, 
the distance D is put equal to twice the average distance of these levels, assuming 
that half the resonances belong to the value J = 1+1 and half of them to J = I -1. 
(I is the spin of the target nucleus.) If no assignment of resonances to isotopes is 
possible, the distance D is estimated very roughly from the number of resonances 
observed. This or other gross uncertainties are indicated by the symbol -D. 
According to the theory D· should be of the same order of magnitude as D. 

Target Reso- Neu- Radia- Reduced 
nance tron tion Neutron 

Nu- Energy, Width, Width, Width, 
D· D Referenl.'e 

cleus 
el r,," r"nd R,,(,," 

key key kevXcmXlOu key key 

Na28 3 0.17 5.2 16 -50 Belove 50a 

Mg24 2540 150 214 670 1000 McPhail 40 

Al27 155 10 63 200 300 Henkel 50 

S82 115 25 167 530 300 Peterson 50 

Ni 15 3 60 190 200 Barschall 48 

70 5 43 130 200 Barschall 48 

ev ev evXcmXlO13 ev ev 

Mn&& 345 13 1600 5000 >1000 Rainwater 47 

Con 120 2.6 540 1700 -1000 Wu47 

Seidl 49 

Zn 520 5 500 1600 >500 Coster 48 

t Most of the material in this table is taken from Teichmann (49). 



Target 
Reso-
nance 

Nu-
Energy, 

cleus 
E, 

ev 

Rh loa 1.3 

Pd lO8 24 
Ag I07 45 
AgI09 5.1 

13 

Cd 11. 0.18 

In 115 1.44 

In 113 3.8 

8.6 

Sb 5.8 

15 
1127 20 

Sm 0.096 

Eu 0.465 

Gd 0.03 

Ta l81 4.1 

10 

13 

22 

W 182 4.15 
W183 7.8 

AU l97 4.87 

2. Neutron-induced Reactions 

TABLE 2.1 (Continued) 

Neu- Radia- Reduced 
tron tion Neutron 

Width, Width, Width, n* 
r,,' r"rad R-y,,' 

--
10-3 ev ev evXcmXI013 ev 

0.33 0.14 0.65 2.0 

49 0.14 23 73 

13 4.5 14 

11 0.17 12 38 

4.8 3 10 

0.8 0.115 3.2 13 

2.4 0.09 4.4 14 

7 8.2 26 

40 31 97 

1 1 3.2 

8 5 16 

2.4 1.2 3.8 

0.58 0.074 4.4 14 

0.9 0.20 2.9 9 

0.51 0.05 6.7 21 

1.4 1.6 5 

2.0 1.4 4.4 

0.3 0.2 0.6 

3.1 1.5 5 

2.3 2.6 8 

1.6 1.4 4.5 

21.1 0.17 22 70 

D 

--
ev 

>20 

...... 50 

...... 40 

...... 40 

...... 40 

>50 

...... 100 

...... 100 

...... 100 

...... 20 

...... 20 

...... 15 

...... 20 

...... 10 

......s 

...... 6 

...... 6 

...... 6 

-8 

-8 

>100 

475 

Reference 

------

Borst 46 
Sturm 47 

Coster 48 

Havens 46 

Selove 50 

Havens 46 

Rainwater 47 

Havens 47 

Havens 47 

Havens 47 

Rainwater 4 

Rainwater 4 

Jones 47 

Borst 46 
Sturm 47 

Sturm 47 

Sturm 47 

Havens 47 

Havens 47 

Havens 47 

Havens 47 

Havens 47 

Havens 47 

Tittman 50 

7 

7 

Only the product g(8)r,: is measured by the experiments [see (2.12)].1 
In Table 2.1, g(8) has been set equal to t which is the average of the 
two possible values of g(8). It is seen from Table 2.1 that D* is in 

1 g(S) is known when the target nucleus is an even-even nucleus with I = O. 
Then g(S) = g(t) = 1. There are methods to determine S from a comparison of 
scattering and absorption data. For example, S has been determined to be 1 for 
the Cd 113 resonance by Beeman (47). 
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general of the order of the level distance D, although there are a num
ber of cases among the heavy ele
ments where D* is definitely less than 

~ E, 

----, '.-1- - f-I---- >--

8,. 

'-

FIG. 2.4. r~/h is the sum of the 
probabilities (per unit time) of all 
the radiative transitions from the 
level., of the compound nucleus. 

D. It is not clear whether this dis
crepancy falls within the expected 
fluctuations or whether it signifies a 
failure of the theory. 

Owing to the factor E- l12 , the cap
ture cross section at thermal energies 
can be appreciable even if there is no 
resonance in the immediate neighbor
hood. For an estimate we use again 
expression (2.11) and get now, with 
D",30 ev, r"",O.l ev: [ucap(n)]th '" 
4r2 X 10-24 cm2• This would indi
cate a minimum thermal capture cross 
section of the order of 4 X 10-24 cm 2 

since r2 ~ 1. The thermal neutron 
capture cross section has been meas
ured in almost all elements. Most of 
the elements show values larger than 
5 X 10-24 cm. 2 There are a few strik
ing exceptions with values below 10-24 

cm 2• They are Sn, Ba, Pb, and Bi. 
All four belong to the group of 
" magic" nuclei (see Chapter XIV), 
and there is other evidence that these 
very nuclei have abnormally large 
level distances. 

C. Intermediate Energy, Heavy Nuclei 
The low-energy region is distin

guished by the fact that for many 
heavy nuclei the widths of the reso
nances fulfill the relation r n" « r:ad. 
r n" increases with increasing neutron 
energy (proportional to El/2), whereas 
r:ad is not expected to depend on the 
neutron energy as long as E varies 
between 0 and 0.5 Mev. This can be 
seen as follows: r:ad measures the 
radiative transition probability from 
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the state 8 of the compound nucleus to lower states as indicated in 
Fig. 2.4. The excitation energy E.=E.+S .. of state 8 is very much 
larger than E.; an increase of E. by a small amount should not change 
r:ad appreciably. 

Hence we expect that there exists an energy El at which the S wave 
(l =0) neutron width r ,,' is on the average equal to the radiation width 
r:ad of the compound state 8. According to the relation (VIII,S.14) 
the corresponding wave number is given by 

1/2 1 r:ad kl = (2MEl) lit = "IrK - (2.15) 
D* 

Using the same numerical estimates which led to (2.1), we get 

EI (in Mev) '" 50 (~; r (2.15a) 

For D·"'20 ev, r:ad"'O.1 ev, this energy is of the order of a kilovolt. 
Thus in the intermediate-energy region the neutron width is larger 
than the radiation width for heavy nuclei also. The character of the 
neutron reactions in this region is therefore similar to those with 
intermediate nuclei discussed in Section 2A. However, the level dis
tance is much smaller, so that in most cases it is impossible to resolve 
the resonances with presently available neutron beams. Furthermore 
the Doppler width sometimes becomes comparable to the level distance 
in this region. 

It is therefore necessary to average the expressions for the cross 
sections over an energy interval .1E large compared to the resonance 
spacing. We consider, for example, the average of the capture cross 
section CT!ap(n) of neutrons with an orbital angular momentum l: 

l - -I 1'+~' l (CTcap(n)av = (.1E) • CTcap(n) dE 

It was pointed out in Chapter VIII that the average of a cross sec
tion over many resonances is of the same order of magnitude as the 
value we would get for this cross section from the continum theory. 
Hence we get from (VIII,3.2) and (VIII,3.5): 

( l ( ) () r rad,l 
CTcap n av = CTC,I n r + r 

",I rad,l 
(2.16) 

where CTC,/(n) is the cross section for formation of the compound nucleus 
by bombardment with neutrons of orbital angular momentum l. 
The subscript l on the widths r" and rrad denotes the average of these 
widths over the resonances of given l occurring in the interval .1E. 
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We can evaluate (2.16) by using expression (2.1) for r n,l and (VIII,5.1) 
and (VIII,5.6) for O'C,l: 

I '" 4lr(2l+ 1) VI 
(O'cap(n)av = kK 1 + (E/El)1I2Vl (2.17) 

The average capture cross section summed over all l 
.. 

(O'cap(n)av == L (O'~ap(n)av 
1-0 

(2.18) 

is plotted in Fig. 2.5 for several values of El, together with a few experi
mental values in the intermediate-energy region. These results point 
to a value of El of the order of 1 to 10 kev which corresponds to 
(rrad/D·) '" 7lso. This is the expected order of magnitude if rrad lies 
between 0.03 and 0.20 ev. 

We can get an approximate expression for (O'cap(n)av if we assume 
that VI'" 1 for l~kR and VI"'O for l>kR (see Fig. 5.2 of Chapter VIII, 
however, for the limitations of such a crude estimate). Then (2.17) 
and (2.18) can be written in the form 

411'k (R + ~)2 
(O'cap(n)av '" K 1 + (E/El) 112 

For E»El this becomes approximately equal to 

() 2 211'r rad 
O'cap(n) av ,...., '/f(R +~) -ri* (2.19) 

We found r rad/D· for heavy nuclei to be of the order of 10-2 • The 
radiative capture cross section for neutrons of 1 Mev is then roughly 
of the order of 10-20 cm2 for heavy nuclei. Hughes (49, 50a) has 
measured capture cross sections of heavy nuclei in this energy region, 
and his results are in good agreement with these estimates (see Fig. 
1.2 of Chapter XIV). There are some definite exceptions, such as 
barium, lead, and bismuth, which show an unusually small O'cap(n) of 
about 10-27 cm2• They belong to the group of "magic" nuclei and 
therefore may be assumed to have unusually large level distances D. 
Intermediate nuclei should have much smaller capture cross sections 
in this energy region because of their larger level distance D. This 
larger level distance is only partially compensated by a somewhat 
higher value of r rad. The measurements of Hughes (50a) clearly 
show this difference between intermediate and heavy nuclei. 

So far we have discussed only the reaction cross section and its 
average over resonances. The average (O',)av of the total cross section 
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over resonances leads to the same expression which was derived for 
the total cross section in the continuum theory and which is reproduced 
in Fig. 4.4 of Chapter VIIl.1 We therefore can use this curve also 
in the resonance region for the average over many resonances of the 
total cross section. 

D. High Energy, Heavy and Intermediate Nuclei 
When the energy of the incident neutrons is of the order of 1 Mev 

or higher, new types of processes occur. We observe inelastic scatter
ing and reactions in which charged particles are emitted. The com
pound nucleus can decay by channels different from the entrll.nr.e 
channel. 

Once the compound nucleus is formed, competition sets in between 
different modes of decay. Because of the existence of the Coulomb 
barrier, the emission of neutrons is more probable than the emission 
of charged particles. The re-emitted neutrons can leave the residual 
nucleus in an excited state, so that we obtain inelastic neutron scat
tering [(n,n) reaction]. 

The energy dependence of the cross sections becomes simple when 
the energy E of the incident neutron is so high that very many neutron 
channels are open. This is energetically possible when E is larger than 
several Mev so that the incident neutron is able to leave the target 
nucleus in many excited states. Then it is very improbable that the 
compound nucleus decays by the entrance channel rather than by one 
of the many other open channels. Hence the condition of validity 
of the continuum theory (Chapter VIII, Section 4) is fulfilled and we 
may use Fig. 4.2 of Chapter VIII as a good representation of the cross 
section erdn) for the formation of a compound nucleus. 

Since the re-emission of neutrons is the most probable process, 
erdn) also represents to a good approximation the cross section for 
inelastic scattering of neutrons at energies E larger than several Mev. 

The energy distribution of the ine~astically scattered neutrons 
reflects the level spectrum of the target nucleus. As discussed in 
Section 3 of Chapter VIII, the relative intensities into the different 
channels of energy Ep are proportional to Eperc(f3), where erc(f3) is given 
by Fig. 4.2 of Chapter VIII as a function of the channel energy Ep. 

A schematic picture of the expected distribution is shown in Figs. 
6.1 and 6.2 of Chapter VIII. When the incident energy is high, this 
distribution approximates the "Maxwell" distribution as discussed 
in Section 6 of Chapter VII I. Very little is known experimentally 

1 More details can be found in Feshbach (49a). See footnotes on pages 332 
and 333 for differences in notation. 
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about the energy distribution of the outgoing neutrons. The experi
mental results obtained so far seem to be in agreement with the theo
retical predictions (Gugelot 51). 

The yields of the (n,p) and (n,a) reactions are naturally very small 
because of the strong competition of the (n,n) process. By means of 
(VIII,6.1O) we can express the (n,p) cross section in the form 

() ( ) Fp(E+Qnp) 
q n,p = qc n 

Fn(E) + Fp(E+Qnp) + Fa(E+Qna) 
(2.20) 

Here Qnp and Qna are the Q values of the (n,p) reaction and (n,a) 
reaction, respectively, and the values of the functions F can be read 
from Fig. 6.3 of Chapter VIII. We have neglected the competition 
from the radiative capture process and from the (n,d) reaction. The 
former is negligible at high neutron energies; the latter is negligible 
because of the very high threshold energy of the (n,d) reaction in most 
nuclei. Usually Fp and Fa in the denominator of (2.20) are small 
compared to F n (neutron emission is the most probable mode of decay 
of the compound nucleus). An expression similar to (2.20) holds for 
the cross section of the (n,a) reaction. 

If the target nucleus has a high value of Z, the cross sections q(n,p) 
and q(n,a) obtained from (2.20) become extremely small. The high 
Coulomb barrier prevents any appreciable evaporation of charged 
particles. Hence it cannot be excluded that some other more com
plicated mechanisms give rise to small (n,p) or (n,a) yields which, 
however, may be larger than those predicted by (2.20). An indication 
of this effect has been reported by Paul (52). 

The radiative capture process competes not only with the re-emis
sion of the neutron through the entrance channel, as in the low-energy 
region, but also with the emission through other channels. Hence 
the capture cross section is expected to be considerably smaller than 
the one given by (2.19) which was based on the competition with the 
entrance channel only. 

E. Very High Energy, Heavy and Intermediate Nuclei 
The neutron cross sections in the very high-energy region have very 

simple features. The total, as well as the reaction, cross section should 
not depend on special properties of the individual nuclei. The condi
tions of the continuum theory (Chapter VIII, Section 4) are well ful
filled, and the results as shown in Figs. 4.2 and 4.4 of Chapter VIII 
are expected to hold. 

Let us first discuss the total cross section. Figure 4.4 of Chapter VIII 
shows that its value lies near its asymptotic value 21rR2 but is some-
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what larger. In this energy region (kR>4) the total cross section 
depends but very little on the choice of K 0 which incorporates our 
assumptions regarding the interior of the nucleus. It is true that a. 
smaller K 0 means a larger reaction cross section, but this difference is 
compensated by a correspondingly lower scattering cross section. 
Hence the observed values of UI are especially well suited for a deter
mination of the nuclear radius R. Table 2.2 shows a number of nuclear 

Energy 
Element 

(Mev) 

Be 14 
B 14 
C 25 
0 25 
Mg 14 

AI 14 
25 

S 14 
Cl 25 
Fe 14 

Cu 25 
Zn 14 
Se 14 
Ag 14 

25 

Cd 14 
Sn 14 
Sb 14 
Au 14 
Hg 14 

Hg 25 
Pb 14 
Bi 14 

TABLE 2.2 
NUCLEAR RADII 

Observed R 
tTl 

(10-11 em) (10-24 cm)2 

0.65 2.4 
1.16 3.4 
1.29 3.8 
1.60 4.3 
1.83 4.5 

1.92 4.6 
1.85 4.6 
1.58 4.1 
1.88 4.7 
2.75 5.6 

2.50 5.5 
3.03 5.9 
3.35 6.3 
3.82 6.8 
3.70 6.9 

4.25 7.2 
4.52 7.4 
4.35 7.3 
4.68 7.5 
5.64 8.3 

5.25 8.4 
5.05 7.8 
5.17 7.9 

ro Reference (10-11 cm) 

1.17 Amaldi 46 
1.54 Amaldi 46 
1.65 Sheer 45 
1.71 Sherr 45 
1.57 Amaldi 46 

1.53 Amaldi 46 
1.52 Sherr 45 
1.30 Amaldi 46 
1.44 Sherr 45 
l.46 Amaldi 46 

1.38 Sherr 45 
1.48 Amaldi 46 
1.46 Amaldi 46 
1.44 Amaldi 46 
1.46 Sherr 45 

1.48 Amaldi 46 
1.52 Amaldi 46 
1.46 Amaldi 46 
1.33 Amaldi 46 
1.42 Amaldi 46 

1.44 Sherr 45 
1.32 Amaldi 46 
1.34 Amaldi 46 

radii determined from such measurements at 14 Mev and 25 Mev 
by Amaldi (46) and Sherr (45). It should be kept in mind that the 
radius R may depend on the energy as well as on the nature of the 
incident particle. R is the distance at which the nuclear forces begin 
to act. It is defined more exactly as the distance at which the wave 
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number of the incident particle assumes the value K which is char
acteristic of the wave numbers in the interior of the nucleus. It 
follows from this definition that R may fluctuate by amounts of the 
order of K-l,,-,IO- 13 cm. However, no such variation of R with energy 
is indicated in Table 2.2. In the three elements (AI, Ag, Hg) for which 
cross sections have been measured both at 14 Mev and at 25 Mev, the 
implied values of R are very nearly equal to each other. 

The reaction cross section fTr is the sum of the cross sections of all 
reactions except the elastic scattering and can be measured by deter
mining how many neutrons are removed from a neutron beam, not 
counting those that are scattered without change of energy.l fTr is 
almost constant in the energy region considered here. According to 
Fig. 4.2 of Chapter VIII it lies somewhere between 7rR2 and 1.57rR2, 
depending on the radius and the value of KoR. A comparison of 
experimental results with the theory can be used to determine K 0 

since the radius R can be determined independently from total cross 
section measurements. Table 2.3 contains a number of measurements 

AI 

Fe 

Cd 

Au 
Hg 
Bi 

Pb 

TABLE 2.3 
NEUTRON REACTION CROSS SECTIONS AT 14 MEV 

(ur X 1024 cm 2) 

Experimental Theoretical 
Element Measurement Estimate Reference 

{0.90} {Amaldi 46 
1.06 1.0 Phillips (unpUblished) 

{ I. 43 } {Amaldi 46 
1.45 1.4 Phillips (unpublished) 
1.89 2.0 

2.51 2.2 
2.47 2.5 
2.56 2.3 

r· 221 2.29 2.3 
2.56 

Phillips (unpublished) 

Phillips (unpublished) 
Amaldi 46 
Phillips (unpublished) 

\ 
Amaldi 46 
Gittings 49 
Phillips (unpublished) 

by Phillips (unpUblished) at 14 Mev which show that the theoretical 
estimate (VIII,4.13), Ko '" 1 X 10-13 cm-I, gives a good fit. 

The very high-energy region is characterized by the fact that the 
incident particle possesses enough energy to initiate secondary or 
tertiary reactions. We expect (n;2n), (n;np), (n;3n) reactions, and 
so on. Emission of neutrons is usually more probable than emission of 
charged particles. We shall restrict our discussion to the multiple 

1 The scattering of neutrons without change of energy but with a change in the 
channel spin (Section 10 of Chapter VIII) is unimportant in this energy range. 
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emission of neutrons. We simplify expression (VIII,6.18) by the 
approximation 

The first approximation corresponds to neglecting the emISSIon of 
charged particles from the compound nucleus C, and the second is 
the classical limit of the cross section for formation of the compound 
nucleus C. We then get 

u(n;2n) ~rR2 [ 1 - (1 + ~) exp ( - ~)] (2.21) 

Here Ec is the surplus of the incident energy E over the threshold of 
the (n;2n) reaction: Ec=E-Sn , where Sn is the separation energy of a 
neutron from the target nucleus. The temperature e is the one which 
determines the Maxwell distribution of the neutrons emitted in the 
first step: e = 8(E) [see (VIII,6.12a)]. u(n ;2n) becomes almost equal to 
rR2 if Ec»e. Very little experimental material is available concerning 
(n ;2n) reactions. Some observations seem to indicate that the (n ;2n) 
cross section is sometimes smaller than (2.21). It is necessary to point 
out that the Bohr assumption may no longer be correct for incident 
neutrons in the high-energy region. The penetrability of the nuclear 
surface (VIII,5.7) is almost unity if E > 10 Mev. Hence it is possible 
that the neutron may leave the compound nucleus before it has 
shared all its energy with the other nucleons. It may be emitted 
before "thermal equilibrium" is established. In this case the aver
age energy with which it is emitted is larger than the one expected from 
the Maxwell distribution. The residua' nucleus is then less excited 
and may not be able to emit a second neutron. Thus the yield of the 
(n ;2n) reaction would be reduced. Although this argument may be 
used to explain low (n ;2n) cross sections, the experiments are not yet 
conclusive enough to demand the abandoning of the Bohr assumption. 

3. PROTON- AND ALPHA-PARTICLE-INDUCED REACTIONS 

A. High Energy, Below Neutron Reaction Threshold 

The cross sections of nuclear reactions initiated by protons or alpha
particles are immeasurably small for incident energies below 0.1 Mev, 
with a few exceptions among the very light nuclei. The Coulomb 
barrier prevents any appreciable interaction with the nucleus at low 
energies. We therefore restrict our discussion to high and very high 
energies. 
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The character of the reactions initiated by protons or alpha-particles 
is quite different below and above the threshold energy of the reactions 
in which neutrons are emitted, the (p,n) or (a,n) reactions, respectively. 
The threshold energy -Qpn of a (p,n) reaction with a stable target 
nucleus is always larger than 0.78 Mev: -Qpn > 0.78 Mev. If it 
were less than this amount, the target nucleus, which is an isobar of 
the residual nucleus, would be unstable and would decay by a negative 
beta-transition into the residual nucleus. Actually the (p,n) threshold 
energies are very large for the light nuclei and the lighter of the inter
mediate nuclei. They are of the order of, but somewhat larger than, 
the proton Coulomb barrier energies for all nuclei for which Z = N -1, 
or Z = N = even, or Z = N - 2 = even. This can be seen as follows: 
In the first case, the (p,n) reaction leads to a mirror nucleus, whose 
energy differs from that of the target nucleus just by the Coulomb 
energy, in the positive direction. In the second and third cases, the 
replacement of a neutron by a proton destroys the symmetry (parti
tion) and adds Coulomb energy. Both factors increase the energy of 
the nucleus (see Chapter VI). We therefore expect large (p,n) 
thresholds for nuclei up to A'""40; e.g., -Qpn=4.5 Mev for Na23 as 
target and -Qpn =6.6 Mev for C1 35• 

Protons having an energy below this threshold can give rise only to 
elastic scattering, inelastic scattering, radiative capture, and perhaps 
(p,a) reactions. Because of the large Coulomb barrier for alpha
particles, the (p,a) reaction is very much weaker than the others, 
except in the very few cases in which the (p,a) reaction is highly exo
ergic. Owing to the absence of neutron emission, the lifetimes of the 
compound states are relatively long and sharp resonances may be 
expected. They were observed in many cases by measuring the yield 
of the radiative capture process as a function of the proton energy. 
Many sharp resonances have been found with this method by bombard
ing the following nuclei with protons: Na 23, Mg25, AI 27 , p 3 1, CI3'. 

Figure 3.1 shows the -y-ray yield as a function of the proton energy in 
aluminum (Brostrom 47). 

Since these reactions are capture processes, we can use (VIII,IO.31) 
for the cross section. The resonances are too narrow to be resolved 
in these experiments. It can be shown, however, that the area under 
the unresolved resonance peak is equal to the area under the (much 
higher and much narrower) true resonance peak. We shall evaluate 
this area (the integral of the cross section over an energy region includ
ing the resonance peak in question) under the assumption that only 
the lowest orbital angular momentum lmin =L consistent with the J 
and parity of the resonance level contributes appreciably to the cap-
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ture. These minimum angular momenta are tabulated in Table 10.2 
of Chapter VIII. We shall furthermore neglect the energy depend
ence of the proton width within the resonance region. We then get 
from (VIII,1O.31) 

f 2 2 2J+l r,: r:ad 
ITcap(P) dE = 2",,, (21+ 1)(2s+ 1) r' (3.1) 

where r;ad is the radiation width of the resonance level number s, 
r' is its total width, and r p' is the width for proton emission. The 
latter is the sum of the channel widths for all channels a within the 
group a of effective entrance channels (l=L only, and S=I ±t): 

rp' = L r~SL 
8*l±l 

(3.2) 

The values of the channel spin S which can contribute are also listed in 
Table 10.2 of Chapter VIII. In many cases only one of the two terms 
in the sum (3.2) is different from zero. rp' is given by (VIII,7.13). 
Because of the barrier penetration factor VI, r p' increases very rapidly 
with energy. For example, the proton width in Al27 can be estimated 
from the level distance between levels in Fig. 3.1. If we assume that 
most of the levels in the figure are due to S wave protons, we get an 
experimental value of D of the order of 100 kev. This implies a proton 
width rp' of the order of 1 ev for E=6oo kev, and of the order of 200 
ev for E= 1.4 Mev. (Both values are calculated for S wave protons.) 
Since r:ad is not expected to show any marked energy dependence, 
there will be an energy El at which r;ad roo.J r p' j for energies E»El 

expression (3.1) depends only on the radiation width. The maxima 
of the resonances in Fig. 3.1 do not increase strongly with the energy, 
and we assume therefore that these resonances lie above El and can 
be used to determine r:ad. A comparison of the experimental value 
of the area under the peaks with the theoretical value (3.1) for l = 0 
or l = 1 (higher l's are improbable at these energies) gives roughly 
r:ad ", 1 ev in agreement with (2.9), and also in agreement with the 
assumption that r p' » r:ad for the resonances in question. 

The inelastic scattering of protons is an important means to deter
mine the level spectrum of the target nucleus. This method is prac
tically restricted to the energy region near or below the (p,n) threshold, 
since neutron emission is much more probable than re-emission of the 
proton, if the neutrons can leave the nucleus with energies above 1 
Mev. Therefore the (p,p) reaction for level determinations is applied 
only to the lighter intermediate nuclei with high (p,n) thresholds. 
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The heavier nuclei have in general much lower (p,n) thresholds. 
Furthermore high proton energies must be used in order to penetrate 
the Coulomb barrier. Hence no appreciable nuclear effects are 
expected below the (p,n) threshold. 

Similar considerations can be applied to alpha-induced reactions 
below the (a,n) threshold. So far no case is known experimentally 

b 

120r-~---r--~--~--r-~--~--~--'---T-__ ~~ 

110 

100 

90 

50 

40 

30 

20 

10 

oL-__ ~~L-~L-~L-~ __ ~ __ ~ __ ~ __ ~ __ ~ __ ~ __ ~ 
2 4 6 8 10 12 14 16 18 20 22 24 

Energy (Mev) ___ 

FIG. 3.2a. ac(p) for Cu S3• The solid curves are the theoretical values for 
TO = 1.3 X 10-13 cm and 1.5 X 10-13 cm; the points represent a = u(p,n) + 

a(p;2n) + a(p;pn) as observed by Ghoshal (50). 

in which alpha-resonances below the (a,n) threshold have occurred. 
The energy of the alpha-particles is too small to penetrate the barrier. 

A very promising method of studying resonances with charged par
ticles is the observation of the elastic scattering near resonance. The 
deviations from pure Rutherford scattering are of two kinds: (1) off 
resonance the nucleus acts not like a point charge, but like a charged 
impenetrable sphere of radius R; the correction for this effect is 
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obtained from formula (VIII,2.60) by putting A~e. = O. (2) In reso
nance there is a specifically nuclear contribution to the scattering which 
is given by the A~es in (VIII,2.60). The scattering amplitude A~esl 
near resonance is given by (VIII,8.31). 

These formulas are valid under the assumption of spinless pro
jectiles and target nuclei. They are therefore correct for elastic 

50 

20 

10 

5 

b 

1 

0.5 

0.2 

? ~ 
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r/ 
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I 
f- -13 

Theory ro = 1.3 x 10 em 

/ 
~ 

I 
/ 

12 

Barrier energy 17.48 Mev 
Observed thresholds (a,n)l1.2 Mev 

14 16 
Energy (Mev) 

(a,2n)l6.2 Mev 

18 20 

FlO. 3.2b. ada) for Rh 103. The solid curve shows the theoretical values for 
TO = 1.3 X 10-13 em; the points are a = a(a,n) + a(a;2n) as observed by Bradt 

(47). 

scattering of alpha-particles from even-even nuclei, but not for elastic 
scattering of protons. The spin effects do not enter into the scattering 
off resonance, but they must be considered within the resonance 
region (Laubenstein 50). The analysis of the energy and angular 
dependence of the deviations from Rutherford scattering off resonance 
allows in prin ciple a very accurate measurement of the effective nuclear 
radius R. A further analysis of the energy ami angular dependence 
of the scattering within the resonance regions makes it possible in 
principle to assign angular momenta J and parities TIc to the various 
resonance levels of the compound nucleus. Such analyses have been 
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carried out so far only for a very few resonances in light nuclei (Rose 
40, Wheeler 41, 41a, Critchfield 49). Examples of experimental work 
are found in Bender (49) and other work of the Wisconsin group. 

B. High Energy, Above Neutron Reaction Threshold 
If the compound nucleus has enough excitation energy to emit a 

neutron of 1 Mev or more, the neutron reaction becomes the dominant 
reaction. The high probability of neutron emission also broadens 
the levels of the compound nucleus. We can then apply the continuum 
theory for the cross sections averaged over many resonances and get 
the values for the cross sections uc(p) and uc(a) which are tabulated in 
Table 4.1 of Chapter VIII. Since the neutron reaction is dominant, 
its cross section is almost equal to the cross section for formation of the 
compound nucleus: 

The comparison with experimental results is satisfactory in most 
cases as the examples in Figs. 3.2a, and 3.2b show. However, in order 
to get agreement with the shape of the excitation functions, nuclear 
radii had to be chosen which are somewhat smaller than those deduced 
from neutron experiments. Their value is represented by 

R = 1.3 X 10-13 X A 1/3 cm 

rather than by 1.5X1O- 13 XA 1/3 cm. It is not certain whether this 
discrepancy is genuine or due to experimental inaccuracies. Recent 
measurements by Blaser (51) and co-workers suggest nuclear radii 
which are more in conformity with those found in neutron experiments. 

The cross sections for reactions in which particles other than neu
trons emerge are expected to be very small. They are given by expres
sion (VIII,6.10). There is not enough experimental material available 
to test the theory. 

c. Very High Energy 
The very high-energy region is characterized by the appearance of 

secondary reactions. The reaction cross section should be well repre
sented by the continuum theory, as given in Table 4.1 of Chapter VIII. 
The compound nucleus decays mostly by the emission of a neutron, 
but the residual nucleus may possess enough energy to emit a second 
particle. Because of the Coulomb barriers the most common second
ary reaction is the (p;2n) or (a;2n) reaction. At still higher energies, 
tertiary reactions of the type (a;3n) should occur and have been 
observed. 
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The higher-order reactions with charged particles have shown good 
agreement with the theoretical predictions. We discuss as an exam
ple the (a;n) and (a;2n) reactions on silver and the (a;2n) and (a;3n) 

10~r-----~----~----'-----'-----~----~----~ 

b 

-Q(a;2nl = 15.5:t: 0.5 Mev 

10-~~--~~--~~--~~--~~----~----~----~ 
8 18 20 22 

FIG. 3.3. Cross sections of the Ag 109(a,n) and AgI09(a;2n) reactions. (All cross 
sections are ten times larger than given on this figure.) [From Bradt (47).] 

reactions on bismuth. Figure 3.3 shows a(a,n) and a(a;2n) on Ag 109 

as a function of energy according to measurements of Bradt and 
Tendham (Bradt 47). The graph also contains the theoretical curve 
for ada), the cross section for the formation of the compound nucleus 
by alpha-particles. a(a,n) follows the theoretical curve as expected 
until the threshold for the (a;2n) reaction is reached. Then a(a,n) 
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drops and the u(a;2n) curve starts rising sharply. The sum of the 
two follows the theoretical curve for uc{a) with ro = 1.3XlO-13 cm. 

If we use expressions (VIII,6.14) and (VIII,6.18) to represent 
u(a,n) and u(a;2n), respectively, we find that the best fit is obtained 
with a nuclear temperature of e ~ 1.8 Mev. This is the temperature 
of the evaporation of the first neutron, and it therefore should be 
given by (VIII,6.12a) with E equal to the maximum energy of the 
escaping neutrons. We find e = 1.3 Mev for E= 12 Mev, in reason
able agreement with the experiments. 
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FIG. 3.4. g(a;2n) and g(a;3n) in bismuth as functions of energy. [From Kelly 
(49).1 

:The behavior of the cross sections of alpha reactions at higher 
energies is shown in Fig. 3.4, which contains the measurements of 
Kelly and Segre (Kelly 49) for u(a;2n) and u(a;3n) on bismuth. We 
observe the characteristic fall of the (a;2n) reaction with the onset 
of the (a;3n) reaction. The sum of the two cross sections [u(a,n) is 
already negligibly small] is a smoothly rising curve and is equal to 
uc{a). 

A very instructive series of measurements was made by Ghoshal 
(50) with protons bombarding CU63 and alpha-particles bombarding 
Ni60• Both bombardments produce the compound nucleus Zn64 • 

The energy difference between the nuclei CU63 and Ni60 is such that 
a proton energy Ep in the first bombardment and an alpha-particle 
energy Ecr=Ep+7 Mev in the second one produce the compound 
nucleus Zn 64 in the same state of excitation. Hence, if the Bohr 
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FIG. 3.5. Cross sections for reactions involving the compound nucleus Zn 84, as 
measured by Ghoshal (50). At anyone energy of the compound nucleus, the Bohr 
assumption leads us to expect that the ratios of the cross sections for the (a,n), 
the (a;2n), and the (a;pn) reactions are independent of the nature of the incident 
particle a (in this case, a is either a proton or an alpha-particle). The experimental 

measurements shown here provide confirmation of this theoretical prediction. 
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ass~mption is correct, the processes following the two bombardments 
must be the same. The following reactions were observed: 

(1) Ni 60(a,n)Zn63 (4) Cu63 (p,n)Zn63 

(2) Ni6°(aj2n)Zn62 (5) Cu63 (pj2n)Zn 62 

(3) Ni60(ajpn)Cu62 (6) Cu 63 (ajpn)Cu 62 

The cross sections of these reactions are given by 

u(a,b) = ucCa) GcCb) 

where a stands for the incident proton or alpha-particle and b stands 
for the reaction products, n, 2n, pn. According to the Bohr assump
tion GcCb) depends only on the excitation of the compound nucleus 
and therefore is the same for incident protons or alpha-particles if 
Ea=Ep+7 Mev. Hence the ratio of the reaction yields of (1), (2), (3) 
should be equal to the ratio of the yields of (4), (5), (6). Figure 3.5 
shows that this is fulfilled. Actually not only the ratios are equal 
but also the cross sections themselves are almost the same for incident 
protons and for incident a's. This is due to the accidental fact that 
ucCproton) at an energy Ep is almost equal to ucCalpha-particle) at the 
energy Ep+7 Mev in the energy region observed. These experiments 
are a good proof for the validity of the Bohr assumption. 

The fact that the (aj2n) reactions are about four times weaker than 
the (ajpn) reactions needs some explanation. We would expect that 
the reaction emitting a proton is weaker because of the Coulomb 
barrier effect. However, the product Cu 62 of the pn process is an 
odd-odd nucleus, whereas the product of the 2n process is an even-even 
nucleus. As the latter very probably has a much smaller level density, 
the number of channels leading to a 2n decay is reduced compared to 
the number of channels leading to a pn decay. This effect overcom
pensates the effect of the barrier. A part of the observed cross section 
for the production of CU 62 may be due to the emission of deuterons 
rather than of a separated neutron and proton. This effect would also 
tend to make the apparent (ajpn) cross section higher. 

4. NEUTRON-, PROTON-, AND ALPHA-PARTICLE-INDUCED 
REACTIONS AT ULTRAHIGH ENERGIES 

The considerations of Section 3 of Chapter VIII have shown that at 
ultrahigh energies the mean free path of a nuclear particle within a 
nucleus becomes of the order of nuclear dimensions. It is then no 
longer justifiable to consider the Bohr assumption valid since there is 
not sufficient time to share the energy among all constituents before a 
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particle leaves the compound nucleus. Hence the second phase of 
the nuclear reaction depends on the initial phase in all details. 

At ultrahigh energies it is more suitable to consider separately the 
interaction of the incoming particle with the individual nucleons of the 
target nucleus. Because of the small collision cross section the incom
ing particle hits only one or a few nucleons which, by elastic scattering, 
obtain a large fraction of the energy of the incoming particle. The 
secondary nucleon then may be able to leave the nucleus without 
further collision, or it may divide its energy with a third nucleon; 
this process may repeat itself until the energy of the nucleons is so 
low that the previous considerations are applicable. Thereafter the 
nucleons share their energy with the nucleus as a whole. 

We therefore expect the following effects of an ultrahigh energy par
ticle hitting a nucleus: a small number of nucleons (perhaps also an 
alpha-particle among them) leave the nucleus with energies within or 
near the "ultrahigh energy" region, say Ei > 30 Mev. The balance Ee 

of the incident energy is transferred to the residual nucleus, which can 
be considered being "heated" up to a certain nuclear temperature e 
depending on the amount Ea. The residual nucleus then "boils off" 
a number of nucleons with low energies corresponding to the tempera
ture e. Hence the outgoing particles are expected to fall into two 
groups: (1) the fast particles which were emitted immediately by 
direct collisions with the incident particle or with other particles pro
duced by collisions, and (2) the slow particles which are boiled off 
after thermal equilibrium has been established in the residual nucleus. l 

The total cross section for very fast particles is less than the geomet
ricallimit 27rR2 because nuclear matter is partially transparent. There 
is a finite probability that a very fast particle passes through the 
nucleus without any collision. Calculations were performed by Serber 
and others (Fern bach 49) which are based on the mean free path for 
collision as estimated in Section 3 of Chapter VIII. They also took 
into account the change of the wave number from k to K when enter
ing into the interior of the nucleus. The nucleus acts as a refracting 
and partially absorbing sphere, whereas at lower energies the nucleus 
was considered a refracting but completely absorbing sphere. The 
calculations agree fairly well with measurements of total cross sections 
for "90"-Mev neutrons (Cook 49). 

The number and the energy distribution of the emitted particles 
following an ultrahigh-energy nuclear collision have been studied 
mostly with photographic plates and cloud chambers. Ultrahigh-

1 The processes described here are treated in greater detail in the following 
papers: Goldberger (48) and Horning (49). 



496 IX. Nuclear Reactions; Comparison with Experiments 

energy particles falling on a photographic emulsion produce "stars" 
in which every prong corresponds to a charged particle emitted by the 
center. The same phenomenon can also be studied in cloud chambers. 
The energy and charge of a particle are determined from its residual 
range, from the ionization produced, from the scattering of the particle, 
and from the number of "delta-rays" (knocked-out electrons from 
atoms) per unit path length. Indications of a grouping into fast and 
"boiled-off" particles were found with reactions induced by artificially 
accelerated particles (Brueckner 49) and by cosmic rays (Hornbostel 
49, Brown 49, Camerini 49, Feld 50, and many others). 

The reactions induced by cosmic-ray particles are considerably 
more complicated than any of the events discussed so far, and we shall 
not give any treatment of nuclear interactions in cosmic rays in this 
book. The main complicating factors are the uncertainty about the 
energy, nature, and intensity of the initiating particles in many 
cases, the difficulty of detecting fast neutrons with a large enough 
efficiency to make their counting possible, and the occurrence of meson 
production in nuclear collisions. Although the reaction cross section 
of a nucleus decreases below the geometrical cross section for energies 
above about 100 Mev, this decrease does not continue indefinitely. 
The evidence from the cosmic rays indicates (Rossi 48) that the cross 
section approaches an approximately constant value at energies above 
1 Bev. This value is of the order of 40 percent of the geometrical 
cross section in light nuclei (air) and of the order of 85 percent of the 
geometrical cross section in a heavy nucleus like lead. l The main 
process responsible for this roughly constant cross section at cosmic
ray energies is the production of mesons. A discussion of meson 
production is outside the scope of this book. 

G. REACTIONS WITH LIGHT NUCLEI 

It is impossible to establish general rules governing the course for 
nuclear reactions with light nuclei. In this section we discuss a 
number of characteristic reactions which show features different from 
those observed with intermediate or heavy nuclei. We refer to the 
excellent review articles of Hornyak, Lauritsen, et al. (Hornyak 48, 
50) for a complete description of most of the nuclear reactions with 
light nuclei. The importance of special selection rules for reactions 
involving light nuclei was first stressed by Oppenheimer and Serber 
(Oppenheimer 37,38). 

1 These numbers are only very rough estimates, since cosmic-ray experiments are 
subject to many corrections. 
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A. BIO(n,CI)Li7 

When boron is exposed to slow neutrons, the (n,a) reaction on B IO 

is the leading process. The Q value of this reaction is 2.78 Mev. 
This reaction is of special interest because (n,a) reactions with slow 
neutrons do not occur very frequently. In intermediate and heavy 
nuclei, neutrons in energy regions I and II produce elastic scattering 
or capture (and in some cases fission). The occurrence of (n,a) 
reactions is usually excluded because of the preventive effect of the 
Coulomb barrier. In the case of boron, however, the favorable Q 
value and the low Coulomb barrier (about 2.5 Mev) between Li7 
and an alpha-particle make it possible that an alpha-particle is emitted 
by the compound nucleus with considerable probability. Alpha
particle emission competes successfully against neutron capture; the 
radiative capture cross section is less than lO-1i of the (n,a) cross 
section. The (n,a) reaction on B IO can be considered a neutron
induced fission of boron into Li7 and He4• 

The alpha-particles are emitted into two channels, corresponding 
to the ground state of Li7 (Q=2.78) and to the first excited state of 
Li7 (Q=2.30). The emission probabilities for thermal neutron bom
bardment are in the ratio 93 to 7 in favor of the excited state. 

The observed energy dependence of the (n,a) cross section is shown 
in Fig. 5.1. For neutron energies up to lO kev it is almost exactly 
proportional to £-1/2. The qualitative features of this curve can be 
understood by the Breit-Wigner formula for the reaction cross section, 
with a reaction width (in th:s case the width for the emission of the 
alpha-particles) of the order of 250 kev and a resonance energy of 
about 100 kev. Such a large width is not unexpected in view of the 
large level distances in B II, and in view of the weakness of the Cou
lomb barrier for alpha-emission. The £-1/2 dependence of the cross 
section at energies below 1 kev follows from the Breit-Wigner formula 
(VIII,7.25). It is remarkable and very characteristic of this reaction 
that the £-112 dependence extends to energies up to 104 ev. This is due 
to the large reaction width r CI·' Hence the resonance factor is very 
slowly varying and the main energy dependence comes from the 
proportionality to ". 

There exists a mirror reaction to the (n,a) reaction on B lo : 

The investigation of this reaction is of interest in the proof of the 
charge symmetry of the nuclear forces. The mirror of the (n,a) reac
tion with slow neutrons is a (p,a) reaction with an incident energy £p 
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such that the protons arrive slowly at the nuclear surface: 

Ze2 

Ep :::: If :::: 2.3 Mev 

We should then expect very similar effects, e.g., two alpha-particle 
groups also differing in energy by 0.48 Mev with a similar intensity 

7 .... 
i 
~ 
x 6 ...... 

"e 
u 

II 
10 5 -..... . 5 

§4 
A 'B 

f .. 
;:3 3 
'8' 
If 
~ 
~= 2 

OIl 
f; .. .e 
~1 
b 

0 
0 500 1000 1500 2000 

E,,(kev)- (curve B) 

FIG. 5.1. cr(n,a) in boron. This plot shows the product cr V; in order to remove 
the e- 1/2 factor. There are no reliable measurements between 1 kev and about 10 
kev. The dashed part of curve A is a plausible interpolation. The horizontal 
part below 1 kev (e- 1/2 dependence) is very well established. [Values taken from 

Goldsmith (47).) 

ratio. Be7 should possess an excited state at roughly the same energy 
as Li7. Recent measurements indicate that this expectation is borne 
out (Brown 50, Lauritsen 50). The strong energy dependence of 
the branching ratio to the two states of Be7 indicates that a similar 
behavior may be found in the mirror reaction B10(n,a)Li7. If this is 
true, no special importance should be attached to the value of this 
branching ratio at anyone energy (e.g., for thermal neutrons). 

B. Proton Reactions with Li 7 

When lithium is bombarded with protons, Be8 is formed as a com
pound nucleus from Li7. Since even the ground state of Be8 isunstable 



5. Reactions with Light Nuclei 499 

against decay into two alpha-particles, we expect the following reaction 
to occur: 

p + Li7 = Beg = a + a 

The Q value of this reaction is Q = 17.2 Mev, so that each alpha
particle gets at least 8.6 Mev, enough to overcome the competition of 
any other reaction. In spite of this fact we observe also other reac-
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FIG. 5.2. Energy dependence of the cross sections of the (p,"(), (p,n), (p,p), and 
(p,a) reactions with Li7. These curves are only schematic. They indicate the 
general properties but must not be used quantitatively. [From Hornyak (50).] 

tions with about equal intensity, i.e., (p,n) and (p,p) reactions, and 
radiative capture. Figure 5.2 shows the energy dependence of the 
cross sections. 

The radiative capture produces a very hard gamma-ray of energy 
hw= 17.2+Ep . This is a radiative transition directly to the ground 
state of Beg. It also produces a radiation hw = 14.2+Ep to an excited 
state of Beg. The radiative capture process shows a strong reso
nance at Ep =0.37 Mev.! The (p,n) reaction has a negative Q value: 
Qpn = -1.63 Mev. Neutrons are produced only if Ep> 1.63 Mev. 
Their channel energy is then En = Ep -1.63 Mev. Their actual energy 
depends on the angle of emission. This reaction is one of the best 
sources of monoenergetic neutrons at low energies. At higher energies 

t This is the channel energy. The actual proton energy fP' in the laboratory 
system is [1 +(M pi M Li)] fp, where M Li is the mass of Lil. 
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a second neutron group occurs as a result of the excited level in Be7. 
The (p,p) reaction is observed as inelastic scattering, leaving the Li7 
nucleus in an excited state of 0.478-Mev excitation. 

We find sharp resonances for the emission of protons, neutrons, and 
gamma-rays, but no sharp resonances at these energ·es for the emission 
of alpha-particles. This poses an interesting problem: How is it 
possible that the compound nucleus created in one of the resonances 
does not instantly decay into two fast alpha-particles, but lives long 
enough to emit a gamma-ray or a neutron or a proton, and long enough 
to account for the narrow width of these levels? The explanation is 
found in the fact that alpha-particles obey Bose-Einstein statistics 
(Critchfield 41). Consider the state of the system after the compound 
nuclemJ has disintegrated into two alpha-particles. The wave func
tion must be symmetric under the exchange of the two identical 
particles. This exchange is equivalent to the following two opera
tions: (1) reversing the sign of all position coordinates, i.e., performing 
the parity operation; (2) interchanging the spins of the two alpha
particles. Since each alpha-particle has spin 1=0, the second opera
tion gives unity, and the exchange of coordinates which enters into 
the Bose-Einstein statistics is completely equivalent to the parity 
operation. l The Bose-Einstein statistics of the alpha-particles 
therefore implies that the parity of the outgoing state must be even. 
Since the parity is a constant of motion, we conclude that only even
parity states of the compound nucleus can disintegrate into two alpha
particles. Furthermore the parity of the outgoing alpha-particles is 
determined by the orbital angular momentum l of their relative motion, 
since the internal parity of each alpha-particle is even. We conclude 
that the alpha-particles must emerge with even orbital angular momen
tum l. Since the spin I of each alpha-particle is zero, l is equal to 
the total angular momentum J, which is a constant of motion. Hence 
the compound states which can disintegrate into two alpha-particles have 
even parity and even angular momentum J. All other compound 
states must decay by neutron, proton, or gamma-ray emission exclu
sively. These other compound states live much longer than the 
alpha-emitting levels and therefore exhibit sharp resonances. We 
observe that the second proton resonance does not lead to appreciable 
gamma-ray emISSIOn. This may be accounted for partly by the 
increased probability for re-emission of the proton as the proton energy 

1 This is not true for a reaction involving two deuterons or for proton-proton 
scattering, since there the spin exchange can give either + 1 or -1, depending on 
the spin state (Konopinski 48, Nakano 49). 
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increases, and may also be due in part to selection rules for the gamma
ray emission. 

It should be noted that the nucleus Be8 formed in the radiative 
capture of protons by Li7 decays eventually into two alpha-particles, 
even though the original compound state, before gamma-ray emission, 
could not do so. The emission of a gamma-ray may lead to a change 
of parity lIe or angular momentum J or both. Thus the state of Be8 

reached after the gamma-ray emission may have the right character 
(even parity and even J) for disintegration into two alpha-particles. 
In particular, the lowest two levels of Be8 (the ground state and the 
level at 2.9 Mev) are of this type (Wheeler 41, 41a). Hence the 
ultimate result of the radiative capture process Li7(p,'Y)Be8, after one 
or more gamma-ray emissions, is always a state which disintegrates into 
two alpha-particles. 

A detailed treatment of this and similar reactions involving light 
nuclei is greatly aided by measurements of the angular distribution of 
scattered particles and reaction products. The interpretation of these 
results allows in many cases a fairly definite assignment of J and 
parity for each compound state. We shall not give any details in this 
book but shall confine ourselves to a proof of the general theorems 
which follow from symmetry considerations (Chapter X, Section 3). 
The angular distribution of the reaction products in the Li7 (p,n)Be7 

reaction has been measured by Taschek (48) and analyzed by Breit 
(48) in terms of possible values of J and the parity of the Be8 compound 
states. Considerable work on the interpretation of the Li 7 (p,a) 
reaction in terms of resonance theory has been done by Critchfield 
(41), Inglis (48), and Heydenburg (48). For a similar analysis of the 
F19(p,a)016 reaction, see Gerjuoy (40) and Chao (50a). 

C. Reactions Leading to the Compound Nucleus N 16 

The follawing reactions involve the same compound nucleus N 15 : 
N 14(n,p)C 14, N 14(n,a)Bll, Bll(a,n)N14, C14(p,n)N 14. The target 
nucleus in the last reaction is an unstable nucleus, but C14 can be 
provided in sufficient quantities for bombardment because of its very 
long half-life. The study of these reactions is of special interest because 
resonances were observed with all of them, and some resonances 
occurring in different reactions can be ascribed to the same state of the 
compound nucleus. The situation can best be described by an energy 
diagram of the type introduced by Hornyak and Lauritsen (48). The 
middle column of Fig. 5.3 shows the energy states of N 15. The num
bers indicate the energy in Mev above the ground state of N 15 which 
serves as the zero energy point for the whole diagram. The horizontal 
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FIG. 5.3. Energy diagram of the compound nucleus N 16. [Simplified version of 
the diagram in Hornyak (50).] 

lines on the right and on the left indicate the energy of the system 
separated into N I4 +n, C I4 +p, B lI +a, and C I3 +d, each pair in their 
ground states and at rest. The numbers indicate the energies in Mev. 
These values serve as zero points for the corresponding channel 
energies; e.g., if the compound nucleus N I5 is created through the chan
nel C 14 +p with a channel energy tp [actual proton energy EP' = ii-Ep] , 
the excitation energy of N 15 is 1O.15+Ep . The curves plotted above 
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the channel zero point are the cross section curves of the nuclear 
reactions initiated by the corresponding channels. The yield is 
plotted horizontally; the channel energy is plotted vertically starting 
at the channel zero point in the same scale as the levels. The letter 
next to the curve denotes the particle emitted in the reaction. For 
example, the curve above the (C I4 +p) line denotes the cross section of 
the (p,n) reaction. It shows several strong resonances which corre
spond to levels of the compound nucleus Nlf>; e.g., the resonance at 
Ep = 1.92 Mev indicates a level of N If> with an energy of 12.07 Mev. 

Table 5.1 shows the resonances observed in the various reactions. 
The data for the C14 (p,n) reaction are taken from Shoupp (49), for 
the N I4(n,p) and N I4 (n,a) reactions from Stebler (48), and for the 
Bll(a,n) reaction from Walker (49). The energy resolution of 
Walker's data is not very high, hence only approximate values can be 
quoted {or the resonance energies. 

TABLE 5.1 

RESONANCE LEVELS IN N 1& IN VARIOUS REACTIONS, IN MEvt 

C14(p,n)N 14 

10.77 
11.22 
11.36 
11.52 
12.07 
12.22 
12.63 

11.23 
11.38 

12.11 

12.43 
12.82 
13.7 

t This material is taken from Hornyak (50). 

12.07 

12.44 
12.84 
13.7 

? 
12.3 ± 0.2 

? 
12.9 ± 0.2 
13.6 ± 0.2 
14.1 
14.6 

The N14(n,p)C I4 and C14(p,n)N I4 reactions show resonances at the 
same energies in the compound nucleus, with two exceptions [the 
(p,n) data do not extend to high enough energies to compare with the 
last two resonances in the (n,p) reaction]. The appearance of reso
nan-ees at the same (compound) energies in these two reactions follows 
directly from the reciprocity theorem (Chapter VIn, Section 2), 
according to which the cross sections of two inverse reactions must be 
proportional to each other. There is every reason to believe that the 
two missing resonances in the (n,p) reaction do exist and were not 
observed because of experimental difficulties. Similarly, we should 
expect the N 14(n,a)Bll and Bll(a,n)N14 reactions to show resonances 
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at the same energies in the compound nucleus. This is true for the 
two highest-energy resonances listed in the table. It is very likely 
that the nominal 12.3±0.2 Mev level in the (a,n) reaction is actually 
an unresolved superposition of the two resonances at 12.07 and 12.44 
Mev in the inverse reaction. It should be emphasized that the occur
rence of peaks in the cross sections of inverse reactions at the same 
energies of the compound system provides no confirmation of the com
pound nucleus theory, since the reciprocity theorem holds even if no 
long-lived compound state is formed. A check of the compound 
nucleus theory can be obtained only if peaks are observed at the same 
(compound) energy for two (or more) reactions which are not inverses 
of each other. Only then can we conclude that compound states are 
really formed. 

There are four compound levels in Table 5.1 which are found decay
ing through three different channels (by emission of neutrons, protons, 
and alpha-particles), i.e., at 12.1, 12.44, 12.83, and 13.7 Mev. The 
existence of these four levels can be considered an indication of the 
formation of a compound nucleus. No such compound levels are 
found at lower energies because the Coulomb barrier prevents the 
emission of the alpha-particles with measurable intensity. At higher 
energies the various reactions have not yet been studied to a sufficient 
extent. 

Although compound levels which decay through three or more 
channels are expected to occur whenever three or more channels are 
open energetically, only very few such coincidences have been observed 
so far. In most cases the energy relations are not favorable for obser
vation. The channel zero points usually differ by so much energy 
that we cannot reach the same excitation of the compound nucleus 
through different channels with presently available Van de Graaff 
accelerators (which are the main source of precision data on energy 
levels). 

6. DEUTERON -INDUCED REACTIONS 

Nuclear reactions initiated by deuterons are of great importance in 
nuclear physics. In general their yield is much larger than that of 
corresponding reactions initiated with other charged particles. Deu
terons accelerated in cyclotrons are very commonly used for the pro
duction of radioactive isotopes. 

The theoretical treatment of deuteron-induced reactions is some
what more difficult than the treatment of other reactions. New 
types of processes occur with deuterons which are not described by the 
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schemes introduced in Chapter VIII. The new features can be traced 
to the following facts: (a) the deuteron is a very loosely bound structure, 
its binding energy of 2.23 Mev being much lower than the average 
binding fraction; (b) its charge distribution is very "unsymmetric": 
the center of mass and the center of charge (the proton) do not coin
cide, as they do, e.g., in the alpha-particle. The distance between 
the two centers is equal to the" radius" of the deuteron. 

According to the regular scheme of nuclear reactions a nucleus 
X(Z,A)l bombarded by deuterons should give rise to a compound 
nucleus C(Z + 1, A +2) which then decays into several channels: 

Y(Z+l, A+l) + n 

Y(Z, A+l) + p 
X(Z,A) + d = C(Z+l, A+2) 

Y(Z-l, A-2) + a 
(I) 

etc. 

The cross sections for this type of nuclear reaction can be calculated 
by the methods used in Chapter VIII. Because of the special prop
erties of the deuteron, scheme I is not the only process which takes 
place. The following processes occur with appreciable probability: 

(II) The "electric" disintegration of the deuteron by the Coulomb 
field of the target nucleus (Oppenheimer 35). 

(III) The formation of a compound nucleus 

C'(Z, A+l) or C"(Z+l, A+l) 

by the absorption of only one constituent of the deuteron. The latter 
process is called "stripping" at high energy and" Oppenheimer
Phillips process" at low energies (Oppenheimer 35a). 

We first describe process II: When the deuteron passes by a nucleus 
without actually hitting its surface, it is exposed to the Coulomb field 
of the nucleus. During its passage the deuteron is under the i~fl.uence 
of an electric field which, from the point of view of the deuteron, varies 
with time. Its effect on the deuteron is similar to that of a light wave; 
it may cause a disintegration of the deuteron: 

d+X=X+n+p (II) 

Actually the electric field varies quite rapidly at the place of the 
deuteron. Let us consider a deuteron with a velocity v passing near 
a nucleus; the electric field at the position of the deuteron increases 

1 We shall use the notation XCZ,A) for a nucleus X of charge Z and mass num
ber A. 
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to its maximum and decreases again in a time t of the order of R/v, 
where R is the radius of the nucleus. For a deuteron of 10 Mev, and 
R",,0.6XlO- 12 cm, we obtain roughly hw""3.3 Mev for the quantum 
energy of a light quantum whose frequency is t- 1• Hence the Coulomb 
field, as seen from the deuteron, contains frequencies high enough 
to cause its disintegration. The cross section for this process is quite 
large; for nuclei with high Z it is of the same order as the cross sections 
for other processes (Guth 51, Goldberger 51). 

The mechanism of process III is described as follows: Because of 
the finite size of the deuteron, it may happen that one constituent 
comes into contact with the nuclear surface before the other one does. 
Since the nuclear interaction energies are much higher than the binding 
energy of the deuteron, the nucleon arriving first at the nuclear surface 
is quickly separated from its partner and forms a compound nucleus 
C'. If the second nucleon hits the nuclear surface an instant later, 
the compound nucleus C(Z+1,A+2) is formed just as in process J. 
If the second nucleon misses the nucleus, however, process III results: 

d + X(Z,A) = C'(Z, A+1) + p 

d + X(Z,A) = C"(Z+l, A+l) + n 

(lIla) 

(IIIb) 

after which the compound nucleus C' or C" may decay with emission 
of some other nuclear particle. Process II Ia is the more probable 
one, especially at low energies, since the electric repulsion keeps the 
proton away from the target nucleus. 

The cross section for these processes is especially simple to compute 
at very high deuteron energies ED when the Coulomb repulsion between 
the nucleus and the deuteron can be neglected: ED» Ze 2 / R (Serber 47). 
Then the deuterons move in straight lines with constant speed until 
they collide with the nucleus. The cross section for one nucleon (say 
the proton) hitting and the other (the neutron) missing is, to a first 
approximation, 

O"m = (7r/2)Rd (6.1) 

where d is the average distance between neutron and proton in the 
deuteron. 1 Equation (6.1) can be explained as follows: Let us con
sider a deuteron for which the vector d (from the proton to the 
neutron) includes an angle 0 with the direction of the motion. The 
cross section for this deuteron to strike the nucleus in such a way that 

I d is of the order of half of the decay length (11,2.7) of the wave function for the 
relative motion of the deuteron, i.e., d =! X4.31 X 10- 13 cm = 2.2 X 10-13 cm. 
This d is, properly speaking, the "diameter" of the deuteron. 
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the proton hits but the neutron misses is 2Rd Isin 61 (see Fig. 6.1) if 
the curvature of the nucleus is neglected, R»d. As the average value 
of Isin 61 is equal to 71'/4, we obtain (6.1). 

The nucleon which misses the nucleus proceeds with its original 
speed, plus whatever was added during the process of breakup. It is 
reasonable to assume that the breakup leaves the nucleon in a momen
tum distribution corresponding to the one found in the internal motion 
of the deuteron. The final momentum of the nucleon after breakup 
is the vector sum of the momentum Po = (M fv) 112 coming from the 
original deuteron motion (M is the mass of one nucleon) and the 
momentum of the internal motion. The contribution of the Coulomb 

NeutrOj :'\ 
(a) -----t---....l---------~ ... 

Proton 4 0 
(b)--~f-I---;; 
(c) --~f_I------.--:=----

~ 
FlO. 6.1. Oppenheimer-Phillips process. Case (a) leads W process IIIb; (b) w 

I; (c) w lIla. 

field can be neglected at high energies. The average internal momen
tum Pi in the ground state of the deuteron is of the order pi",-,(2M B) 1/2 

(B is the binding energy of the deuteron). Hence the final momentum 
of the escaping particle is roughly within the limits Po - (2M B) 112 

and Po+ (2M B) 112. The average angle between the direction of escape 
and the direction of the incident deuteron beam is approximately 
given by (2M B) 1I2/po. This distribution has been verified experi
mentally by Helmholtz and McMillan (47) with 200-Mev deuterons. 

At lower energies, fD "'-' Ze 2 / R or smaller, the effect of the Coulomb 
field plays a decisive role. The orbit of the deuteron is no longer a 
straight line. The effect of the electrostatic repulsion on the deuteron 
is complicated by the fact that the electric force does not act on the 
center of gravity of the deuteron but only on the proton. The neutron 
therefore is in a more favorable position to reach the nuclear surface 
than the proton, since the proton needs to reach a distance of only 
about R+d from the center of the nucleus in order to give the neutron 
a chance to enter the nucleus. Hence process IlIa is much more 
probable than IlIb. In fact, if the energy fD is smaller than Zc 2/ R, 
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so that the proton cannot reach the nuclear surface except through a 
quantum-mechanical penetration of the barrier, process IlIa is the 
most probable deuteron-induced process. It is called the Oppen
heimer-Phillips process. 

There does not exist a satisfactory theory which enables us to cal
culate the cross section UIIIa of this process even on the basis of the 
simplified assumptions of Chapter VIII regarding the interior of the 
nucleus. The main difficulty lies in finding the mathematical form 
of the wave function of the deuteron near the nucleus. The problem 
can no longer be split into two parts, one describing the motion of 
center of gravity of the deuteron and the other the internal motion, 
since the electric field acts unsymmetrically, on the proton rather than 
on the center of mass only. Several attempts were made to get an 
approximate solution (Oppenheimer 35, Volkoff 40, Bethe 38a, 
Peaslee 48, Butler 50). 

We now turn our attention to the compound nucleus C' which 
is created in process IlIa, and to its excitation energy Ec'. In con
trast to the reactions of type I, the excitation energy of the nucleus 
C'(Z, A+l) is not determined by the incident energy alone since the 
stripped nucleon (the proton) can carry off energy. 

The conservation of energy gives the following condition: 

ED - B - B(X) = Ep + Ec' - B(C') (6.2) 

where ED is the kinetic energy of the deuteron (more precisely, the 
kinetic energy of the relative motion of deuteron and target nucleus X 
in the center-of-mass system), B=2.23 Mev is the binding energy of 
the deuteron, B(X) is the binding energy of the target nucleus X, 
Ep is the energy of the emerging proton, Ec' is the energy of excitation 
of the compound nucleus C' which is formed by the addition of one 
neutron to X, and B(C') is the binding energy of C'. We can solve 
this equation for the excitation energy of the compound nucleus C'. 
Using S/ = B(C') - B(X) for the separation energy 'of a neutron 
from C', we get 

Ec' = ED - Ep - B + S/ (6.3) 

The lowest excitation energy possible is Ec' = 0, which corresponds to 
the highest-energy protons which can emerge from this reaction. 
The highest excitation energy Ec' is obtained when no energy at all 
is carried away by the proton, i.e., when Ep=O in (6.3). 

The division of the available energy between the entering neutron 
and the leaving proton is a complicated process. It can be visualized 
along the following lines: When the neutron touches the nuclear sur-



6. Deuteron-Induced Reactions 509 

face, the total energy of the deuteron is partially potential energy 
(from having run against the Coulomb barrier), partially kinetic 
(what is left of its original kinetic energy), partially internal (the 
motion of the neutron relative to the proton within the deuteron). 
This energy is divided between the leaving proton and tlie neutron 
entering the nucleus when the deuteron breaks up. The potential 
energy remains with the proton since it is caused by the charge. Half 
of the kinetic energy ED of the center of mass of the deuteron goes to 
the neutron, half to the proton. The division of the internal energy 
into EiD(N) and Ein(P) can take place in many ways, as long as the sum 
is equal to the.binding energy: Ein(N) + Ein(P) = -B = -2.23 Mev. 
The probability of a given division is determined by the internal wave 
function of the deuteron. Hence the possible excitation energies of 
C' cover a large energy interval. The neutron may even be left with 
negative kinetic energy in this division. In quantum mechanics 
negative kinetic energy corresponds to a wave which falls off expo
nentially and therefore cannot exist in free space over large distances. 
However, it can cover the small distance between the breakup of the 
deuteron and the nuclear surface. Hence a neutron breaking loose 
from a deuteron can enter the nucleus with "negative kinetic 
energy" and form a compound nucleus with an excitation energy 
Ee., less than the separation energy S/ of the neutron from C'. It 
may even produce C' in its ground state. This is in definite contrast 
to the formation of a compound nucleus by free neutrons, in which 
case Ee' must be larger than S/. 

The most probable value of the energy Ep of the emerging proton is 
obtained by assuming that the proton gets half the kinetic energy 
which the deuteron possesses at the point where it breaks up, all the 
potential (electrostatic) energy of the deuteron at that place, and half 
the internal energy (-B) of the deuteron. Let R' be the distance 
between the deuteron and the center of the target nucleus at the time 
the deuteron breaks up. Then 

1 ( ze2) Ze2 1 
(EP)av ~ 2 ED - Ii' + Ii' - 2 B (6.4) 

We estimate R' to be of the order of R+(d/2). Substitution of (6.4) 
with this value of R' into (6.3) gives for the most probable excitation 
energy Eel of the compound nucleus C' = X + N: 

1 ( Ze2 
) 

(Edav ~ 2 ED - R+(d/2) - B + S/ (6.5) 
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The likely values of the excitation energy Ec' lie within ± B of the 
average value (6.5). 

The value of EC' is decisive for the type of process which follows 
the formation of the compound nucleus. For example, if Ec' <S/, 
the compound nucleus cannot emit a neutron. It gets rid of the sur
plus energy either by emission of a gamma-ray, or by emission of 
another particle b if the separation energy Sb' is less than S/. In 
most cases the gamma-ray emission is the only process occurring. 

3 

FIG. 6.2. Cross section of the (d,p) reaction on Cu 63, according to Clark and Irvine 
as quoted by Peaslee (48). The drop at deuteron energies above 8 Mev is attrib-

uted to the onset of the (d;pn) reaction. 

Hence for (Ec')"v < SN', most of the compound nuclei formed are 
excited below S/, and we get the (d,p) reaction: d+X=C'+p as the 
main reaction. If (Ec')av > S/, the compound nucleus C' is mostly 
left in states in which it is able to emit a neutron, and th:s is then the 
most probable reaction. Hence we conclude that for values of 
tD > tD* == Ze2/[R+(d/2)] + B, the (d;pn) reaction displaces the (d,p) 
reaction. Figure 6.2 shows the cross section of a (d,p) reaction on 
CU 63 (measured by Clark and Irvine),l which illustrates the character
istic drop bf the (d,p) cross section because of the onset of the (d; pn) 
reaction. The drop occurs above the characteristic energy tD * 
which, for Cu. is of the order of 8 Mev. At energies which are higher 
than tD * the processes of types I and IIIb are no longer negligible com
pared to the process IlIa leading to the compound nucleus C'. 

Because of the Oppenheimer-Phillips process the cross section lTC' 

is higher than other nudear cross sections with charged particles of 

1 Unpublished but quoted in Peaslee (48). 
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similar energy. That is why deuteron reactions are of great practical 
significance for the production of radioactive isotopes. In spite of 
this fact, very little quantitative theoretical work is available on deu
teron reactions. Butler (51) has developed a method to use the 
deuteron-induced reactions as a tool in nuclear spectroscopy. 

In light elements several cases are known where the deuteron pro
duces a compound nucleus C according to the usual process I. The 
Coulomb barrier is not high enough to prevent the direct formation 
of a compound nucleus. Hence resonances must occur as they do 
with other elementary particles. We find listed in Fig. 5.3 two 
examples of resonances for the C I3 (d,p) reaction which correspond to 
compound states of 1\'15 at excitation energies of 17.47 Mev and 16.7 
Mev, respectively. The occurrence of resonances shows that a good 
part of this reaction consists of direct compound nucleus formation. 
Many and well-defined resonances were also found in the C I2 (d,p) and 
C 12 (d,n) reactions (Bennett 41, Hornyak 50). The (d,p) resonances 
and the (d,n) resonances occur at the same energies as we should 
expect in direct compound nucleus formation according to process I. 

A 

A~"" 

B 

B(C') 

B(X) 
C(Z,A) 

C' 

d 
d 

d 

D 

D' 

SYMBOLS 

Mass number (Section 1) 
Amplitude for resonance scattering \Vitti orbital angular 
momentum l; for the definition see Chapter VIII, Section 
2 (Section 3A) 
Binding energy of the deuteron [= 2.23 Mev] (Section 
6) 
Binding energy of the compound nucleus C' created In 

the Oppenheimer-Phillips process (6.2) 
Binding energy of the target nucleus X (6.2) 
A (compound) nucleus with Z protons and A -Z neutrons 
(Section 6) 
The compound nucleus created in the Oppenheimer-
Phillips process (Section 6) 
A deuteron (Section 1) 
The radius of the deuteron [= 1.1 X 10- 13 cm] (this is one
fourth of the decay length which appears in the deuteron 
wave function) (6.1) 
One-half of the vector separation between the neutron 
and the proton in the deuteron (Section 6) 
A verage energy spacing between resonance levels of the 
same total angular momentum J and parity (Section 2A) 
The observed energy spacing between resonances! D' 
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depends on the energy resolution of the equipment as well 
as on nuclear properties (Section 2A) 

D* An energy defined by (2.1), and expected to be of the same 
order of magnitude as D (2.1) 

E Excitation energy of the compound nucleus (Section 
2A) 

(Edav 

g(S) 
GcCb) 

hw 
I 

J 

k 

k 

K 
Ko 

L 

M 

Excitation energy of the compound nucleus C' created in 
the Oppenheimer-Phillips process (6.3) 
Most probable excitation energy of the compound nucleus 
C' created in the Oppenheimer-Phillips process (6.5) 
A function related to the branching ratio for emission of 
alpha-particles from the compound n,ucleus; for its defini-
tion see Chapter VIII, Section 6 (2.20) 
A function related to the branching ratio for emission of 
neutrons from the compound nucleus; for its definition 
see Chapter VIII, Section 6 (2.20) 
A function related to the branching ratio for emission of 
protons from the compound nucleus; for its definition see 
Chapter VIII, Section 6 (2.20) 
Statistical weight of channel spin S (2.10) 
Branching ratio for emission of particles b from the com-
pourtd nucleus (Section 3C) 
Energy of a (capture) gamma-ray (Section 5B) 
Angular momentum (" spin") of the target nucleus X 
(Section 2A) 
Total angular momentum of the compound nucleus C 
(Section 2A) 
Wave number of the relative motion before the reaction 
[=(2ME)1I2jh] (2.3) 
Boltzmann constant; kT is the average thermal energy at 
temperature T (2.13) 
Wave number inside the compound nucleus (2.11) 
Wave number inside the compound nucleus for neutrons 
with channel energy E=O; Ko""" 1 X 1013 cm-1 (Section 
2E) 
Orbital angular momentum of the incident particle 
(Section 2A) 
Lowest orbital angular momentum l consistent with the 
total angular momentum J and the parity TIc of the com-
pound nucleus (Section 2A) 
Reduced mass for the relative motion in a channel [~ the 
mass of the incident particle] (2.3) 
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Mass of a nucleon (Section 6) 
A neutron (Section 1) 
Number of neutrons in the target nucleus (Section 3A) 
A proton (Section 1) 
Momentum associated with each nucleon in the deuteron 
in consequence of the motion of the center of gravity of 
the deuteron [= (M ED) 1/2] (Section 6) 
Momentum associated with each nucleon in the deuteron 
in consequence of the internal motion (Section 6) 
Q value (energy release) of a nuclear reaction (Section 
5A) 
Q value of the (n,a) reaction (2.20) 
Q value of the (n,p) reaction (2.20) 
Q value of the (p,n) reaction (Section 3A) 
Constant appearing in the nuclear radius formula R = roA 113 

(Section 2E) 
Channel radius (2.3) 
Distance between the center of the deuteron and the center 
of the target nucleus at the time the deuteron breaks up 
(6.4) 
Spin of the incident particle in a nuclear reaction (3.1) 
Channel spin (Section 2A) 
Separation energy of a particle (neutron) from the com-
pound nucleus (Section 2A) 
Separation energy of a particle b from the compound 
nucleus C' formed in the Oppenheimer-Phillips process 
(Section 6) 
Separation energy of a neutron from the compound 
nucleus C' formed in the Oppenheimer-Phillips process 
(6.3) 
Temperature of the target substance, in degrees Kelvin 
(2.13) 
Speed of the deuteron passing near a nucleus X (Sec-
tion 6) 
Penetration factor for collisions with orbital angular 
momentum l (2.1),(2.2) 
Nucleus X with Z protons and A -Z neutrons (Section 
6) 
Number of protons in the target nucleus (Section 3A) 

An alpha-particle (Section 1) 
A channel for a nuclear reaction; the channel index a 
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r:8d 
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(~E)n 
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includes specification of the channel spin S 
3A) 

(Section 

The group of effective entrance channels for a proton-
induced reaction (Section 3A) 
A gamma-ray (Section 1) 
Reduced partial width of resonance level number s for 
emission of neutrons (2.10) 
Total width of resonance level number s (2.5), (3.1) 
Average value of the neutron width for neutron resonances 
with orbital angular momentum l (2.16) 
Neutron width of resonance level number s 
Proton width of resonance level number s 

(2.1) 
(3.1) 

Partial width of resonance level number s for emission of 
protons with channel spin S and orbital angular momen-
tum L (3.2) 
A verage value of the radiation width for neutron reso-
nances of orbital angular momentum l (2.16) 
Reaction width of resonance level number s (2.6) 
= rr8d; radiation width of resonance level number s 
(2.6), (3.1) 
Total width of resonance level number s 
Partial width of resonance level number 
particle emission (Section 5A) 
The range of energies E in the incident beam 
2A) 

(2.5), (3.1) 
8 for alpha-

(Section 

An energy interval large compared to the level distance D 
in the compound nucleus (Section 2C) 
Energy spread due to the Doppler effect (2.13) 
Channel energy [= energy of the relative motion in the 
center-of-mass system) (Section 1) 
Mean energy in the incident beam (Section 2A) 
An energy related to the height of the centrifugal barrier 
for neutrons (2.3) 
Channel energy E for which the average neutron width for 
S wave resonances becomes equal to the average radiation 
width for those resonances (2.15), (2.15a) 
Energy available for the (n;2n) reaction [=E-Snl 
(2.21) 
Channel energy for a deuteron channel 
An energy in the "ultrahigh" region 
(Section 4) 
Channel energy for a proton channel 

(Section 6) 
(above 30 Mev) 

(Section 3C) 
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Energy of the proton in the Oppenheimer-Phillips process 
(6.2) 
Most probable value of the energy of the proton in the 
Oppenheimer-Phillips process (6.4) 
Channel energy E corresponding to resonance level number 
8 of the compound nucleus (Section 2A) 
Thermal energy (a channel energy E of the order of 0.025 
ev) (Section 2A) 
Channel energy for an alpha-particle channel (Section 
3C) 
Channel energy in channel {3 (Section 2D) 
The part of the energy in a nuclear reaction which goes into 
"heating" the residual nucleus (Section 4) 
=tD/IEth-E.I; a real number larger than 1 (2.11) 
Angle between d and the line of motion of the deuteron 
(Section 6) 
Nuclear temperature of the residual nucleus after emission 
of the first neutron from the compound nucleus, in Mev 
(2.21 ) 
de Broglie wavelength of the relative motion, divided by 
211' (Section 2A) 
Parity of the compound nucleus C (Section 2A) 
Cross section of the (a,b) reaction (Section 3C) 
Cross section for formation of the compound nucleus by 
neutrons of orbital angular momentum l (2.16) 
Cross section for formation of the compound nucleus by 
protons (Section 3B) 
Cross section for formation of the compound nucleus by 
alpha-particles (Section 3B) 
Cross section for formation of the compound nucleus 
through channel {3 (Section 2D) 
Cross section for the radiative capture of neutrons 
(Section 2A) 
Average value of the neutron capture cross section, over 
many resonances (2.18) 
Cross section for the radiative capture of thermal neutrons 
(2.11) 
Cross section for the radiative capture of neutrons with 
orbital angular momentum l (Section 2C) 
Average value of the radiative capture cross section for 
neutrons with orbital angular momentum l, over many 
resonances (Section 2C) 
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(fm." 

(lmaz,ezp 

(f{n,p) 
(f{p,n) 

(fr,O 

(f ae.O 

(f{a,n) 
(f{a;2n) 
(f(aj3n) 

Maximum (total) cross section in a neutron resonance, 
for infinite resolution in energy (2.5) 
Maximum (total) cross section in a neutron resonance, 
observed experimentally with finite energy resolution ~E 
(2.5) 
Cross section of the (n,p) reaction (2.20) 
Cross section of the (p,n) reaction (Section 3B) 
The reaction cross section, as distinguished from the cross 
section for elastic scattering (Section 2E) 
Reaction cross section for reactions induced by S wave 
(l = 0) particles (2.8) 
Elastic scattering cross section of S wave (l = 0) particles 
(2.8) 
Total (elastic scattering + reaction) cross section 
(Section 2A) 
Cross section of the (a,n) reaction 
Cross section of the (a;2n) reaction 
Cross section of the (a;3n) reaction 

(Section 3B) 
(Section 3C) 
(Section 3C) 



CHAPTER X 

Formal Theory of Nuclear Reactions 

In this chapter certain results of the theory of nuclear reactions are 
derived by methods which are more general than those used in Chapter 
VIII. The discussions are restricted to some fundamental theorems, 
some of which were either proved or made plausible by less rigorous 
means in Chapter VIII. 

The scope and the limitations of the theorems will become more 
obvious in the formal derivations of this chapter. In particular the 
Breit-Wigner formula for resonance reaction is derived here with 
much greater generality than in Chapter VIII. It contains, on the 
other hand, so many adjustable parameters that it must be reduced 
in most practical cases to the forms used in Chapter VIII. 

We have attempted to keep the mathematical complexity within 
reasonable bounds by restricting the discussion, whenever possible, 
to the simplest reaction types, namely those in which only uncharged 
particles with zero spin and zero orbital angular momentum are 
involved. 

1. THE SCATTERING MATRIX 

A. The General Form of the Wave Functions 
Consider a nuclear system at excitation sufficiently high that the 

compound nucleus can disintegrate into a number of different channels, 
which we shall denote by Greek letters a, {j, "I, and so on. For sim
plicity's sake we shall restrict ourselves to the discussion of channels 
in which ·there is no "barrier," i.e., to S wave neutron channels, 
and we shall neglect the influence of intrinsic spins. 

The wave functions 'lr of the system at some definite total energy E 
have a very complicated behavior in that part of the configuration 
space which corresponds to the compound nucleus, i.e., where all the 
coordinates fh f2t ••• , fA of the A nuclear particles are close to each 
other. On the other hand, in the regions of configuration space 
corresponding to the various open channels, the behavior is simple: a 
wave function 'lr describes the relative motion of the particle a and 
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the residual nucleus X in the channel in question, as well as their 
internal states of excitation appropriate to that channel. Thus, in 
the region of configuration space corresponding to channel a, say, 
the wave functions have the form 

(in channel a) (1.1) 

where Xa is the eigenfunction of the residual nucleus X in state a. 

If the emitted particle a is itself a composite system (e.g., an alpha
particle), Xa is the product of the eigenfunction of X and of a. 1/1 (ra) 
describes the relative motion, and r a is the "channel coordinate" 
of Chapter VIII. 

The wave function !/;(r a) contains ingoing as well as outgoing spheri
cal waves. Let Va be the velocity in channel a, ka be the channel 
wave number at the total energy E (of which only part appears as 
kinetic energy Ea in the channel). We can write !/;(r a) in the form 

1/I(ra) = (Aa e-ikara + Aa' eikara) (47rVa)-1!2 ra- 1 (1.2) 

On the right side of the equation the first term in the parentheses, when 
multiplied by the appropriate time factor, represents an incoming 
wave; the second one is an outgoing wave. The (47rVa)-1/2 could have 
been absorbed into the (so far arbitrary) constants A and A', but it 
will be convenient to write it separately. 

B. Definition of the Scattering Matrix 
If there is only one open channel at energy E, the wave function is 

uniquely determined by the energy alone. l An incoming wave of 
given strength in this one open channel gives rise to a definite outgoing 
wave in the same channel. On the other hand, if there are several 
channels open, the energy alone does not determine the wave function 
uniquely. This can be seen most easily by observing that there can 
be an incoming wave in anyone of the open channels. The corre
sponding wave functions are different from each other. If there are N 
open channels, there are N such wave functions at anyone total 
energy E. 

We shall use these N wave functions as our basic set. 2 The wave 

1 Except for a constant multiplicative factor which we shall ignore. 
I This particular basic set is most convenient for the discussion of cross sections. 

It is not the only possible one, however, and we shall have occasion to use a differ
ent set of basic functions in Section 4. In principle, any N linearly independent 
wave functions can be used as a basic set, and the particular choice used is a matter 
of convenience only. 
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function describing a reaction initiated through channel a will be 
denoted by '11 a. The behavior of '11 a in the region of configuration space 
corresponding to some channel (3 is [see (1.1)] 

'11 a = Vta{3(r{3) X{3 (in channel (3) (1.3a) 

If {3~a, the wave function for the relative motion corresponds to 
outgoing waves only (Sa{3 = a constant): 

Vta{3(r{3) = -Sa{3 exp (ik{3r{3) (41rV{3)-1/2 r{3-1 ((3~a) (1.3b) 

In channel a, on the other hand, there are both an ingoing and an out
going wave; the in going wave has to be normalized to correspond to 
the rate at which particles a enter through channel Ct. We shall 
normalize to unit ingoing flux over the full solid angle, i.e., 

41rva(Vt·Vt)ra2 = 1 

for the ingoing wave part of Vtaa(ra). This gives 

Vtaa(ra) = [exp (-ikara) - Saa exp (ikara)] (41rVa)-1I2 r a - 1 ({3 = Ct) 
(1.3c) 

We need N constants Sa{3, {3 = 1,2,··,N, for a given initiating channel 
a to describe the asymptotic behavior of the wave function completely. 
Since a can be anyone of the N open channels, there are N 2 constants 
Sa{3 altogether. They can be considered to form an N-by-N matrix, 
the scattering matrix of the system at energy E (Wheeler 37a, Heisen
berg 43, Moller 45, Wigner 47, Eisenbud 48). 

It is apparent from the definition of the scattering matrix Sa{3 that it 
determines the al?ymptotic behavior of the wave function in the various 
channels completely, even in the most general case where the reaction 
is not initiated merely through one channel, but where there are incom
ing waves in all the channels [the corresponding wave function is then a 
linear superposition of the N functions 'I1a, (1.3)]. Thus the result of 
any measurement made on the system after the reaction products 
have separated (e.g., the cross sections for the various possible reac
tions) is expressible in terms of the scattering matrix. On the other 
hand, the scattering matrix, describing only the asymptotic behavior 
of the wave function, does not give us any detailed information about 
the compound nucleus itself. 

The importance of the scattering matrix lies in the following fact: 
we can prove that it must possess certain properties under very general 
assumptions about the physical process taking place in the" interior 
region" (compound nucleus, cavity, or whatever the case may be). 
These properties of the scattering matrix relate cross sections for 
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different reactions to each other, quite independently of the detailed 
reaction mechanism. 

C. Cross Sections Expressed in Terms of the Scattering Matrix 
We first determine the flux of the outgoing spherical wave in channel 

{3~a, from (1.3b). This flux is the product of the probability density 
!/I-!/I, the channel velocity Vp, and the surface area of the sphere through 
which the flux is going, 411'rl: 

In order to find the incoming flux we compare the incoming spherical 
wave part of (1.3c) with the l=O incoming spherical wave part of the 
spherical harmonic expanRion of the plane wave, exp (ikz), formula 
(VIII,2.7). Since the plane wave exp (ikz) has flux equal to v, the 
incoming spherical wave part of our !/Iaa, (1.3.), corresponds to a plane 
wave of flux k a2/1I' = (1I''Aa2)-1. Dividing the outgoing flux (1.4) by 
the incident plane wave flux, we get the following result for the trans
fer cross section from channel a to channel {3 (i.e., the l=O part of this 
cross section): 

({3~a) (1.5) 

The cross section for elastic scatt ering, (faa with l = 0 has already been 
determined in Chapter VIII, Section 2. Comparison of our present 
definition of Saa, (1.3c), with the l =0 term of (VIII,2.8) shows that 
Saa is identical with the quantity 710 of Chapter VIII. Hence the 
l=O scattering cross section is given by (VIII,2.11), which in our 
present notation becomes 

(1.6) 

We can write (1.5) and (1.6) for transfer and scattering cross 
sections in the unified form 

- ,. 21~ S·, I~ (fap - 1I'I\a Uap - aPI (1.7) 

It is apparent that all these cross sections vanish if the scattering 
matrix is equal to the unit matrix, Sap = aap. This was the motivation 
for the minus sign in the definition of SaP, (1.3b) and (1.3c). 

The "reaction cross section" of the previous chapters is the sum 
of all the transfer cross sections to channels {3~a, i.e., 

(fr = 1I''A,.2 l IS,.pI2 
P .... 

(1.8) 
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In Chapter VIII this same cross section was expressed in terms of 
71=Saa as 

(1.9) 

The equivalence of (1.8) and (1.9) is a result of the first conservation 
theorem to be proved in the next section. 

We shall disregard the possibility of radiative capture throughout 
the remainder of this discussion. Although this process could be 
included in the scattering matrix in principle, it would complicate the 
formulation without any gain in clarity. 

As long as the particles taking part in the reaction (including the 
target nucleus and the various residual nuclei) have no spins, formulas 
(1.5) to (1.9) can be generalized quite easily for (orbital) angular 
momenta l~O. We merely replace exp (±ikr) in the definition of 
Sa~, (1.3b) and (1.3c) by exp [±i(kr-j-l'lr)], and replace 1f'!l.a2 by 
(21+ l)1fJ\a 2. The presence of a Coulomb barrier does not change 
anything, since we are concerned only with the asymptot.ic beha.vior of 
the wave functions for large values of r. If the Coulomb field is 
screened by the atomic electrons (as it always is in practice), the 
asymptotic behavior of the wave function for orbital angular momen
tum l is still of the form exp [±i(kr-j-l'lr)]. 

If there are spins in the various channels, the formulas become very 
much more complicated. We shall not discuss them here. The 
reader is referred to the paper by Wigner and Eisenbud (Wigner 47). 
(The scattering matrix is called U in that paper.) 

2. CONSERVATION AND RECIPROCITY THEOREMS 
FOR NUCLEAR REACTIONS 

A. Ingoing and Outgoing Waves 
The wave functions of the preceding section describe a steady-state 

situation in which the ingoing wave in the entrance channel has con
stant amplitude everywhere; the particles which go in to react are 
continually being replenished at the same rate. Let us now consider 
the case where an in going spherical wave in channel a is turned on for 
some finite time T and then shut off again. Let us represent this 
wave function by the picture of a wave guide junction, with the 
various channels a,{3, ... leading into it. Then, at some time before 
the reaction, the wave function is as depicted schematically in Fig. 
2.1a: there are no waves in any channels except channel a, and in that 
channel there is a wave train of finite length going toward the junction 
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(the compound nucleus). The length of this wave train is La = VaT, 

where Va is the velo~ity in channel a. 1 

N ow consider a later time, after the reaction has already taken 
place. The wave function is then as shown in Fig. 2.1 b: there are 
outgoing (finite) wave trains in all channels, including channel a 

(re-emitted wave). The length of the outgoing wave train in channel 
B is L{J = v{JT, since the time T during which the reaction products 
pass into a stationary detector in one of the channels is approximatelyl 

-a ___ ~.:::....;=-==--___ 

(b) 
-y 

FIG. 2.l. Picture of a three-channel junction. (a) (Before) There is a wave train 
moving toward the junction (compound nucleus) in channel a, none in the other 
channels. (b) (After) There are outgoing wave trains in all the channels. The 
amplitudes of these outgoing waves are determined by the scattering matrix Sa{J. 

equal to the time T during which the incoming spherical wave had 
been switched on earlier. 

Since we now have finite wave trains, the wave function can be 
normalized to unit total probability: 

f'lt*'lt dr = 1 (2.1) 

Consider first the normalization integral for Fig. 2.1a, before the 

I Strictly speaking, it is not possible to have a wave train of finite length L, with 
sharp boundaries. Even if the edges are sharp at some initial time, as time goes 
on the edge becomes less sharp; the effective length L of the wave train increases 
as time goes on. We can estimate the magnitude of this boundary region: it is 
of the order of a few de Broglie wavelengths, and it increases by that order of 
magnitude as the wave train passes through the compound nucleus region and 
re-emerges in another channel. Thus, if we make the length L of the wave train 
large compared to a de Broglie wavelcngth ,,=h/Mv, we can neglect these edge 
effects altogether. We shall do so in the remainder of the discussion. 
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reaction. The wave function vanishes everywhere except in channel 
a, and there it has the form (over the length La where it does not 
vanish) 

ita .in = C exp (-ikara) (4111Ja)-1/2 ra- 1 Xa (2.2) 

C being the normalization constant. The integrals over the internal 
coordinates of Xa and aa in Xa give unity, so that we get 

fita •in • ita •in dr = ICI 2 flexp (-ikara)12 (Va)-l dra 

= ICI 2 La = ICI2 T = 1 
Va 

Thus the C in (2.2) can be taken as 

C = T- 1I2 (2.2a) 

where T is the time during which the ingoing wave is switched on. 
The scattering matrix, by definition, determines the amplitudes of 

the outgoing waves in the various channels once the amplitude of the 
ingoing wave is given. Equation (1.3b) gives for the form of the out
going wave in channel {j in Fig. 2.1b: 

it a. out through fl = C ( - Safl) exp (ikflrfl) (4rvfl )-1/2 rfl- 1 Xfl (2.3) 

where C is still given by (2.2a). The probability of finding the reac
tion products in channel {j is then 

flit a, out through fll2 dr = I CI 2 ISafll 2 Lfl = ISafll 2 (2.4) 
Vfl 

Incidentally, these formulas apply also to the case where we look at 
the outgoing particles in the same channel (j = a through which the 
ingoing wave had been sent earlier. 

B. The Conservation Theorems 
It follows from the wave equation 

H '1 ait it = ~,,-
at 

(2.5) 

that the time derivative of the scalar product (it,it) = f it*it dr is zero: 

a (ait) ( ait) - (it it) = -, it + it-
at' at ' at 

i i 
= A (Hit,it) - h (it,Hit) = 0 (2.6) 
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since H is a Hermitean operator. We now use this constancy of the 
normalization of the wave function (of the total probability of finding 
particles anywhere) to derive a conservation theorem for nuclear 
reactions: we have chosen 'Ita, (2.2) and (2.2a), so that before the 
reaction ('It,'It) = 1. This must also be true after the reaction. Accord
ing to (2.4), each channel fJ then contributes an amount ISa~12 to the 
total probability ('It,'It). Hence we have proved the first conservation 
law 

l1Sa~12 = 1 
6 

(2.7) 

This constitutes the formal proof of the equivalence of (1.8) and (1.9) 
for the over-all reaction cross section. 

This conservation law is an expression of the conservation of 
probability. The left side of (2.7) is the probability that the reaction 
leads into some one of the available channels, and this probability is, 
of course, unity. There is one proviso, however: the enumeration of 
the possible outcomes of the reaction must be complete. If a channel 
has been left out by mistake, the sum (2.7) is less than unity. In 
practice, this may occur in connection with the radiative-capture 
transitions which we have not treated on an equal footing with the 
particle channels. To do this properly, we should have to include the 
coordinates of the electromagnetic field into the formulation of the 
scattering matrix; this would merely complicate matters without add
ing anything essential. 

If two different wave functions 'It and 4> satisfy the same wave 
equation, their scalar product ('It,4» is independent of time: 

a (a'lt ) ( a4» - ('It 4» = -, 4> + 'It-at' at ' at 
i i 

= h (1I'1t,4» - It ('It,H4» = 0 

[The conservation of the normalization, (2.6), is a special case of this 
theorem.] In particular, if 'It and cf! are orthogonal to start out with, 
they continue to be orthogonal to each other. 

We now apply this theorem to nuclear reactions to get a second 
conservation law. Consider the wave functions 'Ita and 'lt6 (ex,=fJ) 
describing reactions with the same compound nucleus, but with 
ingoing spherical waves sent initially through two different channels. 
Before the reactions take place, the wave functions 'Ita and 'It~ are 
orthogonal to each other: 'Ita is zero everywhere except in channel ex 
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[see Fig. 2.1a], and 'lr/l is zero everywhere except in channel {3; thus 
there is no overlap of the wave functions, and their scalar product 
vanishes. 

Consider the same two wave functions after the two reactions have 
taken place. There are outgoing waves in all the channels, waves 
which are due to both reactions. Nevertheless the total scalar 
product must still vanish. A typical channel 'Y contributes the follow
ing amount to ('lr",'lr/l) 

f'lr:. out through "Y 'lr P. out through "Y dr = C" * C /I S"y * S/ly T' (2.8) 

where C", C/I are the normalization constants (2.2a) for 'lr", 'lr/l, respec
tively, and T' IS the time overlap during whioeh the reaction products 
striking a stationary detector are due to both reactions. This time 
overlap is the same in all channels 'Y. 

We sum the contributions (2.8) over all channels 'Y and set the result 
equal to zero. This gives the second conservation law: 

(2.9) 

We observe that the two conservation laws, (2.7) and (2.9), can 
be written together in the form 

(2.10) 

In matrix notation (2.10) is 
ss+ = 1 (2.10') 

where S+ is the Hermitean conjugate of S, and 1 is the unit matrix. 
The two conservation laws imply that the scattering matrix is a unitary 
matrix. 

The statement that S is unitary implies a considerable restriction 
on the number of parameters necessary to describe a reaction. For 
example, the scattering matrix for a two-channel reaction is a two-by
two matrix with complex coefficients and hence contains 2(2) 2 = 8 real 
parameters. However, (2.10) imposes three different restrictive 
conditions, so that there are only 5 independent parameters left. 
In general, the scattering matrix for an N channel reaction contains 
2N2 real parameters, with jN(N + 1) conditions (2.10) between them. 

C. Time Reversal 
In many problems of physics the direction of time does not enter 

explicitly. This is true of most systems in which energy is conserved. 
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The motion of a planet around the sun, for example, is invariant under 
time reversal: If a given orbit, x=h(t), y=h(t), z=/3(t), satisfies 
N ewton's equations, the" time-reversed orbit" 

x = h( -t) y = h( -t) z =/3(-t) 

is also a possible orbit for the planet, i.e., it also satisfies Newton's 
equations. A physical system is invariant under rev~rsal of the 
direction of time if to every possible state of the system there exists a 
"time-reversed" state which also satisfies the equations of motion. 

We shall investigate the operation of time reversal for a quantum
mechanical system (Wigner 32). We can start with a plane wave of 
free particles, exp (ikz), going in the positive z direction. The "time
reversed" wave is the one going in the opposite direction, exp ( -ikz). 
These two solutions are complex conjugates of each other. We there
fore expect that time reversal in general has some relation to taking 
the complex conjugate of the wave function. 

Let us assume for the moment that the Hamiltonian is not only a 
Hermitean operator (H+ = H) but also real (H* = H). We take the 
complex conjugate on both sides of the wave equation (2.5): 

a\}t* a\}t* 
H*\}t* F - ih -- = ih--

at a(-t) 
(2.11) 

Since H*=H by assumption, (2.11) shows that the wave function 
\}t* develops in the negative time direction, - t, in the same way that 
\}t develops in the positive time direction. The reality of the Hamil
tonian implies the possibility of time reversal, the wave function of 
the time-reversed state being just the complex conjugate of the original 
wave function: \}t(rev)(r,t) = \}t*(r,-t). 

While this condition is sufficient for time reversal to be possible, it is 
not necessary. We need only require that Hand H* are not "essen
tially" different, i.e., that they differ at most by a unitary trans
formation V (V independent of time): 

H* = V-I H V (2.12) 

By the same argument as before we see that the time-reversed solution 
IS 

\}t(rev)(r,t) = V \}t*(r,-t) (2.13) 

The unitary property of V is necessary to insure that the time-reversed 
function is properly normalized to unity if the original \}t was so 
normalized. 

The most important practical case in which time reversal is not 
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simply equivalent to taking the complex conjugate of the wave func
tion is that of intrinsic spins. A particle of spin i, for example, obeys 
a wave equation which contains the Pauli spin matrices ux , u,,' Uz· 
In the conventional way of writing these matrices, Ux and u. are real, 
while 

is pure imaginary. Thus H* is not equal to H. The Pauli matrices 
do not occur by themselves but in combination with other vectors, a 
typical form being (d·L), where L is the orbital angular momentum 
vector 

L = r X p = - ih r X V 

Then 

A simple calculation shows that a unitary transformation with U =u" 
brings this back to the original form (d·L). Thus time reversal in this 
case means not only taking the complex conjugate of the wave func
tion but also multiplying it by U = u '" according to (2.13). 

This unitary transformation has a simple interpretation. It 
amounts to reversing the direction in which the spin of the particle 
is pointing. This can be explained as follows: an intrinsic spin is in 
many respects similar to a rotating current. If we reverse the sense 
of time, the current rotates in the opposite direction; hence the spin 
direction reverses. 

This interpretation also points to the one important case where time 
reversal is not possible, but where energy is nevertheless conserved: 
the case of a system under the influence of an applied magnetic field. 
The magnetic field is presumably due to currents in coils outside the 
limits of the system proper. If the direction of time is reversed, these 
currents reverse their direction, and so does the magnetic field 
created by them. In a system subject to magnetic fields, time reversal 
is possible only if the direction of these fields is reversed simultaneously. 
Conversely, if the external fields are assumed to maintain their direc
tion, time reversal is not possible for the solutions of the equations of 
motion. This can be seen formally through the way in which the 
magnetic field enters into the Hamiltonian, the typical forms being 
(L·X) and (d·X). The orbital angular momentum L=rxp changes 
its sign upon time reversal; hence (L·X) also changes its sign unless 
the magnetic field direction is reversed simultaneously. The spin d 
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behaves very much like the orbital angular momentum L under time 
reversal: the directions of both are reversed. 

As a final point, we might mention that the possibility of time 
reversal implies that the wave functions can always be written as real 
functions. Indeed, if the time-reversed function it· is also a solution 
of the wave equation, the real functions 

<1>1 = it + it· 

are acceptable solutions, and we can get a complete set of real wave 
functions for our system. The" reality" relations are somewhat more 
complicated if spins are present (Wigner 32, 47; Herring 37; Bieden
ham 51). 

D. The Reciprocity Theorem 
. We shall assume at first that time reversal is possible and that no 

spins are present, i.e., that the Hamiltonian is real. Then the time
reversed solution to our ita (see Figs. 2.1a and 2.1b) is just ita·. This 
time-reversed function has incoming waves in all the channels before 
the reaction, the amplitude of the wave in channel {3 being - Safj·; 
and an outgoing wave in the sole channel a after thejeaction, with 
amplitude equal to unity. 

The functions itfj, {3 = 1,2, .. ·,N, form a complete set at energy E. 
Thus the time-reversed function \}fa· of \}fa must be a linear superposi
tion of them: 

.y. (rev) _ .y. It _ \' c .y. 
"'a - "'a - ~ 13 "'13 (2.14) 

B 

We can determine the constants Cfj most easily by looking at both 
sides of (2.14) some time before the reaction takes place. The ampli
tude of the ingoing wave in channel "I on the right side is just Coy (the 
it8 for (3~'Y have no ingoing waves in channel "I), whereas on the left 
side it is - Sa., • according to the last paragraph. Hence c., = - Sa., • 
and (2.14) becomes 

.y. (rev) _ .y. • _ _ \' S * .y. 
'" a - '" a - ~ afj '" (l (2.15) 

fJ 

We now exploit this relation between the time-reversed solution 
and the original solutions to get a reciprocity theorem for nuclear 
reactions. We compare the amplitudes of the outgoing waves on 
both sides of (2.15) in a typical channel "I, some time after the reaction 
has taken place. The left side has an outgoing wave of unit amplitude 
in channel a and no outgoing waves in any of the other channels; 
hence the amplitude of the outgoing wave in a typical channel "I is 5a .,. 
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Each 'lr/l on the right side has an amplitude -S/l"Y for the outgoing 
wave in channel 'Y. Performing the sum in (2.15), we get the relation 

I Sail· Sfl"Y = Oa"Y 
/l 

(2.16) 

Equation (2.16) looks very similar to the completeness relation 
(2.10), but they are not identical, as can be seen by looking at the 
order of the subscripts in the two equations. In matrix language, 
(2.16) is 

S·S = 1 (2.16') 

whereas (2.10) involves the Hermitean conjugate S+. We combine 
(2.10') and (2.16'):1 

S·S = S+S 

and cancel out the S on both sides (this is possible since S, being a 
unitary matrix, is sure to have an inverse). This gives 

S· = S+ 
that is, 

Taking the complex conjugate of both sides, we obtain the reciprocity 
theorem 

(2.17) 

This theorem states that the probability for a transition proceeding 
one way in time is equal to the probability for the same transition but 
with the sense of time reversed. 

Sofar we have neglected intrinsic spins. If they exist, relation (2.17) 
has to be amended somewhat. We define the "time-reversed chan
nel" - a to channel a as identical to a in all respects except that the 
spin directions of both the emerging particle and the residual nucleus 
have been reversed. Then the reciprocity theorem becomes 

(2.18) 

Our derivation of the reciprocity theorem makes it apparent that 
the validity of the theorem depends on the possibility of time reversal. 
Conversely, in systems which involve external magnetic fields, and 
in which time reversal is therefore not possible, the reciprocity theorem 
fails to hold in general. Examples of linear, non-reciprocal networks 
were given by McMillan (46, 47). 

I We are using the fact that SS+ = 1 implies that S+S = 1 also. This is a general 
theorem for finite matrices. 
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The reciprocity theorem (2.17) imposes tN(N -1) conditions on 
the scattering matrix. However, these conditions are not all inde
pendent of the previous conditions which assured that 8 is unitary. 
The number of independent real parameters in the scattering matrix 
can be determined most easily by constructing the matrix 

X = i 1-8 
1+8 

(2.19) 

This matrix is called the "reactance matrix" in engineering termi
nology. A straightforward calculation shows that X is Hermitean 
if 8 is unitary j X is obviously symmetric if 8 is symmetric. Hence, if 
8 is both unitary (conservation law) and symmetric (reciprocity law), 
X is a real, symmetric matrix. The number of independent real 
parameters in such a matrix is tN(N + 1), and this is therefore also 
the number of real independent parameters in the scattering matrix 
8. 1 

E. Reciprocity and Detailed Balance 
The statement that there is a relation between the probabilities of 

inverse processes is often based on an application of perturbation 
theory. If the interaction which produces the transition in question 
is "weak," the element 8all of the scattering matrix for a~fJ is propor
tional to a "matrix element" H afJ' of the perturbing Hamiltonian 
between the states a and fJ. (These considerations have no applica
tion at all to nuclear reactions in the energy range considered in this 
book; but they can be applied, for example, to the emission and absorp
tion of gamma-radiation by nuclei). Since the Hamiltonian is Hermi
tean, there is a relation between the matrix elements for inverse 
processes: H a/ = (H fJa'). • In the approximation of a "weak" inter
action, this implies the detailed balance theorem 

(2.20) 

It is apparent from this derivation that detailed balance cannot be 
expected to be as generally valid as reciprocity. In nuclear reactions 
with spins, for example, the reciprocity relation (2.18) is satisfied, but 
the law of detailed balance (in which the spin directions are not 
reversed) in general fails to hold. 

I The simple way in which the restrictive conditions enter into the reactance 
matrix, compared to the complicated way in which they enter into the scattering 
matrix, is a main reason Cor the use of the reactance matrix in engineering applica
tions. For an alternative way of counting the independent real parameters in S, 
see Wigner (46). 
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We can visualize the relation between detailed balance and reci
procity by an example from classical mechanics. Consider the col
lision between a billiard ball and an object of triangular cross section, 
pictured in Fig. 2.2a. The initial state, a, and the final state, fJ, are 
shown in the figure. The states are specified by the momentum vec-

<a) O+-

'\ Before (State a) After (State (I) 

(b) ~O 

Before (State -(I) After (State - a) 

(c) 0--

'0 
Before (State (I) After (State a) 

FIG. 2.2. Illustration of reciprocity and detailed balance. (a) Picture of a colli
sion between a sphere and an irregularly shaped object. (b) The time-reversed 
(reciprocal) collision, which occurs with equal probability. (c) The opposite col
lision in the sense of the detailed balance theorem. This collision occurs with 

different probability. 

tors of the colliding particles without reference to their positions in 
space. If we reverse the time, we obtain the "reciprocal" process 
pictured in Fig. 2.2b. This process leads from state - fJ to state - a 
(notice the reversed directions of the momenta). The transition 
probability (per unit solid angle) is equal for the two processes, since 
they can be obtained from each other by reversing the sense of time. 

On the other hand, the inverse process in the sense of the detailed 
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balance theorem, {3-+a, pictured in Fig. 2.2c, clearly bears little 
relation to the original collision; the probabilities are quite different, 
and detailed balance does not hold for these collisions. 

In statistical mechanics the detailed balance theorem, rather than 
the reciprocity law, is often used. In the discussion of nuclear reac
tions, however, reciprocity is quite sufficient, and there is every reason 
for thinking that the reciprocity relations (2.18) hold in nature. There 
is on the contrary no convincing argument for detailed balance in 
nuclear reactions. Of course, the difference between reciprocity and 
detailed balance in nuclear reactions becomes apparent only when the 
spin directions in the incident and outgoing channels are measured. 
Averaging over spin directions destroys the distinction in most cases. 

~ 3. THE ANGULAR DISTRIBUTION OF REACTION PRODUCTS 

A. The Reaction Amplitude 

We shall consider the reaction a+X = Y +b in which all the par
ticles have definite quantum states. This corresponds to a reaction 
from one definite channel to another definite channel in the sense of 
Chapter VIII, Section 1. Unlike the work of the preceding sections 
of the present chapter, however, we shall not restrict ourselves to any 
one value of the orbital angular momentum of either the incident or 
the outgoing particles. Since we shall be interested only in one reac
tion at a time, we shall drop the channel indices a and {3 on the various 
quantities of interest, except where confusion might arise. 

The behavior of the wave function 'I! in the incident channel IS 

that of a plane wave which we shall normalize to unit flux: 

Incident plane wave = exp (ikz) (Va )-1!2 Xa (3.1) 

The outgoing wave in channel (3 has the form 

Outgoing wave = q(O) exp (ikr) r- I (VIi)-1/2 Xli (3.2) 

Here 0 is the angle between the direction of the incident beam (the z 
direction) and the direction in which the particles bare observed. 1 

The internal wave functions Xa, Xli of the various particles taking 
part in the reaction involve specification of the direction of the spins 
of the particles, if they do not all have zero spin. The function q(O) 
will be called the" reaction amplitude of the a -+ {3 reaction." 

The differential reaction cross section for the (a,{3) reaction is given 
by 

du = !q(OW dw (3.3) 

1 We use the center-of-mass system throughout this discussion. 
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If spins are involved, this is the cross section for the case in which 
the incident particle a, the target nucleus X, the emerging particle b, 
and the residual nucleus Y all have definite spin states. We shall use 
the single index p to indicate all this information; that is, p consists of 
four different spin indices. If the incident beam is unpolarized, and 
if the detector is not sensitive to spin directions, the observed reaction 
cross section is obtained by averaging over the spin directions of a and 
X, and summing over the spin directions of band Y. As before, we 
shall call the spin of the incident particle 8 and of the target nucleus i. 
The observed reaction cross section of the (a,fJ) reaction is then 

(3.4) 
p 

We have written the reaction amplitude in (3.3) as a function of 8 
only, assuming implicitly that it is independent of the azimuthal 
angle I{). This is an immediate consequence of the symmetry of the 
experimental set-up with respect to rotations about the z axis, as 
long as only one target nucleus at a time is involved in the reaction 
and no spins are present. On the other hand, if the spin directions 
are specified, there is no longer symmetry about the z axis. Hence the 
individual reaction amplitudes qp in (3.4) depend on I{) as well as on 8. 
The reaction cross section (3.4) observed with an unpolarized beam, 
however, is again independent of the azimuthal angle I{), since after 
averaging over spin directions the symmetry around the z axis is 
re-established. 

B. The Conservation of Parity 

If the wave function '11 describing the reaction has a definite value 
of the parity, there are certain restrictions on the form the cross sec
tions can take. Before discussing these restrictions, however, let us 
first consider under what conditions the wave function '11 has a definite 
parity (Wigner 27). There are three cases of importance in nuclear 
reactions: 

(1) At low energies the angular momentum "barrier" prevents par
ticles with orbital angular momentum l>O from reaching the nuclear 
surface. The only particles effective in producing the reaction are 
the ones with l=O. Thus, in spite of the fact that the plane wave 
(3.1) contains contributions from all values of l, and hence does not 
have a definite parity, the state of the compound nucleus formed in 
the react.ion has a definite parity, equal to the product of the parities 
of the incident particle a and the target nucleus X (since the l = 0 
partial wave has even parity). 
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(2) If we are dealing with a resonance reaction in the region where 
the levels of the compound nucleus are widely separated compared to 
their width, anyone resonance level of the compound nucleus has a 
definite parity. If only this one level is important in producing the 
reaction' (i.e., if the Breit-Wigner one-level dispersion formula is 
applicable), the wave function for the reaction has the parity of this 
state of the compound nucleus. 

(3) Finally, for reactions involving very light nuclei, it may happen 
that X and a are actually identical particles, or else that the reaction 
products Y and b are identical particles. An example of the first kind 
are the D-D reactions: d(d,n)He 3 and d(d,p)H 3 ; an example of the 
second kind is the reaction Li7 (p,a)He4. In a channel containing two 
identical particles without spins, an inversion of the space coordinates 
(parity operator) is equivalent to an exchange of the two identical 
particles. Two identical particles have definite properties under such 
an exchange: either the wave function is unchanged (Bose-Einstein 
statistics) or it changes sign (Fermi-Dirac statistics). 1 In the first 
case the parity has to be even, in the second case it has to be odd, as 
long as no spins are involved. 

The situation is more complicated when spins are involved. Then 
an inversion of space alone is not equivalent to an exchange of the 
two particles, and the parity is correspondingly left undetermined. 
This is the case in the D-D reactions: two deuterons in either of the 
two spin states 8=0, 2 have even parity, while two deuterons in the 
spin state 8 = 1 have odd parity. If the relative spin orientations are 
unknown, so is the parity. 

We now discuss the consequences of the assumption of a definite 
parity for the wave funct10n on the angular distribution of the reac
tion products. In the outgoing channel the parity operation corre
sponds to replacing 6 by 11" - 6 and I{) by 1{)+7r. If the parity is definite, 
we have the following relation between the reaction amplitudes: 

(3.5) 

(the spin index p is the same on both sides of the equation because the 
parity operator leaves the spins unchanged). Here IT = ± 1 is the 
parity of the relative motion in channel {J, not the parity of the wave 
function as a whole. The latter is given by 

Parity of '11 = IT X (parity of Y) X (parity of b) (3.6) 

If we substitute (3.5) into (3.4), we obtain the result for the differential 

1 In practice spinless particles always obey Bose-Einstein statistics. 
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reaction cross section: 
dU(7r-O, <;?+7r) = du(O,<;?) 

Since we have already shown that the cross section (averaged over 
spins) is independent of the azimuthal angle <;?, this implies 

dU(7r-O) = du(O) (3.7) 

In words: If the wave function for the reaction has definite parity, the 
differential reaction cross section is symmetric about 0 = 900 (in the center
of-gravity system). If the cross section is expressed as a polynomial in 
cos 0, only even powers of the cosine appear. If it is expressed in 
terms of Legendre polynomials, only Legendre polynomials with even 
indices are required. It does not matter for the theorem whether the 
parity is + 1 or -1, so long as it has a definite value. Conversely, a 
study of the differential cross section for a reaction under conditions 
of ~efinite parity does not lead to a parity assignment. In particular, 
the parity of any isolated resonance level of the compound nucleus 
cannot be determined by a study of the angular distribution of the 
reaction products. 

C. Limitations Imposed by the Complexity of the Incident Beam 
It often happens that only a restricted range of orbital angular 

momenta l5:L are effective in producing the reaction. The following 
theorem holds under these conditions: If the incident beam of particles 
is unpolarized, the cross section depends on the angle 0 in a way which 
is no more complicated than would be obtained from the angular 
dependence of the effective incident beam, i.e., du involves no powers of 
cos 0 higher than (cos 0) 2L. 

The theorem is trivial if the spins i,s,i',s' of target nucleus, incident 
particle, residual nucleus, and outgoing particle are all zero. Consider 
incident particles with orbital angular momentum l =L. The out
going particles also have l=L; hence the reaction amplitude q(O) 
beha yes like a spherical harmonic Y L, o( 0), of order L; the highest 
power of cos 0 in this spherical harmonic is (cos O)L. The cross section 
du, (3.3), then contains no powers of cosO higher than (cos 0)2L. The 
waves with values of l lower than L give rise to even lower powers of 
cos O. Hence the theorem is proved. 

The proof of the theorem for the case of particles with spin is much 
more laborious.' We start this proof with a new derivation for the 

I We follow the procedure of Yang (48). For alternative derivations, see Myers 
(38), Critchfield (41), Eisner (47), Wolfenstein (48), and Eisenbud (51). Whereas 
the theorems discussed here limit the form of the angular distribution considerably, 
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case of no spins, which can be adapted quite easily to the more com
plicated (and more significant) case in which spins are present. There
fore we shall consider first spinless particles with orbital angular 
momentum I=L, and we shall be interested in wave functions 'lrm 
which have the following behavior in the incident channel: 

Incoming wave of 'lrm = exp [-i(kr-j-lAr)] r- 1 va- 1I2 YLm(O,rp) (3.8) 

In practice, only the 'lrm with m=O is excited in the reaction, but we 
shall be concerned with all 2L+ 1 of them here. The outgoing wave 
in channel {3 has the form (3.2) with a reaction amplitude which 
depends on the value of m and will be called qm(O,rp) (for m;tEO, it 
depends on rp as well as on 0). 

We now perform a rotation R of the system of coordinates which 
transforms the angles O,rp on the unit sphere into new angles O',rp'. 
We shall denote O,rp by the single symbol W in what follows, and simi
larly 0' ,rp' by w'. 

We shall consider a second set of wave functions <l>m with the follow
ing property: each <l>m is the same function of the rotated angles w' 
as 'lrm was of the original angles w, i.e., the incoming wave of <l>m looks 
just like the incoming wave of 'lrm, (3.8), except that Y Lm(W) is replaced 
by YLm(w'). Then the outgoing wave of the new function <l>m in 
channel f3 has the form 

Outgoing wave of <l>m = qm(w') exp (ikr) r- 1 Vp-1I2 (3.9) 

with the same reaction amplitude qm as before, except that qm now has 
the argument w' rather than w. 

We can express the new functions <l>m in terms of the old functions 
'ltm• Consider the incoming wave of <l>m. Its angular dependence is 
given by YLm(w'). We can write this as a linear superposition of 
spherical harmonics YLm(W) as follows: 

YLm(w') = L !l)L.mm,(R) YLm,(w) (3.10) 
m' 

We have given the coefficients of this expansion a subscript L to 
denote the orbital angular momentum involved, and we have also 
indicated explicitly that they depend on the particular rotation R 
under consideration. 

the proof given here does not lend itself to an explicit determination of the differ
ential cross section in terms of the scattering matrix. For this explicit form, the 
reader is referred to the paper by Wigner and Eisenbud (Wigner 47) and to a paper 
by Blatt and Biedenharn (to appear in Rev. Mod. Phys. in 1952). 
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Equation (3.10) implies the following relation between the new wave 
functions <l>m and the old wave functions \}1m: 

<l>m = L DL.mm,(R) \}1m' (3.11) 
m' 

We use (3.11) for the behavior of the wave functions in the outgoing 
channel to get a relation between the reaction amplitudes qm(w) at 
two different angles wand w': 

qm(w') = b DL.mm,(R) qm'(w) 
m 

(3.12) 

The cross section (3.3) depends on the absolute square of qo. We now 
use (3.12) to express qm=O(w') in terms of qm'(O), where the latter is 
the reaction amplitude for a fixed direction w = 0, say the pole of a 
unit sphere around the center. Let us call R the rotation which turns 
the pole into the direction w' on the sphere. Then (we omit the sub
script L) 

qo(w') = L Dom,(R) qm'(O) (3.13) 
m' 

and its absolute square is 

(3.14) 

In this equation the entire angular dependence of the right side 
is contained in the expansion coefficients D(R). These expansion 
coefficients are well known (Wigner 31). In particular, for a rotation 
which sends the pole W =0 of the sphere into w', the coefficient :OL.Om,(R) 
is just the complex conjugate of the spherical harmonic Y Lm'(W'). 
Since this spherical harmonic contains no power of cos 8 higher than 
(cos 8)\ and since each term of the sum (3.14) involves no more than 
two factors:O, the cross section d<r = \qO(w)\2 dw contains no powers of 
cos 8 higher than (cos 8)2L. We have therefore proved the theorem 
once more, but so far only for the case of no spins. 

We now generalize this proof to the case in which spins are present. 
We shall consider a set of wave functions \}Imp which have the same 
angular dependence as (3.8), except that we must now add an index p 

to specify the spin orientations of the four particles involved in the 
reaction (a, X, b, Y). After a rotation, the modified functions <l>mp, 

analogous to the <l>m before, will be defined in such a way that they are 
the same functions in the transformed (rotated) coordinate system 
as the \}Imp were in the old coordinate system. In particular, for 
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example, if the spin of particle a pointed in the old z direction for 
'11 mp, the spin points in the new z' direction for <l>mp. 

The transformation from the old functions to the new functions is 
now more complicated than (3.11). We first rotate the space coordi
nates without doing anything to the spins. The transformation for 
that is ?escribed by (3.11). We must then, however, make a further 
transformation to get the spins oriented properly with respect to the 
new (z') axis. The combined transformation is 

<l>mp = ~ L ~L,mm·(R) gpp·(R) 'I1m'p' 

m p' 
(3.15) 

where the coefficients gpp·(R) determine the" reshuffling" of the spin 
indices. These coefficients depend on the rotation R. Unlike the 
~"'m" however, the gpp' are not associated with anyone value of 
angular momentum (in group theoretical language, the ~L.mm' form 
an irreducible representation of the rotation group, whereas the gpp' 
form a reducible representation). 

The only property of the gpp' which we shall use here is that they 
are unitary matrices: 

(3.16) 
lP 

This equation implies that an average over all spin directions referred 
to the old z axis is the same as an average over all spin directions 
referred to the new z' axis. We shall not give a formal proof of this 
property here. 

The formal proof involves a more detailed specification of the coefficients g. We 
can see what they must be by taking the spins of the various particles one at a 
time and referring each one separately to the new z' axis as the reference direction. 
The transformation coefficients which determine the reshuffling of an individual 
spin index i, say, under the rotation R, form the set :Di.",m,(R), i.e., they are the 
same coefficients as for a rotation of the orbital part of the wave function, except 
for an angular momentum i rather than L; the m and m' are now the z components 
and z' components, respectively, of the spin i. The composite coefficients gpp' are 
products of four :D's, one for each spin in the picture. Since each :Dm",' is a unitary 
matrix, the direct product of four such :D matrices is also unitary. This statement 
merely expresses the fact that an average over all spin directions, weighted equally, 
is the same no matter to which z axis the spin directions are referred. 

We are interested in the reaction amplitudes qmp(w) with m=O. 
We shall again use the rotation R which sends the pole w = 0 of the 
sphere into the position w' to get [in analogy to (3.13)] 

qop(w') = L L ~L,om,(R) gpp,(R) qm'P'(O) (3 17) 
m' p' 
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This expression depends on the angle w', i.e., on the rotation R, 
not merely through the coefficients !Do",·(R) but also through the 
coefficients gpp.(R). The crucial point is that the latter dependence 
drops out in the cross section (3.4) because of averaging over spin 
directions: 

l\qOp(W I )\2 = l l !Dom'* !Do"," gpp'* gpp" [q""p.(O)J* q","p"(O) 
p p m'p'm"p" 

We perform the sum over p first and use the unitary property (3.16) 
of the gpp' to simplify the result. This gives 

This equation is the analogue of (3.14); it establishes the theorem. 
As the sum in braces on the right side does not depend on the angle 
w', the full angle dependence is again contained in the coefficients !D. 
The coefficients gpp, have dropped out completely. Therefore the 
highest power of the cosine which can occur in the cross section (3.4) 
for an unpolarized beam is (cos 8)2L. This is true in spite of the fact 
that an orhital angular momentum L can combine with spins sand i 
in the incident channel to give total angular momenta J as high as 
J =L+s+i, and in spite of the fact that a given resonance level of the 
compound nucleus through which the reaction may go may therefore 
have values of J as high as that. Averaging over spin directions 
reduces the a priori complexity of the outgoing wave from the equiva
lent of an angular momentum J =!,+s+i down to the equivalent of 
the maximum orbital angular momentum L. 

This theorem can also be considered an expression of the uncertainty 
principle for angles. If no orbital angular momenta in excess of L 
enter the wave function of the incident beam, and if the spin directions 
are not specified, the angles in the incident beam are determined only 
to within the uncertainty 1::.8 given by 

The theorem can then be interpreted to mean that the uncertainty in 
the angle of the outgoing particles is of the same order of magnitude. 
We cannot improve the definition of the angle by letting the particles 
perform a nuclear reaction. 

In practice, this theorem is important for the analysis of reactions 
at low energies, where the angular momentum harrier restricts the 
values of I which can participate in the reaction. 



540 X. Formal Theory of Nuclear Reactions 

D. Limitations Imposed by the Complexity of the Compound Nucleus 
The theorem of the Section 3C does not assert that terms as high as 

(cos 8)2L actually occur in the differential cross section. A very 
important exception arises in resonance reactions if the resonance 
level of the compound nucleus has a total angular momentum J which 
is less than the maximum orbital angular momentum L. Then the 
complexity of the distribution in angle of the outgoing particles is no 
higher than (cos 8) 2J. It is limited by the state of the compound 
nucleus rather than by the orbital angular momenta in the incident 
beam. This provides a very powerful tool for analyzing the excited 
states of nuclei. For example, suppose that the differential reaction 
cross section at a given resonance energy is independent of angle, 
while resonances at nearby energies show more complicated angular 
dependences. We can then infer that the level of the compound 
nucleus involved in this resonance reaction has total angular momen
tum J =0, if the compound nucleus contains an even number of par
ticles, and J = l if this number is odd. In general, for odd A of the 
compound nucleus, the highest angular dependence is (cos 8) 2J-I since 
only even powers of the cosine can enter owing to the definite parity of 
the wave function. 

The proof of this important theorem foll<?ws directly from the fact 
that the Bohr assumption is fulfilled in resonance reactions. Let us 
first consider the reaction in which all particles have definite spin 
directions. We shall now break up the single spin index p of the 
previous section into two spin indices K and A, where K specifies the 
spin directions in the incoming channel a and A specifies the spin 
directions in the outgoing channel /3. We define dcra«.!J),(w) as the cross 
secti'On for the (a,{3) reaction when K and A are the spin directions in 
the entrance and exit channel, respectively, and when the emission in 
channel (3 takes place in the specific direction w = 8,1{) within the solid 
angle element dw. 

According to the Bohr assumption we can split this cross section 
into two factors: 

(3.19) 

Here crc(aK) is the cross section for the formation from the channel 
(aK) of a definite compound state with a given angular momentum J 
whose z component is M J ; G!JAM)W) dw is the branching probability 
that this compound state decays in the manner described before. 
Obviously crc(aK) does not depend on the angles 8,1{). At the time the 
compound nucleus is formed, it does not know yet in which direction 
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it is going to disintegrate. It is essential for the validity of (3.19) that 
the compound state be c~eated in only one of the (2J + 1) substates 
with different MJ • If more than one orientation of J is created, (3.19) 
ought to contain a sum over them. However, the it component of I 
is always zero, because of the symmetry of a plane wave beam with 
respect to rotations about the direction of the beam. Hence the z 
component of the total angular momentum, MJ , is the same for all 
these states: it is determined entirely by the spin directions I( in the 
incident beam, since the direction of the orbital angular momentum 
in the incident channel is always the same. Thus, once the spin 
directions in the incident channel are specified, the state of the com
pound nucleus is also uniquely given; it has a definite value of J in 
any case (being a definite resonance level), and the MJ is now also 
defined. 

The observed cross section with unpolarized beams is obtained by 
summing over the spin directions of the outgoing channel and averag
ing over the spin directions of the incoming channel: 

dUa/J(w) = (28+ 1)-1(2i+ 1)-1 L L udal() G/JA.V/W) dw (3.20) 
« A 

Because of the Bohr assumption, we can write this expression in the 
following way: 

dUa/J(w) = (28+ 1)-1(2i+ 1)-1 L udal() [L GfjAM/W) dW] (3.21) 
}. 

If each one of the different square brackets has an angular distribu
tion no more complicated than (cos 8)2J, their weighted sum (3.21) 
also has this kind of angular distribution. 

The proof of the theorem is therefore reduced to proving that each 
square bracket in (3.21) has an angular distribution no more compli
cated than (cos 8)2J. For integral J this statement is just a special 
case of the theorem proved before: we can consider the compound 
nucleus analogous to a definite incident channel of the previous 
theorem, with land m = ml replaced by J and MJ , respectively, and 
with i = 8 = 0 in the incident channel. Then the outgoing angular 
distribution is no more complicated than (cos 8)21 = (cos 8)2J, which 
is what we needed to prove. If J is half-integral, a similar considera
tion gives the same result. However, the conservation of parity 
requires that only even powers of cos 8 can enter. Hence the highest 
power for half-integral J is actually (cos 8)2J-I. 

Of course, each square bracket in (3.20) depends not only on 8, 
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but in general also on the azimuthal angle I{) (since MJ is not zero in 
general). However, it is apparent that this dependence on the 
azimuthal angle must disappear after averaging over the spin direc
tions I( in the incident channel. The incident beam with unspecified 
spin directions is not changed by rotations about the z axis (direction 
of the beam); hence the outgoing distribution must also be inde
pendent of the azimuthal angle I{). 

It appears from these considerations that the angular distribution in 
a resonance reaction going through one level of the compound nucleus 
is limited in its complexity by two factors: the complexity of the 
incident beam (highest value of l effective in producing the compound 
nucleus), and the complexity (i.e., the total angular momentum J) of 
the compound state. The more severe of the two limitations deter
mines the actual complexity of the angular distribution of the outgoing 
particles. 

These statements apply only to resonance reactions in the region 
where one level at a time is excited. As soon as various compound 
levels interfere, the angular distribution becomes much more compli
cated (Blatt 51). It is still limited by the complexity of the incident 
beam, of course (we recall that in the proof of Section 3C no use was 
made of any property of the compound nucleus). But it is no longer 
true that the outgoing beam has a definite parity; hence odd powers of 
cos 8 can enter, and the angular distribution can be as complicated as 
(cos 8)21 ..... "', where J max is the highest J of the various compound 
states which contribute appreciably to the reaction. 'A discussion 
of angular distributions on the basis of the continuum theory of nuclear 
reactions can be found in Wolfenstein (51). 

~ 4. THE WIGNER MANY -LEVEL FORMULA 

A. The Compound Nucleus as a "Black Box" 
The concept of a compound nucleus in nuclear reactions was treated 

in detail in Chapter VIII . We shall now discuss an alternative, more 
formal, method of introducing this concept into the theory of nuclear 
reactions. The method, developed by Wigner and his collaborators, 1 

gives a more rigorous justification of the dispersion formula for reso
nance reactions than the methods of Sections 7 to 9 of Chapter VIII. 
On the other hand, the general dispersion formula of Wigner (47) is 
not very useful for the study of nuclear reactions in the continuum 
region (see Chapter VIII, Section 4), nor does it lead as naturally to 

1 Wigner (46, 46a, 46b, 47, 48, 49, 51,) Teichmann (49,50), Eisenbud (48), Goertzel 
(48), Moshinsky (51). 
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order-of-magnitude estimates in the resonance region as the less formal 
approach of Chapter VIII. 

The definition (1.3) of the scattering matrix Sail depends only on the 
asymptotic properties of the wave functions in the various channels. 
Only these properties are relevant for the general theorems (complete
ness and reciprocity) in which no assumption is made regarding the 
kind of event responsiblE, for the reaction. We now introduce the 
concept of a compound nucleus into the formal theory. We start by 
ascribing a channel radius Ra to the compound nucleus in each channel 
a. For values of the channel coordinate ra?.Ra the wave function 
describes the motion of the separated particle a and residual nucleus 
X (both in definite quantum states) under the action of known forces 
of non-nuclear origin (the Coulomb and centrifugal forces). On the 
other hand, for values of ra<Ra, nucleus X and particle a combine 
into a compound system about whose dynamical behavior we know 
very little. Thus we do not know the behavior of the wave function 
in the region of configuration space which corresponds to the compound 
nucleus (i.e., the region in which all particles are close together). 

We do not really need to know all the details of the motion within 
the compound nucleus in order to obtain all relevant information 
about nuclear reactions. A complete description of the internal 
motion within the compound nucleus is neither necessary nor desirable. 
In Chapter VIII the only property of the internal wave function which 
we needed was the value of the logarithmic derivative j, (VIII,2.23), 
at the channel entrance r = R of the particular channel through which 
the reaction is initiated. In Chapter VIII we also used the Bohr 
assumption (see Sections 3 and 4). The formalism to be developed 
now differs from the previous one in its greater generality: we shall 
not use the Bohr assumption, but instead we shall derive it from the 
theory for the special case of resonance reactions. Thus the formalism 
is also applicable to reactions which violate the Bohr assumption. It 
should be emphasized, nevertheless, that this added generality is 
obtained at the expense of concreteness in the formulation. 

The value of the wave function and the value of its derivative at 
each channel entrance ra=Ra defines the complete behavior of the 
wave function in each channel. Hence all information of interest 
about the compound nucleus is contained in the specification of the 
value and derivative of the wave function at each channel entrance. 

In the language of electrical engineering, we treat the compound 
nucleus as a "black box" with N terminals, one for each channel. 
The voltage and current at each terminal are the only quantities of 
interest for the behavior of the "black box" toward the outside. 
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In particular, two different black boxes which give rise to the same 
currents and voltages at the terminals are equivalent for our purposes. 
We can think of the value of the wave function and of its derivative 
as a close analogy to voltage and current, respectively. 

It is not possible to specify the value and the derivative of the wave 
function at each channel entrance arbitrarily. We have seen in Sec
tion 1 that there are only N linearly independent wave functions at 
each energy E; hence there are only N complex parameters (e.g., the 
coefficient of each wave function 'Ita) at our disposal. Thus a specifi
cation of the derivative of the wave function at each channel entrance 
(N complex numbers) uniquely determines the value of the wave 
function at each channel entrance. The electrical analogy is: 
given the currents into each terminal of the "black box," the volt
ages are determined by the internal properties of the box; therefore we 
cannot specify both the voltage and the cummt at each terminal 
arbitrarily. 

B. The Derivative Matrix 
In order to get a formal connection between the values and deriva

tives of the wave function at each channel entrance, we must use a 
set of base functions different from the 'It a of Section 1 (see 1.3). 
We shall choose our new base functions in such a way that they will 
have simple properties at each channel entrance rather than a simple 
asymptotic form. We shall write all the formulas for the special case 
of 1=0 and no spins in any channels, i.e., the spins i,s,i',s' of target 
nucleus, incident particle, residual nucleus (in whatever state it is 
left), and outgoing particle are assumed to vanish. This is done for 
the sake of simplicity. Most of the important points already appear 
in this simplest example. The derivation of the many-level formula 
for arbitrary values of l,i,s,i',s' has been given by Wigner and Eisen
bud (47). 

We have seen in Section 2 that the possibility of time reversal 
implies that all the wave functions can be written as real functions (in 
the absence of spins). We shall choose our new base functions cf>a as 
real functions. That is, we use standing waves in all the channels, 
instead of the traveling waves which appear in (1.1) and (1.3). The 
most convenient choices are standing waves of the forms cos [k(r-R)) 
and sin [k(r-R)). The first of these has zero derivative at r=R, the 
second has zero value at r = R. Hence the use of these functions allows 
us to relate the value and the derivative of the wave function at each 
channel entrance. Since there are N linearly independent functions 
'It a, there must also be N linearly independent standing wave functions 
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<l>a in our new basic set. We shall choose <l>a so that it behaves 
like cos [k/l(r/l-R/l)], i.e., has zero dPri\'ative at r/l = R/l, in all chan
nels except channel a. In channel a, <l>a is a linear superposition of 
sin [ka(r a - Ra)] and cos [ka(r a - R a)]. The coefficient of the sine is 
normalized for later convenience, in accordance with the choice used 
by Wigner and Eisenbud (47). The new basic set <l>a is defined by 

where 

and 

in channel {3 (4.1a) 

for (3,ea (4.1b) 

lka- 1 sin [ka(ra-Ra)] + CRaa cos [ka(ra-Ra)J} (:~)1I2 ra-1 

for {3=a (4.1c) 

Here M/l is the reduced mass in channel {3, and X/l is the internal wave 
function in that channel. The coefficients CRa/l (a,{3 = 1,2,'" ,N) form 
an N -by-N matrix which is called the "derivative matrix" by 
Wigner and Eisenbud. Since the wave functions <l>a are purely real 
functions,l the elements of the derivative matrix CRa/l are real numbers. 

We can visualize this set of wave functions by analogy with the 
wave guide junction depicted in Fig. 4.1. The state <l>a is realized by 
placing perfectly reflecting mirrors into all the channels. This pro
duces standing waves in all channels. The mirrors in the channels 
{3,ea have been put one-quarter channel wavelength out from the 
entrance to the cavity (the channel radius R/l). Each mirror gives 
rise to a node in the wave function. By placing the mirror a quarter
wavelength out, we insure a maximum of the wave function at the 
channel radius itself, corresponding to the cos [k/l(r/l-R/l)] of (4.lb). 
If the mirror in channel a were also placed a quarter-wavelength away, 
the whole system (central cavity plus the short channel segments 
terminated by mirrors) could be considered a new enlarged cavity. 
It would then have definite resonant states at definite energies. Since 
we want to obtain a base set <l>a of wave functions at an arbitrary 
energy E, we must leave the position of the mirror in channel a adjust-

1 The definitions (4.1) give the behavior of <l>a in the external region (the chan
nels) only. The behavior in the internal (compound nucleus) region is defined 
implicitly by requiring smooth joining at each channel entrance. If the Hamil
tonian is purely real, H* = H, the wave function <l>a is real everywhere, not only in 
the external region. 
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able. The mirror in channel a must be placed where, at energy E, 
the wave function would have a node anyhow. Relation (4.1c) shows 
that this position is determined by the coefficient CRaa (the diagonal 
element of the derivative matrix) through 

(4.2) 

a 

FIG. 4.1. " Black box" with three channels. Mirrors are set in channels (j and 'Y 

80 that the derivatives of the wave function are zero at the channel entrance. The 
position of the mirror in channel a is then a function of the energy, as given in (4.2). 

By making one after another of the N channels contain the adjust
able mirror, we get N different real wave functions cJ>a which form a 
complete set of base functions at the energy E. 

The definition (4.1) of the set cJ>a gives the behavior of cJ>a in every 
channel fJ, for all rfJ~RfJ' It is possible, however, to restate the 
definition of cJ>" in a form which involves the behavior of the wave 
function at each channel entrance only: 

cJ>a has zero derivative at r(J=R(J for every channel fJ~a: 

[ iJ(r(JtPa(J)] = 0 
iJrfJ rfJ=RfJ 

for fJ~a (4.3a) 

and the derivative of cJ>a with respect to r a at r" = Ra is given by 

for fJ=a (4.3b) 
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This alternative definition of <l>a does not involve any external 
(channel) quantities, such as the channel velocity or channel energy, 
with the exception of the channel mass M a, which was retained for the 
sake of convenience later on. Thus (4.3) contains only quantities 
which involve the compound nucleus directly, such as derivatives of 
the wave function at each channel entrance. The derivative matrix 
<RaP is therefore an "internal" property of the compound nucleus. 
The compound nucleus appears in the Wigner theory through the 
derivative matrix only. All other properties of the compound nucleus 
can be ignored as far as the theory of reactions is concerned. This 
corresponds to the development in Chapter VIII, where we used only 
the logarithmic derivatives fa at the entrance to the incident channels. l 

The "internal" region which determines the derivative matrix 
has not been defined unambiguously. The channel radius Ra was 
defined by the condition that there should not be any nuclear inter
action between the particle a and the residual nucleus X in channel a 
for any Ta~Ra. Clearly, if a given value of Ra satisfies this condition, 
any larger value Ra.' will do just as well. We can add arbitrary lengths 
of each channel to the "internal" region without violating the con
ditions of the theory. The derivative matrix <RaP' appropriate to the 
extended internal region is different from the derivative matrix <RaP 
for the smaller region. This uncertainty in what we mean by "inter
nal" region is a direct consequence of the fact that we ignore, 
deliberately, all the properties of the internal region except the deriva
tive matrix. We can make the definition of Ra , and hence of the inter
nal region, unique by the requirement that a and X do have a nuclear 
interaction for Ta < Ra (this is the physical definition of the compound 
nucleus used in Chapter VIII). Then Ra is the smallest possible 
value of Ra which satisfies the conditions of the theory (no nuclear 
interaction outside Ra). 

c. The Relation between the Derivative Matrix and the Scattering 
Matrix 

The internal properties of the compound nucleus which are of 
importance for the outcome of nuclear reactions are all contained in 
the derivative matrix <Rap. On the other hand, the cross sections for 

I There are N different fa at each energy, and iN (N + 1) different matrix ele
ments <Rail (the matrix is symmetric, as we shall show soon). Fewer parameters 
were necessary in Chapter VIII for the following reasons: In the high-energy 
region (continuum theory) the Bohr assumption was introduced; in the low-energy 
region (resonance region) the discussion of the reaction cross sections was restricted 
to the neighborhood of resonances. 
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the various reactions and for elastic scattering are expressed simply ill 
terms of the scattering matrix Sa~ (see Section lC) rather than in 
terms of the derivative matrix. We must therefore express the scatter
ing matrix in terms of the derivative matrix in order to get from the 
internal properties of the compound nucleus to the observed cross 
sections. 

The N wave functions CPa, (4.1), form a complete set. So do the N 
wave functions 'It a, (1.3). Hence the CPa can be expressed as linear 
superpositions of the 'It a: 

CPa = L Ca~ 'It~ (4.4) 
8 

We can determine the coefficients Ca~ in this superposition by compar
ing the behavior of the right and left sides of (4.4) in an arbitrary 
channel ,,/, using (1.3) and (4.1), respectively. We equate the coef
ficients of exp (ik,,/r,,/) and of exp (-ik,,/r,,/), separately. The first gives, 
after some simplification, 

(8a,,/ + iVkaffia"/ Vk,,/) 1- exp (-ik"/R,,/) = -iYka L Ca~ S~,,/ (4.5) 
fJ 

The coefficients of exp (-ik,,/r,,/) lead to the equation 

(8a,,/ - iVk:ffia"/ Vk,,/) 1- exp (+ik,,/R,,/) = -iYkaCa,,/ (4.6) 

We substitute the value of C from (4.6) into (4.5) to get 

(8a 'Y + iV kaffia'Y ...."r;;;) exp ( - ik'YR~) 
= L (8Q~ - iV kaffia~V k~) exp (+ik~R8) S~'Y (4.7) 

fJ 

This is a set of N 2 linear equations for the N 2 unknown coefficients 
of the scattering matrix S. It is easier to write (4.7) in matrix nota
tion by introducing the two following diagonal matrices: 

and 
WafJ == 8a fJ exp ( - ikaRa) 

Relation (4.7) can then be rewritten in the matrix form: 

(1 + iBffiB) W = (1 - iBffiB) w- 1 S 

(4.8) 

(4.9) 

(4.10) 

The 80lution for the 8cattering matrix S in term8 of the derivative 
matrix ffi i8 

S = W 1 + iBffiB w 
1 - iBffiB 

(4.11) 
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The physical interpretation of the terms in (4.11) is: the factors '" 
occur because we are going from the behavior at the nuclear surface, 
r = R, to the behavior at infinity in the channel. These factors amount 
to a simple change of the "reference plane" in the channel. The 
fraction in (4.11) can be interpreted as a specifically nuclear scattering 
matrix which relates the outgoing waves at the surface of the nucleus to 
the ingoing waves arriving at that surface. The matrix BCRB is a 
nuclear reactance matrix which is related to the nuclear scattering 
matrix in the same way that the reactance matrix X, (2.19), is related 
to the scattering matrix S. The transformation coefficients B from 
the derivative matrix to the reactance matrix are necessary because we 
have insisted on using only "interior" quantities for the definition 
of the derivative matrix, whereas the natural definition of the reactance 
matrix involves the channel velocities. 

The scattering matrix S is unitary and symmetric, according to the 
theorems of Section 2. The nuclear scattering matrix ",-1S",-1 is 
therefore also unitary and symmetric. Hence the nuclear reactance 
matrix BCRB is Hermitean and symmetric, i.e., real and symmetric. 
Thus, finally, the derivative matrix CRail is real and symmetric. The 
reality of CRail was a direct consequence of our use of real wave func
tions (standing waves) in its definition. There are tN(N + 1) inde
pendent real matrix elements CRail, and this is just the number of inde
pendent real parameters in the scattering matrix. The explicit use of 
the Bohr assumption would reduce this number of parameters con
siderably (to 2N), but we are not using the Bohr assumption here. 

The remainder of this chapter will be devoted to finding an expan
sion for the matrix elements of the derivative matrix as functions of 
the energy E of the compound nucleus. The expansion gives simple 
results only in the resonance region, where the levels of the compound 
nucleus are well separated compared to their widths. 

The relation (4.11) between the scattering and derivative matrices was derived 
for the special case of l =0 and no channel spins. The general relation between the 
scattering matrix and the derivative matrix is somewhat more complicated, 
although the essential elements of the derivation are unchanged. The general 
case is treated by Wigner and Eisenbud (47). 

D. The Resonance Levels of the Compound Nucleus 
In the definition of the real wave functions <l>a we had to leave one 

"mirror" adjustable. Otherwise it would not have been possible 
to obtain wave functions for every energy E. Conversely, if all the 
mirrors are fixed, the system possesses a series of discrete states <1>0 

(8= 1,2,3,"') with definite energies Eo. The discussion in Section 7 of 
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Chapter VIII has shown that the wave function inside the compound 
nucleus region is large if the derivatives of the wave function at the 
various channel entrances are zero. We shall therefore define the 
eigenstates of the compound nucleus, ell., by the conditions 

(4.1280) 

[ o(raell.)] -- -0 
or.. r .. -Ra 

a=1,2,···,N (4.12b) 

(4.12c) 

The first of these is the wave equation. As before, we assume that 
the Hamiltonian H is real, H*=H. The boundary conditions (4.12b) 
apply to each channel entrance. 1 In terms of Fig. 4.1, these boundary 
conditions mean that we have put all the mirrors exactly one-quarter 
channel wavelength out from the channel entrance. There is no 
longer any adjustable mirror. Since the Hamiltonian is real (by 
assumption) and the boundary conditions are also real, the wave 
functions ell. are real functions everywhere. Condition (4.12c) is a 
normalization condition. The integral is to be taken over the "inter
nal" (compound nucleus) region only. It is not necessary to write 
the normalization in terms of an absolute square of ell., since ell. is a 
real function. 

The eigenstates ell., (4.12), form an infinite set. As the energy is 
increased, more and more channels open up. As soon as a channel 
opens up, a mirror is placed into it according to (4.12b). Hence the 
wave functions ell, form a discrete set all the way up in energy. These 

1 The discussion here is deliberately oversimplified for the sake of compactness 
and ease of understanding. We assume the "natural" boundary conditions 
(exponentially decreasing wave functions) in the closed channels. The decay 
length in a closed channel is an "exterior" quantity, 80 that our definition of 
compound states is not entirely independent of the behavior of the system in the 
exterior region. The strict definition of compound states used by Wigner (47) is 
phrased in such a way that no "exterior" quantities enter at all. The "interior" 
(compound nucleus) region of configuration space is enclosed by a surface in con
figuration space, and a boundary condition analogous to (4.12b) is required every
where along that surface, the derivative being taken perpendicular to the surface. 
While this strict definition avoids the use of channel quantities such as the decay 
length of the wave function in a closed channel, the subsequent development of 
the theory becomes more difficult since the behavior of the wave function in all 
the closed channels must be considered explicitly, whereas we shall be able to 
restrict ourselves to consideration of the behavior of the wave function in the open 
channels. The more complete theory is needed near the threshold of a new mode of 
disintegration (Wigner 48). 
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eigenstates are not decaying states; rather they correspond to standing 
waves. We shall assume that the set <1>. is a complete set of wave 
functions for the compound nucleus, so that every wave function (in 
particular also the function <l>a at an arbitrary energy E) is a linear 
superposition of the <1> •• 1 

The wave equation (4.12a) together with the boundary conditions 
(4.12b) implies that the <1>. are orthogonal to each other: 

f <1>.<1>., dT = 0 if E. ¢ E., (4.13) 

The integral is again extended over the internal (compound nucleus) 
region only: all r a$; Ra. 2 From now on all integrals will be understood 
to go over the internal region only, unless stated explicitly otherwise. 

E. Derivation of the Many-Level Dispersion Formula 
In order to derive a compact formula for the elements <Rail of the 

derivative matrix (and hence for the reaction cross sections) we shall 
expand the N functions cJ>a at an arbitrary energy E in terms of the 
infinite set <1>.. This expansion is valid only in the internal (compound 
nucleus) region. There are therefore two separate steps in the 
development which is to follow: An expansion must be found valid in 
the internal region [(4.21)], and afterwards the outside behavior of the 
cJ>a (and in particular the elements <Rail of the derivative matrix) must 
be determined by joining the wave function in the internal region 
smoothly onto the wave function in the external region (the channels). 
This joining leads to the final equation (4.22) for the derivative matrix. 
As a result the derivative matrix (and through it the cross sections) 
is expressed completely in terms of parameters connected with the 
various eigenstatcs of the compound nucleus. i.e., in terms of energy
independent real parameters. 

I It may appear strange that we must describe a nuclear reaction at anyone 
energy E by N functions <l>a, where N is the number of open channels, whereas 
there is only one function, <1>., necessary to describe the eigenstate E. of the com
pound nucleus. The discrepancy arises from the different regions of interest in 
the two cases. For the reaction, we are interested in the external region with its 
N channels. For the eigenstates, we close off the channels by mirrors in fixed 
positions. The number N of open channels is then irrelevant, and there is only 
one wave function <1>. for each eigenstate E. of the compound nucleus. 

I Strictly speaking, (4.13) holds if the integral is E'xtended not only over the 
internal region but also over the entire length of every closed channel. If the more 
stringent boundary conditions of Wigner (47) are used to define the compound 
states <1>. (see the footnote on page 550), the orthogonality relation (4.13) holds for 
the integral extended over the internal region only. 
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In the region of configuration space corresponding to the compound 
nucleus, <l>a, (4.1), at an arbitrary energy E can be written as a linear 
superposition of the eigenfunctions <1>. of the compound nucleus: 

(4.14) 

Since the <1>. form an orthonormal set [see (4.12c) and (4.13)], we 
get the usual equation for the coefficients NaB in this expansion: l 

(4.15) 

From the wave equations satisfied by <1>. and by <l>a, H<I>. = E.<I>. and 
H<I>a = E<I>a, respectively, we can derive an equation for the integral 
NaB' (4.15): 

(4.16) 

We now apply Green's theorem to simplify the right side of (4.16), 
by reducing the volume integral to a surface integral: 

f (uV 2v - vV 2u) dr = f (u :~ - v !:) dS (4.17) 

The "surface" here is composite. In each channel {3 the inte
gral dS extends over the surface of a sphere of radius R II , so that 
dS = R{J2 dfl{J in channel {3. The normal derivative au/an is the 
derivative with respect to the channel coordinate r{J, at r{J = R{J. 

In a typical channel {3, near the channel entrance R{J, the Hamil
tonian H can be separated into the internal energies of the residual 
nucleus X{J and the emerging particle a{J, and the kinetic energy 
of the relative motion T{J= -(h2/2M{J) V/l2. The internal energies 
make no contribution to the surface integral in (4.17). Thus we get 
from (4.17), after integration over the internal coordinates and over 
the angles in each channel, and after some slight rewriting, 

f (<I>.H<I>a - <l>aH<I>.) dr 

= -411' " ~ [(r{Je/JB{J) d(r/le/Ja{J) _ (r{Je/Ja{J) d(rlltP'{J)] 
~ 2M {J dr{J dr{J r{FR{J {J 

(4.18) 

1 The possibility of expansion (4.14) is not immediately obvious. The <1>. have 
zero derivatives at all channel entrances, whereas the function <l>a has a finite 
derivative at the entrance to channel a (see 4.3b). Nevertheless, expansion (4.14) 
is possible. It is analogous to a Fourier expansion of the function sin 9 in terms of 
a cosine series. 
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Here CPaP is the wave function for the relative motion in channel {3 
appropriate to the total wave function <l>a; it is defined by (4.1a). 
CP.P is the corresponding wave function for the relative motion in chan
nel (3 appropriate to the total wave function <1>.. Expression (4.18) can 
be simplified considerably. According to the definition (4.12b) of 
the eigenfunctions of the compound nucleus, the derivative d(rpcp.p)/drp 
vanishes at rp = Rp. According to definition (4.3) the derivative 
d(rpCPaP) / drp at rp = Rp is zero in all channels {3,t. a and equals 
(M a/ 411"h) 112 in channel {3 = a. Thus only one term survives in the 
sum over {3, and the right side of (4.16) becomes 

f (h)l!2 
(<I>.H<I>a - <l>aH<I>.) dT = -"2 Y.a (4.19) 

where the coefficient Y.a is defined by! 

( 211"h2)l!2 
Y.a == MaRa CPsa(Ra) (4.20) 

The definition (4.20) of Y.a is made in such a way that 1jsa is a param
eter characteristic of the resonance state 8 of the compound nucleus 
and does not involve any external channel quantities such as the 
channel velocity, for example. Since (4.20) involves the size of the 
compound nucleus wave function at the entrance to channel a [the 
quantity CPsa(Ra)] about which very little is known, the Y.a are treated 
as adjustable parameters of the theory. There are infinitely many 
of these adjustable parameters, since there are infinitely many reso
nance levels 8. 

Comparison of (4.14), (4.16), and (4.19) gives the following expan
sion of the wave function <l>a in terms of the eigenfunctions <1>. of the 
compound nucleus: 

... 
<I> = (~)l!2 \' Y.a <1>, 

a 2 4 E.-E 
(4.21) 

.=! 

Equation (4.21) completes the first step of the proof; we now have 
an expansion of the wave function <l>a at arbitrary energy E, valid in 
the internal (compound nucleus) region. 

We now proceed to the second step to find an expression tor the 
derivative matrix in terms of parameters of the compound nucleus. 
We evaluate both sides of (4.21) at the entrance to a typical channel 

1 The constants Y,a are identical with the 'Y)., of Wigner and Eisenbud; they use 
>. to denote resonance levels and 8 to denote channels. 
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B. Equations (4.1b) and (4.1c) show that the left side of (4.21) 
assumes the value <R"p(Mp/47rh) 1I2Rp-1XB at rp = Rp. According to the 
definition (4.20) of Y.P, the wave function ct>. has the value 

at rp=Rp 

Substitution of these values into (4.21) gives the Wigner-Eisenbud 
many-level formula for the derivative matrix <R"p(E): 

.. 
at (E) = \' Y." Y.fJ 

"Il ~ E.-E 
(4.22) .-1 

Formula (4.22) gives the energy dependence of the derivative matrix 
(and hence also of the cross sections) explicitly in terms of energy
independent parameters of the compound nucleus (i.e., the Y." and 
E.). It also shows immediately that the matrix <R,,1l is real and sym
metric (which we have already deduced in Section 4C from the general 
properties of the scattering matrix). 

The derivative matrix has the dimension of a length, according 
to (4.1c). Hence the parameters Y8" have the dimension 

(energy X length) 112 

We shall see later on that to a first approximation the partial width 
r ,,' of the compound state 8 for disintegration through channel a, as 
defined in (VIII,7.9), is equal to 2k"y.,,2. Thus Y." is related to the 
"reduced" width of Chapter VIn (VIII,7.15) through 

(4.23) 

This formula gives a good approximation only in the resonance region 
where the compound states are well separated compared to their 
widths. The parameters Y." do not have any such simple interpreta
tion in the continuum region, nor is expansion (4.22) useful in that 
region. 

F. Discussion of the Many-Level Dispersion Formula 

Although there are infinitely many parameters in expansion (4.22), 
this expansion nevertheless gives specific information about the deriva-
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tive matrix <R .. 11 which cannot be obtained from the general theorems of 
Section 2.1 This information can be summarized as follows: 

(1) The poles of <R .. /l(E) , i.e., the energies E., lie along the real axis. 
This need not be true for every real function of E: the poles might 
have come in complex conjugate pairs. 

(2) The poles of every matrix element (Jla/l(E) occur at the same 
energies E., i.e., the E. are independent of a and {3. (From the general 
theorems we could have inferred only that the poles of <R .. 11 and <R1l .. are 
at the same place.) 

(3) The residues of the diagonal elements <R .... (E) at the pole 
E=E. are negative (equal to _y ... 2), and they are related to the 
residues of the off-diagonal elements <R .. Il(E) at E = E. (equal to 
-y ... y./l). 

The third property of the derivative matrix implies that every 
diagonal element (Jl .. a(E) has a positive derivative everywhere (except 
at E = E., where the derivative is not defined), i.e., CRaa(E) looks similar 
to the tangent function, with one zero between every two poles. 2 

Although these statements represent additional information about 
the derivative matrix (and hence about the cross sections), this 
information is hardly sufficient to analyze actual nuclear reactions. 
Expansion (4.22) is of real use only in the resonance region, where 
the energy dependence of all but one or two of the terms in the sum 
can be neglected. 

According to (4.22), the individual resonance states of the compound 
nucleus make additive contributions to the derivative matrix CR. The 
transformation (4.11) from the derivative matrix to the scattering 
matrix is non-linear. Hence the individual resonance levels of the 
compound nucleus do not make additive contributions to the scattering 
matrix itself. Rather, if two levels of the same J and parity are close 
together in energy, so that their widths overlap, the resulting cross 
section is a more complicated function of the energy than we should 
get from an addition of two Breit-Wigner single-level formulas, or even 
from the addition of the amplitudes in these formulas. 

1 Wigner (46) also derives certain statements about zeros of scattering and 
reaction cross sections from this formalism. It is useful to point out, perhaps, 
that these statements follow directly from the conservation and reciprocity 
theorems (which determine the number of independent real parameters in the 
scattering matrix) without recourse to any more special considerations. 

j This statement can be generalized to read: the form II Ca ffia/l(E) CIl, with c .. 
.. II 

arbitrary real numbers, has a positive derivative with respect to E everywhere 
where the derivative is defined. In addition property (3) implies certain ine
qualities for higher derivatives (see Wigner 47). 
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Earlier derivations (Bethe 37, 37a; Breit 36b) of the dispersion 
formula for nuclear reactions were based or. an (invalid) application of 
perturbation theory. In a treatment which considers the possibility 
of a reaction a small perturbation of the wave function of the incident 
beam, the nuclear reactance matrix B<RB is small, in the sense that 
(1 - iB<RB)-l can be approximated by 1 + iB<RB. Then the 
scattering matrix S is approximately (from 4.11) 

S '" w (1 + 2iB<RB) w (perturbation theory) (4.24) 

To the extent that this approximation is valid the resonance levels 
of the compound nucleus make additive contributions not only to the 
derivative matrix <R, but also to the scattering matrix S. There is 
good reason to believe, however, that the application of perturbation 
theory to nuclear reactions in the energy region considered here is not 
valid, and that the individual resonance levels of the compound 
nucleus do not contribute additively to the scattering matrix. 

The sum (4.22) cannot always be estimated by taking a few terms 
only. A particularly striking example is given by Wigner and Eisen
bud: assume that there is no interaction whatsoever in the region where 
the particles are close together, so that all cross sections vanish. The 
scattering matrix S is then equal to the unit matrix, Sa{J = ~a{J. The 
transformation to the derivative matrix (Ra{J gives l 

(for no interaction) ( 4.25) 

Expansion (4.22) is then identical with the well-known partial 
fractions expansion of the tangent function. The cross sections are 
zero, as they should be. However, this result appears now as a 
cancellation of the effect of various (purely formal) "resonance 
levels" with the effect of the transformation (4.11) from the deriva
tive to the scattering matrix. 

The basic reason for the usefulness of the dispersion formula for 
nuclear reactions is to be found in the physics of the problem, not in 
the mathematical derivation. The physical points have already been 
discussed at great length in Chapter VIII. We merely recapitulate 
here that: (1) there is an adequate, although not entirely sharp, 
physical definition of the channel radius in each channel; (2) there 
exists a "resonance region" for nuclear reactions at low energies, 
in which there are well-defined physical resonances in the compound 
nucleus, these resonances being widely spaced in energy compared to 

1 We shall choose finite values of Ra, even though we could pick Ra =0 in this 
case, in order to bring out the fact that the contributions of the far-away levels 
can be important in the more physical cases. 
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the~r widths; and (3) it is possible to give order-of-magnitude estimates 
for the partial widths in the various channels at a given resonance 
(this is equivalent to an estimate of the parameters Y.a in the many
level dispersion formula for a given value of s). 

We have already mentioned some differences in notation between this presenta
tion of the many-level formula and the original paper by Wigner and Eisenbud 
(47). Without going into detail, we specify the main differences here: 

(1) Channels are denoted here by a,fJ .. ··, whereas Wigner and Eisenbud use 
sets of two Latin letters l,s for each channel. Channels are called" alternatives" 
in that paper. 

(2) Resonance levels are denoted here by the Latin letter s, whereas Wigner and 
Eisenbud use the Greek letter X. The definitions of the resonance energies 
E.( =E).) agree. Our Y.a are their ")')./ •. 

(3) For the case of no spins, the matrices u and U of Wigner and Eisenbud are 
identical and are also equal to our scattering matrix Sa(J. The possibility of intrin
sic spins for the particles in the various channels makes the appearance of the 
formulas in Wigner and Eisenbud appreciably more complicated than they would 
be for spinless particles. 

G. The Single-Level Breit-Wigner Formula 

We shall assume that only one level s contributes appreciably to 
the sum (4.22). This assumption is always valid over a sufficiently 
small range of energies E around the resonance energy E. of this 
particular compound state. However, in many cases this energy 
range is too small to be of any practical use. The formulas based on 
the one-level approximation lead to physically reasonable and useful 
results only in the low-energy region, where the resonance levels of 
given angular momentum J and parity are widely spaced compared to 
their total widths. 

Taking only one term of (4.22), we can verify by direct substitution 
into (4.11) that the corresponding scattering matrix Sa{J is given by 

(4.26) 

The sum in the denominator is over all channels open at energy E. 
There is no sum over resonance levels, since we are considering the 
contribution of only one level. 

Direct substitution of this Sa{J into the cross-section formula (1.5) 
gives the Breit-Wigner single-level formula for the transfer cross sec
tion l1a(J (a~fj): 
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2 raa rlla 
qA-1I")\ 
a~ - a (E-Ea)2 + (tra)2 (4.27) 

where the partial widths r aa of the resonance level Ea are related to the 
coefficients Yaa through 

r aa = 2kaYaa 2 (4.28) 

and where the total width r a of the level is, as before, the sum of all 
the ra". Equation (4.27) is in complete agreement with (VIII,7.19), 
which was derived in Chapter VIII, Sections 7 and 8, by a less rigorous 
method. Substitution of (4.26) into (l.6) for the elastic scattering 
cross section similarly gives the same result (VIII,7.20) which we 
obtained in Chapter VIII. 

The proportionality of the widths r aa to the channel wave numbers 
ka (for l = 0 neutron channels) is a direct consequence of the dispersion 
formula (4.22), since the Yaa in (4.28) are compound nucleus quantities 
by definition, independent of the channel energy. Equation (4.28) 
represents the justification of the earlier interpretation (4.23) of the 
parameters Y'a in terms of the reduced widths "Iaa. 

If there are barriers in some of the channels, relation (4.28) has to 
be supplemented by a barrier penetration factor. Relation (4.23) 
is unchanged. The barrier also produces a shift in energy between the 
"formal" resonance energy defined by (4.12) and the "actual" 
resonance energy which appears in the Breit-Wigner formula (see 
Section 8A of Chapter VIII). 

We observe that the transfer cross section (4.27) can be written as a 
product of two factors, one of which can be interpreted as the cross 
section for the formation of the compound nucleus from channel lX, 

the other as the branching probability of its disintegration into 
channel {j: 

_)\2 a .-.P... [ r"r"] [ra] 
ffa(J - 11" a (E-E,)2 + (tr,)2 r' (4.29) 

Thus the Bohr assumption is rigorously valid in the resonance region. 
While the formal theory of nuclear reactions gives a more rigorous 

justification of the single-level dispersion formula than the methods of 
Chapter VIII, and allows us to prove the Bohr assumption for reac
tions involving widely separated resonance levels of the compound 
nucleus, the formal theory does not allow a simple estimate of the 
reduced widths "Ia'. We recall that the estimate (VIII,7.16), which 
is basic to the interpretation of data on resonance reactions, involves 
an "internal" quantity, namely the wave number K just inside 
the channel entrance. Hence the formal theory of reactions, which 
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treats the internal region as a "black box," cannot possibly lead to 
such an estimate. 

We have derived the one-level Breit Wigner formula (4.27) on the 
extreme assumption that the sum (4.22) can be replaced by a single 
term at energies E close to E.. This assumption is actually not neces
sary, even though it is certainly sufficient. Wigner and Eisenbud 
derive a formula which is very similar in appearance to (4.27) by 
separating the dominant term from the sum (4.22) and approximating 
the remainder by an energy-independent matrix. The relation of the 
quantities ra3 in (4.27) to the parameters Y8a is then different from 
(4.28), and there is a slight shift in the level energy due to the far-away 
levels, but formula (4.27) itself still applies. 

Wigner (46a) has also given an explicit expression for the cross 
sections in the case where two resonances of the same J and parity lie 
close together, so that their widths overlap, but still far apart from all 
the other resonance levels of the same J and parity. This is a rather 
unusual case, and it is not clear whe"ther any example of it exists in 
nature. 

The reader is referred to the papers by Wigner (48, 49, 51) and 
Teichmann (49,50) for further discussion of the many-level formula 
(4.22). 

a 
A 

Aa=A 
Aa'=A' 
B=BafJ 

SYMBOLS 

Particle in channel a (Section IA) 
Number of nucleons in the system [= mass number of 
the compound nucleus] (Section lA) 
Coefficient of exp ( -ikara) in 1/I(ra) (1.2) 
Coefficient of exp (+ikar a) in 1/I(r a) (1.2) 
A diagonal matrix with real matrix elements, defined 
by (4.8) (4.8) 
Coefficient of 'l'fJ in the expansion of 'l'a· (2.14) 
Normalization constant of 'l'a,in (2.2), (2.2a) 
Coefficient in the expansion of <l>a in terms of the 'l'p 
(4.4) 
Differential cross section for the (a,{3) reaction (3.3) 
Differential cross section for the (a,{3) reaction with 
spin directions in the incident and outgoing channels 
specified by K and X, respectively (3.19) 
Element of configuration space (2.1) 
Element of solid angle (3.3) 
Coefficient in the expansion of the spherical harmonic 
YLm(w') in terms of YLm(w), where w'=8',q/ and 
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w = 0,1{) are related to each other through the rotation 
R (3.10) 
Energy of the system (compound nucleus) (Section 
lA) 
(Formal) resonance energy of the compound (reso-
nance) level number 8 (4.12a,b) 
Logarithmic derivative of the wave function at the 
entrance to the particular channel (a) through which 
the reaction is initiated; for its definition, see Chapter 
VIII, Section 2 (Section 4A) 
Branching ratio for decay of the compound state with 
angular momentum J and z component of angular 
momentum equal to MI , by emission through channel 
fJ with spin directions specified by X, in the direction 
w=O,1{) with respect to the incident beam (3.19) 
Coefficients determining the "reshuffling" of the spin 
indices under the rotation R (3.15) 
Hamiltonian of the system (2.5) 
Matrix element of a perturbing Hamiltonian H' 
between states a and fJ (Section 2E) 
Magnetic field vector (Section 2C) 
Spin of the target nucleus X (Section 3C) 
Spin of the residual nucleus Y (Section 3C) 
Total angular momentum of the system [= angular 
momentum of the compound nucleus] (Section 3C) 
Maximum value of J involved in a reaction (Sec
tion 3D) 
Wave number of the relative motion in channel a 
or fJ (Section IB) 
Wave number of the relative motion just inside a 
channel entrance (Section 4G) 
Orbital angular momentum of the relative motion in a 
channel (Section 1 C) 
Maximum value of l effective in producing the reaction 
(Section 3C) 
Length of the wave packet iT. channel a [= v .. T] or 
fJ [= v/lT ] (Section 2A) 
Orbital angular momentum vector operator [=rXp = 
- ih r X V] (Section 2C) 
Quantum number for the z component of the orbital 
angular momentum (Section 3C) 
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Reduced mass for the relative motion in a channel 
(Section 2A) 
Reduced mass for the relative motion in channel 0: 
or {3 (4.1c) 
N umber of energetically open channels at energy E 
(Section IB) 
Coefficient in the expansion of 4>a in a series in the 4>. 
(4.14) 
Reaction amplitude of the (0:,{3) reaction (3.2) 
Reaction amplitude of the (0:,{3) reaction with spin 
directions specified by p (3.4) 
Reaction amplitude corresponding to the total wave 
function 'I'm (Section 3C) 
Value of qm(O,,,,) at the pole of the sphere (Section 
3C) 
Value of qmp(w) at the pole of the sphere (3.17) 
Reaction amplitude corresponding to the total wave 
function 'limp (3.17) 
Vector position of nucleon number i, i = 1,2,···,A 
(Section lA) 
Channel coordinate (separation between X and a) in 
channel 0: (Section lA) 
Channel coordinate in channel {3 (Section IB) 
A rotation of the coordinate system (Section 3C) 
Channel radius in channel 0: (Section 4A) 
An alternative (larger) value of the channel radius in 
channel 0: (Section 4B) 
Channel radius in channel {3 (Section 4B) 
The derivative matrix (4.1a,b,c) 
The derivative matrix for the alternative choice Ra' 
of the channel radii (Section 4B) 
Spin of the incident particle a (Section 3C) 
Spin of the outgoing particle b (Section 3C) 
The scattering matrix, with matrix elements Sa/3 

(2.10') 
The channel spin, formed by vector addition of 8 and i 
(Section 3B) 
The scattering matrix (1.3a,b,c) 
Time coordinate (2.5) 
The time during which an incoming wave packet passes 
some stationary point in channel 0: (Section 2A) 
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T' The time during which the outgoing wave in channel 
'Y can be due to both the (a, 'Y) and the ({3, 'Y) reactions 
(2.8) 

T{J Operator for the kinetic energy of the relative motion 
in channel {3 (Section 4E) 

U A unitary matrix which does not depend on time 
explicitly (2.12) 

U a{J = Sa{J; this notation is used by Wigner and Eisenbud 
(Wigner 47) (Section 1 C) 

Va Speed of the relative motion in channel a (1.2) 
V{J Speed of the relative motion in channel {3 (Section 

(IB) 
X The residual nucleus in channel a [= the target 

nucleus] (Section lA) 
X The reactance matrix (2.19) 
Y.a A coefficient appearing in the many-level formula; 

it is related to the reduced width of resonance level 
number s in channel a (4.20) 

Y The residual nucleus in the X(a,b)Y reaction (Sec
tion 3A) 

a 
-a 

fa 

770 

(J 

Channel index (Section lA) 
Channel index for the time-reversed channel of channel 
a (Section 2D) 
Channel index (Section lA) 
Channel index (Section lA) 
Reduced partial width of resonance level number s for 
decay through channel a; for its definition see Chapter 
VIII, Section 7 (4.23) 

Total width of resonance level number s [ = Ira'] .. 
(4.27) 
Partial width of resonance level number s for decay 
through channel a or {3 (4.27), (4.28) 
Kronecker delta [= 1 if a = {3, = 0 otherwise] (1. 7) 
Uncertainty in the measurement of angle (J (Section 
3C) 
Kinetic energy of relative motion in channel a (Sec-
tion lA) 
= Baa; 770 is the symbol used for this quantity in Chapter 
VIII, Section 2 (Section lC) 
The angle between the direction of the emergent particle 
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and the incident beam, in the (a,{3) reaction (Sec-
tion 3A) 
Index specifying the spin directions in the incident 
channel a (Section 3D) 
Index specifying the spin directions in the outgoing 
channel {3 (Section 3D) 
de Broglie wavelength of the relative motion in channel 
a, divided by 211" [= (k,,)-l] (Section lC) 
Parity of the relative motion in a channel (3.6) 
Index specifying the spin directions of a, X, b, and Y 
in the X(a,b)Y reaction (Section 3C) 
Pauli spin vector, with components ux , U II , and Uz 

(Section 2C) 
Cross section for formation of the compound nucleus 
through channel a with spin directions specified by 
K (3.19) 
Reaction cross section for S wave (l = 0) collisions 
(1.8), (1.9) 
=ua ,,; this symbol was used in Chapter VIII, Section 2 
(1.6) 
The Pauli spin matrices; for their definition see Appen-
dix A, Section 4 (Section 2C) 
Elastic scattering cross section in channel a, for S 
wave (l = 0) particles (1.6) 
Cross section for the (a,{3) reaction with S wave (l = 0) 
particles (1.5) 
Azimuthal angle (3.4) 
Wave function for the relative motion in channel {3 

corresponding to the total wave function cl>a (4.1a) 
Wave function for the relative motion in channel {3 

corresponding to the total wave function cI>. (Sec
tion 4E) 
Wave function of the same form as i'm, in the new 
(rotated) coordinate system (Section 3C) 
Wave function of the same form as i'mp, in the new 
(rotated) coordinate system (3.15) 
Wave function for resonant state number 8 of the com-
pound nucleus (4.12a,b,c) 
Basic wave function for standing waves; it has non
zero derivative in channel a, vanishing derivatives in all 
other channels (4.1a,b,c), (4.3a,b) 
Internal wave function in channel a [= the wave 
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function of X in state a' times the wave function of a 
in state a"] (1.1) 
Internal wave function in channel {3 [= the wave 
function of Y in state {3' times the wave function of b 
in state (3"] (1.3a) 
Wave function for the relative motion 10 channel a 

(1.1), (1.2) 
!/taa(ra) Wave function for the relative motion 10 channel a 

corresponding to the total wave function q,a (1.3c) 
!/taP (rp) Wave function for the relative motion in channel {3 

corresponding to the total wave function q,a (l.3b) 
q,~ Wave function of the system (1.1) 
q,a Basic wave function for traveling waves; it has incom

ing and outgoing waves in channel a, but has only 
outgoing waves in all other channels (1.3a,b,c) 

q,a,in Incoming wave in channel a (2.2) 
q,a,outthrought/ Wave function for the part of the wave emerging 

through channel {3 (2.3) 
'lip Basic wave function for traveling waves, defined anal-

ogously to q,a (Section 2B) 
'lim Total wave function corresponding to an incoming wave 

with orbital angular momentum Land z component m 
(Section 3C) 

'limp Total wave function corresponding to an incoming wave 
with orbital angular momentum Land z component m, 
with spin directions specified by p (Section 3C) 

q,rev Wave function of the time-reversed state (2.13) 
W Position on the unit sphere, a shorthand notation for 

the two angles (J and !() (Section 3C) 
W=Wap A diagonal matrix with matrix elements of absolute 

value unity, defined by (4.9) (4.9) 



CHAPTER XI 

Spontaneous Decay of Nuclei 

1. ENERGETIC CONSIDERATIONS 

Heavy nuclei, in general, are dynamically unstable. Energy is 
gained by breaking the nucleus into two parts. However, the parts 
are held together by very strong forces. It is only because of the 
quantum-mechanical leakage through potential barriers that some of 
the heavy nuclei actually do decay into parts. For most of the known 
heavy nuclei the decay time is so long that no decay has ever been 
observed. 

The dynamic instability of heavy nuclei can be shown by means of 
the semi-empirical Weizsacker formula for nuclear energies which was 
discussed in Chapter VI (VI,2.6). According to this expression any 
beta-stable nucleus with A> 85 is unstable against splitting into two 
roughly equal parts, since the sum of the energy of the two nuclei 
(tZ,tA) is less than the energy of (Z,A).l The splitting off of an 
alpha-particle is energetically favorable for nuclei above A "'191. 
The first type of split is called fission, the second alpha-decay. 

In order to perform these splits the nucleus must pass through 
intermediate states whose energy is much higher than the energy of 
the initial and final stages. This can be seen in the following way: 
Let us reverse the splitting process by considering two nuclei (Z I,A I) 
and (Z2,A 2) which are brought together from infinite distance until 
they merge into the nucleus with Z=ZI+Z2, A =A 1+A 2. The 
potential energy VCr) as a function of the distance of their centers of 
mass is plotted schematically in Fig. 1.1. As the zero of the energy 
scale we assume the energy of the two separated nuclei at rest. As 
long as r > R=R 1+R2 (RI and R2 are the radii of the two nuclei), 
the only source of potential energy is the electrostatic repulsion. 
Hence VCr) =ZIZ2e2/r for r>R. For distances r smaller than R the 
attractive nuclear forces contribute to VCr), and we expect a sharp 
drop. [It is no longer possible to define VCr) uniquely, since the 

1 Throughout this section, we use the abbreviation (Z,A) for a nucleus X with 
charge Z and mass number A. 
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potential energy depends on the special conditions under which the 
merging of the two nuclei take place.] The maximum of the potential 
energy is therefore near V(R) =ZlZ2e2jR. This value is always larger 
than the difference t.E between the energy of the nucleus (Z,A) and 
the sum of the energies of (Zl,A 1) and (Z2,A 2). We obtain, for exam
ple, in the case of fission into two halves of an Au nucjeus t.E = 132 

r-----r.R~----------------------~r 

FIG. 1.1. Potential energy of two nuclei as a function of their distance (schematic). 
VCr) is not well defined for r <R. 

Mev, whereas V(R) = 173 Mev. The alpha-decay of Ra 126 gives 
t.E=4.88 Mev and V(R) =25.7 Mev. For the very heaviest nuclei, 
t.E of the fission split becomes almost equal to V(R). This is why in 
these nuclei a small excitation, by means of neutron capture or other
wise, can induce fission of the compound nucleus. 

The decay of the nucleus (Z,A) can take place only if the potential 
energy barrier at r = R is overcome. This can be achieved by supply
ing the necessary energy in the course of a nuclear reaction as in the 
case of induced fission. An excited compound nucleus is created by 
bombardment of a target nucleus with nuclear particles of sufficient 
energy that the excitation energy of the compound nucleus is high 
enough to overcome the potential barrier. However, this is not the 
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only way. In this chapter we shall consider the spontaneous decay 
of nuclei in their ground states. The potential barrier is then over
come by means of the quantum-mechanical penetration through 
potential barriers (Gamow 28, 28a; Gurney 28; Condon 29). The 
probability of this quantum effect decreases rapidly with increasing 
mass of the penetrating particle. Hence spontaneous fission is a very 
rare process, whereas the spontaneous emission of an alpha-particle is 
a fairly frequent process. We therefore restrict the present considera
tions to alpha-decay, although the same formalism can be applied to 
spontaneous fission also. 

The energy Ea of the alpha-particle 1 emitted by the "parent" 
nucleus (Z,A) can be estimated by using the semi-empirical formula 
(VI,2.6) for the ground-state energies E(Z,A). Assuming that the 
parent nucleus, and the daughter nucleus (Z -2, A -4), are in their 
ground states before and after emission, we get 

Ea(Z,A) = E(Z,A) - E(Z -2, A -4) + Ba (1.1) 

where Ba = 28 Mev is the binding energy of the alpha-particle. We 
then get from (VI,2.6), under the assumption Z»1 and A»I, 

Ea(Z,A) = -4uv - 16uT Tr2A-2 + 16ucZA-1/3 - ¥u cZ 2A-4/3 
+ !u,A -113 + Ba (1.2) 

The Weizsacker semi-empirical formula is only an approximation, 
and we do not expect accurate results from (1.2) after inserting the 
values (VI,2.12) of the constants. We get for example, for the energy 
of the alpha-particles emitted by ssRa224, Ea=4.7 Mev, whereas the 
actual value is 5.8 Mev. 

Formula (1.2) can be used, however, to determine the general trend 
of the alpha-energies. We determine, for example, the dependence 
of Ea on the neutron number N of the parent nucleus when Z is kept 
constant: 

( iJEa) iJN z '" Ea(Z,A) - Ea(Z, A-I) 

( 2T) 16 ( 4 Z) '" -16uT TrA-2 1 - -t -3' Uc 1 - 3A ZA-4/3 

- ~ U A-4/3 

9 • 
(1.3) 

I e.,. is the kinetic energy in the center~f-gravity system and is equal to the Q 
value of the reaction (Z,A) = (Z -2, A -4) + 01. 
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This is a negative number for all values of Z and A. It is of the order 
of -0.3 Mev in the region of radioactive nuclei. Hence the alpha
energy decreases by about that amount when the neutron number of 
the parent nucleus is increased by one unit. This tendency is clearly 
found in nature. Figure 1.2 shows a graph of the alpha-particle 
energies as a function of the mass numbers. The points corresponding 
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FIG. 1.2. Alpha-decay energies vs. mass number of the parent nucleus, according 
to Perlman, Ghiorso, and Seaborg (50). 

to equal Z are connected. It is interesting to note that the expected 
behavior occurs only for A> 213 and for A < 209. There is a charac
teristic break in between which is related to the occurrence of the 
"magic" neutron and proton numbers 126 and 82 (Glueckauf 48, 
Pryce 50). This will be discussed in Chapter XIV. 

2. GENERAL THEORY OF ALPHA-DECAY 

The ground state of an alpha-unstable nucleus can be compared 
with the state of a compound nucleus in a nuclear reaction; both states 
decay by the emission of a particle. We apply the same methods to 
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the quantum-mechanical description of alpha-decay which we used in 
Chapter VIII for the description of the decaying compound states. 

We first describe the decay in the qualitative terms which were 
introduced in Chapter VIII, Section 7. The probability ra/h per 
unit time of the emission of an alpha-particle can be written as a 
product similar to (VIII,7.12): 

r a = hwo T(a) (2.1) 

where Wo is the number of "attempts" per second of the alpha
particle to penetrate through the surface of the nucleus into the out
side, and T(a) is the transmission coefficient of the potential barrier. 
Because of the periodic character of the motion in a bound state we 
have identified the time P=wo- 1 with the classical period of the 
motion. The use of classical concepts for the description of the ground 
state or of very low-lying excited states is much less justified than the 
use of these concepts in the highly excited states of the compound 
nucleus: Therefore the conclusions drawn are qualitative to a much 
larger degree than the corresponding conclusions in Chapter VIII. 
We can use relation (VIII,7.1O) between the period and the level 
distance only as a very rough indication of the orders of magnitude 
involved (Cohen 50): 

D 
w = p-l "'-

o 2rh (2.2) 

where D is the level distance between levels of the same type (angular 
momentum and parity). T(a) is the transmission coefficient of a 
potential barrier of the form shown in Fig. 1.1. The coordinate r 
used in this figure is the distance between the center of the residual 
(daughter) nucleus X and the center of the emitted alpha-particle. 
This coordinate is identical with the" channel coordinate" of Chapter 
VIII. The channel radius R corresponds to the distance at which the 
interaction between the alpha-particle and the residual nucleus X 
becomes small compared to their Coulomb repulsion. The relation 
between the channel radius R and the individual radii of the nucleus 
X and the alpha-particle will be discussed later. 

In our qualitative picture we assume that the alpha-particle starts 
out from the interior of the (compound) nucleus with a certain kinetic 
energy E. It approaches the barrier at r=R from the inside and may 
or may not pass through the barrier. If it does pass through the 
barrier, it has the kinetic energy Ea far away (for r-+ 00). In this 
schematic picture we can replace the conditions inside the compound 
nucleus by a constant potential VCr) =Ea-E for r~R. The trans-
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mission coefficient under these conditions was determined in Chapter 
VIII, Section 5. It is given by (VIII,5.5). The wave number K in 
this formula corresponds to the kinetic energy inside: K2=2MaE/h2. 
The magnitudes Sl and dl are defined in terms of the behavior of the 
wave function in the outside region by (VIII,2.48), (VIII,2.47), and 
(VIII,2.50). l is the orbital angular momentum of the emerging 
alpha-particle (in units of h). 

In the formula for the transmission coefficient T,(a) (VIII,5.5) we 
can neglect Sl compared to KR to get 

4S1KR 
T,(a) ,..., (KR)2 + dl2 (2.3) 

The decay probability r a/II. of the compound state into the alpha
channel can then be written 

ra 4SlKR 
h = "'0 (KR)2 + dl2 (2.4) 

In this formula the conditions in the interior of the parent (com
pound) nucleus enter through "'0 and KR; the quantities SI and dl 
depend on outside conditions and on the value of the channel radius R. 
Only very crude approximations are available for the" inside" quan
tities "'0 and K. We shall adopt the estimate (2.2) for "'0, and we 
shall use the value 

(2.5) 

This value corresponds to a kinetic energy of the alpha-particle 
inside the compound nucleus of the order of 5 Mev. Some of the 
considerations which enter into that estimate were given in Chapter 
VIII, Section 5. 

The decay probability (2.4) depends very strongly on the energy 
fa of the alpha-particle after it emerges from the parent (compound) 
nucleus. The energy fa is much less than the height of the barrier 
(Z = charge of the residual nucleus) : 

. . 2Ze2 l(l+ 1)11. 2 

Barner helght = Ii: + 2M R2 == VB (2.6) 
a 

Under these conditions Sl is an extremely rapidly varying function of 
Ea , approaching zero rapidly as Ea approaches zero. 

The angular momentum l of the emerging alpha-particle also influ
ences the decay probability. Other things being equal, higher values 
of l imply somewhat lower decay probabilities. This can be seen 
from (2.6): higher values of l increase the height of the barrier. The 
possible values of l for the outgoing alpha-particles are determined by 
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the conservation laws of angular momentum and parity. We shall 
denote the parent nucleus by C, the daughter nucleus by X (C = X + a) ; 
the angular momenta and parities of these two nuclei will be denoted 
by I e'/ x and lIe, I1x, respectively. 

In order to determine the lowest possible value of l we classify the 
transitions into "parity-favored" and "parity-unfavored" decays. 
The results are listed in Table 2.1. Parity-unfavored transitions in 

TABLE 2.1 
MINIMUM VALUE L OF THE ORBITAL ANGULAR MOMENTUM l OF THE ALPHA-

PARTICLE IN A TRANSITION Ie, IIe -+ Ix, IIx 

Parity-favored: llellx = (-l)/e-/ x 

Parity-unfavored: llellx = (_l)/e-/ x +! 

lmin == L = lIe - lxl 

lmin == L = lIe - Ixl + 1 

provided that neither Ie nor Ix 
is zero 

which either Ie or Ix or both are zero are absolutely forbidden by the 
conservation laws. 

Alpha-decays involving the ground states of even-even nuclei are 
presumably parity-favored, with Ie = Ix = O. It is interesting to 
observe that these decays would be completely forbidden if the parity 
conditions were unfavorable, i.e., if IIc=-IIx. No such case has 
been found in the natural alpha-emitters. The energetically possible 
alpha-decays between even-even nuclei with predicted lifetimes 
[from (2.4)] within the range accessible to experiment are all observed 
experimentally. This is a strong argument for the assumption that all 
even-eL'en nuclei have not merely zero angular momentum I, but also 
hat'e the same (ellen) parity n. 

Expression (2.4) with the estimate (2.2) for Wo implies that the alpha
width r a is proportional to the level distance D of the decaying (com
pound) nucleus near the level that undergoes the decay. This 
dependence is an expression of the fact that the probability of an 
alpha-particle appearing at the nuclear surface ready to leave (with 
the residual particles already arranged into the proper wave function 
of the residual nucleus X) depends on the dynamics of the nuclear 
motion in the lowest states of the compound system. If this motion 
is very simple, both the level distance D and the alpha-width r a are 
high; if the motion is complicated, both are low. It must be kept in 
mind that relation (2.2) is extremely crude and does not take into 
account any special features of the decaying levels. We must expect 
that there are levels for which the probability of formation of an alpha
particle at the surface is quite different from (2.2). 

So far we have used the qualitative arguments of Section 7 of 
Chapter VIII. We shall now show that the more quantitative 
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methodl:l of Section 9 of that chapter lead to the same results. The 
parent nucleus in alpha-decay is in a "decaying state" of the type 
introduced in that section. We can therefore use the analysis of that 
section directly. The energy W of the decaying state is complex: 

W = E, - -lira (2.7) 

The real part of W gives the mean energy E, of the decaying state; the 
imaginary part contains the alpha-width r a which determines the 
decay probability, ra/h. The decaying state is defined by the bound
ary condition (VIII,9.18) upon the logarithmic derivative h(E) at 
the channel radius R. The alpha-width ra is then given by (VIII,9.20) 
and (VIII,9.22): 

ra = -281 [(~).J-l (2.8) 

where 81 and the derivative (dfzldE), are evaluated at the real energy 
E. which appears in (2.7).1 

The energy E, in (2.7) is determined in turn by the condition 

fz(E,) = a,(E,) (2.9) 

This E. corresponds to the E,+~E. of (VIII,9.23). 
Equations (2.8) and (2.9) cannot be used until some estimate is 

made of h(E). We shall use the same estimate which appeared in the 
theory of resonance reactions in Chapter VIII, namely 

and 
fz(E) ~ - KR tan z(E) 

dz 'II" 
-~-
dE-D 

(2.10) 

(2.11) 

where D is the distance between levels of the same angular momentum 
and parity. 

We need the derivative dfz/dE to evaluate the width r a , (2.8). We 
neglect the variation of K with energy to get 

dh ~ _ 'll"KR[ + (A)2] 
dE- D 1 KR 

(2.12) 

1 This point is the only difference between the present considerations and those in 
Section 9 of Chapter VIII. There we made an additional approximation by 
evaluating " and d/l/dE at the "formal" resonance energy for which /l(E) -0. 
This is a poor approximation in alpha-decay, since ~/, which determines the differ
ence between the "formal" and "actual" resonance energies, is large for energies 
considerably below the barrier energy. 
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This value is substituted into (2.8), and (2.9) is used to determine 
/z.l The result is 

(2.13) 

Hence the more quantitative treatment of alpha-decay leads to the 
same result. (2.2) and (2.4), as the earlier qualitative considerations. 

The functions 81 and .1, in (2.13) must be determined from the solu
tions of the wave equation in the "outside" (channel) region. It 
can be shown (Devaney 50) that the W. K. B. approximations to these 
quantities are satisfactory in the relevant region. The W.K.B. 
approximation to the penetration coefficient TI(a), (2.3), is 

T ( ) 4K KI(R) [ 2 ("' () d] (2 14) 
I a '" K2 + [KI(R) + tK/(R)/KI(R)F exp - In Kl r r . 

where 

KI2(r) == l(l+l) + 2Ma 2Ze2 _ 2MaEa 

r2 11,2 r 11,2 
(2.15) 

Kt' (r) is the derivative of KI(r) in respect to rand ro is defined by 

(2.16) 

The exponential in (2.14) is the function introduced by Gamow (28) 
and Kudar (29). The integral is extended over the region in which the 
potential barrier is larger than the kinetic energy of the alpha-particle. 
This is the region into which the alpha-particle could not penetrate if 
classical mechanics were valid. The Gamow function is a very sensi
tive function of the energy Ea' 

Finally we discuss the significance of the channel radius R which 
appears in these formulas. This radius cannot be defined very accur
ately since the "surface of the compound nurleus" is not infinitely 
sharp. The significance of the channel radius is illustrated in Fig. 
2.1. The theory replaces the actual potential energy in its dependence 
on r by a fictitious one which drops sharply at r = R. R is chosen in 
such a way that the fictitious potential gives the same lifetime as the 
actual potential. The distance R' at which the actual potential starts 
deviating from the "outside" behavior should be the sum of the 
radii of the residual nucleus X and the alpha-particle: 

R' = Rx + Ra (2.17) 

I In Section 9 of Chapter VIII we determined /1 at the "formal" resonance 
energy. i.e., we put /I(E.) = o. 
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The radius of the alpha-particle can be estimated from the scattering 
of neutrons on alpha-particles and from theoretical considerations 
(see Chapter V). R,. is probably near 2XIO-13 cm. 

R' is larger than the channel radius R. We therefore write 

R = Rx + p,. (2.18) 

where p,. is an "effective" radius of the alpha-particle which is less 
than the actual radius R,. of this particle. 

L-______ ~~~----------------------~r 
R R' 

FIG,2,1. The solid curve shows the actual potential between a nucleus X and an 
alpha-particle (schematic). The broken curve is the fictitious potential appearing 
in the alpha-decay theory. The channel radius R is not equal to the distance R' 
at which the potential energy first deviates from its behavior in the "outside" 

region. Z is the atomic number of the residual (daughter) nucleus. 

The choice of a value of p,. for the calculations is somewhat arbitrary, 
since neither R nor Rx can be defined closer than to within about 
0.5 X 10-13 cm. We have made the choice 

p,. = 1.2 X 10-13 cm (2.19) 

In a few cases (Pb and Bi) R is known from alpha-decay measurements, 
and Rx is known from neutron measurements (see Chapter IX for 
the latter), The experimental values are not in disagreement with 
(2.18) and (2.19). 

3. DISCUSSION OF EXPERIMENTAL DATA 

According to the theoretical results of the previous section, the 
probability of the emission of an alpha-particle is an extremely sensi-
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J 10. 3.1. Plotof the emission probability r .. as a function of the energy E .. of the 
alpha-particle. The curves are computed from the theory as follows: curve 1: 
ZcI&a" .. r = 82, R = 9.3 X 10-13 cm; curve 2: Zdau.hler = 82, R = 7.9 X 10-13 

cm; curve 3: Zd ..... ler = 90, R = 9.6 X 10-13 cm. In all curves D = 0.5 Mev 
and K = IOU em-I. The points on the figure correspond to the observed emission 

probabilities: circles for Zdau.hler = 82, squares for ZcI&ulhler = 90. 
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tive function of the energy Ea of the alpha-particle. This is illustrated 
in Fig. 3.1, where r a is plotted as function of Ea for different nuclei. 
A change of energy by one Mev gives rise to a change of ra of about 
105• This sensitivity makes it possible to apply an expression like 
(2.4) for the prediction of experimental values, in spite of the fact 
that some of the factors such as Wo are known only to within an order of 
magnitude. An estimate of only the order of magnitude of r a is 
valuable since the range of possible values extends over about 16 

-6 

-10 
~I~ 

-14 

-18~~~~~~--~~--~ 
0.4 0.6 0.8 1.0 1.2 1.4 1.6 

( 9.87 x ~0-13 em ) ~ 
FIG. 3.2. The aipha-emission probability as function of the radius R for 
Zdauchter = 86, fa = 4.88 Mev. The ordinate is iog1o (ra/A), where rajA is 

expressed in sec-I. 

powers of ten. Although r a depends strongly on the charge Z of 
the residual (daughter) nucleus and the channel radius R, the general 
trend of the dependence on Ea is the same for all values of Z and R of 
importance for naturally radioactive nuclei. The relation between the 
logarithm of ra and the energy can be roughly approximated by a 
linear law, logr a "'a+bEa , or somewhat better by a law of the form 
logra::a-bEa-l/2 (Biswas 49). These relations are usually referred 
to as the Geiger-Nuttal law, and they were first found empirically. 
It was considered a great success of nuclear theory when Gamow 
(28, 28a) was able to explain theoretically the order of magnitude of 
the constants involved. 

From the observed lifetime hjr a of the alpha-decay we can deter
mine some of the constants which appear in the theoretical formula, 
(2.4) or (2.13). The most important of these parameters is the channel 
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radius R. The theoretical value of r a is very sensitive to the value of 
R. This is shown in Fig. 3.2 for a characteristic example. An 
increase of the channel radius R by 1 X 10-13 cm (by roughly 10 
percent) increases the decay probability by a factor of about 150 for 
an alpha-energy Ea = 5 Mev. Hence the channel radius R can be deter
mined from the observed r a and Ea with considerable accuracy, in spite 
of the fact that Wo and KR in (2.4) are known only very approximately. 

Compared to the sensitive dependence of r a on Ea and R, the depend
ence on the angular momentum l of the emitted alpha-particle is 
relatively insignificant. The centrifugal term in (2.6) is small com
pared to the Coulomb term for low values of l; the ratio of the two is 

Centrifugal barrier l 1.80 
Coulomb barrier = (l+ I) ZR 

(3. I) 

where R is expressed in 10-13 cm. For reasonable values, R""9X 10-13 

cm and Z""85, this becomes 0.0024 l(l+ 1), which is completely negligi
ble for l ~ 4. The ratio of the two potentials is even smaller for larger 
values of r, since the centrifugal potential is proportional to r-2 

whereas the Coulomb potential is proportional to r- 1• 

Table 3.1 shows the relative values of r a for different values of l, 

TABLE 3.1 
RATIO OF THE ALPHA-EMISSION PROBABILITY r a(l) OF AN ALPHA-PARTICLE WITH AN 

ANGULAR MOMENTUM I TO THE EMISSION PROBABILITY WITH 1=0, COMPUTED 

FOR Zdaulb .. r = 86, R = 9.87 X 10- 13 em, fa = 4.88 MEV 

ralll 
--
ra(O) 

0 1 

1 0.7 

2 0.37 

3 0.137 

4 0.037 

5 7.1XI0-3 

6 1.1 X 10-3 

for Z = 86 and R = 9.87 X 10-13 cm. The changes of r a from one value 
of l to the next are small compared to the inaccuracy of the theoretical 
estimate (2.2). The theory presented here does not predict any 
significant difference in alpha-decay lifetimes for values of l differing 
by as much as 3 units in some cases; for example, Table 3.1 shows that 
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TABLE 3.2 
DETERMINATION OF THE RADII OF ALPHA-UNSTABLE NUCLEI 

The first column lists the parent nucleus, the second the daughter nucleus. The 
symbol 83Bim refers to the isotope of Bi (Z =83) of mass number A =212 and neu
tron number N = A - Z = 129. The next column gives the observed lifetime 
(s =second, m = minute, h = hour, d =day, y =year). The fourth column gives the 
alpha-energy in Mev. The fifth column contains a rough estimate of the level 
distance D near the ground state of the parent nucleus. The channel radius R 
was computed from these data by using formulas (2.13) to (2.16). The radius Rx 
in the next-to-Iast column is the radius of the residual (daughter) nucleus X and 
was computed from formulas (2.18) and (2.19). The last column shows how 
closely these radii approximate the simple law Rx = roA 1/3. 

Alpha- R Rx ro= 

Parent 
Daugh-

Half-Life 
D (10- 13 (10- 13 

RxA- 1/3 

ter 
energy (Mev) (10- 13 
(eMv) ern) ern) 

ern) 
- ---

saBim 8mm lIh 6.20 0.06 8.0 6.8 1.14 

83Bim 8lTlm 76d 5.61 0.06 9.2 8.0 1.34 

84POm 82Pb~~~ 138.3d 5.40 0.8 8.4 7.2 1.21 

84POm 82Pbm 3.0X 1O-7s 8.95 0.7 9.0 7.8 1.31 

84 POm 82Pb~~~ 1.5 X 1O-4s 7.83 0.6 9.3 8.1 1.35 

84POm 82Pbm 1.8X 10-38 7.50 0.2 9.5 8.3 1.40 

84POm 82Pbm 0.158s 6.89 0.5 9.3 8.1 1.35 

84POm 82PbU: 3.05111 6.12 0.4 9.6 8.4 1.40 

8bAtm 8aBim 1O-4g 8.15 0.2 9.3 8.1 1.35 

86Emm 8l POm 4.78 6.94 0.03 9.6 8.4 1.39 

uEmm 84POm 54.55 6.39 0.25 9.7 8.5 1.40 

86Emm 8tPom 3.83d 5.59 0.19 9.7 8.5 1.40 

88Ram 86Emm 20.2d 5.82 0.3 9.7 8.5 1.40 

88Ram 86Emm 3.8d 5.78 0.08 9.8 8.6 1.42 

88Ram 86Emm 1700y 4.88 0.07 9.9 8.7 1.44 

89Acm 87Frm 1810y 5.04 0.06 9.6 8.4 1.39 

90Th~~~ 88Ram 93d 6.16 0.04 8.8 7.6 1.26 

90Thm 88Ram 2.64y 5.52 0.4 9.5 8.3 1.36 

90Th~!g 88Ram 1 X105y 4.76 0.5 9.5 8.3 1.36 

90Thm 88Ram 1.39XI010y 4.05 0.5 9.8 8.6 1.43 

92Um 90Thng 2.35 X 105y 4.84 0.8 9.5 8.3 1.35 

92Um 90Th~~~ 4.51 X109y 4.25 0.73 9.6 8.4 1.36 
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the lifetimes for alpha-decay with l = 0, 1 ,2, and 3 are equal to each 
other within the likely error of the estimate (2.2). 

Table 3.2 collects the relevant data of a number of alpha-emitting 
nuclei. Only natural alpha-emitters are included. The material in 
Table 3.2 is taken from a study by Devaney (50).1 The most impor
tant result of this table is the list of channel radii R determined from 
the natural lifetimes and energies, under the assumption l = 0 (which, 
we have just seen, makes very little difference). The radii Rx of the 
residual (daughter) nuclei, as determined from (2.18) and (2.19), are 
also listed in Table 3.2. These radii conform surprisingly well to the 
rule 

Rx = TO A 113 (3.2) 

where TO is a constant close to 1.4 X 10-13 cm. 
There are a few characteristic exceptions to this rule. The radii 

of Tl208 and Pl206 appear to be unusually small. These small values 
are probably spurious and are due to strong deviations of the 
actual Wo in (2.4) from its estimat.ed value (2.2). The parent (com
pound) nuclei may be especially unsuited for emission of alpha
particles. This would make the characteristic frequency Wo very 
much smaller than the estimate (2.2), leading to a spuriously low value 
of the channel radius R if (2.2) is used. These deviations from the 
rule (3.2) are probably connected with t.he fact that the parent (com
pound) nuclei in these cases are one nucleon richer, and the daughter 
nuclei one nucleon poorer, than a "magic" number of nucleons. 
(See Chapter XIV.) 

a 

A 

SYMBOLS 

Constant appearing in the Geiger-Nuttal law (Sec-
tion 3) 
Mass number of a nucleus (parent nucleus in alpha-decay 
or fission) (Section 1) 
Mass number of a nuclear fragment (Section 1) 
Mass number of a nuclear fragment (Section 1) 
Constant. appearing in the Geiger-Nuttal law (Sec-
tion 3) 
Binding energy of the alpha-particle [ = 28 Mev] (Ll) 
Level distance in the compound (parent) nucleus, 
between levels of the same angular momentum and parity 
(2.2) 

1 Similar studies were made by Perlman (50) and Kaplan (51). 
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Charge on the proton (Section 1) 
Kinetic energy of the alpha-particle inside the compound 
(parent) nucleus (Section 2) 
Excitation energy in the compound (parent) nucleus 
(Section 2) 
Real part of W [= mean energy of the decaying state] 
(2.7) 
Ground-state energy of the nucleus (Z,A) [= the nega-
tive of its binding energy] (1.1) 
Logarithmic derivative of the radial wave function at 
the channel entrance; for its definition see Chapter 
VIII, Section 2 (Section 2) 
Angular momentum of a nucleus (Section 2) 
Angular momentum of the compound (parent) nucleus 
(Section 2) 
Angular momentum of the residual (daughter) nucleus 
(Section 2) 
Wave number of the alpha-particle inside the compound 
(parent) nucleus (Section 2) 
Orbital angular momentum of the emitted alpha-
particle (Section 2) 
Minimum value of 1 consistent with Ie, Ix, IIe , and IIx 
(Section 2) 
Reduced mass for the relative motion of the alpha
particle and the residual (daughter) nucleus ['" mass of 
the alpha-particle] (Section 2) 
Number of neutrons in the compound (parent) nucleus 
(Section 1) 
= wo-l; the classical period of motion of the compound 
nucleus (Section 2) 
Channel coordinate [= the separation between the two 
nuclear fragments in the breakup of the compound 
(parent) nucleus] (Section 1) 
Classical distance of closest approach of an alpha-
particle to the residual nucleus (2.16) 
Constant appearing in the nuclear radius formula 
R = roA 113 (3.2) 
Channel radius for the disintegration [=R1+R 2] 

(Section 1) 
Radius of the nuclear fragment (Zl,A 1) (Section 1) 
Radius of the nuclear fragment (Z2,A 2) (Section 1) 
Distance at which the nuclear forces between the alpha-
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particle and the residual (daughter) nucleus become 
active (2.17) 
A function related to the penetration factor; for its 
definition see Chapter VIII, Section 2 (2.3) 
Neutron excess [=i(N -Z) =iA -Z] (1.2) 
Transmission coefficient of the barrier for alpha-par
ticles of orbital angular momentum l; for a discussion see 
Chapter VIII, Section 5 (2.1), (2.3) 
Coefficient of the Coulomb energy term in the Weiz
sacker semi-empirical mass formula; see Chapter VI, 
Section 2 (1.2) 
Coefficient of the surface energy term in the Weizsacker 
semi-empirical mass formula; see Chapter VI, Section 
2 (1.2) 
Coefficient of the volume energy term in the Weizsacker 
semi-empirical mass formula: see Chapter VI, Section 2 
(1.2) 
Coefficient of the symmetry energy term in the Weiz
sacker semi-empirical mass formula; see Chapter VI, 
Section 2 (1.2) 
Height of the potential barrier for emission of alpha-
particles of orbital angular momentum l (2.6) 
Potential energy of the two nuclear fragments (Z I,A 1) 
and (Z2,A 2) a distance r apart from each other (Sec
tion 1) 
Complex energy of a decaying state: for discussion see 
Chapter VIII, Section 9 (2.7) 
The residual (daughter) nucleus in alpha-decay (Sec-
tion 2) 
A smoothly increasing function of the excitation energy 
E of the compound nucleus, assumed to be a linear func
tion of E (2.10), (2.11) 
Number of protons in the decaying (parent) nucleus 
(Section 1) 
Number of protons in the residual (daughter) nucleus 
X (Sections 2, 3) 
N umber of protons in a nuclear fragment (Section 1) 
Number of protons in a nuclear fragment (Section 1) 
A nucleus with charge Z and mass number A (Sec
tion 1) 

Width of the compound (parent) state for emission of 
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alpha-particles; r o/h is the probability per unit time of 
alpha-particle emission (2.1) 

BE. "Level shift" of a decaying state; see Chapter VIII, 
Section 9 (Section 2) 

I1E Energy release (Q value) in the breakup (Z,A) - (Z l,A 1) 
+ (Z2,A 2) (Section 1) 

11/ A function related to the penetration factor; for its 
definition see Chapter VIII, Section 2 (2.3) 

~o = ~o(Z,A); energy of the alpha-particle emitted by the 
parent (compound) nucleus (Z,A) [= the Q value of 
the reaction (Z,A) = (Z -2, A -4) + al (1.1) 

K/(r) A function, of the dimension of a wave number, entering 
into the W. K. B. approximation to the penetration 
factor (2.14), (2.15) 

11 Parity of a nucleus (Section 2) 
IIc Parity of the compound (parent) nucleus (Section 2) 
IIx Parity of the residual (daughter) nucleus (Section 2) 
Po Effective radius of the alpha-particle for alpha-decay, 

assumed to be 1.2Xl0-13 cm (2.18), (2.19) 
Wo Frequency of /I attempts" of the alpha-particle to 

penetrate through the surface of the compound (parent) 
nucleus (2.1), (2.2) 



CHAPTER XII 

Interaction of Nuclei 

with Electromagnetic Radiation 

1. INTRODUCTION 

In the development of atomic physics the interaction of atoms with 
electromagnetic radiation has been of paramount importance for the 
understanding of atomic structure. In the case of nuclei, this inter
action has not been so important a tool, since, unlike the atomic case, 
the wavelengths of interest are so short that they cannot be measured 
by the usual optical devices. The rather indirect methods which must 
be employed make the energy determination quite inaccurate com
pared to spectroscopic standards, and the available resolution low. 
Furthermore in most cases the radiation process is only one of many 
competing processes (such as particle emission or sometimes even 
beta-decay) and its probability is correspondingly lower. 

For these reasons the study of gamma-rays from nuclei has remained 
on a rather rudimentary level. The theoretical analysis of the data 
has usually gone only as far as a general classification of the possible 
gamma-ray transitions, rough estimates of their lifetimes, and com
parison with the available experimental data. There is one distinct 
exception to this statement: the interaction of electromagnetic radia
tion with the nuclear two-body systems. There the relevant matrix 
elements can be calculated more accurately. 

Section 2 contains an introduction to the classification of the emitted 
radiation into multi pole types and a discussion of the selection rules for 
transitions of the various types. Section 3 contains the transition prob
abilities, the details of the derivations for both Sections 2 and 3 being 
relegated to Appendix B. These results are applied in Section 4 to 
the interaction of light with the nuclear two-body systems: the photo
disintegration of the deuteron, and its inverse process, the radiative 
capture of neutrons by protons. The information from these processes 
checks and supplements our knowledge of the neutron-proton forces 
from neutron-proton scattering and from the ground state of the 

583 
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deuteron. Section 5 is devoted to the non-radiative de-excitation of 
nuclei, the so-called internal conversion process. Sections 6 and 7 
contain an outline of the theory of isomeric states of nuclei, of radiative 
capture, and of the nuclear photoeffect. The division there is between 
transitions involving low-lying nuclear levels (less than a few Mev 
excitation energy) and transitions involving more highly excited 
states. 

2. MULTIPOLE RADIATION AND SELECTION RULES 

A. Multipole Radiation 
A complete description of the emission and absorption of light by a 

quantum-mechanical system such as the nucleus requires the quantum 
theory of radiation. However, considerable information can be 
obtained from a study of the classical radiation field emitted by a 
distribution of charges and currents which vary with time. We con
sider the case where the source of the radiation is confined to a volume 
of space small compared to the wavelength of the emitted light. This 
is true for most electromagnetic radiation which emerges from nuclei: 
even for a quantum energy hw = 10 Mev, the wavelength of the light is 
still of order l\ = >-/211-"'2 X 10-12 cm; most nuclear radiations are of 
lower energy than that. 

I t is extremely useful to classify the emitted radiation according to 
the angular momentum 1 which is carried by each quantum,l and 
according to its properties under reflection of the coordinates (under 
the parity operation). It is shown in Appendix B that the angular 
momentum 1 of the radiation is determined by the same type of quan
tum numbers l, m as the angular momentum of a particle; in particular: 
l.=m,111 2 =l(l+I). We shall see that the probability of a radiative 
transition decreases rapidly as l increases; hence in practice only the 
one or two lowest values of l consistent with conservation of angular 
momentum as a whole need to be considered. 

For each value of the angular momentum l of the light wave two 
different waves are possible, the "electric" and the "magnetic" 
radiation. The need for two types of radiation can be explained as 
follows: consider a spherical outgoing wave which is emitted by a 
current distribution near the origin. Since the Maxwell equation for 
the magnetic field :JC alone [obtained by eliminating E from the 
usual Maxwell equations; see (B,4.2a)] is unchanged by a change of 
sign of the coordinates, we conclude that we can divide :JC(r) into an 

1 The angular momentum is measured in units of A. 
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even part and an odd part, each of which is separately a solution of the 
Maxwell equation for lC : 

Even parity wave: 

Odd parity wave: 

lC( -r) 

lC( -r) 

+lC(r) 

-lC(r) 
(2.1) 

We shall now show that the parity of lc determines the parity of E. 
The Maxwell equation (in free space, for a periodically varying field) 
for E is 

-iwE = c curl lc (2.2) 

It is apparent from (2.2) that an even parity lC(r) leads to an odd 
parity E(r), and vice versa. The reason for the choice of lc rather 
than E to define the parity of the radiation will become apparent later 
on. 

The opposite parity of E and lc has the following consequence: 
consider the Poynting vector S: 

c 
S=-EXlC 

4", 
(2.3) 

This vector describes the flow of energy in the light wave. Since 
either E or lc (but not both) changes sign as r goes into -r, the direc
tion of S is reversed. In particular, for an outgoing wave, S points 
outward (in the direction of increasing Ir!), both at r and at -r. 

The expressions for the electric and magnetic fields in multi pole 
radiation are der.ived in Appendix B. We quote the results here. We 
write the field E(r,t) in the form l 

E(r,t) = E(r) e-iwt + E *(r) e+iwt (2.4) 

with a corresponding definition for lC(r,t). The restriction to fields 
which vary with time according to a definite frequency " = w/2", is 
convenient and does not lead to any loss of generality. We shall need 
the differential operator L and the vector spherical harmonics XZm(8,q,), 
defined by 

L = -irXV 
L Y zm (8,q,) 

Vl(l+l) 
(2.5) 

Here Y Zm is the usual (scalar) spherical harmonic defined in Appendix 
A; vector spherical harmonics are discussed in Appendix B. We 
shall use the symbol" for the wave number of the emitted light: 

1 This differs from the conventional formulation by a factor of 2. Definition 
(2.4) makes the transitions to the quantum-mechanical case easier. 
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CAl 211"11 ,,=- =- (2.6) 
C C 

We shall also use the functions u,(+>(r) which were defined in Chapter 
VIII (VIII,2.32, VIII,2.36, and VIII,2.41 for neutrons) and which 
represent outgoing waves. In terms of these quantities we now write 
the defining expressions for electric and magnetic multipole radiation of 
order l,m outside the source of the radiation. 

The electric multipole field of order l,m at the point r = r,8,cp is given 
by 

i [u,(+>(r) ] 
Eg(l,mjr) = - curl X,m (8,q,) 

" "r 

and the magnetic multipole field of order l,m is 

u (+>(r) 
EM(l,mjr) = I X,m (8,cp) 

"r 

i [Ul(+> (r) ] 
3CM (l,m;r) = - - curl X,m(O,q,) 

" "r 

(2.7) 

(2.8) 

The electric multipole fields have non-vanishing radial components 
of E, and the magnetic multi pole fields have non-vanishing radial 
components of 3C. The angular momentum carried by one quantum 
of multi pole radiation is hl, with z component hm. Electric and mag
netic multi pole radiation of order l,m carry the same angular momen
tum but differ through their parity. Using the definition (2.1) of 
the parity, we get 

Parity of electric multipole l,m = (-1)' 
(2.9) 

Parity of magnetic multipole l,m = - ( -I)' 

Thus the parity carried away by electric radiation of order l is the 
same as the parity carried away in emission of a particle with orbital 
angular momentum l. 

It is appar:mt from (2.5), (2.7), and (2.8) that the multi pole fields of 
order l=O '/anish identically. This is a consequence of the transverse 
(divergence-free) nature of a light wave in free space. 

The radiation fields (2.7) and (2.8) can be multiplied with arbitrary 
amplitudes. The normalization which we have chose.n here is con
venient for our purposes, and we consider (2.7) and (2.8) our funda-



2. Multipole Radiation and Selection Rules 587 

mental fields in the following sense. The electric and magnetic 
multi pole fields form a complete set; any arbitrary field E(r), 3C(r) 
which obeys the free-space Maxwell equations can be expanded in 
terms of multi poles : 

... 1 

E(r) = l l aB(l,m) E.(l,m;r) + aM(l,m) EM(l,m;r) 
1-1 m--I 

(2.10) 
... I 

3C(r) = l l a.(l,m) 3C.(l,m;r) + aM(l,m) 3CM(l,m;r) 
1-1 m--I 

The coefficients a.(l,m) and aM(l,m) determine the amplitude of 
the corresponding multi pole radiation and depend on the source of 
the radiation. The relation between the source of the radiation (the 
nucleus) and these amplitudes will be investigated in the following 
section. Meanwhile, however, we can use symmetry considerations to 
draw some general conclusions about the possible radiative transitions 
of a nucleus. 

B. Selection Rules 
We have stated before (and proved in Appendix B) that one quan

tum of multi pole radiation l,m carries with it an angular momentum 
l with z component m (both measured in units of h). If this quantum 
is emitted by a nucleus in going from the state 1/Ia to the state 1/Ib, the 
over-all angular momentum of the system must stay constant during 
the transition. Thus we must have 

(2.11 ) 

where the vector sum is to be understood in terms of the usual vector 
addition of angular momenta in quantum mechanics. That is, multi
pole radiation l,m can be emitted in a transition between two nuclear 
states 1/Ia and 1/Ib only if 

IJa -Jbl ~ l ~ Ja+Jb (2.12) 

(2.13) 

where J a and M a are the angular momentum and its z component in 
the nuclear state 1/Ia. 

Since there does not exist any multi pole radiation with l = 0, relation 
(2.12) implies that radiative transitions between two states with angular 
momentum J a = J b = 0 are absolutely forbidden. We shall discuss in 
Section 5 an alternative mechanism by which the nucleus can transfer 
its excitation energy to the outside. 



588 XII. Nuclei and Electromagnetic Radiation 

In addition to the angular momentum selection rules, (2.12) and 
(2.13), there are additional selection rules arising from the conserva
tion of parity. The transition probability Tab between the states 
!/Ia and !/Ib is proportional to the matrix element H' ab: 

(2.14) 

where j is the current operator and A is the vector potential of the 
emitted radiation. The vector potential A is proportional to the 
electric field E in a light wave of definite frequency. Hence A has 
the same parity as E. The current operator j has parity -1, since it is 
an ordinary (polar) vector and hence changes sign under a reflection 
of the coordinates. l The parity of (j·A) therefore is the opposite of 
the parity of Ej since E and 3C always have opposite parity in multipole 
radiation [see (2.1) to (2.3)], we conclude that (j·A) has the same parity 
as the magnetic field in the emitted wave. This was the reason for 
using 3C in the parity classification (2.1). 

The matrix element H' ab, and with it the transition probability Tab, 
vanishes unless 

ITa = ITb for" e'/en" parity radiation 

ITa = - ITb for" odd" parity radiation 
(2.15) 

where ITa and ITb are the parities of the initial and final states !/Ia and 
!/Ib, respectively. The parities of the various multi pole radiations are 
given in (2.9). For example, the emission of electric dipole radiation 
(l = 1) is connected with a change of parity of the nucleus, while the 
emission of magnetic dipole radiation is possible only if the parity does 
not change. 

In atoms the only selection rule of importance is the one for electric 
dipole emission, i.e., for the emission of the "electric" multipole wave 
with l=1. From (2.12), (2.13), and (2.15) we get the selection rules: 
fj,J =0, ± 1 (but no (}-+O transitions); fj,M =0, ± 1; and opposite parities 
for the initial and final states. These are indeed the selection rules in 
atomic radiation. 

We shall prove in the next section that the probability of multi pole 
emission decreases rapidly with increasing l. It is of interest, there
fore, to find the lowest possible value of l which is consistent with a 
transition from state !/Ia with angular momentum J a and parity ITa to 

1 More precisely: because the operator for j anti-commutes with the parity 
operator II: jII = -IIj. 
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state 1/Ib with angular momentum J b and parity ITb. Selection rules 
(2.12) and (2.15) give the results presented in Table 2.1. The need for 
special consideration of the transitions with J a = J b arises from the fact 
that there are no l=O multipoles. 

TABLE 2.1 
THE LOWEST ORDER lmia = L OF MULTIPOLE RADIATION IN A TRANSITION FROM 

J ,.,n,. TO J b,JIb 

Parity-favored 
n,.JIb = (- l)J .-Jo 

Parity-unfavored 
n,.JIb = (_l)J·-J,+1 

nIl = -lIb 

Electric Radiation 

L = IJ,.-Jbl + 1 
except J. or J b = 0 

(B)J,.=Jb~O 

Electric Radiation 

L = 2 
except J,. = Jb = 1 
L=1 

Magnetic Radiation 

L = IJ,.-Jbl + 1 
except J,. or Jb = 0 

Magnetic Radiation 

L=1 

L = 2 
except J,. = Jb = 1 

The probabilities of multi pole emission will be estimated in Section 
6. It turns out that, for the same value of l, emission of electric 
radiation is much more probable than emission of magnetic radiation. 
Hence the radiation in the parity-favored case is practically pure 
electric multipole radiation of order L= IJ a -Jbl. The magnetic 
radiation is weaker, both because it is magnetic and because it needs a 
higher multipole order. On the other hand, these two effects work 
against each other in parity-unfavored transitions. Hence we must 
make closer estimates of the transition probabilities in these transi
tions, and it may turn out that in some cases the electric and mag
netic radiations are of the same order of magnitude. In most cases, 
however, we expect predominantly magnetic radiation in parity
unfavored transitions. 

The Ja=Jb transitions form an exception to this rule. There the 
ITa = - ITb transitions are practically pure electric (dipole) radiation, 
whereas the IT,. = ITb transitions are in general expected to be practi
cally pure magnetic (dipole) radiation. 
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3. THE PROBABILITY OF MULTIPOLE EMISSION 
AND ABSORPTION 

A. The Source of the Field 
So far we have treated multipole radiation outside the region which 

produces that radiation, i.e., in free space. We now need the con
nection between the coefficients aE(l,m) and aM(l,m) in (2.10) and the 
properties of the source which produces this multipole radiation. 

Let us first consider as our source a classical system of currents 
which vary periodically with time: 

j(r,t) = j(r) e-i .. , + j*(r) e+i .. , (3.1) 

This distribution of currents is confined to a small region of space of 
linear dimensions d. The charge density associated with this current 
distribution is 

p(r,t) = p(r) e-iw' + p*(r) e+iw' 

and the continuity equation requires that 

iw p(r) = div j(r) 

(3.2) 

(3.3) 

The multi pole radiation produced by this system of charges and 
currents is derived in Appendix B. We merely quote the results here. 
The amplitude of the electric radiation of order l,m is given byl 

4r (l+I)1I2 '+2 
a.(l,m) = - (2l+I)!I -l- K Q'm (3.4) 

where Q'm, the "electric multipole moment of order l,m," is given 
by the following approximate expression for long wavelengths (Kd«I): 

Q'm = f r' Y 'm *(tJ,cp) p(r) dV (3.5) 

The integration in (3.5) extends over the entire volume occupied by 
the charge distribution p(r). 

It is also shown in Appendix B that the amplitude of the magnetic 
radiation of order l,m is given by2 

4r (l+I)1I2 1+2 
aJ(l,m) = + (2l+ I)!! -l- K M 'm (3.6) 

1 The "double factorial" used here is defined by 

(2l+1)11 !iii 1 X 3 X 5 X .. , X (2l+1) 

I The choice of opposite signs in (3.4) and (3.6) was made so that the multi pole 
moments Ql.Oand M 1.0 have physically reasonable signs [see (3.11) and (3.12»). 
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where M lm , the "magnetic multi pole moment of order l,m," is for 
long wavelengths given by 

M = - Irl Y *(fJ A.) div (rxj) dV 
1m 1m ,'1' c(l+ 1) (3.7) 

For later application to radiation emitted from nuclei, it is important 
to note that a periodic (in time) distribution of charges and currents is 
not the only possible source of radiation. In view of the intrinsic 
magnetic moments associated with the spins of the nucleons we must 
also consider the classical analogue of the radiation from this source, 
namely radiation emitted by a periodically varying density of mag
netization M(r,t): 

M(r,t) == M(r) e-i"" + M*(r) e+''''' (3.8) 

The radiation caused by such a distribution of magnetization is 
also derived in Appendix B. We quote the result: The electric multi
pole radiation is given by (3.4) provided that we replace Qlm by Q'lm: 

iK I . Q'lm = - l+ 1 rl Y lm *(fJ,q,) dlv (rX M) dV (3.9) 

The magnetic multi pole radiation is given by (3.6) provided that we 
replace M zm by M'zm: 

M'Zm = -I rl Y 1m *(fJ,q,) div M dV (3.10) 

The formulas become relatively simple for the special case of dipole 
emISSIOn. We consider first. the expressions for the electric and mag
netic dipole moments due to a system of currents j(r) and charges 
per). We shall consider the case where the radiation is emitted with 
m=O.! We then obtain from (3.5) the electric dipole moment 

( 3 )112 I 
Ql,O = 411' z per) dV (3.B) 

The corresponding magnetic dipole moment is given by (3.7). We can 
simplify the resulting expression through an integration by parts and 
obtain: 

( 3)1I2 1 f 
M 1,0 = 411' 2c (xi" - yjz) dV (3.12) 

1 This is actually the general case, since the other two values of m, m = ± 1, are 
related by a rotation of coordinates. 
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By comparing (3.11) and (3.12) we see that the magnetic dipole 
radiation is weaker than the electric dipole radiation; the current 
density j is of order Vp, where v is the speed of motion of the charges. 
Hence aM is smaller than aE by a factor of the order of the magnitude 
vic. Although we have derived this result only for the dipole radia
tion, it is true for all multipoles. For the same multi pole order l, 
the intensity of the magnetic radiation is smaller than the intensity of 
the electric radiation by a considerable factor, which will be estimated 
in Section 6. It should be emphasized, however, that these rough 
order-of-magnitude estimates can be modified considerahly in special 
cases by selection rules and other effects. 1 

I It is sometimes asserted that the ratio M l.o/Ql.O between the magnetic and 
the electric dipole moment is of the order of /Cd where d is a length of the order of 
magnitude of the dimensions of the radiating system. This seems to follow from 
this argument: The energy radiated per second is proportional to the square of the 
expression 

~ f (s·j) exp (ilC·r) dV 

where s is the polarization vector and IC is the wave vector of the emitted light and 
exp (i1C·r) is the retardation factor. When the latter is expanded in a power series 

exp (ilC'r) = 1 + i(IC'r) + ... 
the first term of this expansion gives rise to the electric dipole radiation, whereas 
the second term gives rise to both the magnetic dipole and the electric quadrupole 
radiation. Hence the intensities of the latter two are smaller than the intensity 
of the electric dipole radiation by a factor of the order of (Kd)2. This argument is 
wrong. The electric dipole term can be written 

~ f (s·j) dV = - iKe f (s·r) dV 

since the current j is the charge e times the time derivative of the displacement r. 
Thus the electric dipole term is of the order of eKd. The term i(lC·r) in the expan
sion of the exponential gives rise to the following integral (using the notation 
n = IC/K for the unit vector in the direction of propagation) 

3 

~ f (s·j) (lC·r) dV = iK (n Xs) • f r ~j dV + eK2 18,n1 f r,Tl dV 

;,1-1 

The first term on the right side is the magnetic dipole term, which is multiplied 
by " just like the electric dipole term (not by «2). Its order of magnitude is 
("d) (ev/c). The second expression is the electric quadrupole term. It is of the 
order of e("d) 2, 
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The dipole moments resulting from a distribution of magnetization 
M can be written in the following simple forms, which are obtained by 
integration by parts from (3.9) and (3.10): 

( 3 )!/2 f 
M'!,o = 411' M. dV 

B. The Energy Emitted per Second, and Its Angular Distribution 
The flow of energy in the multi pole radiation is determined by the 

Poynting vector S defined by (2.3). Far away from the source of the 
radiation, in the " wave zone," {; and 3C are perpendicular to each 
other and to the radial direction r, and they are equal in magnitude.! 
Hence in the wave zone we have 

lSi ~ ~ 8 2 ~ ~ X2 
-411' -411' 

(3.13) 

Let us draw a large sphere of radius R around the radiating system. 
At any point of the sphere, lSI gives the energy escaping per square 
centimeter per second. We get the energy emitted into the solid 
angle element dn around the direction e,q, by multiplication of lSI by 
the area R2 dn subtended by that solid angle at the surface of our 
sphere. We call this rate of emission of energy U(n) dn. 

The squares 8 2 and JC2 which appear in (3.13) are rapidly varying 
functions of time. We are interested in their average values. Using 
(2.4) we get 

(3.14) 

and a corresponding equation for the average of X 2 (r,t). 
The energy Ug(l,m;fl) dn in a pure electric multi pole radiation 

l,m with amplitude aE(l,m), emitted per second into the solid angle 
element dn, can be found from (2.7) (preferably the second of the two 
equations), (3.13), and (3.14). The result is 

(3.15) 

where the angular distribution function Zlm(8,q,) is defined by2 

1 These statements are only approximately correct, even in the wave zone. The 
lack of complete transversaiity of Sand 3C in the wave zone is essential for the 
discussion of the angular momentum carried by the wave. 

S This angular distribution applies to pure multipole radiation l,rn. If the 
source emits different multipole radiations with comparable intensities, the angular 
distribution of the emitted light contains interference terms between the different 
multi poles. 
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1 [m(m+1)] 2 1 [m(m-1)] 2 
= 2 1 - l(l+1) IY1,m+11 + 2 1 - l(l+l) IVI,m-11 

The energy UJI(l,m;O) dO emitted per second into the solid angle 
element dO by a magnetic multipole radiation is determined by (2.8) 
(preferably the first equation), (3.13), and (3.14). The result is 

(3.17) 

We see that the angular distribution oj the emitted energy is the same 
Jor electric and magnetic multipole radiation of the same l and m. Conse
quently measurements of the angular distribution of the emitted energy 
determine the multi pole order but not the parity of the radiation. 
On the other hand, the radiations are quite distinct if not merely the 
energy emitted is measured, but the fields themselves, i.e., if the polari
zation of the emitted radiation is measured. In the wave zone, the 
electric and magnetic radiations of the same land m have pOlariitions 
which differ everywhere by 90°. This can be seen by observing hat E 
and 3C are at right angles in the wave zone, and that we get the e ectric 
radiation from the magnetic radiation essentially by interch nging 
E and 3C. Hence a measurement of the angular distribution of the 
polarization allows us to determine the parity of the radiation in 
addition to the multi pole order. 

For the special case of dipole radiation with m=O the angular 
distribution ZI,o(8,c/» is 

(3.18) 

This function vanishes at the two poles of the sphere, 8=0 and 8=1(. 
This is the well-known result that a dipole does not radiate in the 
direction of its own axis. 

The total energy emitted per second is obtained by integrating 
(3.15) and (3.17) over the full solid angle. We need the integral 
(see Appendix B): 

f Zlm(8,c/» dO = fX'm *,X1m dO = 1 
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Using this result, we obtain for the energy emitted per second: 1 

Electric radiation: 

Magnetic radiation: 

C 2 
U K(l,m) = -2 laK(l,m) I 

211"K 
(3.19) 

(3.20) 

The relation between the amplitudes a and the sources of the field 
has been discussed in Section 3A. 

c. Transition to Quantum Mechanics: (1) Emission and Absorption 
The transition to quantum mechanics involves two distinct steps. 

First, light is emitted and absorbed, not continuously, but in quanta of 
energy hw. Second, the source (or absorber) of the radiation is a 
quantum-mechanical system rather than a classical distribution of 
currents and charges. We shall consider the first step here and reserve 
the second step for later. 

The probability of emission of a light quantum hw of given multi pole 
type per unit time is obtained from the rate of emission of energy, 
(3.19) and (3.20), by dividing by the quantum energy hw. We call 
this emission probability T E(l,m) and T M (l,m) for electric and magnetic 
multipole quanta, respectively. Combining the equations of Section 
3A with (3.19) and (3.20), we get for the electric radiation 

811"(l+1) K21+1 

TE(l,m) = l[(2l+1)!!]2 h IQlm + Q'lml 2 (3.21) 

and for the magnetic radiation 

811"(l+1) K21+1 

TM(l,m) = l[(2l+1)!!]2 T IMlm + .1!'lmI2 (3.22) 

We can make a rough order-of-magnitude estimate of the multi pole 
moments as follows. In the definition (3.5) of Q'm the spherical har
monic is of order unity, while the integral of p(r) alone over the charge 

1 In contrast to the calculation of the angular distribution of the emitted radia
tion, the interference terms between different multipole radiations drop out in the 
expression for the total energy U emitted per second. Hence U is given by 

.. I 

U = l l [UK(l,m) + UM(l,m») 
1-1 ma-I 

In practice one, or at most two, of the terms in this sum give most of the contribu
tion to U, as long as the dimensions of the source are small compared to the wave
length of the emitted radiation. 
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distribution is of the order of the total charge E. Hence we get the 
following order-of-magnitude estimate for Qlm: 

where d denotes the linear dimension of the source. If we substitute 
this into (3.21), we see that the emission probability of a multi pole 
quantum 1 is proportional to ("d) 21. For wavelengths of the light large 
compared to the dimensions of the source ("d« 1) the emission proba
bility of multipole quanta 1 is a rapidly decreasing function of l. 

So far we have considered only the emission of light, not its absorp
tion. The absorption can be considered the inverse process to the 
emission of light, and the two processes are related by the reciprocity 
law. 

Assume that the direction of the incident plane wave of light is the 
z direction. Then the z component of the orbital angular momentum 
of the light is zero; the unpolarized plane wave can be split into two 
circularly polarized components. One of these contains multi pole 
radiation with m = + 1; the other contains multi pole radiation with 
m = -1. The absence of multi pole radiation with m = 0 in this plane 
wave is a consequence of the transverse nature of light (m = 0 would 
correspond to a longitudinal wave). Since m = ± 1 are the only 
multi pole radiations contained in the beam, only these multi poles can 
be absorbed. 

We consider an incident beam of light which is not monochromatic 
but contains a whole range of frequencies. In particular, it covers the 
region of photon energies which can be absorbed by a nucleus in its 
ground state a going to some excited level b: 

(3.24) 

We denote the number of quanta per square centimeter per second 
with frequencies between wand w+dw by Sew) dw. Then it is shown, 
in Appendix B, that the probability of excitation of the nucleus to the 
state b by absorption of electric multipole radiation of order I from this 
light beam is 

411'3(1+ 1) (2l+ 1) ,,21-1 

AB(I) = S(Wab) 1[(2l+1)!!j2 -h- [IQI.l + Q'd 2 

+ IQI.-l + Q'I._112] (3.25) 

The probability of excitation by absorption of magnetic multi pole 
radiation is obtained from (3.25) by replacing Q and Q' by M and M', 
respectively. 
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So long as we do not take into account the radiation damping effects, we cannot 
obtain the expression for absorption of truly monochromatic radiation. Actually, 
the excited state has a width which is due to the fact that it can re-emit the radia
tion or emit other radiations. The crOBB section for absorption of a monochromatic 
light beam of frequency w is very large for w = Woo and approaches zero for fre
quencies outside the width of the excited level. The absorption probability 
(3.25) is related to an integral over this whole frequency width. While our method 
does not allow us to find the absorption cross section for monochromatic gamma
rays, this is not a serious difficulty because in practice the frequency spread of the 
beams used is large compared to the width of the nuclear levels involved. 

D. Transition to Quantum Mechanics: (2) The Matrix Elements 
So far the electric and magnetic multi pole moments Qlm and Mlm 

have been defined in terms of a classical distribution of currents and 
charges, and of magnetization. We now take into account the fact 
that the radiating system (the nucleus) actually must be described 
by quantum mechanics. 

We begin with a single particle of charge e and mass M, without 
intrinsic spin; this particle is assumed to move in some potential field. 
Let us consider the radiation emitted by this particle in going from 
state lPa to the (lower) state IPb. The probability of emission of a given 
multipole radiation is still given by (3.21) and (3.22), provided only 
that we replace j(r) and per) in the definitions of the multi pole moments, 
(3.5) and (3.7), by the quantum-mechanical analogues:! 

(3.26) 

p(a,b;r) = e IPb *(r) lPa(r) (3.27) 

Here p = -ihv is the operator for the linear momentum of the particle. 
We get the electric and magnetic multipole moments for the transition 
a--.b by replacing per) in (3.5) by (3.27), and j(r) in (3.7) by (3.26): 

Qlm(a,b) = e f r Y1m *(fJ,cp) IPb *(r) lPa(r) dr (3.28) 

M1m(a,b) = - l~l 2~C f rl Y1m*(fJ,cp) div [rxj(a,b;r)] dr (3.29) 

We can simplify (3.29) by an integration by parts which shows that 
the two terms in (3.26) give equal results. Using the operator L 

1 The symmetrization in j(a,b;r) is neceBBary so that (3.26) and (3.27) satisfy 
the continuity equation for a charge density and current density. For 'Po ='Pb the 
charge density p(a,a;r) is equal to the charge times the probability density 'Po *'Po. 
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defined in (2.5), we obtain 

M1m(a,b) = - l~1 ;;c f rl Y1m*(8,4» div ('Pb*L'Pa) dT (3.30) 

So far no account has been taken of the radiation due to the spin of 
the particle under consideration. If the particle possesses a spin of 
j-h, the wave functions 'Pa and 'Pb are functions of the spin coordinate 
(which can take only two values, +1 and -1) as well as of r. The 
integration over dT in (3.28) to (3.30) then implies also a sum over the 
two values of the spin coordinate. . 

In addition to this trivial change, the spin gives rise to a density of 
magnetization M(a,b;r) which can also lead to radiative transitions 
from state 'Pa to state 'Pb: 

M .)-~ { * I (a,b,r - 2Mc p. 'Pb d'Pa (3.31) 

Here p. is the magnetic moment of the particle expressed in Bohr 
magnetons (e.g., p.=2.78 for a proton) and d is the Pauli spin operator 
with components 0'"" 0'", and O'~. The brace in (3.31) denotes a sum 
over the two values of the spin coordinate only, without an integration 
over the space coordinate r. This magnetization (3.31) must be 
inserted into definitions (3.9) and (3.10) for the corresponding multi
pole moments. 

In general the magnetic multipole moments M'lm(a,b) due to the 
spin are of the same order of magnitude as the magnetic multipole 
moments M1m(a,b) due to the orbital motion (the current distribution). 
This can be seen by observing that both orbital momenta and spin 
momenta are of the order of magnitude of the Planck constant h, and 
that the magnetic moments for the spin and orbital motions are also of 
the same order of magnitude (namelyeh/2Mc). 

The generalization to systems containing many particles is obtained 
by a straightforward summation of the expressions for a single particle 
over all the particles in the system. In nuclei all the nucleons have 
the same mass M, but only the protons have a charge e. Let Pk be the 
momentum operator for the kth proton in the nucleus, and Lk be the 
corresponding orbital angular momentum operator (2.5). The wave 
functions 'Pa and 'Pb are now functions of the position and spin coordi
nates of all the particles in the nucleus, and the integration over dT 
implies integration over all the positions as well as sums over all the 
spin coordinates. The electric and magnetic multipole moments for 
nuclear transitions from state 'Pa to state 'Pb are 
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Z 

Qlm(a,b) = e 2: f rkl Y lm *(Ok,c/>k) <{Jh * <(Ja dr 
k=! 

Q'lm(a,b) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

The first two sums go over the protons only, the second two over all 
the nucleons in the nucleus. The spherical harmonics are evaluated 
for the position of each particle in turn. iJ.k is the intrinsic (spin) 
magnetic moment of the kth nucleon, measured in Bohr magnetons, 
and dk is the corresponding Pauli spin operator. Expressions (3.32) 
to (3.35) will also be referred to as the matrix elements of the various 
multi pole moments between levels a and b. 

In the special case of dipole radiation (l=l) with m=O, the matrix 
elements are 

z 

M l,o(a,b) = 2~C (:1I'Y/2 2: f <{Jb* Lkz <(Ja dr 
k=1 

A 

(3.36) 

(3.37) 

Q'l,o(a,b) = i 4K:c (4~) 112 L iJ.k f <{Jb· (rkX dk). <{Ja dr (3.38) 
k~1 

where Lkz and Uk. are the z components of the vectors Lk and dk, 
respectively. Relations (3.37) to (3.39) were obtained from (3.33) 
to (3.35) through integration by parts. 
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A few words of caution regarding these formulas are warranted. 
We have used the non-relativistic expression for the current density j 
and have assumed that all electromagnetic effects in a nucleus are 
created by the motions of the individual nucleons and by their intrinsic 
magnetic moments. Both assumptions are open to question. If 
there are exchange forces in nuclei associated with exchange of the 
nuclear charge between a proton and a neutron, this "exchange 
current" also gives rise to observable effects. It produces a mag
netic moment which is observed as an additional (exchange) magnetic 
moment in the ground states of nuclei, and which has matrix elements 
for the emission and absorption of light, thereby adding to the multi
pole moments. 1 The theory is in a very unsatisfactory state. We 
should be able to derive all the currents in nuclei from a general theory 
of nuclear behavior, rather than having to introduce them ad hoc as the 
situation demands. No such general theory is available at present, 
however. 

4:. RADIATIVE TRANSITIONS IN THE TWO-BODY PROBLEM 

A. Transitions Into and Out of the Continuum; Cross Sections 

Formulas (3.21) and (3.22) apply to the emission of light in the 
transition between two stable states of a nuclear system. In the case 
of unbound states, such as occur in the collision between a neutron 
and a proton, the transition probability depends on the flux of the 
incident wave, and it is more useful to speak about cross sections. The 
cross section is equal to the transition probability per unit time divided 
by the flux of the incident wave. 

We shall derive first the formula for the neutron-proton capture 
cross section, i.e., the cross section for the reaction: 

N+P=D+hw (4.1) 

If the incident neutron and proton did not interact, we could write 
the initial wave function If'a in the matrix elements, (3.32) to (3.35), in 
the form (in the center-of-gravity system) 

If'a = exp (£k·r) (4.2) 

However, this function is not a solution of the wave equation in the 
initial state. We can obtain a solution by adding the scattered wave 
to this; for large r this solution assumes the form 

1 An investigation by Sachs (51) suggests that these uncertainties are significant 
Cor magnetic multi pole radiation, but are unimportant for electric multipole 
radiation. 
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exp (ikr) 
'Pa = exp Uk·r) + f(8) ---=---'------'

r 
(for large r) (4.3) 

This is the wave function of the initial state, which we shall substitute 
into relations (3.32) to (3.35). The transition probability T(l,m) of a 
radiative transition with emission of a multipole quantum l,m is 
then given by (3.21) and (3.22) for electric and magnetic radiations, 
respecti vely. 

The flux of particles in the wave (4.3) is the density of the plane 
wave exp (ik·r), which is unity, multiplied by the relative velocity 
v = 2hk/ M (hk is the momentum and j-M is the reduced mass in the 
center-of-mass system). Hence we get the cross section for neutron
proton capture from the transition probability by dividing by the rela
tive velocity v. The result for electric muItipole capture is 

811"(l+ 1) K2l+l 

C1~ap(l,m) = l [(2l+ 1) !!]2 Tv jQlm + Q'lmj2 (4.4) 

The expression for magnetic muItipole capture is obtained by replacing 
Q and Q' by M and M', respectively. 

So far we have ignored the spins of the neutron and proton. Rela
tion (4.4) is applicable if the initial state is a pure state (e.g., the singlet 
spin state). If the incident beam is unpolarized, the cross section 
(4.4) must be multiplied by the statistical weight of the initial state, 
e.g., by t for capture from the singlet state. 

Expression (4.4) can also be applied to the capture process in other 
nuclei, i.e., to the reaction 

a+X=Y+hw (4.5) 

in which particle a is captured by nucleus X with emission of radiation. 
However, because of the importance of the formation of an inter
mediate, COI.lpound state in this reaction, it is more useful to employ 
other methods, which will be discussed in Section 7. 

We shall now derive the expression for the cross section of the inverse 
process, the photodisintegration of the deuteron: 

hw+D=N+P (4.6) 

In order to get the cross section for this process, we make use of the 
detailed balance theorem for inverse processes. l We recall that the 

I Since the coupling between matter and radiation is weak (e 2/hC« 1), the use of 
the perturbation theory and the detailed balance theorem is justified. It should 
be realized, however, that the theorem relates capture from the state 'Pa, (4.3), to 
the disintegration into the complex conjugate state 'Pa*. This complex conjugat.e 
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transition probability Tl--+2 from state 1 to another state 2 is given by 

Tl--+2 = 2; IH'121 2 P2 (4.7) 

where H'12 is the matrix element of the perturbing Hamiltonian respon
sible for the transition, and P2 is the number of final states per unit 
energy interval. 

A corresponding formula holds for the inverse transition 2-+ 1. 
Furthermore H'12 = (H'21)*' We therefore obtain the fundamental 
relation between the transition probabilities of inverse processes: 

(4.8) 
P2 PI 

As before, we shall normalize the incident wave to have unit density 
in space [see (4.3)] so that the cross sections will be obtained from the 
transition probabilities by division by the velocity v. Substitution 
into (4.8) yields 

(4.9) 
V2P2 VIPI 

In order to treat light quanta and nucleons at the same time we use 
the relativistic relations between energy, momentum, and speed. 
Our normalization corresponds to quantization in a "box" of unit 
volume. The number of final states per unit energy range with the 
particle moving in a direction within the solid angle element dn is 

peE) (2rh)-3 p2 ~~ dn (4.10) 

A simple calculation gives 

VP = (2rh)-3 p2 dn (4.11) 

When this is substituted into (4.9), we get the following relation 
between the two cross sections: 

(4.12) 

(time-reversed) state has the relative momentum -Ilk in the opposite direction 
to the relative momentum for the state 'P,.. It also has an incoming spherical wave 
rather than an outgoing spherical wave. The latter is understandable since the 
outgoing part of the plane wave must be normalized in the photodisintegration 
process, the ingoing part of the plane wave in the capture process. If we want the 
probability of photodisintegration with a given momentum of the emerging 
particles, we must relate it to the radiative capture of oppositely directed incoming 
particles. 
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In the case of photodisintegration and radiative capture, the 
momentum of the particles is PI = hk, and the momentum of the 
photons is P2=hw/c=hK. Hence we obtain 

Mdis(l,m) = (;Y Mcap(l,m) (4.13 ) 

The total disintegration cross section is the integral of dUdis over the 
full solid angle. It is related to the total capture cross section (4.4) by 

( 4.14) 

While (4.4) was written only for the total cross section, the angular 
distribution of the outgoing quanta is given by Zlm(8,cp), (3.16). 
According to (4.13) this same angular distribution then applies also 
to the outgoing particles in the disintegration process. 

These expressions could be used for photodisintegration of nuclei 
other than the deuteron, e.g., to find the cross section of a ('Y,n) or 
('Y,p) reaction. Again, however, the existence of an intermediate, 
compound state makes it more convenient to use other methods, which 
will be discussed in Section 7. 1 

Expression (4.14) ignores the spins. If the initial state is a mixture 
of spin states, the proper statistical weights must be used to correct 
the cross sections. Similarly, a correction must be made if the incident 
light beam in the photodisintegration process is unpolarized. 

B. Radiative Neutron-Proton Capture; Selection Rules 

The radiative capture process (4.1) is very improbable compared to 
elastic neutron-proton scattering at all but the lowest neutron energies. 

Of the various multipole radiations which can be emitted in (4.1), 
the dipoles are the most probable. The selection rules for dipole 
emission are !1J =0, ± 1 (but no ~o transitions), and a change of 
parity for electric dipole emission, but no change of parity for magnetic 
dipole emission. 

The final state of the nuclear system in (4.1) is the ground state of 
the deuteron, which has J = 1 and even parity. Hence we can get 
dipole emission from initial states (in the continuum) with J =0,1,2 
and odd parity for electric, even parity for magnetic dipoles. Capture 
from odd-parity states is very unlikely at low energies, since these 

1 In some exceptional cases, e.g., the photodisintegration of Beg, methods 
analogous to those used for the deuteron are more appropriate than methods based 
on the compound nucleus picture (Guth 43, 48a, 49; Mullin 49). 
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have to be at least l = 1 states (P states). At low energies the neutron 
and proton in a P state do not come close enough together to give rise 
to an appreciable capture process. Thus electric dipole capture is 
unimportant. 

On the other hand, magnetic dipole capture gives a measurable 
effect (Fermi 35). The initial state must have even parity and can 
therefore be either an 8 state or a D state. The capture from the 
D state is, of course, unimportant. Thus we are reduced to magnetic 
dipole capture from either the 18 or the 38 state. 

The 38--,>38 capture cross section vanishes for the following reason: 
the matrix element M 1,o(a,b), (3.37), is zero because LpI the orbital 
angular momentum of the proton, is half of L=Ln+LpI and the latter 
gives zero when the system is in an 8 state. The other matrix element, 
M'I,o, (3.39), vanishes because the spin operators leave the space part 
of the wave function unchanged, and I{)a is orthogonal to I{)b if both are 
38 states and differ vnly in energy. 

The only capture process of importance is therefore the 18--,>38 
capture. The matrix element M 1,o(a,b), (3.37), is again zero, for the 
same reason as before. On the other hand, the radiation associated 
with the flipping of the spins of the particles [i.e., the matrix element 
M'I,o, (3.39)] does not vanish. The orthogonality argument fails 
because the nuclear force in the singlet state is not the same as in the 
triplet state, hence the space wave functions are not orthogonal to 
each other. 

C. Radiative Neutron-Proton Capture; Computation of the Cross 
Section and Comparison with Experiment 

The operator which appears in the matrix element M'I,O, (3.39), can 
be written in the form 

p.NdN + p.pdp = t (P.N + p.p) (dN + dp) + t (P.N - p.p) (dN - dp) (4.15) 

The first term on the right side is proportional to the total spin 

S = t(dN + dp ) 

of the neutron-proton system. I ts value is zero when applied to a 
singlet state. We therefore need to consider only the second term. 
It is interesting to observe that the second term would vanish if the 
neutron and proton had equal magnetic moments. 

The final state I{)b in (3.39) is the ground state of the deuteron: 

(4 )-112 UOt(r) 
I{)b = 'JI" -- Xl,O ( 4.16) 

r 
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where UOt(r) is the radial wave function with asymptotic behavior ['Y == the inverse of the decay length (11,2.7)]: 

UOt(r) '" N e--yr 

and with normalization: 

(for large r) 

!o .. UOt 2(r) dr = 1 

The initial state 'fJa in (3.39) is a IS state in the continuum: 

u08 (r) 
'fJa = ~ xo 

( 4.17) 

( 4.18) 

(4.19) 

where k is the wave number of the relative motion of neutron and 
proton; u08 (r) is chosen so that it has the asymptotic behavior 

U0 8 (r) ::: sin (kr + 15 08) (for large r) (4.20) 

where 15 08 is the phase shift in the IS state. The choice, (4.19) and 
(4.20), of the initial function represents (except for an irrelevant 
phase factor) the S wave part of (4.3); we shall therefore get the correct 
cross section for the case in which the neutron and proton initially are 
known to be in the singlet spin state. 

The magnetic dipole matrix element (3.39) then is equal to 

I v~ ~ roo 
M 1,0 = 2 Mck (~N - ~p)}o u08(r) UOt(r) dr (4.21) 

Substitution into (4.4) (or, rather, its counterpart for magnetic radia 
tion) gives 

cr!p(l= 1, m=O) = 2; ~: (~cye2~'Y2y (~N - jlp)2 [2 (4.22) 

where I is the integral 

I = !O" uo.(r) UOt(r) dr (4.23) 

The capture with emission of an m=O quantum is only one of three 
possible magnetic dipole capture processes, the other two being 
emission of quanta with m = 1 and m = - 1. The emission of a quan
tum with m = + 1 leaves the deuteron in the state with m = -1, and 
vice versa. The cross sections are easily shown to be equal to (4.22). 
The angular distribution of the emitted radiation is given by the func
tions Zim defined in (3.16). If we observe all gamma-rays, irrespective 
of which final spin state the deuteron is left in, the angular distribution 
is uniform: 
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+1 L ZI,,,,(8,q,) = constant (4.24) 
... --1 

This uniform angular distribution of the emitted capture radiation 
could have been predicted on the basis of the theorems on angular 
distributions of reaction products, proved in Chapter X. The 
initial state here is a IS state, and we are summing over the spin 
directions in the final state. The angular distribution can therefore 
be no more complicated than (cos 8) 21 = (cos 8) 0 = 1, i.e., a uniform 
distribution. 

We still need to evaluate the integral (4.23). This requires knowl
edge of the wave functions of the deuteron in its ground state and of 
the neutron and proton in the IS state in the continuum. To a first 
approximation, we can neglect the range of the force. That assump
tion allows us to use the asymptotic forms (4.20) and (4.17) for all 
values of r. Substitution of (4.17) into (4.18) gives the following value 
for the normalization constant N in the zero range approximation: 

(zero range approximation) (4.25) 

Substitution of (4.17), (4.20), and (4.25) into the definition of I, 
(4.23), gives 

I = (2 ) 112 k cos 00. + 'Y sin 00. 
'Y k2 + 'Y2 (4.26) 

Since we are interested in the capture only near zero energy, we 
neglect k 2 compared to 'Y 2, and we use the relation k cot «5 0• = - (a.)-l, 

where a. is the neutron-proton scattering length in the singlet state 
(see Chapter II, Section 3). We also introduce the binding energy of 
the deuteron, B = h2'Y2 / M, and the neutron energy in the laboratory sys
tem, E N =2h2k 2/M. In order to get the observed capture cross section 
we multiply (4.22) by 3 (since there are 3 possible transitions which are 
equally likely), and by the probability (=-1-) of finding the neutron 
and proton in the singlet spin state in an unpolarized beam. The 
result for the capture cross section then is 

Ucap = 7r ~: (;cY !I~2 (~N - ~p)2 (1 _ 'Ya.) 2 (~~)112 
(zero range approximation) (4.27) 

The dependence on the energy of the incident neutrons is contained in 
the last factor, which exhibits the characteristic l/v law of a capture 
process. If we insert numbers into (4.27), the capture cross section 
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for thermal neutrons (EN =0.025 ev) turns out to be roughly 0.3XlO-24 

cm2, in good agreement with the experimental value. 
We remark that the factor (l-ya.)2 in (4.27) depends on the sign of 

the scattering length in the singlet state. The assumption of a real, 
rather than a virtual, singlet state (positive a.) would have led to a 
value for the cross section smaller by about a factor of 2, definitely 
in disagreement with the experimental value. At the time these 
experiments were performed (1935) the parahydrogen scattering 
experiment had not even been suggested. The measurement of the 
neutron capture cross section in hydrogenous materials provided the 
first proof that there is no bound singlet state of the neutron-proton 
system (Fermi 35). 

The zero range approximation (4.27) is subject to corrections for two 
reasons: (1) the range of the force is not zero, and (2) the expression 
(3.31) for the density of magnetization applies only to a single isolated 
particle, and there is no guarantee that the magnetization in the 
neutron-proton system is just the sum of (3.31) for the neutron and 
the proton separately. The range correction cannot be made exactly, 
but approximate expressions were derived by Bethe and Longmire 
(Bethe 50) and by Feshbach and Schwinger (Feshbach 51), in terms 
of the effective ranges TO. and TOt in the singlet and triplet states, 
respectively. The effective range TOt in the triplet state is known 
from the scattering data (see Chapter II, Section 3). Hence, if the 
range correction were the only correction to (4.27), we could derive a 
value of the singlet effective range TO. from the measured capture cross 
section. The value so derived is between 2 and 3XlO-13 cm, in very 
good agreement with the (somewhat less accurate) value from the 
scattering data; it is not in disagreement with the assumption of 
charge independence of the nuclear forces (which would require TO. for 
the neutron-proton system to be equal to ro;"'" 2.65XI0- 13 cm for the 
proton-proton system.) 1 

Unfortunately, there is little reason to believe that the correction 
for exchange magnetic moment effects is negligible. The initial and 
final states are the same, hence the exchange magnetic moment terms 
are coherent with the terms which we have calculated. A very rough 
estimate, based on the experimental value of the exchange magnetic 
moment in H3 and He3, leads us to believe that the effect may increase 
the cross section by up to 4 percent (Austern 50). 

1 There is a small correction caused by the fact that the Coulomb force changes 
the effective range slightly for the same nuclear force. Unlike the similar correc
tion in the scattering length, (see Chapter II, Section 4), this effect is quite insignifi
cant for the effective range (Chew 49, Bethe 49). 
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Finally, there is a correction for the effect of the tensor force in the 
ground state of the deuteron. The presence of the tensor force changes 
the analysis considerably in principle, but the final effect on the capture 
cross section is very small (Rarita 41, Hepner 42, Feshbach 51). The 
capture cross section is decreased by an amount proportional to the 
percentage of D state in the ground state of the deuteron. 

D. Photodisintegration of the Deuteron; Magnetic Dipole Effect 
Expression (4.22) gives the capture cross section if the initial state is 

known to be a singlet spin state and the final state is known to be one 
particular triplet spin state of the deuteron, namely m=O. We can 
therefore apply (4.14) directly without corrections for statistical 
weights of spin states. On the other hand, a correction must be made 
for the polarization state of the light. In the capture process, the 
magnetic dipole radiation l= 1, m=O emitted in a particular direction 
8 with respect to the incident neutron has a definite polarization (in 
general, elliptic). In the disintegration process the incident light 
from the 8 direction is unpolarized; the probability that the polariza
tion of the incident light is such as to allow magnetic dipole capture is 
t. Thus the observed disintegration cross section is only half of 
(4.14). With this correction we get 

1 211" e2 ( h )2 
U~ia(l= 1, m=O) = 2"3 (~N-~p)2 he Me (k 2+'Y2) k- 1 /2 (4.28) 

In general, the deuteron is not known to be in the particular spin 
state m = 0 but may just as well be in the spin state m = 1 or m = -1 
with equal probability. However, just as the capture probability 
turned out to be independent of m, so is the disintegration probability. 
The weighted average of the disintegration cross section over the three 
possible values of m of the initial deuteron is therefore also equal to 
(4.28) 

The integral I (4.23) has already been evaluated in the zero range 
approximation, the result being given in (4.26). Now we can no 
longer neglect k2 against 1'2. However, we can still use the relation 
k cot bOI = - (a.)-r, since the correction terms vanish in the zero 
range approximation. We then get 

MD 211" e2 ( h )2 2 k'Y (I-'Ya.)2 
Udi. ="3 he Me (~N-P.P) (k 2+'Y2) (1 + k 2a.2) 

(zero range approximation) (4.29) 

This cross section, corrected for finite range effects, is shown in Fig. 
4.1 as a function of the excess energy of the gamma-ray over the bind-
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ing energy of the deuteron (i.e., the energy which is given to the emerg
ing neutron-proton pair). Near the threshold the cross section is 
proportional to k, i.e., to the square root of the excess energy. (f 

reaches a maximum for k2"'a. -2, i.e., at an energy corresponding to 
the "virtual level" of the neutron-proton system iIi the singlet 
state. Thereafter it drops rapidly, first like k-I, later (for k2 > 'Y2) 

b 

1iw-B (Mev) 1iw-B (Mev) 

FIG. 4.1. Photodisintegration cross section of the deuteron. ED means electric 
dipole absorption, M D means magnetic dipole absorption. 

like k- 3• We observe (see 4.24) that the emerging neutron and proton 
have spherically symmetric angular distribution. This is to be 
expected for an S state to S state transition. 

E. Photo disintegration of ti'.e Deuteron; Electric Dipole Effect 

Of the two matrix elements which can contribute to the electric 
dipole absorption, the absorption caused by the convection current is 
much stronger than the absorption caused by the intrinsic spins.! We 

1 The contributions of Q and Q' to the photodisintegration cross section are 
coherent in general. However, the cross terms cancel out if we average over spin 
directions. Thus the contribution of Q' to the measured cross section is smaller 
than the contribution of Q by a factor of the order of (hw/ M c2) 2. Such a small 
contribution cannot be detected with present experimental techniques. 
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shall therefore restrict ourselves to the former effect. Since Ql,m 
contains no spin operators, the transitions are from the 3S ground state 
to triplet states in the continuum, and the selection rules for electric 
dipole transitions require these to be 3p states. 

Since the spins are not involved here, we can ignore the spin func
tions, Only one term of the sum (3.36) contributes, since there is 
only one proton. Its coordinate Zl is one-half of the neutron-proton 
separation coordinate z which appears in the wave functions. 

The function CPa in (3,36) is given by (4.3), while CPb is the wave 
function of the ground state of the deuteron, (4.16). The matrix 
element (3.36) connects the ground state (an S state) only to the 
p wave (l= 1) part of CPa. At low energies we can neglect the inter
action between the neutron and the proton in the P state, i.e" we can 
set the P wave part of f(O) in (4.3) equal to O. We then get (letting 
the direction of k be the z direction) 

Q ,3 f -ikz UO/(r) dV 
1,0 = -e ze --

811' r 
(4.30) 

The integration over the angles can be performed immediately, and 
it gives 

. va el OO 

Ql 0 = -2 - - uOI(r) ul/(r) r dr , 2 k 0 
(4.31) 

where ul/(r) is the radial function for the I = 1 (P wave) component of 
an undisturbed plane wave exp (ikz): 

sin (kr) 
uu(r) = kr - cos (kr) (4.32) 

It is easily shown that the electric dipole matrix elements Ql.l and 
Ql.-l vanish with our choice of the z direction. 

Since the transition with m = 0 is the only one which occurs, the angu
lar distribution of the outgoing particles is determined by Z 1:0(0,q,), 
(3.18), i.e., it is proportional to sin2 O. Here 0 is the angle between the 
directions of the incident neutron and the outgoing quantum in the 
capture process, and it is the angle between the directions of the inci
dent quantum and the outgoing neutron in the disintegration process, 

The electric dipole photodisintegration cross section can be obtained 
directly from (4.4), (4.14), and (4.31). The result is (including the 
correction factor t for unpolarized incident light) 

qgi~ = ~ e2 (k2+'Y2) k- 1 ( r" uO/(r) ult(r) r dr)2 (4,33) 
3 he Jo 
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In order to evaluate the integral we again use the zero range approxi
mation for the ground-state wave function. The integral can then be 
evaluated directly, and it gives 

r" 112 2k2 
Jo UOt(r) U1t(r) r dr = (21') (k 2+'Y2)2 

(zero range approximation) (4.34) 

Substitution of (4.34) into (4.33) gives the zero range approximation 
for the electric dipole disintegration cross section. Unlike the magnetic 
dipole disintegration, the range correction is very easily made here. 
First of all, we do not need to consider the range of the force in the 3p 
state, since we have neglected the effects of this force altogether (Le., 
we have set the 3p phase shift equal to zero). Second, the main con
tribution to the integral (4.34) comes from values of r outside the 
range of the nuclear forces. l Hence we get an excellent approxima
tion to the integral by continuing to use the asymptotic form (4.17) 
of UOt(r) for all r; the only correction occurs in the normalization con
stant N, which is no longer equal to (21') 112. 

We now show that the range correction to the normalization con
stant N involves the same effective range which we have already 
encountered in the analysis of neutron-proton scattering in Chapter 
II, Section 3. To prove this, we refer to (11,3.16) and (11,3.17) and 
use the ground-state wave function for Uo instead of the wave function 
appropriate to zero energy. Proceeding in an entirely analogous man
ner, we get an alternative formula for k cot OOt instead of (11,3.19): 

k cot OOt = -I' + t POt (k2+'Y2) 

where the length POt is given by 

POt = 2 !O" [exp (-2'Yr) - N-2 UOt 2(r)] dr 

(4.35) 

(4.36) 

Comparison of (4.35) with (11,3.19) shows that POt is identical with 
the effective range for scattering, rOt, (11,3.20), to the accuracy of the 
shape-independent approximation. The use of the normalization 
integral (4.18) enables us to solve (4.36) for N to get 

(4.37) 

1 This can be seen by expanding (4.32) for small r. The leading term is propor
tional to r2, and there is an extra factor r in the integral, making r3 in all. Hence 
the "inside" part of Uot{r) contributes very much lcss to the intcgral than the 
values of r outside the range of the force in the 38 state. 
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We now substitute the corrected value of the integral (4.34) into 
(4.33) to obtain the cross section for electric dipole photodisintegration 
of the deuteron: 

lID 811" e2 -2 ( k'Y )3 -1 
Udi. = 3 hc 'Y k2+'Y2 (1 - 'YrOt) (4.38) 

Near the threshold (k near zero) the cross section goes like k3, i.e., 
like (hw-B)3/2. The cross section reaches a maximum at k='Y, i.e., 
hw = 2B = 4.46 Mev. Thereafter it decreases again. On Fig. 4.1 
we have drawn in the electric dipole photodisintegration cross section 
as a function of the energy. 

The order of magnitude of the electric dipole cross section near its 
maximum can be understood simply. The factor 'Y-2 is proportional 
to the "geometric size" of the deuteron. The fine structure con
stant (e 2jhc) = Yt37 enters because this is a radiation process and this 
constant is a measure of the strength of the coupling between mat
ter and radiation. The other factors are of order unity near the 
maximum. 

It is interesting to compare the orders of magnitude of the electric 
dipole and magnetic dipole effects. At energies for which k 2»'Y2 (i.e., 
hw»B) the ratio of the two cross sections is constant, and, except for 
factors of order unity, it is given by 

Udis 2 MD ( h )2 B 
U~~ ,....., 'Y M c = M c2 

(4.39) 

This is of the order of magnitude of (vjC)2, where v is the relative 
velocity in the "outside" region, which makes the predominant 
contribution to the cross sections. This agrees with the order-of
magnitude estimate which we have made in Section 3 for the ratio of 
magnetic to electric radiation of the same multi pole order. On the 
other hand, the estimate (4.39) breaks down completely at energies 
just above threshold, where the magnetic dipole disintegration is the 
dominant effect. This is a consequence of the selection rules, which 
allow S state to S state transitions for magnetic dipole absorption but 
not for electric dipole absorption. This illustrates the limited validity 
of such order-of-magnitude estimates. 

The electric dipole and magnetic dipole effects can be distinguished 
experimentally by the different angular distribution of the disintegra
tion products. The experimental values of the ratio of the photo
magnetic to the photoelectric cross section (Myers 42, Graham 45, 
Lassen 48, Hamermesh 49, Woodward 49, Meiners 49, Bishop 51) 
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are in satisfactory agreement with theory, considering the errors in 
both the theory and the experiments. 

The total photodisintegration cross section is shown in Fig. 4.1 
as a function-of-energy. We have also drawn in on the figure some of 
the more recent experimental values (Wilson 49, Snell 49, Barnes 50). 
The agreement is again satisfactory. It should be pointed out that 
for energies hw > 4 Mev the total cross section is almost entirely due to 
the electric dipole effect. Hence the agreement in this region (especi
ally for the 6-Mev gamma-ray from 0 16) confirms the applicability 
of the concept of effective range to the analysis of photodisintegration 
measurements but does not give any new information about the neu
tron-proton force. A critical discussion of these and other data 
(Snell 50a, Bishop 50, Hough 50, Phillips 50a, Carver 51) is given by 
Salpeter (51) and Feshbach (51). 

F. Photo disintegration of the Deuteron; Energies above 10 Mev 
The approximations which we have made so far fail for photon 

energies above about 10 Mev. In the calculation of the dipole dis
integration probability the detailed behavior of the wave function 
inside the range of the force becomes important. Furthermore it is 
no longer possible to neglect the phase shift in the 3p state for the 
electric dipole disintegration (the magnetic dipole disintegration 
probability is negligible compared to the electric dipole effect at these 
energies). The phase shift in the 3p state depends critically on the 
exchange character of the neutron-proton force. For example, it is 
zero for a Serber force and has opposite sign for pure Wigner and pure 
Majorana forces. Finally, the transitions due to absorption of quad
rupole radiation are no longer completely negligible compared to the 
dipole-induced transitions. 

An even more serious difficulty comes from the neglect of charge 
exchange currents and relativistic effects in the computation of the 
radiative transition probabilities. Moller and Rosenfeld (Moller 43) 
and Sachs (51) have shown that the relevant correction terms are 
small for electric multi pole transitions. However, the argument 
does not apply to magnetic radiations. 

Several calculations have been carried out to find the photodisinte
gration cross sections above 10 Mev, under various assumptions about 
the neutron-proton force (Rarita 41a,b; Rose 47;·Marshall 49,50; 
Levinger 49,50; Schiff 50, 50a). As expected, the results are sensitive 
to the force law, and accurate experimental determinations of the dis
integration cross section in the 10 to 100 Mev range would give valu
able information about the neutron-proton force. The angular 
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distribution of the emitted particles is more sensitive to the details of 
the force than the total cross section (Rarita 41a,b). Unfortunately, 
the experimental material available is not sufficient to allow definite 
conclusions to be drawn. The total cross section has been measured 
at a gamma-ray energy of hw=17.6 Mev (Barnes 50). The value 
u = (8.5 ± 1.2) X 10-28 cm 2 is somewhat larger than from an extrapola
tion of (4.38) to this energy. However, the difference is not large 
enough to allow any definite conclusions. The angular distribution of 
the emitted particles has been measured by Fuller (49, 50) in the range 
4 < hw < 20 Mev, but again the accuracy is too low to allow any detailed 
interpretation. 
• 6. INTERNAL CONVERSION 

A. Conversion Coefficients 
A nucleus in an excited state can perform a transition to a lower 

state not only by emitting a light quantum, but also by transmitting 
energy directly to the electrons surrounding the nucleus. The transi
tion to a lower state is then connected with the ejection of an atomic 
electron from a bound orbit. The energy of the ejected electron is 
equal to the energy lost by the nucleus less the binding energy of the 
electron in the atom. This process is called "internal conversion." 
It is sometimes wrongly treated as an internal photoeffect by describ
ing it in the following way: a light quantum emitted by the nucleus is 
immediately absorbed by the electrons of the atom. Actually, how
ever, the transmission of energy from the nucleus to the electrons is a 
process which occurs independently of the emission of a light quantum. 

As Taylor and Mott (32, 33) have pointed out, the total transition 
probability T(a,b) from a nuclear state a to a nuclear state b is the 
sum of two terms: 

T(a,b) = T(a,b) + T(i) (a,b) (5.1) 

where T(a,b) is the radiation transition probability as given by (3.21) 
and (3.22), and T(i)(a,b) is the probability of internal conversion. The 
internal conversion coefficient a is defined by 

T(i)(a,b) == a T(a,b) (5.2) 

so that we get 
T(a,b) = (I+a) T(a,b) (5.3) 

The energy is transmitted from the nucleus to the electron by the 
electromagnetic interaction of the nucleus and the electron. The 
main contribution comes from the electrostatic Coulomb interaction. 
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We shall sketch the calculation of T(i)(a,b) by making a number of 
simplifying assumptions. 

(a) We consider only K conversion; that means transmission of 
energy to electrons in the K shell of the atom. 

(b) We restrict ourselves to the electrostatic interaction and use the 
non-relativistic wave equation for the electron. This is valid only 
for cases in which all the electron velocities involved are small com
pared to the velocity of light. 

(c) We use a plane wave approximation for the ejected electron. 
This is correct only if the energy of the ejected electron is large com
pared to its binding energy in the atom. Let 1/Ia and 1/Ib be the nuclear 
wave functions of the nuclear states a and b, which depend on the 
nucleon coordinates rl···rA ; we assume Ea>Eb• Furthermore let 
Va, Vb be the electronic wave functions in the K shell and in the con
tinuum after ejection, respectively: 

(a = ~) (5.4) 

"b = V- 1I2 exp (ik·R) (5.5) 

R is the position vector of the electron with respect to the nucleus, 
ao=h2/me2 is the Bohr radius of the hydrogen atom, k is the wave 
vector of the electron after ejection, and V is the volume of the "box" 
in which the system is included (this volume drops out in the final 
result). The transiti~n probability between the initial state 'Pa =1/Iava 
and the final state 'l'b = IfbVb is 

Transition probability = ~ lH'abj2 z(k) dO (5.6) 

Here H' ab is the matrix element of the interaction energy H' (which we 
shall assume to be described by the electrostatic interaction between 
the nucleus and the electron), and z(k) dO is the number of states of 
the ejected electron per unit energy range, for electron directions 
within the solid angle element dO. z(k) is given by 

mhk 
z(k) = V (2rh) 3 (5.6a) 

We are interested in the total transition probability T(i)(a,b) 
between the two nuclear states 1/Ia and 1/Ib due to internal conversion in 
the K shell. We must therefore integrate (5.6) over all directions of 
the ejected electron, and we must mUltiply by 2 because there are two 
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electrons in the K shell, each of which may be ejected by internal 
conversion: 

T(i)(a,b) = 22; z(k) f JH'abJ 2 dfl (5.7) 

We assume as interaction energy the electrostatic interaction 
between the protons in the nucleus and the electron: 

2:
z 2 

H'- e 
- IR-ril 

i=l 

The matrix element H' ab is then equal to 
Z 

H'ab = (ra3V)-1I22: f d3R f dTexp (-~K'R) I/Ib·IR~ril 
i= I 

(5.8) 

X exp ( - ~) I/Ia (5.9) 

where the first integration extends over the coordinates of the electron, 
the second integration over all the coordinates which occur in the 
nuclear wave functions. In order to evaluate this integral approxi
mately, we observe that the main contribution to the integration 
over the electron coordinate R comes from values of R == IRI larger 
than the nuclear coordinates Ti==JriJ. For Ti<R we can expand 
JR-riJ-1 as follows: 

(5.10) 

Here e and If> are the polar angles of the vector R, and 8i, t1>i are the 
polar angles of the vector rio Substitution of (5.10) into (5.9) gives 

.. 
H' ab = (ra3~) 112 L 

1=0 

I 

\' 411' 
~ 2l+1 Q'm(a,b) Jim (5.11) 

m=-I 

where Q'm(a,b) is the electric multi pole matrix element (3.32) and 
Jim is the integral 

Jim == f exp ( - ~) exp (-'/.K·R) R-(l+l) Y,m(e,lf» d 3R (5.12) 

According to assumption (c) above, we are interested in internal 
conversion well above the threshold for this process. We can there-
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fore assume that the wavelength X. = k- 1 of the outgoing electron is 
much smaller than the Bohr radius a of the K shell of the atom, i.e., 
ka»l. In that approximation we can set exp (-Ria) "" 1 and we 
can evaluate the integral directly by the use of the addition theorem 
for the spherical harmonics (see Appendix A, Section 2). Let 0, cp be 
the polar angles of the vector k with respect to some arbitrary z direc
tion in space. Then 1 

kl - 2 

Jim = 411'1.-1 (2l-1)!! Ylm(O,cp) (for ka»I) (5.13) 

Substitution of (5.13) into (5.11) gives the following approximate 
value for the matrix element H' ab of the electrostatic interaction: 

I 

\' i l kl- 2 

~ (21+1)!! Qlm(a,b) Ylm(O,cp) (5.14) 
m=-I 

We substitute (5.14) into (5.7). The integration is simplified by 
the orthogonality and normalization of the spherical harmonics. The 
result for the transition probability per unit time associated with the 
internal conversion process is 

I 

\' k 21- 3 

~ [(2l+ 1) !!j2 IQlm(a,bW (5.15) 
m= -I 

Because of the selection rules, only certain values of l actually occur 
in the sum (5.15). Furthermore, in practice only the lowest possible 
value of I gives an appreciable contribution. This lowest value is 
given in Table 2.1, in the column marked" electric radiation." 

In order to get a rough value for the internal conversion coefficient, 
we shall restrict ourselves to the parity-favored transitions which 
occur predominantly by emission of electric multi pole radiation of the 
same order L=lmin which contributes to (5.15). In that case we can 
compare (5.15) directly with the radiative transition probability 
(3.21), summed over all values of m (we neglect the contribution of 
Q'lm). The internal conversion coefficient 01, (5.2), is then given by 
(ao = Bohr radius of the hydrogen atom) 

l Z3 k 21- 3 

01 rv 16 1+1 ao4 K2Hl 
(5.16) 

Under our approximations it is consistent to neglect the binding 
energy of the electron in the K shell compared to hw. Thus we get 

I See the footnote on page 590 for the definition of the double factorial. 
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h2k 2 
-- = h", - BK~h", 
2m - (5.17) 

where B K is the atomic binding energy of an electron in the K shell. 
Substitution of (5.17) into (5.16) gives the final approximate value for 
the internal conversion coejficient aK(l) for K shell conversion in parity
favored transitions: 

( e2)-4 l (2mC2)-I+S/2 aK(l) ~Z3 - - -
- hc l+1 h", 

(5.18) 

This formula is a good approximation only in very special cases, 
namely for values of Ze 2/hc«1 (otherwise the electron wave functions 
must be treated relativistically) and for transition energies much larger 
than the binding energy of the K shell electrons: 

It is seen that the internal conversion increases strongly with Z 
and with l but decreases with increasing transition energy It",. Thus 
internal conversion is an important effect for nuclei of high atomic 
number in low-energy transitions of high multi pole order l. 

Our simple derivation would give no internal conversion for nuclear 
transitions which proceed predominantly by emission of magnetic 
multipole radiation. This is a result of our restriction to the electro
static interaction (5.8) between the electrons and the nucleus. If 
we also consider electromagnetic interactions, we obtain terms in 
(5.15) which involve the magnetic multipole moments Mlm as well 
as the electric multipole moments Qlm' 

Calculations which use less sweeping approximations than the 
derivation given in this section were performed by many authors 
(Dancoff 39a; Hebb 38, 40; Drell 49; Lowen 49). Exact calculations, 
using the relativistic wave functions for the electrons, have been per
formed by Hulme et al. (32, 36), Taylor (32, 33), Fisk (34, 34a), 
and recently by Rose et al. (49, 51), Griffith (49), and Reitz (50). 
Experimental verification of the exact calculations has been obtained 
by Waggoner (50) and Petch (50). On the other hand, the comparison 
of exact and approximate calculations for K shell conversion coef
ficients indicates that the approximate calculations do not yield 
results of adequate accuracy; experimental evidence (Goldhaber 51) 
indicates that the approximate calculations for internal conversion in 
shells other than the K shell also fail to give sufficiently accurate 
results. 
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FIG. 5.1. Internal conversion coefficients for an element with Z = 40. The lower 
scale applies to electric radiation, the upper one to magnetic radiation. The 
number I indicates the multipole order. The values are taken from the tables of 

Rose et al. (51). 

Figure 5.1 shows an example of these internal conversion coefficients 
for an element with Z = 40. In parity-favored transitions the radia
tion is practically pure electric multipole radiation of the order L 
listed in Table 2.1, and consequently the electric internal conversion 
coefficients are appropriate. These coefficients depend on the energy 
hw of the radiation, the lowest permissible multi pole order L, and the 
charge Z of the nucleus. They do not depend on the value of the 
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multipole moments QLm. In parity-unfavored transitions a closer 
estimate must be made of the ratio of magnetic to electric radiation. 
The estimates of the next section show that the radiation is predomi
nantly magnetic, of order L listed in Table 2.1. Consequently the 
magnetic conversion coefficients should be used for parity-unfavored 
transitions. It should be pointed out, however, that the prediction 
of predominantly magnetic radiation in parity-forbidden transitions 
is on a somewhat less firm basis than the prediction of predominantly 
electric radiation in parity-favored transitions. In exceptional cases 
the electric and magnetic radiation may be of the same order of magni
tude. The ratio of electric to magnetic radiation would then enter 
into the experimentally observed internal conversion coefficient. 
While such cases may occur, the estimates made in this chapter 
as well as the experimental evidence summarized in Section 6 lead 
one to believe that these exceptions should be very rare in low-energy 
transitions. 1 

Electrons can be ejected also from the L shell of the atom. This 
process is in general less probable than the K shell conversion, since 
the probability of finding L shell electrons close to the nucleus is much 
smaller than that of finding K shell electrons. The L shell conversion 
coefficients were calculated approximately by Hebb and Nelson (40), 
Sachs (40), Drell (49), Lowen (49), and Gellman (50). The ratio of 
K shell to L shell conversion (often referred to as the "K-to-L ratio") 
decreases with increasing multipole order lj for the same l the ratio is 
larger for magnetic radiation than for electric radiation. 

B. 0 -.0 Transitions 
A case of special interest arises in the transitions of the nucleus 

between two states both of which have spin I =0. As we have seen 
in Section 2, there are no multi poles of order l=O in the radiation field. 
Hence no radiative transition can take place. The transition 0-0 is 
strictly forbidden for electromagnetic radiation. However, a tran
sition is possible in which the K electrons take over the energy 
(Fowler 30, Yukawa 35). 

It seems at first that the matrix element (5.11) of internal conversion 
also vanishes, since it is proportional to Qlm. In this case, however, 

I In the literature one very often encounters the erroneous statement that the 
electric multi pole radiation of order l has approximately the same probability as 
the magnetic multipole radiation of order l-I. If this were true, the "mixed" 
transitions would be the rule rather than the exception. We have pointed out in a 
footnote on page 592 that the above statement is wrong. The more detailed 
estimates in Section 6 will give further examples of the difference in transition 
probability for these two types of transition. 
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we must also take into account the contribution to the matrix element 
of the region in which ri>R, which was not included in (5.11) when 
the expansion (5.10) was used. This is the region of configuration 
space for which the electron is within the nucleus. Its contribution is 
negligible in general, but it is most important in the case considered 
here. Since a transition of the O~O type does not produce any 
electromagnetic field outside the nucleus, the energy transfer must 
take place inside, i.e., for R < r i. In this region we must interchange 
r i and R on the right side of (5.10) . We need to consider only the 
term with l=O, which is the only one giving rise to a matrix element 
between two nuclear states with I =0. We then get 

z 

H'ab = . 3 e 112 "\' f dTl/lb·! y,.a r d3R exp (- ~) exp (-£k'R) 
(lra V) ~ ri} R<r; a 

i-I 

(5.19) 

Since the intergration over R extends over very small values of R 
only, we can replace the exponentials by unity: 

z 
H' 411' e "\' f . 2 

ab = 3 (lra3V) 112 ~ y,.b ri y,.a dr (5.20) 
i= I 

The sum in (5.20) is of the order of magnitude of the square of the 
nuclear radius l and will be denoted by R2. Substitution of (5.20) into 
(5.7) gives the transition probability per unit time for O~O transit£ons: 

TG-O(a,b) = 32 ~ Z3 ~ 2 ~ me 2 (2)2 ( E)l/2 2 
9 he ao2 me2 h 

(5.21) 

where ao=h2 jme2 is the Bohr radius of the hydrogen atom, and 
ll.E=Ea -Eb -B,,=h2k2 j2m is the energy of the emerging electron. 
For R2 of the order of (6X 1O-l3cm)2 we get 

(5.22) 

I A similar expression is estimated in Section 6 under the assumption of the 
validity of an independent-particle model. Formulas (6.7) and (6.780) would give 

R2 = 3R 2/5, where R is the radius of the nucleus. 
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More detailed estimates of the matrix element R2 on the basis of the 
experimental evidence have been made by Drell (50). The matrix 
element R2 is different from zero only if I/ta and I/tb have the same parity. 
Hence a (}--+O transition of this type cannot occur between states of 
different parity. Still, the lifetime of state I/ta would not be infinitely 
long. Other transfer processes can take place whose probabilities are 
extremely low and negligible in all other cases (emission of two quanta, 
internal conversion with simultaneous emission of a quantum; see 
Sachs 40a). 

C. Internal Pair Formation 
If the energy difference between the nuclear states lPa and IPb is 

larger than 2mc2, a new type of internal conversion can occur. The 
energy can be transmitted to electrons in the "negative-energy 
states" near the nucleus. These states occur in the relativistic 
wave equation of the electron. It is well known that Dirac's theory of 
the positron assumes that the states of negative kinetic energy are 
occupied by electrons. The lifting of one of these negative-energy 
electrons into a positive-energy state appears as the creation of an 
electron-positron pair. This process has been suggested by Oppen
heimer and Nedelsky (33) and calculations have been performed by 
various authors (Jaeger 35; Rose 35, 49a; Thomas 40; Yamaguchi 51). 

The probability of internal pair formation is larger than the proba
bility of ejection of a K shell electron if the available energy is appreci
ably larger than 2mc2• An important case of this type is the transition 
between the first excited state and the ground state of 0 16• Their 
energy difference is 6 Mev (Lauritsen 50), and no electromagnetic 
radiation was observed. Oppenheimer and Schwinger (39) suggested 
that this absence of radiation can be explained by the assumption that 
this is a 0--+0 transition. For this high energy the internal pair forma
tion process predominates. The electron-positron pairs were found 
experimentally by several authors (Streib 41, Kojima 43) and have been 
investigated very carefully by Lauritsen's group (Rasmussen 50, Chao 
50). Another case of internal pair formation has been observed in 
Na24 by Rae (49). 

Internal pair formation supplements ordinary internal conversion 
in that the pair formation rate is largest where the internal conversion 
rate is smallest, namely in the region of low atomic number Z and high 
transition energies. Horton (48) has suggested that measurement of 
the angular correlation between the emerging electron and positron 
would give rather specific information about the multi pole order and 
type of the transition. (See also Rose 49a.) 
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6. TRANSITIONS BETWEEN LOW-LYING STATES OF NUCLEI 

A. Theoretical Estimates 

The calculation of the radiative transition probability between two 
nuclear states a and b is practically impossible except in the case of 
the deuteron. For all other nuclei the wave functions describing the 
states are unknown. In spite of this, it is possible to some extent to 
predict the order of magnitude of the transition probabilities, since 
they depend very strongly on the multi pole order l of the transition. 

We restrict ourselves in this section to transitions between nuclear 
states near the ground state, with energy differences less than several 
Mev. The wavelength:\ = K- 1 of the light is 1.97 X 10- 11 cm for 1 Mev 
and is always large compared to nuclear dimensions. According to 
(3.32) the electric multipole moments are at most of the order ZeRz, 
where R is the radius of the nucleus. As indicated in Section 3, the 
magnetic multi pole moments are smaller than the corresponding elec
tric ones by a factor of the order of v / c. The transition probability 
corresponding to a multipole moment QZm or M Zm is given by (3.21) and 
(3.22), respectively. The product KZQZm in (3.21) is at most equal to 
Ze(KR)z, where KR is small compared to unity for the energies hw under 
consideration. We therefore expect the transition probabilities to 
decrease rapidly with increasing lmill =L, where L is as given in Table 
2.1. 

The ratio between the electric and magnetic multi pole moments can 
be estimated more closely from the structure of expressions (3.32) 
and (3.33). We use integration by parts to transform (3.33) into the 
following expression: 

7, 

MZm(a,b) = l~ll';C I f rk1 (LkY1m)*·('Pb*Pk'Pa) dr (6.1) 
k=1 

We estimate the integral as follows: the momentum operator Pk gives 
a result of the order of magnitude of Mv, where M is the mass of each 
nucleon and v is the speed of the nucleons inside the nucleus. Com
parison of (6.1) with (3.32) then shows that, except for factors of order 
unity, the ratio of M Zm to Qlm is approximately! 

M Zm v 
-- "'-
QZm c 

(6.2) 

I It should be realized, of course, that either Mlm or Qlm must vanish for given 
initial and final states, because of the parity selection rule. Relation (6.2) refers 
to different transitions under otherwise similar conditions. 
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We have estimated the kinetic energy per nucleon in Chapter VII, 
Section 2, to be of the order of 10 to 20 Mev. We get an estimate for 
(V/C)2 by comparing this kinetic energy with the rest energy Mc2 of 
the nucleons. Thus (V/C)2 is of the order 0.02 to 0.04. 

However, it is not altogether justified to use the full value of vic 
for the estimate (6.2). We are interested in transitions between two 
states a and b. Thus the "effective" speed v for the transition is 
more nearly the difference between the speeds in the initial and final 
states. We get an alternative and more useful estimate of the order 
of magnitude of the ratio of magnetic to electric multipole moments by 
replacing the operator "div" appearing in (3.33) by R-l, where R is of 
the order of magnitude of the nuclear radius. The operator L gives 
rise to a multiplication by a number of the order l, which roughly 
cancels the factor (l+I)-1 for order-of-magnitude estimates. We 
then get 

M 1m h 
-- "'--
Qlm McR 

(6.3) 

This ratio is, in principle, not different from the ratio vic which appears 
in (6.2). The linear dimension R of a quantum-mechanical system is 
connected with the velocities v by R"'h/ Mv, according to the uncer
tainty principle. 

Relation (6.3) lends itself to the following simple interpretation: the 
electric polarization density P in the nucleus is of the order of the 
electric moment eR divided by the volume R 3, P"'e/R2• The cor
responding magnetization density M is of the order of the magnetic 
moments eh/ M c divided by the nuclear volume, M"'(eh/ M c)R-3• 

The ratio of these two densities should be of the order of the ratio of 
the multi pole moments, and it is identical with (6.3). 

The magnetic multi pole moment M'lm contributed by the spins, 
(3.35), is comparable to the orbital magnetic multi pole moment since 
L/ (l+ I) is of the same order of magnitude as IJ.d. Actually the intrin
sic magnetic moments IJ. of the nucleons are somewhat larger than 
unity and therefore IJ.d is probably two to three times larger than 
L/(l+I). We shall therefore use the following estimate: 

(6.3a) 

The contribution of the spins to the electric matrix elements, 
Q'l"" is appreciably smaller than the contribution of the charge density 
(3.32). If we replace the operator "div" as before by R-t, and neglect 
factors of order unity, we get, from (3.34) and (3.32), 
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Q'Zm Kh hw 
-- ""-
QZm Ale Ale 2 

(6.4) 

For transition energies of a few Mev or less, this ratio is of the order 
of 10-3. We shall therefore neglect the matrix elements Q'lm in the 
rest of this chapter. 

We emphasize that estimates (6.3a) and (6.4) are only very rough 
indications of the order of magnitude of the matrix elements. In 
special cases selection rules and other effects can lead to results which 
differ considerably from these estimates (e.g., the photodisintegration 
of the deuteron near threshold; see Section 4). 

In order to obtain an estimate of the actual value of the multi pole 
moments we must adopt some kind of nuclear model. The simplest 
results can be drawn from the independent-particle model, and there 
are experimental indications (see Chapter XIV) that this model 
describes low-lying nuclear levels reasonably well. In the inde
pendent-particle model a state of the nucleus is described by the quan
tum numbers of the individual nucleons. The multi pole moments, 
(3.32) to (3.35), between two nuclear states a and b are different from 
zero only if the two states differ in the quantum numbers of only one 
nucleon. If a and b differed in the quantum numbers of two nucleons, 
all integrals would vanish for orthogonality reasons, since the operators 
in the integrals contain the coordinates of only one nucleon at a time. 

Let us now consider a transition in which one proton (say nucleon 
number 1) changes its state. We further assume that the orbital 
angular momentum of this proton is zero in the final state and is equal 
to l in the initial state. Then the electric multi pole radiation emitted 
is of order l. We further assume that the transition is parity favored, 
i.e., the intrinsic spin of the proton in the initial state is parallel to I. 
Then the two wave functions of the proton have the form 

Wa = ua(r) Ylm(8,q,) a 

Wb = ub(r) (4r)-112 a 
(6.5) 

where a is the spin function for a particle with spin up, and Ua, Ub are 
functions of r= Irl only. Substitution into (3.32) gives (remembering 
that only the first term of the sum over k contributes) 

(independent-particle model) (6.6) 
where 

(6.7) 
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We now proceed to estimate the order of magnitude of this radial 
integral. The simplest estimate is obtained by setting both ua(r) 
and 'Ub(r) equal to the same constant for values of r less than the nuclear 
radius R, and equal to zero for values of r greater than R. The con
stant is found from the normalization of the wave functions Wa and Wb 

and is (3/ R 3) 112. With this assumption we get the order-of-magni
tude estimate 

(6.7a) 

Evidently (6.7a) is a very rough estimate. The radial wave func
tions U a and Ub are not constant but oscillate in some manner for 
r<R and drop gradually to zero for r>R. We therefore can expect 
that the actual value of Jl is somewhat smaller than (6.7a). The esti
mate (6.7a) gives an idea of the order of magnitude which one can 
anticipate in most transitions between low-lying levels. Values of J 1 

smaller than (6.7a) by factors, say, up to 30 may well be expected. 
In some exceptional cases, in which the wave functions Ua and Ub over
lap very badly, the integral J 1 may even be several orders of magnitude 
smaller than (6.7a). However, Jl should not be very much larger 
than (6.7a) as long as the independent-particle model is valid. In 
view of the very rough nature of these estimates, the special assump
tion of l=O in the final state and of a parity-favored transition are not 
essential for the result. 

The estimate of the magnetic multi pole moments on the inde
pendent-particle model depends more on the details of the model. For 
example, if there were no spin-orbit coupling, the contribution M'lm 
of the intrinsic spins to the magnetic multi pole moment would vanish 
completely (an example can be found in Section 4B). However, there 
is good reason to assume the existence of a spin-orbit coupling in the 
independent-particle model (see Chapter XIV). Hence we can apply 
estimate (6.3a) for the ratio of magnetic to electric multi pole moments. 

If we substitute estimates (6.7a), (6.6), and (6.3a) for the multipole 
moments into the expressions (3.21) and (3.22) for the transition 
probabilities, we get the following expression for electric radiation of 
multipole order l,l 

1 It is possible to generalize expression (6.8) for cases in which the value of i in 
the final state is not zero. In the general case of an electric transition of multipole 
order i from an initial state with orbital angular momentum il and total angular 
momentum J 1 to a final state with orbital angular momentum i2 and total angular 
momentum J 2. (6.8) must be multiplied by a statistical factor. Under the assump
tion that the orbital and total angular momenta are caused by only one particle 
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2(l+1) (3)2 e2 21 
TE(l) '" l [(2l+1)!!]2 l+3 he (KR) w 

4.4 (l+1) (3 )2 ( hw )21+1 
= l [(2l+1) !!]2 l+3 197 Mev 

X (R in 10-13 cm)21 1021 sec- 1 (6.8) 

and, for magnetic radiation of multipole order l, 

20 (l+ 1) (3)2 e2 ( h)2 21 
TM(l) '" l [(2l+1)!!]2 l+3 he MeR (ill) w 

1.9 (l+l) (3)2( hw )21+1 
=l[(2l+1)!!]2 l+3 197 Mev 

X (R in 10-13 cm) 21-2 1021 sec- I (6.9) 

Equations (6.8) and (6.9) are only very rough estimates. The 
actual values are expected to be smaller than these estimates by 
factors perhaps up to 1000. Exceptional cases of transitions between 
two states whose wave functions overlap very badly cannot be excluded; 
in those cases the actual transition probabilities would be very 
much smaller than the predicted ones (by factors much larger than 
103). Still these estimates may be of some value for a first orientation 
since, for gamma-ray energies below 1 Mev, T E(l) as well as T M (l) 
changes by a factor of about 106 when l changes by one unit. Expres
sion (6.8) for the electric transition probability can be considered an 
upper limit as long as the independent-particle model is applicable. 

These estimates refer to the transition probability associated with 
emission of multipole radiation. To get the actual lifetimes we must 
correct for the transition probability associated with the internal con
version process, i.e., multiply by (1 +ex), where ex is the conversion 
coefficient. This correction is very important for hw in the 100-kev 
region and medium or heavy elements, especially for high multipole 
orders l (Axel 49). In many cases the internal conversion coefficient 
is known experimentally, so that the correction can be made without 
knowing the multipole order and parity of the transition. 

(this assumption is usually made in the nuclear shell model) the statistical factor 
IS: 

where the quantity V is related to the Clebsch-Gordan coefficients and is defined 
in Appendix A, equation (A,5.8), and W is a coefficient introduced by Racah 
(42a) [equation (36) page 444 of that paper]. This statistical factor reduces to 
unity for the case considered in the text (J 1 =ll +! =l+!; J 2 =!, l2 ~O). 



628 XII. Nuclei and Electromagnetic Radiation 

It can be seen that the magnetic radiation of multi pole order l is 
estimated to be about 100 times less probable than electric radiation of 
the same order. However, these radiations never compete in a given 
nuclear transition. A competition between electric and magnetic 
radiation may occur, in parity-unfavored transitions, between mag
netic radiation of order l and electric radiation of the next higher order 
l+ 1. Estimates (6.8) and (6.9) would predict a difference in the 
transition probabilities of these two radiations by a factor of about 104 

for light quanta of energy between 0.1 and 1 Mev. Hence these 
estimates predict almost pure magnetic radiation in the case of parity
unfavored transitions. This is in contrast to many statements in the 
literature that magnetic multi pole radiation of order l is about as 
probable as electric multi pole radiation of order l+ 1. 

Expression (6.6) is calculated for a special model, the independent
particle model, and it is questionable whether it can be used for an 
estimate of actual transition probabilities. It can be argued in favor 
of the validity of (6.6) that the multipole moment retains its order of 
magnitude if the actual states of the nucleus can be expressed as 
linear combinations of the states of the model, with coefficients which 
possess random phases. 

There are other special models, however, which give rise to quite 
different expressions for the multipole moments. For example, the 
transition probability coming from the radiation of the surface vibra
tions of a liquid drop with a uniform charge distribution gives rise to 
electric multipoles with lc.2. It was calculated by Lowen (4l)r 
Fierz (43) and Berthelot (44); they obtain 

Qlm(a,b) = 0 

Qlm(a,b) = C:J 112 l1l2 (A~wy/2 Ze R I - 1 

(for l = 0,1) 

(for l c. 2) 
(6.10) 

where AM is the total mass of the nucleus. There are characteristic 
differences between this expression and the one derived from the inde
pendent-particle picture: (1) the matrix element is proportional to Z 
as a result of the fact that all charges move here in a common motion; 
(2) Q contains the factor (hi AM w) 112 which is the matrix element of 
the amplitude of an oscillator vibration; hence the transition proba
bility is proportional to w21 instead of w2l+ 1 ; (3) the nuclear radius R 
occurs raised to the power l-I instead of l; finally, (4) the electric 
dipole moment (l = 1) vanishes altogether. These differences can be 
explained by the fact that the liquid drop model and the independent
particle model represent two extreme views of nuclear dynamics. In 
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the former model the motions of the nucleons are highly correlated; 
in the latter they are completely independent. 

Strong correlations between neutron and proton motions, no matter 
which special model is used, have an effect of great importance for the 
probability of dipole transitions between low-lying nuclear levels. We 
shall show that the assumption of appreciable correlations between 
neutron and proton motions depresses the values of the electric dipole 
moments Ql.", considerably below the (independent-particle model) 
estimate (6.6). In the liquid drop model, an example of extreme corre
lation, the dipole moments vanish completely. The reduction of the 
dipole moments can be understood by considering the radiation of a 
system of equally charged particles, say a nucleus consisting of protons 
only. In such a system the electric center is the same as the center of 
mass. For every charge moving to the right there is an equal one 
moving to the left, since the center of gravity stays at rest (we are 
neglecting, throughout this chapter, the nuclear recoil upon emission of 
a gamma-ray). Hence in such a system the dipole moment is always 
zero; this is true both of the expectation value in anyone state and of 
the matrix element between two different states of such a system. 

If it is assumed that adjacent parts of nuclear matter move together, 
similarly to the flow of a liquid, the radiative effects of the motion are 
similar to those of a motion of particles of equal charge, the "effective" 
charge on each particle being e' = (Z/ A)e. Such a system does not 
emit any electric dipole radiation. Hence, if models of this type are 
a valid first approximation to the motion in nuclei, we may expect 
electric dipole moments much smaller than (6.6) with l = 1. 

These considerations lead us to expect appreciably lower electric 
dipole moments than the estimate (6.6) would give. It must be 
emphasized that the arguments do not apply to higher electric multi
pole moments. Only in the special case l = 1 is there a relation between 
the operator which enters Q/", and the operator for the position of the 
center of gravity. Nor do these arguments apply to the magnetic 
multi pole moments; we can use (6.3a) together with (6.6) for all values 
of l, including l = 1. 

B. Experimental Material; Nuclear Isomers 
Many transitions have been observed between nuclear energy 

states which are accompanied by the emission of a light quantum or 
by an internally converted electron. Most of these radiative transi
tions follow a beta-decay in which the product nucleus is left in an 
excited state as indicated in Fig. 6.1. Excited nuclear states have also 
been produced by inelastic collisions, by nuclear reactions in which the 
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residual nucleus is left excited, and by electromagnetic excitation 
(absorption of gamma-rays). 

The measurement of the transition probability is difficult if the 
lifetime of the excited state is very short « 10-9 sec). However, 
because of the strong l dependence of the transition probability, 
we are led to expect long lifetimes if the difference between the angular 
momentum of the excited state and the angular momenta of all lower 
states is large enough. In fact, for radiations of multi pole order 
l=3 or higher our estimates, (6.8) and (6.9), give rise to lifetimes longer 
than 1 sec when the radiated energy is of the order of the energy 
differences between low-lying nuclear states (0.1 to 0.5 Mev). 

(3 c 

b 
(3 I, Energy levels of the 

product nucleus 

a 

FIG. 6.1. A beta-decay may lead dircctly to the ground state (a) of the product 
nucleus, or it may leave the product nucleus in an excited state (b). In the latter 

case the excited state emits a gamma-ray or an internal conversion electron. 

This is the basis of Weizsacker's theory of nuclear isomers. Long
lived excited nuclear states were found very early, and Weizsacker (36) 
proposed the theory that such a long-lived state could be the first 
excited state above the ground state, if its angular momentum I hap
pens to be quite different from the angular momentum 10 of the ground 
state. Under these conditions the radiation emitted must be of order 
l=II-Iolorl=II-Iol+1 (see Table 2.1). 

We may ask why no long-lived isomeric electronic states are observed in atoms 
under laboratory conditions. There are many atomic states which can lose their 
excitation only by emission of radiation of higher multipole order than the usual 
atomic radiations (electric dipole). However, under laboratory conditions the 
atoms are not isolated from each other but collide frequently with each other, 
the mean time between collisions depending on the pressure. An atom in one of 
these states can lose its excitation by non-radiative collisions with other atoms 
Thus the mean lifetime between collisions provides an upper limit for atomic life
times. Radiative transitions which by themselves would lead to longer lifetimes 
have to compete with the collision process and are correspondingly weak and hard 
to observe. These highly forbidden lines show up more strongly in the spectra of 
some stars and nebulae. The pressures there are much less than the best vacuum 
attainable on earth, and the mean time between collisions of atoms is correspond
ingly much longer. In the nuclear case the collisions between nuclei are com-
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pletely unimportant, since the nuclei are shielded from each other by their electron 
clouds and would in any case repel each other electrostatically if brought close 
together. The non-radiative de-excitation of nuclei is confined to the internal 
conversion process. 

Estimates (6.8) and (6.9) of the transition probabilities must be 
tested by a comparison with the experimental material. In order to 
perform this test it is necessary to know the transition probability as 
well as the multi pole type and order of each transition. The order and 
type of the multi pole radiation can be deduced in principle from 
measurements of the internal conversion coefficients in the different 
electronic shells; the absolute value of the conversion coefficient as well 
as the ratio of the K shell to the L shell conversion can be used for this 
determination. Unfortunately the exact theoretical calculation of the 
conversion coefficients has not yet been completed. At this time 
(1951) only the conversion coefficients of the K shell for energies 
above 150 kev (Rose 49,51) are calculated with the necessary accuracy. 
Hence this direct method of multi pole determination cannot yet be 
fully exploited. The multi pole type and order can be deduced also 
from the value of the spin and parity of the initial and final state of 
the nucleus. The spin value of the ground state is generally known, 
but the spin of excited states is measured only in very few cases. 
However, in many instances some conclusions can be drawn about the 
spin and parity of nuclear states by an analysis of beta-disintegrations 
or nuclear reactions which lead to the states in question. The study 
of angular correlations between successive radiations also yields some 
information. In general, with the methods available at present, the 
multi pole type and order are well established only for relatively few 
radiative transitions. 

We have collected in Table 6.1 a list of some representative cases for 
which the nature of the radiation seemed to be established.! The 
table contains the theoretical lifetimes of the initial states of the 
transitions, which are calculated from the radiative transition prob
abilities, (6.8) and (6.9). The theoretical lifetimes are compared with 
the experimental values. 

The electric transitions by and large show the expected behavior. 
The experimental lifetimes scatter considerably; they differ from the 
theoretical estimate (6.8) by factors up to 100. Perhaps it is significant 

1 The authors are grateful to M. Deutsch and M. Goldhaber for their extensive 
help and advice in the discussion of the theoretical estimates and in the collection 
of data for this table. We also are grateful to W. Frauenfelder and A. de Shalit for 
valuable help. A much more complete table of isomeric transitions has been com
piled by Goldhaber (51). 
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TABLE 6.1 
TEST OF THE LIFETIME ESTIMATES, (6.8) AND (6.9)1 

The first column lists the nucleus in which the gamma-ray transition occurs, 
the second column gives the energy of the gamma-ray, in Mev; the next four 
columns list the data used for the multipole determination: the K shell conversion 
coefficient ax, the ratio of K shell to L shell conversion, the spins J. of the initial 
state and J, of the final state of the nucleus. Column 7 lists the multipole type 
and order; the notation used is E3 for an electric transition of multipole order 
I = 3, M 4 for a magnetic transition of multipole order 1=4, etc. Columns 8 and 9 
give the theoretical and experimental values of the half-lives; 7 (-17) means 
7 X 10-17 sec; the theoretical values are computed from (6.8) and (6.9), with the 
correction for internal conversion made as far as possible by use of experimen
tally determined conversion coefficients; the nuclear radius was assumed to be 
R = 1.4A 1/3 X 10-13 cm; most of the numbers are rounded off to one significant 
digit. The last column gives the ratio of the theoretical to the experimental life
time in each case. For sources, see the footnote. 

Nucleus liw KjL Ji J, Type 
Lifetime (Theory) aK Theory Experiment Exp. 

A. Electric Transitions 

N I 3 2.:J8 .... . .... i,+ i,- El 7( -17) 1 ( -15) 0.07 

Cd l11 0.247 0.054 5.2 · . i E2 1( -8) 8(-8) O. 1 
OSl86 0.137 0.35 0.6 2 0 E2 5(-8) 8( -10) 65 

Hg l97 0.133 ---0.53 0.3 · . · . E2 3(-8) 7( -9) 5 
Hg l98 0.411 0.031 .... · . · . E2 4( -10) .$5(-11) ;2:8 

In 114 0.192 2 1 · . · . E4 3(4) 4(6) 0.008 

Pb 204 0.905 0.06 1.5 · . · . E5 3(3) 4(3) 0.8 

B. Magnetic Transitions 

Li7 0.478 .... . .... i,- 1,- Ml 2( -13) 8( -14) 3 

In l13 0.39 0.6 5.4 · . I M4 2(4) 6(3) 3 

In 116 0.338 ",1 5 · . I M4 6(4) 2(4) 3 

Xe131 0.163 ",20 2.34 · . I M4 2(6) 1 (7) 0.2 

BaliS 0.276 2.4 3.2 · . · . M4 1(5) 1(5) 1 

Ba137 0.663 0.097 4.8 · . · . M4 2(2) 2(2) 1 

1 The data for the multipole determination and the lifetime were taken mainly 
from the compilation of nuclear data by K. Way (50). In addition, the following 
references were employed: Ni3: Hornyak 50, Fowler 49, Thomas 50, 51a. The 
identification of the multi pole order is unique since the pair conversion has been 
measured for the mirror transition in Cu. The assignment! to the initial state 
comes from the measured proton width of this (compound) state. A detailed 
calculation of the theoretical lifetime which uses reasonable wave functions for the 
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that just among the electric quadrupole radiations one finds some 
transitions which are considerably faster than the theoretical estimate. 
This may be connected with the same deviation from the independent
particle model which is responsible for the large values of the static 
quadrupole moments of some nuclei. There is only one example of 
an electric dipole transition in Table 6.1, and this occurs in a light 
nucleus (N 13). The theoretical estimate of the lifetime seems to be in 
fair agreement with experiment; indeed, a more detailed calculation 
(Thomas 51a) gives agreement within a factor 2. Hence we do not 
observe here that the dipole moment is appreciably smaller than pre
dicted by the estimate (6.6). This is to be expected, however, since 
the proton in N 13 is bound only very weakly to the C 12 core, the upper 
one of the two states being energetically unstable against emission 
of protons. Thus the proton spends a considerable fraction of its time 
outside the C 12 core, and hence its motion is well approximated by 
that of a single particle in a potential well. The theoretical arguments 
for abnormally small electric dipole moments are presumably applica
ble only to heavier nuclei, but unfortunately no experimental material 
on electric dipole radiation is yet available for heavier nuclei. 

The magnetic multipole transitions agree fairly well with the esti
mate (6.9). In particular the magnetic transitions of multi pole order 
l = 4, which constitute the best-known group of isomers, show sur
prisingly little deviation from the estimated values. There is a very 
large group of isomeric transitions to which one can ascribe the multi
pole order M4 on the basis of the nuclear shell model (see Chapter 
XIV); this identification is not so certain as the direct verification by 
the measurement of the conversion coefficients. Therefore these 
transitions are not listed in Table 6.1. The lifetimes of all these 
isomers agree very well with the estimate (6.9) (Hill 51, Goldhaber 51, 
Moszkowski 51). 

The transition in Li7 illustrates the remarks made earlier about 
parity-unfavored transitions. As far as selection rules are concerned, 
Li7 can emit both magnetic dipole and electric quadrupole radiation. 
However, the theoretical estimates for the transition probabilities 

proton in the initial and final states gives much better agreement between the 
theoretical and experimental values than (6.8). Cd 11l : Roberts 51, McGinnis 51, 
and a private communication from M. Goldhaber. OSI86: Metzger 51, McGowan 
50,51. Hg197: Frauenfelder 50, Huber 51. Hg 198: R. E. Bell, private communica
tion. LF: Hornyak 50, Elliot 48, 49, Rose 50, Littauer 50 j the assignment of equal 
parities to the two states is required by the K-capture branching ratio of Be7• 

In 114: Steffen 51. In ll&: Bell 49 j the beta-decay data give some information about 
the spin of the initial state. Ba 137: Waggoner 50a. 
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show that the transition proceeds predominantly by emission of 
magnetic dipole radiation, the electric quadrupole radiation contribut
ing less than 0.01 percent of all decays. This is quite typical of parity
unfavored transitions. There are many examples of the predominance 
of magnetic radiation (e.g., Hill 51), and so far no exception has been 
found. It seems therefore reasonable to assume that most of the 
radiative transitions between low-lying nuclear levels proceed by emission 
of pure multipole radiation of the lowest multipole order l permitted by 
the selection rules, the radiation being electric or magnetic depending on 
the parity change in the nuclear transition. 

The values in Table 6.1 as well as other experimental material indicate that 
magnetic transitions are somewhat faster than our estimate (6.9), whereas electric 
transitions tend to go somewhat slower than (6.8) with the exception of some E2 
transitions. Hence, for the same transition energy "III, the lifetimes of electric 
and magnetic transitions of the same multipole order l are fairly close together 
(within a factor of 100) compared to the lifetimes of transitions of different multi
pole orders l' ~l. Thus there is a rough empirical clustering of isomers into groups, 
each group corresponding to a definite multi pole order (Goldhaber 51). This 
grouping was first demonstrated empirically by Axel and Dancoff (49); however, 
these authors suggested a different theoretical interpretation of the groups. 
Although the grouping is only very approximate, it is nevertheless useful for a 
quick orientation and in some cases allows prediction of properties of new isomers. 

It is worth while to remark that the liquid drop model estimate 
(6.10) would lead to much poorer agreement with the experimental 
lifetimes. 

Except for a few regions in the periodic table, low-lying long-lived 
(isomeric) states are the exception and not the rule. In general, the 
first excited state of a nucleus does not differ from the ground state in 
spin and parity sufficiently to lead to observable isomerism. Thus 
any analysis based mostly ot!. isomeric data contains a bias toward long
lived states. There are unfortunately very few reliable data for short
lived transitions. In a few cases, among the very heavy elements, we 
find excited states which are able to emit alpha-particles as well as 
gamma-rays. In this case the radiative transition probability can be 
inferred from the branching ratio between alpha-decay and gamma
ray emission, together with the theoretical estimate of the alpha-decay 
lifetime given in Chapter XI. Bethe (37) analyzed some gamma
emissions in ThC' and RaC' to get radiative transition probabilities of 
the order of 1012 sec- 1 for energies hw in the neighborhood of 1 Mev. 
According to the estimates given here, these are presumably magnetic 
dipole or electric quadrupole transitions. 

So far there is relatively little evidence for electric dipole transitions 
between low-lying nuclear levels. Some are known in light nuclei 
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(N 13 is probably the best example), and several such lines have been 
observed in Tc96 (Medicus 50). Also, according to M. Goldhaber,l 
application of Bethe's method to more highly excited states in alpha
decaying nuclei gives gamma-decay transition probabilities of the 
order of 10 14 sec-I, which may be electric dipole radiation. It should 
be pointed out, however, that this apparent scarcity of electric dipole 
transitions is probably spurious. They usually have expected lifetimes 
which are too short for present measuring techniques; the internal 
conversion coefficients are also rather low, and accurate measurement 
of these coefficients has become possible only recently. We may 
therefore expect to find more examples of electric dipole radiation as 
experimental work continues. We recall that the theoretical con
siderations of Section 6A indicate abnormally long lifetimes [compared 
to the estimate (6.8)] for these transitions. They do not indicate that 
electric dipole transitions should be entirely absent, merely that they 
should have a lengthened lifetime. 

The nuclear shell model (see Chapter XIV) furnishes an argument 
for the complete absence of dipole transitions between low-lying nuclear 
states (Mayer 50). According to this model any two low-lying states 
have the same parity if their J differ by one unit only. If this is so, 
the parity rule would exclude any electric dipole transition among these 
states. 

C. Directional Correlations between Successively Emitted Gamma
Rays 

It is interesting to study the correlation between the directions of two 
gamma-rays which are emitted in two 
successive transitions, a-tb, b-tc. We 
illustrate the existence of such correla
tions with a simple example. Let us 
assume the following spins of the three 
states a, b, c, (Ea>Eb>Ec): Ia=Ic=O, 
h = 1. Then two successive dipole 
transitions take place, as indicated in 
Fig. 6.2. In the transition a-tb, the 
three possibilities ~m=+l, 0, -1 are 
equally probable. But a transition 

j a, 10 = 0, even parity 

't,ED 

J: b, 16 = I, odd parity 

't,ED 

c, 1< = 0, even parity 

FIG. 6.2. Two successive transi-
a-tb with ~m = 0 must be followed by a tions in the same nucleus lead to 
transi tion ~m = 0, in b-tc; ~m = ± 1 is an angular correlation between 
followed by ~m = =+= 1. the directions of emission of the 

The directional distribution in each two gamma-rays. 

I Private communication. 
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of these transitions is given by (3.16). We find that, for electric dipole 
transitions, the intensity in the direction 8, cp is 

U(8,cp) dn = C (1 - cos2 8) dn 
C 

U(8,cp) dn = "2 (1 + cos2 8) dn 

(for.1m = 0) 

(for.1m = ± 1) 
(6.11) 

Here C is a constant independent of the angles. It follows from (6.11) 
that the first quantum is equally distributed over all directions since 
the sum over the three possibilites gives a constant. 

The choice of our z direction is quite arbitrary. It determines a 
polar coordinate system, and it also defines the substates m = 1,0,-1 
of state b. Without any loss of generality we may choose the z 
direction parallel to the direction of the first light quantum. Then 
the first transition cannot lead to state b with magnetic quantum 
number m=O since a dipole emission with .1m=O does not give rise to 
any radjation in the z direction [see equation (3.18)]. The first transi
tion a---+b is therefore of type .1m = + 1 or .1m = -1. The second 
transition he must then be of type .1m = -lor .1m = + 1, respec
tively. Either of these gives rise to the second directional distribution 
in (6.11). Hence we find that the direction of the second quantum is 
not arbitrary but is distributed statistically according to the law l 

3 2 
W(8l2) dn = 1611' (1 + cos 8l2) dn (6.12) 

Here W(8l2) dn is the probabili'ty that the direction of the second 
quantum lies within the solid angle element dn at an angle 812 with 
respect to the first quantum (our z axis). According to (6.12) it is 
twice as probable that the two light quanta are emitted in the same 
direction than that they are emitted at right angles to each other; 
emissions in the same direction and in opposite directions are equally 
probable. 

The case treated here is a special example of two successive gamma
ray transitions. In general, the angular correlation depends on the 
multi pole order of the two emitted quanta and also on the spin values 
I of the three states. The investigation of such angular correlations 
as a tool in nuclear spectroscopy was suggested by Dunworth (40) and 
Hamilton (40). The expected correlations as well as experimental 
measurements can be found in the papers of Hamilton (40), Goertzel 
(46), Brady and Deutsch (50), Falkoff (50), and Walter (50). 

1 The constant 3/16.r serves to normalize the total emission probability of the 
second quantum: fW(II12) dO = 1. 
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In our simple derivation we have assumed that the intermediate 
state b of the nucleus has a lifetime short enough so that it is not dis
turbed by outside influences between the time it is formed and the time 
it emits the second gamma-ray. This may not be true of states which 
emit multi pole radiation of higher-order l. In that case the angular 
correlation is in general weaker than the one computed from this 
simple theory (Alder 51) and may also be changed by outside influences 
(e.g., by the application of an external magnetic field). 

We have not made use in the derivation of (6.12) of the type (elec
tric or magnetic) of the assumed dipole radiations. It was pointed 
out in Section 3B that the angular distribution of the emitted quanta is 
independent of the parity of the radiation. Hence angular correlation 
measurements by themselves give information about the angular 
momenta involved, but not about the parities. Information about 
the parities may be obtained, however, by observing the polarization 
of at least one of the two gamma-rays (Falkoff 48, Hamilton 48). 
Such experiments have been performed by Metzger and Deutsch 
(Metzger 50), with results which are in good agreement with theoretical 
expectations and with other measurements (see Brady 50). 

An additional complication would occur in the case of parity
unfavored transitions in which electric (l+ 1) and magnetic (l) radia
tions are of comparable intensity (Ling 48, Zinnes 50). However, our 
order-of-magnitude estimates, (6.8) and (6.9), imply that parity
unfavored transitions of energy hw less than a few Mev are pre
dominantly of pure magnetic type, with only a very small (less than 
1 percent) aqmixture of electric radiation of order l+ 1. "Mixed" 
transitions are probably much less frequent than has been supposed in 
the literature. 

The theorems about angular distributions of reaction products in 
nuclear reactions (see Chapter X) have been extended by Yang 
( 48) to apply to the case discussed here. We shall not go through 
Yang's proof here, since it is entirely analogous to the proof for nuclear 
reactions in Chapter X, Section 3. The results are: 

(1) The angular correlation between two successive gamma-rays 
is an even polynomial in cos 812. 

(2) The highest power in this polynomial is smaller than or equal to 
211 and also smaller than or equal to 2l2, where ll,l2 are the multi pole 
orders (angular momenta) of the two gamma-rays. 

(3) The highest power in this polynomial is also smaller than or 
equal to 2h, where h is the angular momentum of the intermediate 
nuclear state. 

If the gamma-emitting state is produced by emission of a particle 
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from another (compound) nucleus, we may expect an angular correla
tion between the direction of this particle and the direction of the 
gamma-ray. We discuss a simple example: let us assume that the 
initial state of the compound nucleus has spin la=O and that the spin 
of the residual nucleus in the excited state b is 1 b = I, whereas its ground 
state c has spin Ic=O. We also assume that the particle has no 
intrinsic spin (e.g., that it is an alpha-particle). The spin relations 
are the same as in the previous example of the double gamma-ray 
emission. Again we have three alternative decay schemes, via the 
substates of b: m = 1,0, -1. If the particle emission leads to substate 
m, the particle must have been emitted with a wave function 

in order to fulfill the law of conservation of angular momentum (the 
angular momentum was zero originally, and therefore the sum of the z 
components of the angular momentum of the residual nucleus in 
state b and of the emitted particle must vanish). The angular dis
tribution of the particle is given by I Y 1._mI2 : 

Ua(fJ,cp) = C cos2 0 

Ua(O,cp) = j-C Si1l2 0 

(for.:1m = 0) 

(for.:1m = ±I) 
(6.13) 

This is different from the angular distribution of a light quantum 
emitted in the corresponding transitions. Hence we also get a differ
ent angular correlation between the particle and the following quan
tum. We again choose the z axis parallel to the direction of the 
particle. Then the only particle emission which can take place is 
the one with .:1m=O, since Y 1,± 1(0=0) = 0. Hence according to 
(6.11) the angular distribution of the gamma-quantum is C(I-cos20). 
We get, in contrast to (6.12), 

(6.14) 

where 012 is the angle between the emitted particle and the gamma
quantum. 

The simple discussion here applies to the case where the emitted 
particle has no intrinsic spin, hence in particular to the angular cor
relation in the case of alpha-particle emission leading to an excited 
state of the residual nucleus. Such angular correlations have been 
observed in nuclear reactions (Arnold 50, Rose 50). Measurements of 
this sort are very valuable for the study of nuclear spectroscopy. 
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The general theorems of Yang also apply to this case, provided that 
we understand by it the orbital angular momentum of the emitted 
particle. Similar relations can also be derived for angular correla
tions between beta-rays and subsequent gamma-rays (Falkoff 50a) 
and between internal conversion electrons and subsequent (or previous) 
gamma-rays (Ling 48a; Berestetski 48; Gardner 49a, 51; Fierz 49; 
Lloyd 50,51, 51a, 51b, 51c; Falkoff 51; Eisenbud 51; Spiers 50). 

~ 7. TRANSITIONS INVOLVING mGHLY EXCITED STATES 

A. General Considerations 
Radiative transitions to or from highly excited states play an impor

tant role in two phenomena: the radiative capture of neutrons and the 
nuclear photoeffect. In the first case the neutron enters the target 
nucleus and forms a compound nucleus in an excited state whose 
excitation energy EisE=E+Sn , where 
E is the kinetic energy of the neutron 1 

and Sn the separation energy of the 
neutron from the compound nucleus. 
Radiative transitions take place from 
this state to lower ones until the 
ground state is reached. Experimen-
tal evidence in medium and heavy 
nuclei has shown that about two or 
three quanta are emitted in succession 
when slow neutrons are captured 
(Muehlhause 50, Kinsey 50). 

In the nuclear photoeffect, nuclei 
are exposed to gamma-rays whose 
energy hw is higher than the separation 
energy of a constituent (neutron or 
proton) A light quantum is ab
sorbed, and the excited state decays 
by the emission of a particle. The 
nuclear photoeffect is a nuclear reac
tiop. initiated by a light quantum. 
Radiative transitions occur between 

neut1~in ~----
_1.. _______ ----8" 

FIG. 7.1. Schematic picture of 
radiative capture of a neutron. 
The energy of excitation is released 
by emission of 2 to 3 gamma-rays 

in succession. 

the ground state and an excited state whose excitation energy is higher 
tha.n the separation energy Sn. (See Figs. 7.1 and 7.2.) 

1 Strictly speaking, e is the energy of relative motion of the neutron and target 
nucleus in the center-of-gravity system (the "channel energy" of Chapter VIII). 
The nuclear recoil upon absorption of the gamma-ray is neglected here. 
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An exact theoretical description of these processes is impossible, 
since the radiative transition probabilities can be calculated only if the 
nuclear wave functions are known. We shall discuss certain methods 
which can be used to extend the estimates of the transition probabili

ties of Section 6 to the region of higher excitation. 
-- neutron out - In the description of the two processes we 

make use of the Bohr assumption, i.e., we 
- - - - - - --8. assume that the process can be divided into two 

FIG. 7.2. Schematic 
picture of the nuclear 
photoeffect with emis
sion of a neutron [the 

(-y,n) reaction). 

independent steps: (l) the formation of the 
compound nucleus, and (2) the decay of the 
compound nucleus by emission of a particle or a 
light quantum. In both processes only one of 
the two steps is a radiative transition; in the 
neutron capture process it is gamma-ray emis
sion from the compound state, in the photo
electric process it is gamma-ray absorption into 
the compound state. 

In both cases the compound state is a state 
of a nucleus which is excited above the sepa
ration energy So of some nuclear particle. 
Hence it is not, strictly speaking, a stationary 
state but rather a "decaying state" in the 
sense of Chapter VIII, Section 9. In what 
follows we shall always treat the states of the 
compound nucleus as stationary states, although 
this procedure is rather inaccurate in cases 

where the excitation energy is so high that the level distance between 
the compound states is smaller than their width. 

B. Sum Rules 

The size of matrix elements for radiative transitions is limited by 
certain relations, called sum rules, which apply to the sum of the 
squares of the transition matrix elements between one state a of the 
nucleus and all other stationary states b. The simplest sum rule is the 
one for the electric dipole matrix elements, which are given in formula 
(3.36). 

Before deriving the sum rule we first introduce the "effective 
z 

charges for dipole radiation." The operator ~ Zle in (3.36) is pro-
le-I 

portional to the Z component of the position of the center of gravity of 
all the protons. The center of gravity of all the nucleons, with z com-



7. High-Energy Transitions 641 

A 

ponent Gz = A-I L z", remains at rest (if the nuclear recoil from 

"-1 
the gamma-ray is neglected). Hence the transition matrix elements of 
G. vanish, and the contribution to the electric dipole radiation comes 
only from the relative coordinates rIc =z" -Gz . Thus we may replace 
the sum in (3.36) as follows, without changing the result: 

(7.1) 

where the effective charges e,,' for electric dipole radiation are 

(for protons) 

, eZ e" =--
A 

(7.2) 

(for neutrons) 

These effective charges apply only to electric dipole radiation, since 
only for this radiation is the matrix element related to the operator for 
the center of gravity. 

In order to derive the dipole sum rule we form the matrix element 
Pkz(a,b) of the z component of the momentum of nucleon number k 
between nuclear states a and b. The momentum operator is the 
nucleon mass M times the velocity operator, the latter being the 
time derivative of the position operator Zk of the nucleon. We there
fore get 

(7.3) 

We now use the commutation relations 

L [z,,(a,b) Pk'z(b,a) - p,,'.(a,b) z,,(b,a)] = ihlJ"", (7.4) 
b 

to get the sum rule 

(7.5) 

Similar sum rules apply to the other electric dipole matrix elements 
Ql,m with m=+l and m=-1. 

The sum must be extended over all energy states of the nucleus. 
Strictly speaking, this includes also the states in the continuum, 
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where the nucleus can disintegrate by particle emission. 1 In the 
present considerations we make use of the compound nucleus picture 
for the states in the continuum (above the lowest particle separation 
energy Sa). That is, the sum in (7.5) is extended, first over all the 
stationary bound states of the nucleus, then over the series of quasi
stationary decaying states obtained if the nucleus is excited sufficiently 
highly to be able to emit particles (see Chapter VIII, Section 9). 
These states are not strictly stationary, since they have a finite life
time. Hence the sum rule taken in this way is only approximately 
correct. The wave function of each decaying state must be normal
ized by 

(7.6) 

where the integration is extended over the region of configuration 
space corresponding to the compound nucleus, i.e., for which all 
nucleons are within the radius of the compound nucleus (the" internal" 
region in the sense of Chapter X). 

Another dipole sum rule can be derived by using the following matrix 
product relation: 

L Pkz(a,b) Pk'z(b,a) = (a!Pk.Pk,.!a) = (PkzPk'.)a (7.7) 
b 

where the right side represents the expectation value of the operator 
PkzPk'z in state a. We then get from (7.3) 

Unlike the first dipole sum rule (7.5), relation (7.8) involves not only 
natural constants but also the expectation value of an operator, 

(i ek' Pk.)2, in state a of the nucleus. This expectation value can be 
k-l 

found only if the wave function of this state is known. However, we 
can estimate the expectation value by assuming no correlations 
between the momenta, i.e., (PkzPk'.)a = 0 for k~k', and by setting all 
the squares of momenta equal to each other, (Pkz 2)a ,...., p2/3, where p2 

1 If the sum is taken that way, the states in the continuum must be normalized 
per unit energy range, and the summation sign for those states replaced by an 
integration over the continuous energy variable (Bethe 33). 
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is the average square of the momentum vector of a typical nucleon in 
the nucleus. This gives the estimate 

These sum rules must be amended if there are exchange forces acting 
between nucleons (Fock 34, Bloch 36, Feenberg 36b, Siegert 37, Way 
37). Then charge is exchanged between the nucleons, so that 
the position of the charge changes more rapidly than the positions of 
the nucleons. The velocity of the charges is no longer identical with 
the velocity of the particles; since the velocity of the charges is larger 
than the velocity of the particles, sums (7.5) and (7.8) become larger 
also. Bethe and Levinger (Levinger 50) have derived approximate 
expressions for this increase. They find increases in the sums by 
factors between 2 and 10, depending on the relative strength of the 
exchange part of the force and the particular sum rule under con
sideration. These factors serve only as illustrations, as very radical 
assumptions were made in the course of their derivation. 

We can also derive similar sum rules for the matrix elements of higher 
multi pole transitions (Weisskopf 41). All these sums are of the 
character of (7.8), i.e., they involve some average value over state a 
on the right side rather than a combination of natural constants 
such as (7.5). We find that 

(7.10) 

In addition to (7.10) other sum rules have been derived by Austern 
(51) and Sachs (51). 

We can estimate the average value in (7.10) as before by neglecting 
the correlations and assuming a uniform distribution for the nucleons 
within the nucleus. This gives 

(7.11) 

where R is the nuclear radius. It should be emphasized that (7.11) is 
an extremely rough estimate only, since there is little reason to suppose 
that the correlations between the nucleons in the nucleus [and hence 
the cross terms in the square which appears in (7.10)] are really com
pletely negligible. 
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c. Estimates of Matrix Elements Involving Highly Excited Nuclear 
States 

Estimates (6.6) and (6.10) of the multi pole moments for transitions 
between two low-lying nuclear levels were based on simple models. 
Estimate (6.6) was derived for the motion of one particle (the inde
pendent-particle model), (6.10) for the vibration of a liquid drop. 
These pictures cannot be applied to transitions involving highly 
excited states (more than a few Mev excitation energy), since the 
number of levels found at high excitation energies is very much larger 
than either of these simple models could predict. It is plausible, 
therefore, that the matrix elements to an individual highly excited 
level are appreciably smaller than either estimate (6.6) or (6.10), 
since the transition probabilities must be "divided among many 
more levels." The need for a reduction in the matrix elements is 
apparent if the earlier estimates, (6.6) and (6.10), are substituted into 
the sum rule (7.10); the sum does not even converge. 

We shall illustrate this reduction in the matrix elements involving 
highly excited states by an oversimplified example. Let us assume 
that the nucleus contains only one cha,rged particle, all other nucleons 
being neutrons. We shall employ two models, I and II. In model I 
there is no interaction between the nucleons; they move independently 
of each other in a common potential V which gives rise to equidistant 
quantum states with an energy spacing A.I The levels of the system 
as a whole are highly degenerate, since a total energy N A can be made 
up in very many different ways out of energies nA of the individual 
nucleons (N and n are integers). In model II there are interactions 
between the nucleons, but they are assumed to be weak enough so that 
a level of the total system at energy E has a wave function which can 
be expressed as a linear superposition of model I wave functions for 
levels E' = N A not very far from E. 

Let us consider radiative transitions in model I. Transitions occur 
between pairs of levels which differ in the state of the proton only 
but are identical as to the states of all the neutrons. Let us consider 
two degenerate energy levels, A and B, with energies EA and EB , 

respectively, EA > EB • For every component level in the lower grou p 
B, we can find a combining level in the upper group A simply by 
lifting the proton up by (EA - EB ) / A steps. Hence every level 
in the lower group combines with one level in the upper group, but 
not vice versa. This is indicated schematically in Fig. 7.3. Let us 

I In this discussion we shall reserve the term "state" for the quantum states of 
a single nucleon in the potential V a.nd use the term "level" for a quantum 
state of the system as a whole. 
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call Qo the matrix element of some given multipole type for such a 
transition. We assume that its value is roughly the same for all the 
transitions possible in model I, no matter how large the energy differ
ence EA - EB , and we also ignore the 
selection rules. These very rough as
sumptions are made in order to limit 
this consideration to its essentials. 

We now change over to model I I by 
introducing interactions between the 
nucleons. Let us first assume that the 
interaction is still quite weak, so that the 
degenerate levels in group A are split 
up by amounts small compared to the 
energy spacing a. Each level in this 
group in model II has a wave function 
which is a linear combination of the wave 
functions of the corresponding degener
ate levels in model I. We shall assume 
that these combinations are such that, 
on the average, each component level of 
group A contributes equally. Similar 

FIG. 7.3. A simple example of 
a level scheme as described on 
this page. gA =7, gB =3. The 
levels in group A are degenerate 
in model I, and so are the levels 
in group B. In model II the 
degeneracy is removed in both 

groups of levels. 

statements are assumed to hold for group B. Then there are transitions 
between all pairs of levels in the two groups, since each energy level 
in the upper group A contains a small part of that specific level of 
model I which combines with a specific level in group B. Let gA be the 
number of levels (the degeneracy) in group A. The matrix elements 
Q(a,b) between a level a in group A and a level b in group B roughly 
fulfill the relation 

(7.12) 

That is, the square of the matrix element is roughly inversely propor
tional to the number of states in the upper group of levels. Note 
the peculiar asymetry with respect to the degeneracy of the two 
groups. 

If we now let the interaction between nucleons in model II increase, 
we may still expect a relation of type (7.12) to hold in a qualitative 
way, in the sellse that the square of the matrix element is, roughly, 
inversely proportional to the number of levels near the upper level 
under consideration. We interpret "near" to mean within a given 
constant energy interval around the level in question. We can then 
~ephrase the rule as follows: The square of the matrix element between 
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two levels Ea and Eb is roughly proportional to the average level distance 
D(E» at the energy of the upper level. Here we have introduced the 
notation 

if Ea > Eb 

if Ea < Eb 
(7.13) 

This notation is introduced so that, from now on, Ea may denote either 
the upper or the lower level. 

It should be evident from the preceding considerations that this 
rule has only very qualitative validity. We therefore express the 
content of the rule in the form 

(7.14) 

where the left side is the average of the square of the multi pole matrix 
elements between the lower level and a large number of upper levels 
near the upper energy E>. D1(E» is the distance between those 
levels near E> which combine with the lower level by the multi pole 
radiation in question. Our rule then leads us to expect that the func
tion q defined by (7.14) is a slowly varying function of the energies 
Ea and Eb compared to the extremely rapid (exponential) variation of 
the level distance D(E» near the upper energy. 

On the other hand, substitution of (7.14) into the sum rule (7.10) 
shows that q cannot just be set equal to a constant. For simplicity's 
sake let us assume that Ea is the ground state, Ea = 0. Then we can 
replace the sum in (7.10) by an integral as follows: 

2: iQlm(O,b)i 2 
ro..J 10" <iQlm(O,b)i2)av D~~b) = 10" qlm(O,Eb) dEb 

b 

(7.15) 

According to the sum rule (7.10) the last integral must converge, i.e., 
the function qz must drop off at high energies E b• We use estimate 
(7.11) for the sum, and we assume that qz is independent of Eb for Eb 
less than some maximum energy Emax,l, and zero thereafter. This gives 
an approximate relation between the (assumed constant) value of qz 
and the energy range over which qz can be assuwed to be constant: 

E 3 Ze2 2Z 
ql rnax,Z ro..J 2[+3 411' R (7.16) 

We now proceed to estimate the value of q by comparing estimate 
(7.14), which is supposedly appropriate to all energies, with estimate 
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(6.6), which is valid for transition!! between low-lying levels only.l 
Calling the level distance among combining low-lying levels Do, we 
obtain the estimate 

( 3 )2 e2R2! 
q! '" l+3 4rDo 

(7.17) 

Let us now substitute estimate (7.17) into relation (7.16) to find the 
order of magnitude of the maximum energy for which q! can be consid
ered to have the constant value (7.17). We replace (l+3) 2 /[3(2l+3)] 
by unity and obtain 

Emax .! '" Z 
Do 

(7.18) 

For medium-weight nuclei (Z",50) we can estimate Do '" 0.5 Mev, 
which gives Emax,l '" 25 Mev, so that we may be justified in setting 
q! equal to the constant value (7.17) up to energies of this order of 
magnitude. It should be emphasized that the argument which led to 
this estimate is very uncertain. First of all, estimate (6.6) is only 
very rough; secondly, the sum rule (7.11) was derived from (7.10) by 
neglecting correlations. Thus estimate (7.18) for the maximum energy 
may well be off by a large factor in either direction. The estimate is given 
here merely because of the lack of more precise information. 

So far all our estimates have referred to electric multi pole transitions. 
Our estimate 10(h/ McR)2 of the ratio of magnetic to electric transition 
probabilities does not depend on the energy of the transition. We 
shall therefore estimate the magnetic transition probabilities by assum
ing that they are smaller than the electric transition probabilities for 
the same multi pole order l by this constant factor, of the order of 10-2• 

Hence, in particular, estimate (7.18) of the maximum energy for which 
a given multi pole radiation is effective applies to magnetic radiation 
as well as to electric radiation. 

It should be noted, however, that estimates (7.17) and (7.18) may 
not apply to electric dipole radiation since there is some indication 
that estimate (6.6) does not hold in this case. 

D. Radiative Capture of Neutrons 
After a neutron enters into a nucleus and forms a compound nucleus 

in some compound state a, there is a certain probability rrad/h per 

I We do not use estimate (6.10) from the liquid drop model, because it gives 
poorer agreement with experiment than (6.6), and because there are good reasons 
(see Chapter XIV) for believing that the independent-particle model gives a better 
approximation for the wave functions of low-lying nuclear states than the liquid 
drop model. 
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unit time that a light quantum is emitted. This probability is the 
sum of all emission probabilities into states b of the compound system 
lying below the initial state a. We separate the radiation into the 
parts coming from different multi pole types by writing 

.. 
f rad == I (fEI + fMI) 

I~l 

(7.19) 

where f EI is that part of the radiation width of level a which is due to 
electric multipole emission of order I, and fMI is the corresponding 
quantity for magnetic multi pole emission. f EI can be expressed as a 
sum of partial widths for electric multi pole transitions of order I into 
individual lower levels b of the compound nucleus: 

fEI == I fEI(a,b) 
b 

(7.20) 

where fEI(a,b) is different from zero only if state b has the right parity 
and angular momentum so that it can be reached from state a by 
emission of electric radiation of order I. A similar equation holds for 
the magnetic radiation width of order I, fMI. 

The observed radiation width of a resonance level of the compound 
nucleus is therefore made up of a very large number of partial widths 
for individual multi pole transitions to individual lower levels. Thus 
we expect that the radiation widths do not vary much from level to 
level in the same compound nucleus. This is unlike the expected 
behavior of particle emission widths (e.g., neutron widths) which can 
vary widely from one level to the next because of penetration factors 
and other effects. Large fluctuations in the branching ratios for 
neutron and gamma-ray emission from level to level should therefore 
be attributed primarily to the fluctuations in the neutron widths. 

We estimate the partial radiation width for electric radiation of 
order I between the upper state a and the lower state b, fEI(a,b), by 
combining the general expression (3.21) for the transition probability 
with estimates (7.14) and (7.17) of the average value of the square of 
the matrix element. This gives 

(7.21) 

The factor 21+ 1 in the numerator was inserted because the emitted 
multipole radiation of order I can have 21+ 1 different values of m. 
Although this is not the correct statistical factor, the error introduced 
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by this approximation is less than the errors due to the various rough 
estimates which enter into (7.21). 

The partial radiation width for magnetic radiation, rJlI(a,b), is 
smaller than the corresponding electric width by a factor lO(hj MeR) 2 

according to estimate (6.3a). 
Before estimating the absolute value of the radiation width, let 

us start by discussing the spectral distribution of the radiation emitted 
immediately after capture. 1 In order to get this energy distribution, 
we must multiply the average partial width (7.21) by the number of 
lower levels b per unit energy interval, i.e., by [DI(Eb)]-l. Thus the 
energy distribution Ul(hw) d(hw) of the emitted radiation of order l 
immediately after capture is 

(7.22) 

where Cl is a constant independent of hw. The factor (hw)2Hl 
favors the emission of radiation of large quantum energy. The level 
distance factor favors the emission of radiation of low quantum energy, 
since Dl is a very rapidly decreasing function of the energy Eb = Ea - hw. 
Thus the energy distribution (7.22) has the general shape shown in 
Fig. 7.4. The maximum of the distribution shifts to higher quantum 
energies as the multipole order l increases, as is apparent from (7.22). 
It should be realized that this energy distribution is not really con
tinuous but represents a rough average over a series of discrete peaks, 
each corresponding to a transition to a given lower state b. Thus, in 
particular, the smooth curve has no meaning at all for the largest 
quantum energies which leave the nucleus in the low-lying, widely 
spaced levels. 

We now proceed to estimate the absolute value of the radiation 
widths for emission of radiation of given multi pole type. We replace 
the sum in (7.20) by an integral and use (7.21) for electric radiation, 
to get the result 

1 This is not the spectral distribution of the observed neutron capture radiation. 
When the compound state emits gamma-rays of energy h<.J less than the maximum 
energy Awmax =Ea available for capture radiation, the nucleus is left in an excited 
state. This excited state proceeds to emit more radiation, which is also recorded. 
For experimental data on the combined distribution of primary and secondary 
gamma-rays, see, e.g., Kinsey (50) and Hamermesh (51). 
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This integral can be evaluated if the energy dependence of the level 
distance is known. The radiation width for magnetic radiation differs 
from (7.23) by a factor 1O(h/McR)2 according to estimate (6.3a). 

In the case of most importance practically, the radiation after 
capture of a slow neutron, the energy Ea of the compound state which 
emits the radiation is equal to the neutron separation energy Sn (of 

FIG. 7.4. Relative spectral distribution of the first quantum emitted in neutron 
capture for a nucleus similar to indium. The curves represent a rough schematic 
estimate of the average over discrete peaks. This distribution can not be com
pared directly with the spectral distribution of gamma-rays observed in neutron 
capture, since secondary gamma-rays (which contribute to the experimental 

result) are not included in these theoretical curves. 

the order of 8 Mev). In order to get a rough estimate for the radiation 
width we can use the level density formula as given in Chapter VIII, 
(VIII,6.1l) and (VIII,6.12). The level distance Do between low-lying 
levels is estimated to be of the order of 0.5 Mev for medium-weight 
and heavy nuclei, and somewhat larger for light nuclei, for which this 
statistical theory is inapplicable. Table 7.1 contains estimates of the 
radiation widths of slow neutron capture levels computed with these 
assumptions from (7.23) for a few representative choices of the neutron 
separation energy Ea = Sn and of the quantity (l which appears in the 
level density formula (VIII,6.1l). The choices correspond roughly 
to nuclei similar to AI, Ag, and W. Only dipole and quadrupole 
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radiation ~ considered. Higher multi pole emissions give rise to much 
smaller radiation widths and can therefore be ignored. 

TABLE 7.1 
ESTIMATES OF RADIATION WIDTHS OF NEUTRON CAPTURE LEVELS FOR EMISSION OF 

PARTICULAR MULTIPOLE RADIATIONS, COMPUTED FROM ESTIMATE (7.23) OF THE 

STATISTICAL THEORY, WITH Do = 0.5 MEV 

Nucleus Ea=Sn a rE.I r.v.1 rE.2 r M .2 
(Mev) (Mev-I) (ev) (ev) (ev) (ev) 

AI 8 0.45 680 14 0.36 0.007 
Ag 8 6.5 47 0.6 0.04 3XI0-4 

W 7 10 23 0.18 0.02 2 X 10-4 

The actual value of the radiation width rrad of a neutron capture 
level is the sum (7.19) of the widths of all multipole radiations. The 
experimental values are quoted in Chapter IX. r rad lies between 1 
and 30 ev for intermediate nuclei, between 0.03 and 0.20 ev for heavy 
nuclei. It is seen that the electric dipole widths in Table 7.1 are much 
larger than the observed values. This may be connected with the 
earlier surmise that the electric dipole matrix elements are considerably 
smaller than estimate (6.6), upon which the table is based. The 
radiation widths obtained from Table 7.1 on the extreme assumption 
that the electric dipole radiation does not make any significant con
tribution to rrad are of the right order of magnitude. It must be 
realized, however, that these estimates of radiation widths depend very 
critically on the expression used for the level distance D(E). In view 
of the great uncertainty in all these estimates, it is necessary to admit 
that the theory does not yet make any significant predictions about the 
absolute magnitude of neutron capture widths. The subject must be 
re-examined after more becomes known about nuclear level structures. 

E. Nuclear Photoefiect 

The nuclear photoeffect is the absorption by a nucleus of a light 
quantum whose energy hw is larger than the separation energy S of a 
constituent, say a proton, a neutron, or an alpha-particle. We then 
observe ('Y,p), ('Y,n), or ('Y,a) processes, respectively. The simplest 
example of a nuclear photoeffect is the photodisintegration of the 
deuteron which was treated in Section 4 on the following basis: the 
absorption of a light quantum produces a radiative transition from the 
ground state to a final state in the continuum. Although all nuclear 
photoeffects can be considered such transitions in principle, it is more 
natural to apply the Bohr theory of the compound nucleus to these 
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processes if intermediate or heavy nuclei are involved. The process is 
then divided into two parts: (1) the absorption of the light quantum, 
creating a compound state with excitation energy E = hw, and (2) 
the decay of the compound nucleus through different channels. l The 
cross section can then be written (see VIII,3.I) 

(Bohr assumption) (7.24) 

where ad'Y) is the absorption cross section for light of the given 
frequency, Gb is the branching probability for the decay of the com
pound state by emission of a particle b. These decay probabilities 
were discussed in detail in Chapter VIII. For photoeffects well 
above threshold, we are dealing with the decay of a highly excited 
compound state, and the expressions of the statistical (evaporation) 
theory (Chapter VIII, Section 6) should be used to determine Gb• 

We recall that the most probable process is the emission of a neutron, 
which leads to a (y,n) reaction. The residual nucleus may be so 
highly excited that this reaction is followed by emission of more 
particles, so that ('Y ;2n), ('Y ;3n) or ('Y ;np) reactions are observed. 

It should be noted that some experiments of Waffler et al. (Hirzel 47) 
have cast some doubt about the correctness of the Bohr assumption for 
the nuclear photoeffect. This point will be discussed later on in con
nection with the experimental material. 

In this chapter we are mostly concerned with the first part of the 
reaction: the absorption of the gamma-ray. We shall assume that the 
gamma-ray source does not emit monochromatic radiation but emits 
gamma-rays within a certain energy interval IlE large compared to 
the level spacing D of the levels in the compound nucleus at excitation 
energy Ea = hw. We shall therefore derive an expression for the cross 
section of formation of the compound nucleus, uC<'Y), which does not 
show any resonance phenomena but rather represents an average 
over many resonance peaks. 

The expression so derived is valid only in the resonance region of 
nuclear reactions. We shall nevertheless apply it to find uC<'Y) also 
in the continuum region (well above threshold) where the excitation 
energy is so high that the widths of the compound levels are larger 
than the level spacing, so that the levels overlap. It is questionable 
whether we can then still consider the states of the nucleus well
defined quasi-stationary decaying states. In this section we shall 

1 The compound nucleus may also decay by emiBBion of radiation rather than by 
emission of a particle. In practice the radiation width is small compared to the 
particle widths for the energies (well above threshold) at which the photoeffect 
is commonly studied. 
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assume that this is possible. In our expressions for radiative transi
tions we consider the upper state a quasi-stationary state with a well
defined wave function. 

The excitation probability of the nucleus from the ground state 0 
to some definite excited state a through absorption of a given multipole 
radiation is given by (3.25) with a---+O and ~a. Under our assump
tions about the energy spread of the incident gamma-ray beam, many 
states a will be excited, the total excitation prohability being 

(7.25) 

where DI is the spacing at the energy Ea = hw of the levels which com
bine with the ground state by absorption of electric radiation of order l. 

We obtain the cross section for formation of the excited compound 
nucleus by dividing the total transition probability (7.25) by the flux 
of incident gamma-rays. We use the quantity S(w) introduced in 
Section 3. The number of quanta in the beam per square centimeter 
per second is equal to S(w)(IlE/h). We divide (7.25) by this flux in 
order to get the average cross section for creation of the compound 
nucleus by ab30rption of electric multiple radiation of order l. Using 
(3.25) (neglecting the spin matrix elements Q'), this quantity is 

(7.26) 

We now use estimate (7.14) for the matrix elements. The level 
distance cancels out. We shall assume that the quantity qlm is 
independent of m, so that finally 

(7.27) 

Thus the cross section is proportional to the (2l-1 )th power of the 
frequency multiplied by a slowly varying function of Ea = hw. This 
can also be seen by the following qualitative consideration: The inter
action energy between the 21 pole moment of a charge distribution and 
the electric field in a light wave is proportional to the lth derivative of 
the potential or the (l-l)th derivative of the field strength. The 
electri~ field e in a light wave containing one quantum is proportional 
to V w.! Every derivative adds a factor w/ c, so that the (l-l)th 

1 The energy density g2/411' is proportional to hw. 
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derivative of e is proportional to the wl-l/ 2• The absorption cross 
section is proportional to the square of the matrix element of the 
interaction energy, i.e., to w21- 1• Thus the absorption cross section is 
proportional to w21- 1, apart from slowly varying factors which depend 
on the special properties of the nucleus. This consideration adds 
independent support to relation (7.14) for the matrix elements. 

We now use estimate (7.17) for ql to get 

2 (l+I)(2l+1) e2 hw 2Z-2 2 

UC/('Y) "" 1811' l(l+3)2[(2l+1)!\F hc Do (KR) R (7.28) 

This estimate applies to the absorption of electric radiation. The 
absorption cross section for magnetic radiation is smaller than this by 
the factor 1O(h/McR)2, according to (6.3a). Equation (7.28) may not 
apply to electric dipole absorption for the reasons discussed in Section 
6, which make it possible that the electric dipole matrix elements are 
small for transitions with hw;S 15 Mev. 

Hence for hw ;S 15 Mev the main contribution to the gamma-ray 
absorption cross section probably comes from the magnetic dipole and 
electric quadrupole absorption only. Expression (7.28) reduces for 
these two cases to l 

Magnetic dipole: 

ucC'Y) '" 4.8 (hw in Mev) X 10-28 cm 2 

Electric quadrupole: (7.29) 

ucC'Y) "" 1.2 (hw in Mev)3 ( :13)4 X 10-30 cm2 

6 X 1 em 

According to these estimates, the magnetic dipole and electric quadru
pole absorption are of the same order of magnitude around hw""20 
Mev; at lower energies the magnetic dipole absorption predominates, 
but not by very much. At energies higher than 20 Mev these esti
mates break down. The maximum energy for which we can assume 
that qz is constant and equal to (7.17) is of the order of 25 Mev accord
ing to (7.18). Thus the absorption is very likely much less than 
estimate (7.29) at energies beyond 20 Mev. 

However, at higher energies the absorption is strongly increased 
by the onset of electric dipole absorption. The reasons for the suppres
sion of electric dipole matrix elements discussed in Section 6 are no 
longer valid at energies beyond about 15 Mev. The contribution of 
the electric dipole transitions to the photoeffect can be estimated by 

1 We assume that Do ~ 1 Mev. 
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the use of the sum rules (7.5) and (7.8) for dipole transitions. l For 
dipole transitions, 1 = 1, the sum on the left side of (7.5) is proportional 
to the integral of the average cross section (7.26) over all quantum 
energies. Combining (7.5) and (7.26) we get 

f e2 NZ h2 NZ 
O"C,ED('Y) d(hw) = 211"2 he A M '" 6 A X 10-26 Mev-cm2 (7.30) 

Thus for nuclei of A "'100 the area under the cross-section curve 
for electric dipole absorption must be of the order of 10-24 Mev-cm2. 

We also recall that the sum rule (7.5) gives an underestimate of the 
actual sum if exchange currents are producing part of the radiation. 
Estimates for the increase of (7.30) due to this effect were given by 
Levinger and Bethe (50), who showed that the actual sum may be 
higher than (7.30) by a factor of 2 or more, depending on the relative 
importance of the exchange forces compared to the ordinary forces. 

Following Levinger and Bethe, we use the second sum rule (7.8) 
to estimate the average energy at which dipole absorption occurs. 
The sum on the left side of (7.8) is proportional to the integral over all 
quantum energies of hw O"C,ED('Y). Hence the ratio of the two sums 
(7.5) and (7.8) gives directly the mean energy of the electric dipole 
absorption (in the sense of a weighted average of the cross section 
curve). The result is, using (7.9), 

fl' d' lb' 4 p2 Mean energy or e ectnc IpO e a sorptIOn "':3 2M (7.31) 

The average kinetic energy p 2/2M of a nucleon inside the nucleus is 
of the order of 15 Mev (see Chapter VII, Section 2). Hence the 
average energy of the electric dipole absorption is of the order of 20 
Mev. The existence of exchange forces raises both sum (7.5) and 
sum (7.8). According to the rough estimates of Levinger and Bethe, 
sum (7.8) is increased more than sum (7.5), so that the exchange 
forces also increase the average energy of the electric dipole absorption. 

Hence the over-all prediction regarding the absorption of light by a 
nucleus for hw~1O Mev is as follows: The magnetic dipole and electric 
quadrupole absorption cross sections follow estimates (7.29) up to 
about 20 Mev and drop off above this energy; the electric dipole 
absorption starts coming in significantly around 20 Mev. The latter 
cross section makes a total contribution (area under the cross section 
vs. energy curve) given by (7.30), with a correction factor due to 
exchange forces, and this contribution occurs at energies of the order of 

1 The Bum rules are written for the matrix elements Ql.O. The corresponding 
sums for IQ1,ll2 or IQl,_112 give the same result. 
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magnitude of (7.31), again corrected for exchange forces, i.e., at 
energies of the order of 20 to 30 Mev. A schematic picture of the 
expected photoabsorption cross section is shown in Fig. 7.5. 

The experiments are not yet sufficiently precise to allow a detailed 
check against these theoretical predictions. Similarly, the theory as 

1.4 

1.2 

1.0 

..... 
1: 
u 0.8 

~ 

I~ 

EO.6 
~ 

0.4 

0.2 

0 
0 35 

FIG. 7.5. Schematic illustration of the qualitative theoretical expectation regard
ing the cross section ITdoy) for the formation of an excited nucleus by gamma-ray 
absorption. The contributions from electric dipole, magnetic dipole, and electric 
quadrupole radiation are shown separately. The figure is drawn for an inter-

mediate nucleus. 

developed here is based on qualitative arguments of a statistical 
nature, so that we must expect fluctuations from nucleus to nucleus. 
The theoretical estimates are subject to considerable error and should 
be interpreted only as giving the general trend of the cross sections. 

In order to interpret the experiments we remark that at energies 
below the threshold of the ('Y;2n) reaction the ('Y,n) reaction cross 
section is practically equal to the total absorption cross section itself 
in our picture (the evaporation of charged particles from the excited 
compound state is much less likely than the evaporation of neu
trons). The present experimental material on intermediate and 
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heavy nuclei indicates that the ('Y,n) cross section increases rapidly 
between energies of the order of 10 and 20 Mev (Bothe 39, Baldwin 48, 
McElhinney 49). The increase between 10 and 17 Mev is not in 
disagreement with an w3 law. The absolute value of the ('Y,n) cross 
section was measured at 17 Mev [Li7 (p,'Y) source] by several authors 
(Bothe 39, WafHer 48, Walker 50, and others). The results disagree 
somewhat, but for intermediate and heavy nuclei these cross sections 
are of the order of several 10-26 cm2, increasing with the atomic 
number A. If most of the photoelectric cross section at 17 Mev is 
due to absorption of electric quadrupole radiation, (7.29) predicts a 
proportionality of the cross section to A 4/ 3 (the fourth power of the 
radius R). 

At higher energies, and perhaps even at 17 Mev, we expect the 
electric dipole absorption to become important. Most measurements 
have shown a strong maximum in the photoelectric cross section which 
lies somewhere near 20 Mev, depending on the mass number. Lower 
mass numbers are connected with a higher energy for the maximum 
cross section (Baldwin 48, Lawson 48, Perlman 48, Strauch 51). The 
results indicate a value of the order of 10-24 Mev-cm 2 for the integral 
of the cross section over energy. It is therefore probable that the 
theoretical description is qualitatively correct. l 

We now turn to the investigation of the products of the nuclear 
photoeffect. Once the compound nucleus is formed, we expect that 
it decays into the various channels independently of its mode of forma
tion (Bohr assumption). Specifically, we expect the neutrons to be 
emitted with a "Maxwell energy distribution" which is governed 
by the nuclear temperature created by the absorption of the light 
quantum (Chapter VIII, Section 6). The protons are expected to be 
emitted much more rarely because of the Coulomb barrier. The 
latter effect is strongly enhanced by the fact that the emission of a 
proton with the maximum possible energy is very improbable. The 
average emission energy of the proton is expected to be much lower 
because of the strong increase in the number of levels of the residual 
nucleus with decreasing proton emission energies. The prohibitive 
effect of the barrier is correspondingly stronger. 

1 The discussion of the electric dipole effect here has followed the work of 
Levinger and Bethe in that we have used sum rules only, without trying to make a 
detailed model for the final compound state created in the absorption process. 
More detailed results have been obtained by Goldhaber (48) and by Jensen and his 
collaborators (Jensen 50&, Stein wedel 50). These authors make use of special 
models for the mechanism of charge oscillations in the nucleus. The present 
experiments are perhaps not accurate enough to warrant such detailed comparisons. 
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Hirzel and Waffler (47) first pointed out that, in many cases, the 
relative yield of ('Y,n) and ('Y,p) reactions does not agree with this 
theoretical picture. The proton emission was found to be much 
stronger than expected. The results can be explained by assuming 
that there exists an alternative mechanism for absorption of photons 
besides the creation and subsequent decay of a compound state.! Let 
us suppose that this alternative mechanism favors the emission of 
protons with energies close to the maximum possible one, 

where Sp is the separation energy of a proton. The Coulomb pene
tration factor at this maximum possible proton energy is very much 
larger than at the average energy expected on the evaporation model. 
Hence the ejection of a few protons by this alternative mechanism 
may be the main part of the ('Y,p) process and may thus give rise to a 
('Y,p) cross section appreciably larger than the one from the com
pound nucleus effect alone. 

Experiments of Diven and Almy (50) support that interpretation. 
In studying the ('Y,p) reaction on silver, they find that the emitted 
protons can be separated into a low-energy and a high-energy group. 
The low-energy group shows the general behavior of protons evapo
rated from a compound nucleus: the protons are emitted with equal 
probability at all angles, and with an energy distribution similar to 
the one predicted by the statistical model. The high-energy group is 
definitely in excess of the amounts expected from evaporation. These 
protons show a pronounced angular asymmetry, the preferential direc
tion of emission being perpendicular to the incident beam of light 
quanta. Remarkably similar results have been obtained for rhodium 
by Curtis et al. (50). 

Hirzel and Waffler (47), Courant (48), and others have suggested 
that this alternative mechanism is an absorption of the light quantum 
by a proton at the nuclear surface, which results in ejection of the 
proton toward the outside before the energy of the proton can be 
shared with the rest of the nucleus. Such a process is, of course, 
contrary to the Bohr assumption, since the absorbed energy is not 
distributed evenly over all constituents of the nucleus. The experi
mental angular distribution of the high-energy protons is consistent 
with this direct ejection mechanism. It is to be expected that the 
direct ejection mechanism accounts for only a minor part of the 
gamma-ray absorption cross section, the major part of this cross section 

1 For an alternative explanation see Schiff (48). 
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coming from formation of quasi-stationary compound states. N ever
theless, the direct ejection mechanism may be more important for the 
('Y,p) reaction than the compound nucleus evaporation, since the latter 
process results predominantly in neutron emissions. The Coulomb 
barrier is very much easier to penetrate for high-energy, directly 
ejected protons than for low-energy, evaporated protons. 

Presumably the direct ejection mechanism for the protons is most 
important in heavy nuclei where the Coulomb barrier is high. In 
light nuclei the lower Coulomb barrier is not so effective in prevent
ing emission of protons from the compound states; hence many, 
perhaps most, of the protons from photodisintegration of light nuclei 
ran be accounted for by the Bohr assumption, without making use of 
any alternative mechanism. The experimental measurements of 
Diven (50) on aluminum and Toms (51) on magnesium can be inter
preted completely in terms of compound nucleus formation. 

On the basis of this picture most of the neutrons ejected in the photo
electric process should result from compound nucleus formation. 
Price (50) has measured the angular distribution of the total neutron 
yield in some heavy elements and found an isotropic distribution, in 
agreement with theoretical expectation. However, we should also 
expect a small group of high-energy neutrons due to the direct ejection 
mechanism. This high-energy group would be in excess of the number 
of neutrons expected from the statistical theory, and would show a 
non-isotropic angular distribution, with preferential emission at right 
angles to the gamma-ray beam. There is preliminary evidence for the 
existence of such a group of neutrons (Poss 50, and private communica
tions from G. A. Price and I. Halpern). In heavy elements this 
directly ejected group of neutrons accounts for a few percent of the 
total neutron yield. 

Since the direct ejection process does not proceed via the formation 
of a compound nuclear state, the theory given here does not apply 
to it.l 

a 
a 
a 

SYMBOLS 
Incident particle in a nuclear reaction (4.5) 
A quantum state of the nucleus (Section 5) 
Radius of the K shell of an atom with atomic number Z, 
equal to ao/Z (5.4) 
Bohr radius of the hydrogen atom [= h2/mee2 = 5.28 X 
10-9 cm] (5.4) 
Amplitude of the electric multipole radiation of order 
l,m (2.10) 

1 For an attempt at a detailed theory of this process see Courant (51). 
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D(E) 
DI(E) 

E 
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Amplitude of the magnetic multi pole radiation of order 
l,m (2.10) 
Scattering length in the IS state of the neutron-proton 
system; see Chapter II, Section 3 (Section 4) 
A parameter appearing in the level density formula 
(VIII,6.11) (Section 7, Table 7.1) 
A degenerate energy level (Section 7) 
Vector potential of the radiation field (2.14) 
Probability per unit time of the transition I/ta-+I/tb by 
means of absorption of a light quantum of electric multi-
pole radiation of order l (3.25) 
A quantum state of the nucleus (Section 5) 
Binding energy of the deuteron [= h2-y2/ M = 2.226 Mev] 
(Section 4) 
A degenerate energy level (Section 7) 
Atomic binding energy of an electron in the K shell 
(5.17) 
Speed of light (2.2) 
Linear dimensions of the source of the radiation 
tion 3) 
Differential cross section of the transition 1-+2 
Differential cross section of the transition 2-+1 

(Sec-

(4.9) 
(4.9) 

Differential cross section for radiative neutron proton 
capture with emission of a quantum of multipole radiation 
of order l,m (4.13) 
Differential cross section for radiative disintegration of 
the deuteron by absorption of a quantum of multi pole 
radiation of order l,m (4.13) 
Element of configuration space (2.14) 
Element of solid angle (Section 3) 
A deuteron (4.1) 
Level distance between low-lying states which can combine 
by emission of multi pole radiation of a given type and 
order (7.17) 
Level distance at excitation energy E (Section 7) 
Distance between those energy levels at excitation energy 
E which combine with some specified lower level by emis-
sion of multipole radiation of order l (7.14) 
Charge on the proton (3.26) 
Effective charge of nucleon number k for electric dipole 
radiation (7.2) 
Excitation energy of the compound nucleus, measured 
from its ground state (Section 7) 
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E> The larger one of two excitation energies Ea and Eb 
(7.13) 

Ea Energy of the quantum state "'a of the nucleus (3.24) 
EA Energy of the degenerate level A (Section 7) 
Eb Energy of the quantum state "'b of the nucleus (3.24) 
Es Energy of the degenerate level B (Section 7) 
Emax •l Largest excitation energy E for which qlm(O,E) can remain 

of the same order of magnitude as qlm(O,O) (7.16) 
EN Energy of the incident neutron in the laboratory system 

(for neutron-proton capture) [= 2h2k2/ M] (Section 4) 
E Electric field vector (Section 2) 
E8(l,m;r) Electric field vector in electric multi pole radiation of 

order l,m (2.7) 
EM (l,m ;r) Electric field vector in magnetic multi pole radiation of 

order l,m (2.8) 
f(8) Scattering amplitude for neutron-proton scattering 

(4.3) 
gA Degeneracy of state A (7.12) 
Gb Branching probability for emission of a particle b from 

the compound nucleus (7.24) 
G2 z coordinate of the center of gravity of the nucleus 

(Section 7) 
H' Interaction energy responsible for the internal conversion 

process (5.8) 
H'12 Matrix element for the radiative transition from state 1 

to state 2 (4.7) 
H'ab Matrix element for the radiative transition from state a 

to state b (2.14) 
H'ab Matrix element for the internal conversion transition 

from (nuclear) state a to state b (5.6), (5.9) 
:JC Magnetic field vector (Section 2) 
:JCK(l,m;r) Magnetic field vector in electric multi pole radiation of 

order l,m (2.7) 
:JCM(l,m;r) Magnetic field vector in magnetic muItipole radiation of 

order l,m (2.8) 
I Overlap integral in the expression for the neutron-proton 

radiative capture cross section (4.23) 
10 Angular momentum of the nucleus in its ground state 

(Section 6) 
I a Angular momentum of the nucleus in state a (Section 

6) 
Angular momentum of the nucleus in state b 
6) 

(Section 
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j 

j(a,b;r) 

Jim 

k 

k 

k 

(2l+1)!! 
L=lmill. 

m 

m 

Angular momentum of the nucleus in state c 
6) 

(Section 

Convection current, respectively the operator for this 
quantity (2.14) 
The quantum analogue of the classical convection current 
for the transition l{Ja-+l{Jb (3.26) 
Angular momentum quantum number of the nucleus in 
state a (2.12) 
Angular momentum quantum number of the nucleus in 
state b (2.12) 
= JI(a,b); radial integral occurring in the matrix element 
for electric multi pole radiation of order l between nuclear 
states a and b, with the independent-particle model 
(6.7) 
An integral occurring in internal conversion theory 
(5.12) 
Angular momentum vector of the nucleus in state a 
(2.11) 
Angular momentum vector of the nucleus In state b 
(2.11) 
=Ikl; wave number of the relative motion of neutron 
and proton (4.3) 
= Ikl; wave number of the electron in the internal con-
version process (5.13) 
Wave vector of the relative motion of neutron and 
proton (4.2) 
Wave vector of the electron in the internal conversion 
process after ejection from the K shell (5.5) 
Angular momentum quantum number of the radiation 
[= multi pole order] (Section 2 and Appendix B) 
== 1 X 3 X 5 X ... X (2l+1) (3.4) 
Lowest value of l consistent with J a, ITa, J.b, ITb (Section 
2, Table 2.1) 
z component of LA: (3.37) 
Differential operator for the orbital angular momentum 
vector [= -irxv] (2.5) 
Orbital angular momentum operator for the kth nucleon 
[= -irA:XVA:] (3.33) 
Quantum number associated with the z component of the 
angular momentum of a quantum of multipole radiation 
(2.5) 
Mass of the electron (Section 5) 



M 
M a , Mb 

Mlm(a,b) 

M'lm 

M'lm(a,b) 

M 
M 
M(a,b;r) 

N 
N 

PI 

pkz(a,b) 

P 
PI: 
P 
P 
p2 

Ql ... (a,b) 
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Mass of a nucleon (3.26) 
Magnetic quantum number of the nucleus in state a 
or b (2.13) 
Magnetic multi pole moment of order l,m associated with 
the convection current (3.7) 
Magnetic multipole moment of order l,m associated with 
the convection current, for the transition l{ia-'>l{ib; for 
one particle (3.29), (3.30) j for a many-particle 
system (3.33) 
Magnetic multipole moment of order l,m associated with 
the magnetization (with the spins) (3.10) 
Magnetic multipole moment of order l,m associated with 
the spins, for the transition l{ia-'>l{ib (3.35) 
Density of magnetization [= IMll (Section 6) 
Density of magnetization (3.8) 
Effective magnetization density for the transition 
l{ia-'>l{ib due to the spin of a particle (3.31) 
A neutron (4.1) 
Normalization constant in the wave function of the 
deuteron (4.17) 
Momentum of the incident particle in the transition 
1-'>2 (4.12) 
Momentum of the incident particle in the transition 
2-'>1 (4.12) 
Matrix element of the z component of the momentum of 
the kth nucleon for a transition between quantum states 
a and b of the nucleus (7.3) 
Momentum operator for a nucleon l = -ihVl (3.26) 
Momentum operator for the kth nucleon (Section 3) 
A proton (4.1) 
Density of electric polarization (Section 6) 
Average square of the momentum of a typical nucleon 
inside the nucleus (7.9) 
=ql=q; a slowly varying function of the energies Ea, Eb; 
defined by (7.14) 
Matrix element for a typical single-particle radiative 
transition (7.12) 
Electric multipole moment of order l,m associated with 
the convection current (3.5) 
Electric multipole moment of order l,m associated with 
the convection current, for the transition l{ia-'>l{ib; for one 
particle (3.28) j for a many-particle system (3.32) 
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Q'lm Electric multi pole moment of order I,m associated with the 
magnetization (with the spins) (3.9) 

Q'lm(a,b) Electric muItipole moment of order I,m associated with 
the magnetization (with the spins), for the transition 
<Pa~<Pb (3.34) 

r = Irl; distance from the origin (2.7) 
r = Irl, distance between neutron and proton (4.3) 
roo Effective range for neutron-proton scattering in the IS 

state; see Chapter II, Section 3 (Section 4) 
rOt Effective range for neutron-proton scattering in the 3S 

state; see (II,3.20) (Section 4) 
ri = Iril; distance of nucleon number i from the center of 

gravity of the nucleus (5.10) 
rk = Irk/; distance of nucleon number k from the center of 

gravity of the nucleus (3.32) 
r Position vector, usually measured from the center of 

gravity of the nucleus (Section 2) 
r Vector separation of neutron and proton (4.2) 
ri Position vector of nucleon number i, measured from the 

center of gravity of the nucleus (5.8), (5.9) 
rk Position vector of nucleon number k, measured from the 

center of gravity of the nucleus (3.34) 
R Radius of a large sphere around the radiating system 

(Section 3) 
R = IRI; distance of an atomic electron from the nucleus 

(5.4) 
R Nuclear radius (6.3) 
R Position vector of an atomic electron, measured from the 

center of gravity of the nucleus (5.5) 
R2 An integral of the order of magnitude of the square of 

the nuclear radius (5.20), (5.21) 
S(w) Flux of the light beam [= number of quanta per square 

centimeter per second per unit range of the circular fre-
quency w] (3.25) 

Sa Lowest separation energy of a particle from the nucleus 
(Section 7) 

Sn Separation energy of a neutron (Section 7) 
S Poynting vector (2.3) 
S Total spin vector for the neutron-proton system 

[=t(dN+dp )] (Section 4) 
TI--+2 Probability per unit time of a transition from state 1 to 

state 2 (4.7) 
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Tab = T(a,b); probability per unit time for a transition 
between states Y;a and Y;b accompanied by emission of 
electromagnetic radiation (Section 2) and (5.1) 

T(a,b) Total transition probability (due to radiation and internal 
conversion) per unit time from state a to state b (5.1) 

To--+O(a,b) Transition probability per unit time associated with 
ejection of a conversion electron from the K shell, in a 
transition between nuclear states a and b with angular 
momenta Ia=h=O (5.21) 

T(i) (a,b) Probability per unit time for a transition between states 
a and b accompanied by emission of an internal conversion 
electron (5.1), (5.7) 

TE(l,m) Probability per unit time of emission of a quantum of 
electric multipole radiation of order l,m (3.21) 

TM(l,m) Probability per unit time of emission of a quantum of 
magnetic multi pole radiation of order l,m (3.22) 

uo.(r) Radial wave function for the 18 state of the neutron-
proton system (4.19), (4.20) 

UOt(r) Radial wave function for the 38 (ground) state of the 
deuteron (4.17), (4.18) 

ult(r) Radial wave function for the 3p state of the neutron
proton system under the assumption that the neutron-
proton force in that state has a negligible effect (4.32) 

ua(r) Radial wave function of a proton in the initial state a 
of the nucleus (6.5) 

'Ub(r) Radial wave function of a proton in the final state b of 
the nucleus (6.5) 

ul(+)(r) Radial wave function for an outgoing wave with orbital 
angular momentum l; see (VIII, 2.41) (2.7) 

U .. (8,r/» Angular distribution of the emission of alpha-particles 
(6.13) 

UE(l,m;fl) = U(fl) for electric muItipole radiation of order l,m 
(3.15) 

Ul(hw) Energy distribution of the multipole radiation of order l 
emitted immediately after capture (7.22) 

U M(l,mfl) = U(fl) for magnetic muItipole radiation of order l,m 
(3.17) 

U(fl) dfl Energy per unit time radiated into the solid angle ele-
ment dfl (Section 3) 

v = Ivl; speed of the charges giving rise to the radiation 
(Section 3) 

v = 2hkj M; relative speed of neutron and proton before 
capture (Section 4) 
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Va 

v 

v 

X 
Xlm 

z(k) dfl 

z,,(a,b) 

z 

a 

a 

Speed of the incident particle in the transition 1-.2 
(4.9) 
Speed of the incident particle In the transition ~1 
(4.9) 
Wave function of an atomic electron in the K shell 
(5.4) 
Wave function of an atomic electron after eje~tion from 
the K shell (5.5) 
Vector velocity of the charges whose motion gives rise to 
the radiation (Section 3) 
Volume of a "box" in which the system is enclosed 
(5.5) 
Wave function of a proton in the initial state a of the 
nucleus (6.5) 
Wave function of a proton in the final state b of the 
nucleus (6.5) 
Angular correlation function for successive emission of 
two nuclear radiations (6.12) 
Target nucleus in a nuclear reaction (4.5) 
=Xlm(O,cp); vector spherical harmonic; see Appendix B 
(2.5) 
Final nucleus created by radiative capture 
Scalar spherical harmonic; see Appendix A 

(4.5) 
(2.5) 

z component of the position vector r [= r cos 0] 
(3.11 ) 
Number of states of the ejected electron per unit energy 
range, within the solid angle element dfl (5.6a) 
Matrix element of the z coordinate of the kth nucleon 
between quantum states a and b of the nucleus (7.3) 
Atomic number [= number of protons in the nucleus] 
(3.32) 
A function determining the angular distribution of 
multipole radiation of order l,m (3.16) 

Internal conversion coefficient (5.2) 
Spin function for a proton with spin up (6.5) 
The inverse of the decay length in the ground state of the 
deuteron [= 2.32 X 10 12 em-I] (4.17) 
The contribution to rrad from emission of electric multi-
pole radiation of order 1 (7.19) 
Partial width of compound level a for a transition to level 
b with emission of electric multipole radiation of order 1 
(7.20) 



f.lJl(a,b) 

f,ad 

Ilm 

E 

E 

8 

8 

e 

K 
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The contribution to f,ad from emission of magnetic multi-
pole radiation of order l (7.19) 
Partial width of compound level a for a transition to 
level b with emission of magnetic multipole radiation of 
order l (Section 7) 
Radiation width of the compound nucleus in quantum 
state a (7.19) 
Phase shift for scattering in the IS state of the neutrQn-
proton system (4.20) 
Phase shift for scattering in the 3S state of the neutron-
proton system (4.35) 
Energy spacing between levels of a single nucleon 
(Section 7) 
=Ea-Eb-BK; energy of the conversion electron after 
ejection from the K shell (5.21) 
Energy spread in the incident gamma-ray beam (7.25) 
=Ja -Jb ; change in the angular momentum of the nucleus 
during the transition a~b (Section 2) 
Change in the magnetic quantum number m of the nucleus 
associated with emission of a gamma-ray (Section 6) 
=Ma-Mb (Section 2) 
Total charge (3.23) 
Kinetic energy of a neutron before radiative capture, or 
after a (-y,n) reaction (Section 7) 
= Zk -G.; Z coordinate of the kth nucleon measured from 
the center of gravity of the nucleus (7.1) 
Polar angle (colatitude) of the vector r (2.5) 
Polar angle (colatitude) of the wave vector k of the ejected 
electron (5.13) 
Angle between the first and second radiation emitted in 
a cascade nuclear transition a~b---+c (6.12) 
Polar angle (colatitude) of the position vector ri of the 
ith nucleon (5.10) 
Polar angle (colatitude) of the position vector rk of the 
kth nucleon (3.32) 
Polar angle (colatitude) of the position vector R of the 
electron (5.10) 
Wave number of the electromagnetic radiation [=w/cl 
(2.6) 
Wavelength of the electromagnetic radiation (Sec-
tion 2) 
=}../211'; modified wavelength of the electromagnetic 
radiation (Section 2) 
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!J. Magnetic moment of a nucleon expressed in nuclear 
magnetons (3.31) 

!J.k Magnetic moment of the kth nucleon expressed in nuclear 
magnetons (3.34) 

!J.N Magnetic moment of the neutron expressed in nuclear 
magnetons [= -1.91] (4.15) 

!J.p Magnetic moment of the proton expressed in nuclear 
magnetons [= +2.79] (4.15) 

1/ Frequency of the electromagnetic radiation [= w/2r] 
(Section 2) 

II The parity (space inversion) operator, defined by Ilf(r) = 
f( -r) (Section 2) 

Ila,Ilb Parity quantum number of the nucleus in states a and b 
(2.15) 

P Charge density, or the operator for this quantity (3.2) 
POI A length, defined by (4.36), which is very closely equal to 

the effective range TOI for neutron-proton scattering in the 
38 state (4.35), (4.36) 

PI = peE) Number of states of type 1 per unit energy range 
(4.8), (4.10) 

P2 = peE) Number of states of type 2 per unit energy range 
(4.7), (4.10) 

p(a,b;r) Quantum analogue of the classical charge density for 
the transition a---+b (3.27) 

0':"1' (l,m) Cross section for radiative capture with emission of elec-
tric multipole radiation of order l,m (4.4) 

O'rap(l,m) Cross section for radiative neutron-proton capture with 
emission of a quantum of multipole radiation of order 
l,m (4.14) 

O'~p Total cross section for radiative capture with emission of 
magnetic multi pole radiation (4.22) 

O'd'Y) Cross section for excitation of the nucleus to a compound 
(particle-emitting) state by absorption of a gamma-ray 
(7.24) 

O'C'ED('Y) The part of O'cC'Y) due to absorption of electric dipole 
radiation (7.30) 

O'Cl('Y) The part of O'd'Y) due to absorption of multipole radiation 
of order l (7.26) 

O'('Y,b) Cross section for photodisintegration of a nucleus with 
emission of a particle b (7.24) 

O'~~ Cross section for radiative disintegration of the deuteron 
by absorption of electric dipole radiation (4.33) 
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<Pa 

<Pa 

<Pb 

<Pb 

Xo 

Xl,O 
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Cross section for radiative disintegration by absorption of 
multipole radiation of order l,m (4.14) 
Cross section for radiative disintegration of the deuteron 
by absorption of magnetic multipole radiation (4.28) 
z component of dk (3.39) 
Pauli spin vector; see Appendix A (3.31) 
Pauli spin vector for the kth nucleon (3.34) 
Pauli spin vector for the neutron (4.IS) 
Pauli spin vector for the proton (4.IS) 
Polar angle (longitude) of the wave vector k of the ejected 
electron (S.13) 
Polar angle (longitude) of the position vector r (2.S) 
Polar angle (longitude) of the position vector ri of the 
ith nucleon (S.lO) 
Polar angle (longitude) of the position vector rk of the 
kth nucleon (3.32) 
Wave function of the nucleus in quantum state a 
(3.26) 
Initial state of the system nucleus plus atomic electron 
[ = lfaVa] (Section S) 
Wave function of the nucleus in quantum state b 
(3.26), (7.6) 
Final state of the system nucleus plus atomic electron, 
[ = lfbVb] (Section S) 
Polar angle (longitude) of the position vector R of the 
clectron (S.lO) 
Spin function for the singlet spin state of the neutron-
proton system; see Appendix A, Section 4 (4.19) 
Spin function for the triplet spin state of the neutron
proton system with m = 0; see Appendix A, Section 4 
(4.16) 
Wave function of the nucleus III state a 
and (S.9) 

Section 2 

lfb Wave function of the nucleus in state b Section 2 
and (S.9) 

W Circular frequency of the electromagnetic radiation, 
[ = 211'1'] (Section 2) 

Wab Circular frequency associated with the transition between 
quantum states a and b [= lEa - Ebl/hJ (3.24) 

Q A direction; this symbol stands for the two polar angles 
(J and t/I (Scction 3) 



CHAPTER XIII 

Beta-Decay 

1. INTRODUCTION 

The evidence that beta-rays are identical with ordinary electrons 
and positrons is overwhelming. The charge-to-mass ratio, elm, 
agrees with the one for electrons within experimental error (Bucherer 
09, Neumann 14, Zahn 37, 38) and so does the charge itself. The 
occurrence of orbital electron capture as an alternative process to 
{3+ -emission shows that the nucleus can accept an ordinary atomic 
electron in order to effect the transition. This is taken as confirma
tion of the fact that the {3+ -emission itself is emission of an ordinary 
positron (which is equivalent, in the hole theory, to acceptance by 
the nucleus of an electron in a negative-energy state). Positrons 
emitted by nuclei produce annihilation quanta upon encountering 
ordinary electrons, whereas electrons emitted by nuclei do not get 
captured into occupied orbits, thereby showing that they are identical 
with the electrons in those orbits (Goldhaber 48a). 

The emergence of electrons from nuclei gave rise to the hypothesis 
that they are an integral part of nuclear matter. At that time (before 
1933) the neutron was unknown, and a proton-electron theory of the 
nucleus seemed reasonable. According to this theory, a nucleus such 
as 7N14 consists of 14 protons (to give the right mass) and 7 electrons 
(to give the right charge). 

A strong argument against this assumption can be based on the 
measured angular momentum of N 14, J = 1. On the basis of the pro
ton-electron theory, this nucleus would have an odd number (21) of 
elementary particles, each of spin t. Its total angular momentum J 
would then have to be half-integral, in contradiction to the measure
ment. This example is typical of all the odd-odd nuclei. 

Another argument against the permanent presence of electrons in 
the nucleus comes from the uncertainty principle. An electron 
enclosed in a nuclear volume, of dimension R3 say, must necessarily 
have a momentum distribution extending out to momenta of order 
Pmo.:r."",hl R. The corresponding kinetic energy is (in the extreme 

670 
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relativistic approximation) E",,-,hc/R. If we use a nuclear radius 
R",,-,lC- 12 cm, the (kinetic) energy turns out to be of order E""-'20 Mev. 
In order to keep the electron within the nucleus, the potential energy 
of attraction between electrons and protons (or neutrons) must be 
strong enough to more than balance this kinetic energy.i There is 
absolutely no evidence for such a strong attraction between electrons 
and nuclear matter, and considerable evidence against it (from meas
urements on the neutron electron interaction). Yet, experiment 
shows that electrons do come out of nuclei, in the form of beta-rays. 
We seem to be faced with a contradiction. 

This same apparent contradiction had already been encountered in 
the theory of atomic structure in the problem of the emission and 
absorption of light by atoms. Electromagnetic radiation does not 
seem to form an integral part of atomic structure, yet electromagnetic 
radiation emerges from atoms. In the theory of atomic spectra the 
contradiction was resolved by assuming that there is a possibility that 
the atom can change its state under simultaneous emission (or absorp
tion) of a light quantum. While it is commonly said that the light 
quantum is created during the act of emission, this view is rather super
ficial. The electromagnetic field and the atom are in interaction all 
the time. This interaction shows itself not merely through emission 
and absorption of light but also through small steady disturbances in 
the atomic structure (Lamb shift and related phenomena, natural 
level width). Hence we may say that electromagnetic radiation, 
although not an integral part of actual atomic structure, yet has a 
kind of latent existence in the atom. 

Although the analogy to emission of beta-rays from nuclei seems 
rather natural, we must overcome another difficulty before we can 
apply this analogy. This difficulty lies in the apparent lack of con
servation of energy, momentum, and angular momentum in beta-decay. 

When an atom emits a light quantum, it changes from one well
defined state to another. The emerging light quantum carries away 
the energy and momentum liberated in the transition. Consequently 
the energy hw of the light quantum is determined, and its momentum 
is equal and opposite to the momentum of the recoiling atom. By 
analogy, we should expect that an electron is emitted when a nucleus 
changes from one well-defined state to another. The emerging elec
tron should then carry away a definite amount of energy, and its 

I Actually, no such strong attractive potential could be maintained for any 
length of time. It would lead to continuous creation of positron-electron pairs, 
with a tendency for the resulting space charge to shield the attractive potential 
(Klein paradox). 
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momentum should be equal and opposite to the momentum of the 
recoiling nucleus. 

This is not observed. On the contrary, electrons are emitted with 
all energies smaller than some maximum total energy Emu (this 
includes the rest energy mc2). Furthermore the electron does not 
nel!essarily leave in the opposite direction from the recoil nucleus. Of 
course, it would be very surprising if momentum were conserved 
without energy being conserved; the theory of relativity shows that 
the two are intimately connected. The angular momentum also fails 
to be conserved. Consider the beta-decay C 14 ~ N 14+!S-. The 
nuclear angular momenta of C 14 and N14 have been measured; they 
are 0 and 1, respectively. Thus the nuclear angular momentum 
changes during the transition by an integral amount (t..J = 1). On 
the other hand, the electron, being a particle of half-integral intrinsic 
spin, has to carry away a half-integral total angular momentum. Thus 
angular momentum cannot be conserved during this transition. 

A clue to the solution of this problem is provided by the fact that 
the maximum energy (including the electron rest energy) of the beta
spectrum is equal to the total energy available from the nuclear 
transformation. Furthermore the maximum momentum which the 
recoil nucleus receives is in agreement with the one calculated under 
the assumption that an electron of energy Emax has been emitted in 
the opposite direction. These facts are explained naturally by the 
neutrino hypothesis due to Pauli. 

The neutrino hypothesis postulates the existence of a (so far unob
served) neutral particle of small mass and half-integral spin. This par
ticle, called a neutrino, is assumed to be emitted simultaneously with 
the observed beta-particle. The electron, neutrino, and product nucleus 
share among them the energy, momentum, and angular momentum 
available from the nuclear transition. The beta-particle gets its 
maximum energy when the neutrino is emitted with zero momentum. 
This explains the conservation laws found experimentally for the maxi
mum energy and maximum momentum in beta-decay. 

Conversely, the difference between the maximum energy Emax of 
the beta-particle and the total available energy Eo of the nuclear 
transformation gives a value for the rest energy m.c2 of the neutrino. 
Experiments of this type show that the neutrino has a rest energy 
smaller than 25 kev and equal to zero within the experimental error. 
The apparent lack of conservation of angular momentum is explained 
by assigning some half-integral intrinsic spin to the neutrino. We 
shall assume that the spin of the neutrino is j-h.l 

I Calculations with neutrinos of spin ;fl were carried out hy Kusaka (41). They 
appear to exclude this choice on the basis of the shape of the heta-spectrum. 
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The fact that the neutrino escapes observation is unfortunate but 
not unexpected. A neutral particle cannot be observed directly with 
present methods, only indirectly by its effect on charged particles. A 
neutrino would not be expected to interact very strongly with any 
known particle. Indeed, we know only one process to which a neutrino 
can certainly give rise, namely the inverse process to orbital electron 
capture: a neutrino is absorbed by the nucleus while an electron is 
emitted (Bethe 34). The cross section for this process can be esti
mated. It is so small (,,-,10-44 cm2 ) that the neutrino is able to 
traverse kilometers of dense matter without a single collision. Direct 
detection of the neutrino has been considered by Crane (48), Benfield 
(48), Saxon (49), Barrett (50), and others. Indirect information 
about the neutrino could be obtained from "double beta-decay"; 
see Furry (37,39), Racah (37), Majorana (37), Fireman (49). 

2. THE NEUTRINO HYPOTHESIS AND THE SHAPE OF THE 
BETA-SPECTRUM. SELECTION RULES FOR "ALLOWED" 

TRANSITIONS 
We now study the way in which the available energy is divided 

between the beta-particle and the neutrino, i.e., the shape of the beta
spectrum. We shall first make some simplifying assumptions which 
can be dropped later. We shall neglect the Coulomb interaction 
between the electron and the residual nucleus, and the recoil energy 
of the nucleus. 

The Coulomb interaction can be neglected only for the lightest 
nucJei (Z;S 10) and sufficiently high electron energies. The recoil 
energy is negligible in all cases, since the mass of the nucleus, AM, 
is much larger than the electron mass m. The maximum recoil energy 
occurs when all the available energy is given to the electron. If we 
neglect the rest mass of the neutrino, the electron then has a total 
energy (including rest energy) of Emax = Eo, where Eo is the energy 
available from the nuclear transition, and a momentum 

( Pe) [(Emax)2 _ IJ\/2 
me max me2 

(P.)ma. is equal to the maximum recoil momentum P max. We therefore 
get for the maximum recoil energy E rec (non-relativistic) 

</ Erec ") m (Emax me2 
) 

"Ee1ec / rna. = 2AM me2 - Ema. (2.1) 

The second factor is less than 30 for all known beta-transitions, while 
the first factor is less than 3 X 10-4 for the beta-decay of an isolated 
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neutron and is inversely proportional to the mass number A. Hence 
we are justified in neglecting the recoil energy. We get an excellent 
approximation to the momentum P of the recoil nucleus by neglecting 
the recoil energy and afterwards computing P from the law of conserva
tion of momentum for the recoil nucleus, electron, and neutrino 
(assuming the initial nucleus was at rest): 

P + Pe + P, = 0 (2.2) 

We start by assuming, as Fermi (34) did, that all possible divisions 
of energy are equally likely. This statement can be formulated 
quantitatively as follows: Consider the phase space for the two par
ticles, electron and neutrino. Not all of this phase space is accessible 
since the sum of the energies is given by the law of conservation of 
energy: 

E. + E. = Eo (2.3) 

We postulate that the probability of a disintegration leading to a specified' 
accessible volume of phase space is directly proportional to that volume. 

Consider the following end state of a disintegration. The electron 
is contained in the volume element dYe and has a momentum of 
magnitude between P. and p.+dp. in a direction within the solid 
angle element dfl.. Corresponding statements hold for the neutrino 
(neutrino quantities will be denoted by the subscript p). We express 
the volume of this state in phase space in its natural units, h6 = (21!"h)6. 
This gives 

Volume in phase space = (21!"h)-6 p.2 dp. dn. dV. p,2 dp. dn, dV, (2.4) 

We now use the energy law (2.3) to write dp, in the form 

( iJP.) E, E dp, = - dE 0 = -2- d 0 
iJEo pe c p, 

where the subscript on the partial derivative indicates that the electron 
momentum is to be kept constant during the differentiation. With 
this substitution the phase space volume (2.4) assumes the form 
p(Eo) dEo, where p(Eo) is the "density of final states per unit 
range of total energy" familiar from perturbation theory; under 
the assumption of zero rest mass for the neutrino we obtain 

p(Eo) = (21!"h)-6 c-3 p.2(Eo-E.)2dp.dn.dV.dn,dV. 

where we have expressed the neutrino energy E. in terms of the electron 
energy E. and the total energy Eo. According to our assumptions 
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p(Eo) is proportional to the probability that the beta-decay leads to 
this particular final state. 

We observe that this expression predicts that the emission of the 
electron and the neutrino into all directions is equally likely; in particu
lar, there is no angular correlation between the directions of emission of 
the two particles. Furthermore, if we imagine that the whole system 
is enclosed within a large box of volume V, we are equally likely to find 
the electron and neutrino in any region of the box. Both statements 
result from the extreme simplifications used in this discussion and will 
be modified later on. 

We are not interested at this time in the position of the emitted 
particles within our imaginary box. We therefore integrate over 
dV. and dV.. We shall also not be concerned with the absolute 
direction of emission of the electron, but only with possible angular 
correlations between electron and neutrino. We therefore measure 
the neutrino directions with respect to the direction of the electron, 
i.e., replace dn. by dn." where 8 •• is the angle between electron and 
neutrino. Integrating over the angles for the electrons gives us the 
final phase space factor: 

(2.5) 

If the direction of the neutrino (or, more practically, the direction of 
the nuclear recoil) is not observed in the experiment, we have to 
integrate (2.5) over dn •• also, which gives an additional factor of 
411'. The appearance of the volume V in this expression is of purely 
formal origin. It will disappear from the final expressions. 

The IIlain result contained in (2.5) is the shape of the beta-spectrum. 
According to (2.5), the distribution-in-momentuin of the emitted 
electrons is given by (omitting the subscript e) 

P(p) dp = C p2 (Eo-E)2 dp (2.6) 

where C is a constant. For small momenta this distribution is propor
tional to p2, for large momenta (E near Eo) it is proportional to 
(Eo-E)2. It vanishes at both limits and has a maximum in the 
middle. A typical case is shown in Fig. 2.1a. 

We now investigate the effect of a possible, small rest mass m, of 
the neutrino on the shape of the beta-spectrum. There is no effect 
at all for extreme relativistic neutrino energies E.»m.c2• Hence we 
confine ourselves to non-relativistic neutrino energies, E,-m,c2«m,c2• 

This is the upper end of the electron distribution, where E. is near 
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its maximum value, Emax = Eo-m.c2• A simple calculation shows 
that p(Eo) is then proportional to the neutrino momentum, i.e., to 
(Ema• - E.) 112. The electron distribution therefore approaches the 
upper limit with a vertical tangent instead of a horizontal tangent.! 
This is illustrated schematically in Fig. 2.1 b. The best available 
measurements give a distribution near the maximum electron energy 
consistent with (2.6) within the experimental error. We can use 
these measurements to obtain an upper limit for m, (Konopinski 

--~~~------------~~------~p 
P"",x 

(a) 

P(p) 

---4~~----------------~-----?-p 

(b) 

FIG. 2.1. P(p) dp is the probability of a beta-decay in which the electron is emitted 
with momentum between p and p +dp. The form of P(p) for p near its maximum 
value depends on the rest mass of the neutrino, mv. (a) illustrates schematically 

the case m,=O; (b) the case m.;><!O. 

47, Pruett 48, Bowers 49). The result (from the H3 spectrum meas
ured by Curran 48, 49, and Hanna 49) is: m,c2 <500 ev, i.e., less than 
one-hundredth the rest energy of an electron. This determination of 
the neutrino rest mass depends on the validity of the assumptions 
made so far, in particular on (1) the assumption of the emission of a 
single neutrino, and (2) the assumption of a statistical division of the 
available energy. The neutrino rest mass can also be measured more 
directly by determining separately the nuclear energy change Eo and 
the maximum electron energy Emax and using the energy balance 
Eo = Emax+m.c2. In all cases where direct determinations have been 
carried out they agree with the indirect determination from the beta-

1 Although the statistical factor gives the general behavior of the beta-spectrum 
near its end point correctly, the details of the heta-spectrum for finite neutrino 
rest mass depend on more detailed features of beta-theory than just the statistical 
factor. 
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spectrum within the experimental errors. This agreement supports 
the assumptions listed above. 

Before comparing the detailed beta-spectrum with experimental 
measurements, we must include the effect of the Coulomb force 
between the beta-particle and the daughter nucleus. In order to do 
this, we have to retrace the previous argument, filling in some gaps. 
If we imagine that the whole system is enclosed within a box of volume 
V, it cannot be true that a decay electron with a given momentum 
vector P. is equally likely to be in any part of the box. Rather, the 
position and momentum are correlated in the sense that the electron 
has a direction away from the nucleus which emitted it. 

The gap in the argument consisted of the failure to specify the 
probability of decay more in detail. We shall assume that the decay 
probability is a product of four factors: 

(1) The a priori probability p(Eo), (2.5). 
(2) The probability of finding the electron within the nuclear 

volume, i.e., fl~el2 dYe extended over the interior of the nucleus. 
(3) The probability of finding the neutrino within the nuclear 

volume, i.e., fl~,12 dV, over the interior of the nucleus. 
(4) A specifically nuclear factor to be determined from a more 

detailed theory. We shall assume for the time being that this factor is 
independent of the distribution of energy between the electron and 
neutrino. 

We can understand the need for factors (2) and (3) by considering 
the inverse process where an electron and neutrino are put into a box 
of volume V together with the decay product nucleus Y. The rate of 
the inverse beta-decay, Y + e + II = X, is proportional to the probabili ty 
of having Y interact with e and II at the same time. Hence factors 
(2) and (3) follow for the inverse beta-decay if we assume that the 
interactions involved are essentially point interactions. Since the 
beta-decay and the inverse beta-decay are related by the general 
reciprocity law for inverse processes (Chapter X, Section 2), we con
clude that factors (2) and (3) apply also to the beta-decay itself. 

Let us consider the orbital angular momenta ie and i, of the electron 
and the neutrino after the emission. Since the wavelengths of electron 
and neutrino are much larger than the nuclear radius, we approximate 
the integral fl~.12 dV. over the interior of the nucleus by l~e(OW VN , 

where V N is the nuclear volume and ~.(O) is the electron wave function 
evaluated at the center of the nucleus. A similar approximation is 
used for the neutrino factor, (3). The wave function~. for a free elec
tron of wave number k. = p.llt emitted with orbital angular momentum 
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l. is proportional to (k.r.)l, for small distances r. from the origin of 
the coordinate system (the center of the nucleus). Thus in particular 
~.(O) vanishes except for electrons emitted with zero orbital angular 
momentum. The same consideration holds for the neutrino. We 
conclude therefore that the electron and neutrino are emitted only 
with zero orbital angular momentum as long as the approximations 
which we have introduced are valid. This rule is in agreement with 
the intuitive idea that the emitted electron must appear to come from 
the emitting nucleus. Zero orbital angular momentum means zero 
impact parameter, i.e., an electron direction straight away from the 
center of the emitting nucleus. 1 

Actually, the average values of l~e(rW and 1~.(rW are not exactly 
equal to their respective values at r = O. Hence an emission of the 
light particles with an orbital angular momentum different from zero 
is possible, although its probability is relatively much smaller. We 
shall call " allowed transitions" the transitions in which both the 
electron and the neutrino are emitted with zero orbital angular momentum, 
and we shall call "forbidden transitions" the relatively weaker 
ones in which one or both particles are emitted with an orbital angular 
momentum different from zero. 

Let us now consider the intrinsic spin of the emitted particles. Both 
particles have a spin t. These two spins can combine to a total 
intrinsic spin 0 (singlet case) or 1 (triplet case). 

The theory, in its present stage, cannot predict which case takes 
place in the actual beta-decay. The light particles could be emitted 
either in the singlet state or in the triplet state or in a combination of 
both. In order to decide this question, we must discuss the conse
quences of the different possibilities and compare them with the experi
mental material. 

If electron and neutrino are emitted in the singlet spin state, the 
only angular momentum carried away by the two particles is the 
orbital angular momentum, and that is zero for allowed transitions. 
Hence the angular momentum of the daughter nucleus must equal 
the angular momentum of the parent nucleus. Furthermore, since 
both the electron and the neutrino are emitted in S states (l=O) which 
have even parity, there cannot be any change in the parity of the 
nuclear wave functions. We therefore get for the case of singlet 
emission the Fermi selection rule for allowed transitions: 

no change of parity (2.7) 

1 This statement is subject, of course, to the usual qualifications due to the 
Heisenberg uncertainty principle; see Chapter VIII, Section 2. 
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If the electron and neutrino are emitted in the triplet spin state, 
i.e., with parallel spins, a different selection rule is obtained. No 
orbital angular momentum is involved in allowed transitions, and the 
total angular momentum carried by the two particles is their spin 
angular momentum, which is now unity. Since the parity operation 
does not involve the spins, the parity selection rule is as before. We 
thus get an alternative rule for the case of triplet emission, the 
Ga1TUJw-Teller selection rule for allowed transitions: 

/l.J = ± 1 or 0 (except no Q---+O transitions) no change of parity 
(2.8) 

I t must be noted that our distinction between singlet and trip
let states of the light particles is justified only in a non-relativistic 
approach. If a particle possesses a relativistic energy, it is no longer 
possible to distinguish clearly between orbital and intrinsic angular 
momentum and to define the parity of the state. 1 On the other hand, 
the nuclei presumably need not be treated relativistically. Hence 
we can still use the parity of a nuclear state and certainly the total 
angular momentum J of the nucleus as good quantum numbers. 
The more detailed relativistic treatment of the beta-decay shows (see 
Section 5) that it is justified to maintain selection rules (2.7) and (2.8) 
in order to distinguish two characteristic ways in which the light par
ticles can be emitted in an allowed transition; the two ways correspond 
to the singlet and triplet cases in the non-relativistic limit. 

Selection rules (2.7) and (2.8) indicate which nuclear transitions 
could lead to allowed beta-decays in the case of singlet or triplet 
emission respectively. The transitions which do not fulfill conditions 
(2.7) for the singlet case or (2.8) for the triplet case involve the emis
sion of a light particle with an orbital angular momentum different 
from zero. They are therefore forbidden, and it is expected that, other 
things being equal, allowed beta-decays have larger transition prob
abilities than forbidden decays.2 This fact will be used to attempt an 
experimental decision between the two possibIlities. 

1 The spin of the so-called "small components" of the four-component Dirac 
wave function is always opposed to the spin of the "large components." For 
relativistic energies the two components are of equal order of magnitude. Also 
the parity of the wave function becomes ambiguous. For a discussion of the parity 
operation for spin! particles see Yang and Tiomno (50). 

I This statement is made only plausible by our present, non-relativistic treat
ment of the-electron and neutrino, which -leads to selection rules (2.7) and (2.8). 
The non-relativistic argument cannot be regarded as a proof, since the neutrino 
is always relativistic. 
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We now turn to the influence of the additional factors, (2) and (3) on 
page 677, on the shape of the beta-spectrum for allowed transitions. 
We start out by showing that these factors have no influence on the 
spectrum shape as long as the Coulomb force between the electron 
and the daughter nucleus can be neglected. We imagine that the 
electron is confined to remain inside a box of volume V. Then 

(2.9) 

which is an energy-independent factor. A similar relation holds for 
the neutrino integral fl~.12 dV. Hence the spectrum shape is com
pletely determined by the statistical factor p(Eo), (2.5). 

On the other hand, I~.(OW becomes energy-dependent if the 
Coulomb force on the electron is taken into account. We get an 
approximate expression for the Coulomb correction to the spectrum 
shape by treating the electron non-relativistically. This gives 

1 - exp (-211"11) 
(2.10) 

where TJ=Ze2/hv for electrons, TJ= -Ze2/hv for positrons, v being 
the speed of the particle far away, Z the atomic number of the prod
uct (daughter) nucleus. The Coulomb correction enhances the 
probability of electron emission and decreases the probability of posi
tron emission, especially at low energies. At high energies the Cou
lomb force loses its effect on the spectrum shape, and the spectrum 
approaches that computed without the Coulomb correction. 

The behavior of the spectrum at very low electron or positron 
energies can be obtained directly from (2.6) and (2.10). For no Cou
lomb force, the distribution-in-momentum is proportional to p2. 
For electron emission with low momenta p the Coulomb correction 
factor F(Z,E) becomes inversely proportional to the electron momen
tum. Hence the electron distribution-in-momentum is proportional 
to p rather than to p2 for energies low enough so that 211'TJ» 1. For 
positron emission, the Coulomb correction factor F(Z,E) becomes 
proportional to p-l exp (-c/p), where c is a constant. Hence the 
distribution-in-momentum of low-energy positrons is proportional to 
p exp (-c/p), i.e., drops to zero very rapidly. Figure 2.2 illustrates 
these points in a schematic fashion. 

Sometimes the distribution-in-energy rather than the distribution
in-momentum is plotted. Since c2p dp = E dE, the former distribu
tion is obtained from the latter by multiplication with E/pc2• In 
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particular, at energies close to the rest energy mc2 the energy spectrum 
for no Coulomb field is proportional to p. If the Coulomb field is 
taken into account, the energy spectrum at low energies approaches a 
constant finite value for electrons; it is proportional to exp (-c/p) 
for positrons. 

pep) 

peE) 

(8) 

p 
me 

--~----~=-----------~----~~ 

(b) 

FIG. 2.2. Schematic picture of the influence of the Coulomb correction upon the 
spectrum shape of allowed transitions. (a) shows the distribution-in-momentum, 
i.e., P(p) dp is the number of electrons emitted into the momentum interval 
between p and p+dp; (b) shows the distribution-in-energy, i.e., P(E) dE is the 
number of electrons emitted into the energy interval between E and E +dE. The 
curves labeled {3- and {3+ refer to negatron and positron emission, respectively. 

The Coulomb effect can be understood qualitatively in the following 
way: the energy distribution for positive and for negative electrons is 
the same at the moment of leaving the nucleus. The Coulomb field 
accelerates the positive electrons and decelerates the negative elec
trons. Hence the positron spectrum has fewer slow particles, and 
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the negatron spectrum more slow particles, than they would have in 
the absence of the Coulomb effect. This classical argument would 
predict no positrons below a certain energy (the barrier energy, 
= Ze 2/R, where R is the nuclear radius). The actual positron spec
trum does contain some low-energy positrons, as a result of the quan
tum-mechanical barrier penetration effect. Indeed, the Coulomb 
factor (2.10) is the one which occurs in the theory of proton-proton 
scattering (Chapter II) or in the theory of nuclear reactions induced 
by charged particles (Chapter VIII). The Coulomb correction 
becomes important when 21rJ'IJ = 21rZe 2 /hv,<:,l. 

The Coulomb correction factor (2.10) must be amended for two different effects: 
the relativistic correction, and the correction for screening of the nuclear electric 
field by the atomic electrons. 

If the electron is treated relativistically by means of the Dirac equation, the 

integral ( !.r.!2 dV cannot be replaced by !.r.(0)!2 V N because the radial Dirac 
Jnucl 

function becomes infinite at r =0. The infinity is a very weak one, however, and 
furthermore the wave function of the electron inside the nucleus itself does not 
continue to rise indefinitely, since the charge is now distributed over the nuclear 
volume rather than being a point charge. It is common practice to replace the 

integral ( !.r.!2 dV by !.r.(R)!2 V N, where R is the nuclear radius. This approx-
Jnuci 

imation does not introduce any serious errors (Good 51). 
With this approximation the relativistic Coulomb correction factor (not cor

rected for screening) becomes (Fermi 34) 

2(1 +s) 
F(Z E) = -- (2pp)2o-2e"~ !(s-l+i,,)112 

, [(2s) 1]2 
(2.11) 

where B=[I-(Ze2/1Ic)2j112; p=R/(fI/me), R=nuclear radius; p=electron or posi
tron momentum, in units me; ,,=+Ze2/flv for negatron decay; ,,=-Ze2/flv for 
positron decay; v = electron or positron speed;Z = charge of final nucleus. 

Since the last factor in (2.11) involves a function which has not yet been tabu
lated, it is useful to get a simple analytic approximation to (2.11) in terms of tabu
lated functions. The following expression, suggested by Hall (50), is accurate to 
better than 1 percent in absolute value for all energies and all attainable Z, and 
even better than that for the shape of the spectrum. This approximation is 

(2.12) 

where all the symbols are as above and tI> is defined by tI> ""arctan (s/,,). For 
Z =0 this reduces to 1.0046 instead of 1, which gives some indication of the error of 
this approximation. 

The correction for the screening of the field of the residual nucleus by the atomic 
electrons is more difficult to handle. Fortunately this correction is important 
only at rather low energies (of the order of 100 kev or less). Rose (36) has shown 
that the screening correction is quite unimportant for negatron decay, and later 
calculations (Longmire and Brown 49, Reitz 50) have confirmed this conclusion. 
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On the other hand, the screening correction is quite important for positron emis
sion. Numerical calculations of Reitz on the ENIAC show that for Z ... 92 the 
screening correction amounts to a factor of 2 around 80 kev, and to a factor of 10 
at 25 kev. 

Collecting the information obtained so far, the momentum spectrum 
of the beta-particles in allowed transitions is given by 

P(p) dp = C F(Z,E) p2 (Eo-E)2 dp (2.13) 

where C is a constant which in general depends on the specific nuclei 
involved in the decay, and F(Z,E) is given approximately by (2.10) 
(for Z less than about 30 and kinetic energies E above a few hundred 
kev) and more accurately by (2.12) (augmented, for positrons, by the 
screening correction of Reitz 50). 

It is customary in the study of beta-decay to measure all energies in 
units me2, and all momenta in units me. Thus our symbol E will be 
used from now on for E/mc2, and p for p/mc. 

The distribution-in-momentum P(p) is measured directly by the 
distribution of curvatures in a magnetic field. Kurie (36) pointed 
out that the data so obtained can be plotted in a simple manner. It 
follows from (2.13) that a plot of [P(p)/Fp2]l/2 against energy E is a 
straight line, intersecting the abscissa at E = Eo. The Kurie plot 
has the advantage that it does not require accurate knowledge of the 
decay energy Eo, but rather can be used to find Eo by straight-line 
extrapolation. It is also a simple and effective way of testing whether 
a measured beta-spectrum has the allowed shape. 1 A Kurie plot for 
the beta-decay of 836 (taken from Albert and Wu, 48, and Cook et aI., 
48) is shown in Fig. 2.3. The agreement between theory and experi
ment is excellent at all but the lowest energies. The deviations from 
straight-line behavior at extremely low kinetic energies are attrib
utable to experimental errors of various kinds and do not constitute 
a real disagreement. 2 

In order to see whether this agreement with theory is significant, 
let us calculate the allowed spectrum under the assumption that two 
neutrinos are emitted in each disintegration. The accessible volume 
in phase space is determined by the energy law E.+E.+E,.=Eo, 
where we denote the second neutrino by p.. The relevant volume ele
ment in phase space is proportional to p.2 dp. p.2 dp. PI' 2 dp,.. Elimi-

1 See Kurie (48), however, for cautions regarding this procedure. 
S Early measurements of beta-spectra appeared to contradict the Fermi theory. 

Lawson (39, 40) and Tyler (39) were the first to overcome the experimental difficul
ties and to get sufficiently accurate measurements to allow a valid comparison with 
the theory. 
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nation of the momentum of the second neutrino, similar to the trans
formation from (2.4) to (2.5), now leads to 

p(Eo) ro..J Pe2 (Eo - Ee - E.)2 p.2 dpe dp. 

(we assume zero rest mass for both neutrinos). Since the neutrino II 

is just as unobserved as the neutrino p., we integrate over p. between 0 
and (Eo-Ee)/c to get the spectrum shape factor 

f p(Eo) dp. ro..J Pe2 (Eo-Ee)D dpe (2.14) 

[P(p)/F(Z,E)p2]t 

---r--------~--------~----~E 

FIG. 2.3. A Kurie plot of the spectrum of su, taken from Albert and Wu (48). 
A straight-line plot indicates an allowed spectrum shape; the intercept with the 
absci88a gives the maximum electron energy. The small deviations at low energies 

are instrumental. 

Distribution (2.14) strongly enhances the low-energy end of the 
electron spectrum and makes the approach to zero at the upper limit 
much more rapid than spectrum (2.6), which was based on the emission 
of only one neutrino. There is no question that (2.14) is in disagree
ment with the data. The large difference between the shapes (2.6) and 
(2.14) together with the experimental confirmation of (2.6) (after 
correction for the Coulomb effect) provides considerable positive 
support to the single-neutrino hypothesis of Pauli. l 

3. ORBITAL ELECTRON CAPTURE 

Since the nucleus of any atom, radioactive or not, is always sur
rounded by electrons under laboratory conditions, a nucleus unstable 
against positron decay can instead capture one of the orbital electrons 
(Yukawa 35a, M~ller 37). This one-sided behavior of positron decay 

1 Quite apart from these considerations, it would be awkward to introduce two 
neutrinos, since they could not be particles of the same kind. In order to obtain 
('onservation of angular momentum in beta-decay, one neutrino would have to 
have integral spin, the other half-integral spin. 
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compared to negatron decay does not contradict the basic symmetry 
between positrons and electrons. If there were positrons around for a 
nucleus to catch, positron capture would compete with negatron decay 
just as electron capture competes with positron decay, and with similar 
energetic relationships. Conversely, there can be unusual conditions 
in which the nuclei are not surrounded by electrons. In that case 
orbital electron capture does not occur. In general, the probability 
of orbital electron capture depends not only on the properties of the 
nucleus, but also on the properties of the electron cloud around the 
nucleus (Daudel 47). Thus, the same nuclear transformation occurs 
with different decay probabilities if the nucleus is surrounded by some
what different electron clouds (e.g., by being part of different mole
cules). This effect has been observed (Segre 49, Leininger 49, Benoist 
49, Bouchez 47, 49). 

We use statistical considerations for orbital electron capture just 
as in Section 2. The statistical factor is different now, however, 
since the electron is in a definite quantum state before its capture. 
The phase space volume is therefore determined entirely by the energy 
of the emitted neutrino. This volume is equal to 

(2'11"h)-3 p.2 dp. dr!. dV. == p'(E.) dE. 

As before, we get the statistical factor p(E.) from p'(E.) by integrat
ing over the possible positions of the particle inside the box, Le., 
over dV.. Since the neutrino is always emitted in a direction opposite 
that of the nuclear recoil, there is no question of angular correlation 
here, and we integrate over the angles dr!. also: 

V 2 2 
p(E.) = 2'11"2h3e3 (Eo + me - EB ) (3.1) 

Here we have assumed zero rest mass for the neutrino and have 
denoted the available nuclear transformation energy by Eo, the atomic 
binding energy of the captured electron by EB • 

We shall again assume that the decay probability is given by the 
four factors enumerated in Section 2. Factor (1) is given by (3.1) for 
electron capture. We restrict ourselves to allowed electron capture 
transitions. Then the probability of finding the neutrino inside the 
nuclear volume [factor (3) on our list] is equal to V N/V, just as before. 
However, the probability of finding the electron inside the nuclear 
volumt [factor (2)] is changed completely. This factor is no longer 
proportional to V-I. The electron before capture is bound to the 
nucleus. Hence the probability of finding it inside the nuclear volume 
is independent of the size of the box in which the system is enclosed. 
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The probability depends on the nature of the electron state. It is 
small for electrons in outlying orbits, and comparatively large for 
electrons in the inner shells of the atomic structure. By far the largest 
proportion of the total electron capture probability is due to the 
capture of electrons from the innermost shell in the atom (this shell 
is called K shell in x-ray terminology, Is shell in optical spectroscopy). 
If we neglect relativistic corrections, the probability of finding the 
K electron inside the nuclear volume is the ratio of this volume, 
VN , to the volume enclosed by the first Bohr orbit: 

f 1 (Zme2)3 
1~.12 dV. =; 7 VN 

This probability must be multiplied by 2 because there are two elec
trons in the K shell, each of which may be captured by the nucleus. 

We shall write the K capture probability in the form: 

Capture probability = In 2 = elK 
tx 

(3.2) 

Then tx is the half-life of the radioactive nucleus if K capture is 
the only mechanism by which it can disintegrate, i.e., if the energy Eo 
liberated by the nuclear transition lies between the limits 

-(mc2 - EB) < Eo < mc2 

For Eo>mc2, positron emission competes, and the half-life is shorter 
than tx. Ix will b.e defined so that the constant C in (3.2) is the same 
as in (2.13).1 The energies Eo and EB are again measured in units 
mc2• The K electron binding energy EB is (again in the non-relativis
tic approximation) 

(for a K electron) (3.3) 

We then get for the Ix in (3.2) 

Ix = 2r (~:)3 [Eo + 1 - ~ (~:2rr (3.4) 

We emphasize that the Z here is the charge of the parent nucleus. 

I Since the spin directions of electron and neutrino are not observed in practice, 
the phase space factor, (3.2) or (2.5), must be multiplied by the statistical weights 
of the final states. These statistical weights are 2 for electron capture (emission 
of one particle of spin i) and 4 for electron emission (emission of two particles of 
spin i each). This difference accounts for the factor 2 in formula (3.4). 
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For high values of Z this expression must be corrected for relativistic effects and 
for the influence of the shielding of the nuclear Coulomb field by the outer elec
trons. The shielding correction can be made approximately by replacing the 
actual llUclear charge Z by an "effective charge" which is commonly taken 
to be Z -0.3 (Bethe 33). The relativistic correction then replaces (3.4) by 

1+8 f = 2 ... (2p)2.-2 -- 'Y1+2. (Eo + 8)2 
K (28)! 

(3.5) 

The symbols have been defined already in connection with (2.11) and (2.12), 
except for 'Y '= Ze2 lAc. 

In addition to capturing electrons from the K shell of the atom, the 
nucleus can also capture electrons from other shells, the most impor
tant of these being capture from the L shell. Since the probability of 
finding an L shell electron within the nuclear volume is much less than 
that for a K electron, L shell capture is considerably less likely than 
K capture. It has been observed, however (Pontecorvo 49). With 
the exception of very low-energy transitions (Eo negative and not 
much less in absolute value than mc2 - EB ) the L shell capture can 
be neglected in the estimate of the electron capture probability. It 
can happen, however, that the nuclear energy change is low enough so 
that K shell capture is energetically impossible while L shell capture is 
still allowed. In that exceptional case the electron capture probability 
would be almost entirely due to L shell capture. 

Orbital electron capture cannot be observed directly, since the whole 
event takes place within the atom. The only emitted particle is a 
neutrino which has so far escaped all attempts to detect its presence. 
The occurrence of orbital electron capture shows itself experimentally 
through emission of x-rays from the product atom: the product atom is 
left with a hole in the K shell which is filled by one of the outer elec
trons, thereby producing x-rays characteristic (in wavelength) of the 
product nucleus. The observation of these x-rays proves that K cap
ture has occurred (Abelson 39). It does not constitute a measure
ment of the nuclear energy change, however. The nuclear energy 
change must be found by other means [e.g., the Q value of the (p,n) 
reaction by which the radioactive nucleus can be formed from the 
stable one]. In practice, the nuclear energy change Eo is unknown 
(or known only within rather wide limits) for most radioactive nuclei 
which decay exclusively through orbital electron capture. 

Since no electron emission takes place in K capture, the entire recoil 
momentum of the nucleus is due to the emission of the neutrino. 
The observation of this recoil momentum therefore gives additional 
support to the neutrino hypothesis (Kan Chang Wang 42, Allen 42. 
Wright 47, Smith 51). 



688 XIII. Beta-Decay 

4. THE HALF-LIVES OF BETA-EMITTERS AND EVIDENCE 
CONCERNING THE SELECTION RULES 

IN ALLOWED TRANSITIONS 

The probability of decay into a given momentum interval dp of 
the electron is given by (2.13). We obtain the total probability per 
unit time that a beta-active nucleus will decay by integrating pep) dp 
over all electron momenta in the beta-spectrum. This probability also 
defines the half-life L of the beta-decay. We get 

d b b·l· In 2 Cf {J ecay pro a llty = - = _(Z,Eo) 
L 

where f_(Z,Eo) is the integral 

(po 
f_(Z,Eo) = 10 F(Z,E) p2 (Eo- E)2 dp 

(4.1) 

(4.2) 

The upper limit of integration, Po= (E02_1)1I2, is the maximum 
momentum in the electron spectrum, expressed in units me. The 
integral can be evaluated explicitly for Z =0, i.e., if the Coulomb effect 
on the spectrum is neglected. The result is 

f_(O,Eo) = -lrJ (Eo2-1)112 (2Eo4-9Eo2-S) 
+ t Eo In [Eo + (Eo2-1)1I2] (4.3) 

For very large Eo this functi~n is proportional to E o5. However, 
in the energy region of interest, 1.1 ~ E 0 ~ 10, f _ does not follow an 
E 05 law but is more nearly proportional to (Eo-1)4. In most cases 
the Coulomb effect on the spectrum and, through it, on the lifetime 
cannot be neglected. For values of Z~O the integral (4.2) must be 
evaluated numerically. Tables and graphs of this function have be~n 
given by Feenberg and Trigg (50), Moszkowski (51b), and others. 

The probability per unit time of positron emission is found in a 
similar way. It is 

+ d ·li In 2 (3 ecay probabl ty = - = C f+(Z,E o) 
t+ 

(4.4) 

where f+ is the same integral as (4.2), except that the Coulomb cor
rection factor is the one for positron emission (1/= -Ze2jhv). Com
puted values of f+ can be found in the references given for f-. 

Unlike negatron emission, however, the observed half-life of a 
positron emitter is not equal to the t+ in (4.4). Whenever positron 
emission is energetically possible, K capture also occurs and shortens 
the half-life. The probability of electron capture was determined in 
the previous section [(3.2), (3.4), (3.5)]. If only one nuclear transiti'm 
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can take place, the probability of this transition is the sum of the K 
capture and positron emission probabilities. The ratio of K capture to 
positron emission for allowed transitions is also given in the refer
ences quoted above. 

In general, a radioactive nucleus starts the decay process from its 
ground state, since gamma-ray emission from an excited state is usu
ally much more probable than beta-decay. Isomeric states (see 
Chapter XII, Section 6) sometimes give exceptions to this rule. In 
very many cases, however, the beta-decay proceeds to more than one 
final nuclear state, i.e., the daughter nucleus may be left in an excited 
state rather than in its ground state. The beta-decay is then said to 
be "complex." The decay probability of the initial nucleus is the 
sum of the decay probabilities for the individual transitions in the 
complex decay. Since the energy relations for K capture are more 
favorable than for positron emission, a simple positron decay can be 
associated with a complex electron capture decay, thereby giving 
apparently too large a ratio between the K capture and positron emis
sion probabilities. If the {3- or {3+ decay is complex, the observed 
spectrum is a superposition of the spectra for the various possible 
transitions. Even if the individual spectra have the allowed shape, 
the composite spectrum shows a more complicated shape (Bethe 39). 
Sometimes we can surmise the existence of a complex decay by resolv
ing the observed spectrum into components each of which has the 
allowed shape (or one of the forbidden shapes; see Section 7). An 
unambiguous proof of complexity, however, is obtained best by the 
detection of time-coincidences between the beta-particles which lead 
to one of the excited states of the product nucleus and the gamma
rays which are emitted subsequently in the de-excitation of the product 
nucleus (see Mitchell 48 and the references quoted there). 

The factors f-, f+, and fK depend on the conditions outside of the 
nucleus, since they are determined by phase space considerations and 
by the effect of the Coulomb field on the electron. Hence the strictly 
nuclear properties are contained in the coefficient C, which has the 
dimensions of an inverse time. It is customary to define the "com
parative half-life" of a simple beta-transition, ft, by 

1 
== f_(Z,Eo) t (for rr decay) 

ft == [f+(Z,Eo) + fK(Z,Eo)] t (for (3+ decay) 

== h(Z,Eo) t (for K capture without (3+ decay) 

(4.5) 

where t is the half-life of the transition, measured in seconds. If the 
decay is actually complex, t is the partial half-life for the particular 
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branch in question (Le., the half-life which would exist if all the other 
transitions could not occur). 

To the extent that the assumption of an allowed spectrum shape is 
valid, the comparative half-life is related to the constant C which 
appears in (2.13), (3.2), (4.1), and (4.4) through 
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FIG. 4.l. Frequency distribution of comparative half-lives It (t is expressed in 
seconds). The height of the shaded area indicates the number of decays for which 
log(ft) lies within the limits indicated on the abscissa. Except for the sharp peak 
around log(ft) =3.5, there is no special grouping of It values. In particular, it is 
impoBBible to separate the decays empirically into various "orders of forbidden-

neBS" on the basis of only their lifetimes. 

Thus transitions which are equally likely from the point of view of 
the nucleus have equal comparative half-lives (even though their 
actual lifetimes may be quite different because of different available 
energies Eo or different Z). Conversely, an unusually large com
parative half-life indicates that the nuclear transition is inherently 
improbable. This may be due to several causes which will be dis
cussed in later sections of this chapt.er. 

Figure 4.1 shows a. plot of the distribution of comparative half-
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lives of all the well-known transitions (data from the compilation of 
Feingold 51). There is an almost complete absence of any grouping 
of these it values. In the early days of the study of beta-decay, 
Sargent (33) plotted the lifetimes against the maximum energies, 
both on logarithmic scales. The points then seemed to fall along 
several lines, separated from each other, each of slope about 5 (the 
fifth-power law for the lifetime). If such Sargent curves existed for 
the data which have accumulated since then, they would appear in 
Fig. 4.1 as sharp peaks in the distribution of it values. By and large, 
no such peaks exist, and it is impossible to group the known beta
decays into "allowed," "first forbidden," "second forbidden," etc., 
on the basis of the it values. 

The one apparent exception to this rule is the sharp peak around 
log (it) =3.5. It is tempting to assume that these transitions (all of 
which involve light- or medium-weight nuclei) are the allowed ones, 
all others being forbidden. However, we shall show in Section 6 that 
this interpretation is incorrect if "allowed" is defined as in Section 
2, i.e., by the change of angular momentum and parity in the nuclear 
transition. Rather, a good many transitions with log (ft) around 5 
are also allowed in this sense. 

There is a general trend in Fig. 4.1 in the direction of decreasing 
likelihood of high comparative half-lives (ft above 10 10 sec). This is 
probably not a true trend. It is difficult to observe a very long half
life if there is a competing transition (to another level of the daughter 
nucleus) with a much shorter half-life. Most of the observed transi
tions in the complex decay are then associated with the second branch. 
In most cases an alternative transition with a branching probability 
of less than 1 percent escapes detection. The higher the comparative 
half-life, the higher (on the average) is the actual half-life, and the 
more likely is the occurrence of a competing, shorter-lived branch in 
the transition. Indeed, several known decays listed in Feingold's 
table have been omitted from Fig. 4.1, because the branching probabili
ties were not known (so that only a lower limit for it could be deduced, 
not the actual value). 

We shall now list a few special beta-decays in which the initial and 
final nuclear spins are either known experimentally or can be found on 
the basis of one of the following semi~empirical rules about nuclear 
spins: 

A. Even-even nuclei have 1=0. 
B. Mirror nuclei have the same spin. 
C. Odd-odd nuclei with N = Z have I,eO. 
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Of these, rule A is very well established experimentally and has some 
theoretical basis in the shell model (Chapter XIV). Rule B is sup
ported by impressive evidence regarding the generally similar behavior 
of mirror nuclei (see Chapter VI, Sections 2 and 6), but only one 
experimental measurement has been made (for the R3_Re3 pair). 
Rule C is based on the measured spins of R2, Li 6, BIO, N I4, and Na22 

but has no known theoretical foundation. 

TABLE 4.1 
SOME DECAYS WITH KNOWN SPIN CHANGES 

Initial Nucleus Ii Final Nucleus I, Log10 (jt) 

Neutron ! H1 ! 3.2 ± 0.2 

H3 ! He3 ! 3.05 

Hes o (A) lis 2.77 

Be7 !(B) Li7 ground ! 3.36 

Li7 exc. !? 3.56 
F18 ;ot!O (C) 0 18 0 3.61 

Al 2S ;ot!O (C) Mg26 0 3.3 

Na22 3 Ne22 ground o (A) 13.8 

Ne22 exc. ? 7.4 

K 40 4 Ca40 0 18.1 

Be10 o (A) B10 3 13.7 

C 14 0 N 14 9.0 

The beta-decay of the neutron (Robson 50, Snell 50) is fundamental 
for the entire theory of the beta-decay, since it establishes the strength 
of interaction responsible for the decay. The comparison between 
the beta-decay of the neutron and of R3 is interesting because the 
comparative half-life suggests very strongly that the extra neutron in 
R3 decays to a proton, to give Re3, just as if the other two nucleons 
were absent. Both decays would be allowed on either Fermi or 
Gamow-Teller selection rules. 

The next four decays in the table provide evidence against the Fermi 
selection rule (2.7). If the spin assignments of the table are correct, 
all these decays (with the exception of the ground state to ground state 
K capture in Be7) are forbidden by the Fermi selection rule. The 
comparative half-lives, on the other hand, are close to the fundamental 
it value of the neutron, indicating that the transitions are all allowed. 
Unfortunately there is not a single unquestionable spin assignment on 
that list. Re6 might have 1= 1; Fl8 and Al 26 might have J =0. The 
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spin assignment I =j- for the excited state of Li7 is based on the 
f3--y angular correlation measurement of Rose and Wilson (50) in 
the B l O(n,a)Li7 reaction, which showed no angular correlation. 
While this measurement strongly suggests I =j- for Li 7 ., it does not 
provide a complete prooLl Thus the present evidence against the 
Fermi selection rule is extremely suggestive but cannot be called con
clusive. A measurement of the spin of anyone of Re6, F 18, or Al26 

would settle the question completely. We shall assume throughout 
the rest of this chapter that pure Fermi selection rules are not realized 
in nature; the electron and neutrino are emitted, at least partially, 
in the triplet (parallel spin) state. 

There remains the question whether, in allowed transitions, the 
electron and neutrino are always emitted in the triplet state and never 
in the singlet state. In this case pure Gamow-Teller selection rules 
would apply. Consideration of (2.7) and (2.8) shows that this ques
tion can be decided by only one kind of transition: I =0 to I =0 with
out change of parity. Such transitions are allowed by the Fermi 
selection rule and forbidden by the Gamow-Teller rule. So far no 
beta-decay of this type is known which can be identified with certainty, 
but it is too early to exclude its existence completely. 2 Thus we do 
not know at this time whether the electron and the neutrino are emitted 
exclusively in the triplet (parallel spin) state. 

The next case in Table 4.1, N a 22, illustrates the operation of the 
selection rule for the angular momentum change. The ground state 
to ground state transition involves a spin change of 3 units and is 
therefore much less likely intrinsically (the ft value is much higher) 
than the transition to the excited state of Ne22, for which the spin 
change is presumably smaller. The same decay also illustrates the 
remark made before about the difficulty of observing transitions with 
large jt values. The two competing transitions here have jt values 
differing by a factor of over 106• The ground state to ground state 
transition involves a larger energy change Eo, hence also a larger value 
of f. Nevertheless, the partial lifetime for the ground state to ground 
state transition is about 200 times as long as for the transition to the 
excited state. Thus the ground state to ground state transitions occur 

1 The spin of Be7 is irrelevant for this argument. If Be7 had 1= i, the ground 
state to ground state transition would be forbidden by the Fermi selection rule; 
if the spin of Be7 were higher than I, both transitions would be forbidden. For 
additional support of the 1= i assignment of Lih, see Littauer (50). 

S There is a possibility that the decay of 0 14 belongs in this category (Sherr 49), 
but it is not certain that the final (excited) state of NU is really the "analogue" 
of the C14 ground state and hence should have 1-0 (see Chapter VI). 
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only about 0.005 times as often as the others, and they were cor
respondingly not seen in the earlier work on this decay.l 

The beta-decays of K 40 and Belo also illustrate the importance of 
the selection rules. The corresponding It values are very high as 
expected in view of the large spin differences. 

It should be remarked that the It value of a forbidden transition is a 
rather doubtful concept from the theoretical point of view, since the I 
was derived on the basis of the spectrum shape for allowed transitions. 
However, we are using these It values only very qualitatively as a 
general indication of forbidden ness. The theory of forbidden transi
tions (Section 7) justifies this limited use. 

Finally, the long comparative half-life of Cl 4 shows that long half
lives are not invariably associated with large nuclear spin changes. A 
possible explanation of the large It value (almost 106 times that of the 
neutron) can be found in a violation of the parity selection rule, i.e., 
by assuming that N l 4 has the opposite (presumably odd) parity as 
C14.2 

6. DETAILED THEORY OF BETA-DECAY; TRANSITIONS 
OF ORDER 0 

A. The Matrix Element 
The theory of beta-decay was first given in a classic paper by Fermi 

(34). He constructed the theory in complete analogy to the Dirac 
theory of the emission of light. In the latter theory one considers 
transitions of a material system (atom or nucleus) from an initial 
state <l>i to a final state <1>1 with emission of a light quantum into some 
definite state (of given direction and polarization) described by the 
vector potential A{r). These transitions are caused by the interaction 
of the system with the radiation field. The probability per unit time 
of such a transition is given by 

(5.1) 

where H'il is the matrix element of the interaction responsible for 
the transition, and p{E) is the number of final states of the light 
quantum per unit range of energy. The matrix element in Dirac's 
radiation theory is given by 

1 For references concerning this and other decays mentioned here, see Feingold 
(51), Feenberg (50), and Hornyak (50). 

2 See Chapter VII, Section 3, for a discussion of the relevance of this parity 
assignment for the independent-particle model of these nuclei. 
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(radiation) (5.2) 
n 

where A(rn) is the vector potential of the emitted light quantum at 
the position of the nth particle, and jn is the current operator for this 
particle. The sum is taken over all particles in the system. The 
vector potential A(r) must be normalized in such a way that it cor
responds to exactly one quantum within the box of volume V in which 
the system as a whole is enclosed. 

Fermi describes the probability of beta-decay in a similar way. 
It is also expressed in the form (5.1); the density of final states p(E) 
is given by (2.5) for electron emission and by (3.1) for electron capture. 
We restrict the developments of this section to electron emission. 
They can be readily extended to electron capture. 

The matrix element H';! is constructed in analogy to (5.2): 

H';! = L f F(rn) (~!·Kn~;) dT (beta-decay) (5.3) 
n 

Here F(rn) is a quantity which depends on the emitted "field" 
(i.e., on the wave functions of the electron and neutrino) at the position 
of the nth nucleon (the one that undergoes the beta-decay); ~; and 
~! are the wave functions of the initial and final states of the nucleus, 
respectively; Kn is some operator connected with the beta-decay of 
the nth nucleon. 

The form (5.2) for the matrix element of a radiative transition 
follows directly from the quantization of the classical equations describ
ing the interaction of moving charges with the electromagnetic field. 
There is no such classical theory from which we could derive the form 
of the expressions appearing in (5.3). However, general considerations 
of invariance together with a requirement of "simplicity" limit the 
possible choices of F(rn) and Kn considerably.l 

The field expression F(rn) must be a linear function of both the elec
tron and the neutrino fields. Let us call the wave function of the 
emitted electron 4>.(r.) and the wave function of the emitted neutrino 
4>.(r.). Both are Dirac spin or wave functions with four components. 
F(rn) is then a bilinear expression of the form 

1 Just as in the discussion of exchange forces in Chapter III, we remark here that, 
unlike the general in variance requirements, the requirement of "simplicity" is 
somewhat artificial since it depends on the particular formalism used. The same 
interaction may appear "simple" in one way of writing it, "complicated" in 
another formulation. 
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4 4 

F(rn) = L L ~ij cp.i*(rn) cp.;*(rn) (5.4) 
i= I j-I 

where CP.i denotes the ith component of the spinor wave function 
CP., CP.; denotes the jth component of the spinor wave function CP., 
and each ~ij is a linear operator upon the electron and neutrino wave 
functions. The field quantity contains the complex conjugates of 
CP. and CP. because the wave function of the final state of the system as a 
whole appears starred in the matrix element (5.3). For reasons of 
simplicity we assume that the operators ~ij do not contain any deriva
tives. This assumption is equivalent to the exclusion of interactions 
between the electron-neutrino field and the nucleus which depend on 
the momenta of the two light particles. I Each ~ij is then a number, 
and we can write (5.4) in the short-hand form 

4 4 

F(rn) = L L CPei*(rn) ~ij cp.;*(rn) == {cp. *(rn), ~ CP. *(rn) I (5.4a) 
i= I j-I 

where ~ is the 4-by-4 matrix with the (constant) matrix elements 
~ij. Just as A(r) in (5.2) had to be normalized to one light quantum 
in the box of volume V in which the system as a whole is enclosed, 
so now the wave functions cp.(r.) and cp.(r.) must be normalized to 
correspond to one electron and one neutrino in the box, respectively. 
Other than that, CP. and CP. can be chosen at will from among the pos
sible states of an electron and a neutrino, and (5.1) then gives the 
probability for emission into that particular state of the electron
neutrino pair. 

The operator Kn stands between two nuclear wave functions <l>i 
and <1>, which do not describe the same nucleus. One nucleon has 
changed from a neutron to a proton or vice versa. In order to give 
meaning to the integral in (5.3), Kn must contain an operator which, 
in the function operated on, changes the nth particle from a neutron 
into a proton or vice versa. Such operators were introduced in 
Chapter III, Section 5, and are called L (neutron into proton) and T + 
(proton into neutron), respectively. We therefore put 

Kn = Tn.- K' n (for negatron decay) 

Kn = Tn.+ K'n (for positron decay) 
(5.5) 

1 A theory of Uhlenbeck and Konopinski (Konopinski 35) which does involve 
derivatives of the electron and neutrino wave functions gives appreciably poorer 
agreement with the present experimental results (although it gave good agreement 
with the experimental results in 1935) and has been abandoned. 
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We now make the same assumption of simplicity regarding K' fa 

as we did for ~: K' fa does not contain any derivatives; the interaction 
is supposed to be independent of the momenta of the nucleons as 
well as of the emitted light particles. Thus K' fa operates exclusively on 
the spin components of the nucleon wave function. In all generality 
we must consider the nucleons also relativistic particles; hence K' fa is 
a 4-by-4 matrix acting on the spinor components of the nth nucleon. l 

The assumptions of simplicity made so far reduce significantly the 
possible choices for the operators ~ and K' n. A further drastic reduc
tion is obtained from the requirement that the quantity 

F(rn ) Cf>,*KnCf>i 

must be a relativistic invariant . 

• B. Non-relativistic Treatment 
Before discussing all possible forms for ~ and K' fa we illustrate the 

situation by assuming that both the emitted electron and the neutrino 
are non-relativistic particles with spin t. This assumption is never 
justified, since the neutrino always moves with the speed of light. 
Nevertheless, many important aspects of the theory of beta-decay 
are contained in this simplified treatment, and the extension to the 
relativistic treatment is straightforward. 

Let us consider the bilinear expression (5.4a). In the non-relativis
tic treatment CPe and CPo are Pauli (two-component) spin functions, 
so that the sums over i and j go from 1 to 2, not from 1 to 4. Two 
Pauli spin functions can combine to form either a scalar (the singlet 
state) or one of the three components of a vector (one of the three 
triplet states). These combinations are (see Appendix A, Section 4) 
the scalar 

Fa = CPel* CP.2* - CPd* CP.l * = {CPe *, B CPo *} (5.6) 

and the vector F defined by the three functions F m (m = 1,0, -1): 

1 We assume here that nucleons can be described by the Dirac equation for 
particles of spin i. The magnetic moments of the neutron and proton show that 
this cannot be entirely correct. We hope, nevertheless, that the description of the 
nucleons as Dirac particles gives a good first approximation as far as the theory of 
beta-decay is concerned. 
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where the matrix notation is the same as in (5.4a) and the matrices 
Band 0"", are 1 

1 . 
0"1 = - V2 (O"z+UTI/) 

0"_1 = ~2 (O"z-iO"I/) 

(5.8) 

Here the quantities O"z, 0"1/, and 0". are the usual Pauli spin matrices as 
defined in Appendix A, Section 4. We may consider the three quanti
ties F", (5.7) components of the vector F: 

F = 14>.·, dB 4> •• } (5.7a) 

In general, we shall define the" spherical components" AI, A o, A_I 
of a vector A by relations analogous to (5.8), i.e., 

Ao = A. 

With this notation the scalar product of two vectors A and B is given by 
1 

A·B= L (-I)"A"B_" (5.8b) 
,,- -1 

and the scalar product of A· (* = complex conjugate) and B is given 
by 

1 

A··B= ~ A·B 
L " " ,,- -1 

(5.8c) 

The spherical components of a vector transform under rotations in the 
same way as the three spherical harmonics of order 1 = 1, Y 1,,,,(8,,,,). 
The spherical components are preferable to the Cartesian components 
whenever the behavior under rotations of the coordinate system is 
important. 

1 The strict definition of the matrix B is 

where the tilde denotes the transpose of a matrix. The combinations (5.6) and 
(5.7) differ by a constant factor v'2 from the (complex conjugates of the) usual 
singlet and triplet wave functions. This does not matter since any constant 
multiplier in F can be absorbed into the coupling constant G which we shall intro
duce anon. 
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It can be shown that the linear combination (5.6) is invariant under 
rotations of the coordinate system (transforms like a scalar) whereas 
the three quantities F m transform into each other like the three com
ponents of a vector. In the non-relativistic treatment we postulate 
invariance of F(rn) ~!*Kn~i under rotations and reflections (but not 
under Lorentz transformations). Hence, if F, is chosen for the field 
quantity F in (5.3), the quantity ~!*Kn~i must also be a scalar. If 
the vector F is chosen for the light particles, the quantity ~!*Kn~i 
must also be a vector, and F(rn) ~!*Kn~i must be the scalar product of 
these two vectors. Only one scalar and one vector quantity ~!*Kn~i 
can be constructed under our preceding simplifying assumptions 
(i.e., that Kn is to act solely on the spin coordinates of the nth nucleon). 
They are obtained by choosing Kn = 1 and Kn = dn , respectively, where 
dn is the Pauli spin vector of the nth nucleon. We therefore get two 
different interactions, the "singlet" and the "triplet" interaction, 1 

with the matrix elements 

Singlet Interaction 

A 

H'i! = G. I J 14>. *(rn), B 4>. *(rn)} (~!*Tn,_~i) dT (5.9) 
n-l 

Triplet Interaction 

A 

H'i! = Gt I J 14>. *(rn), dB 4>. *(rn) H~!*dnTn,-~i) dT 
n-l 

A 1 

= Gt I I J (_)m 14>. *(rn), umB 4>. *(rn)} (~!*Un,-mTn,_~i) dT 
n-l m--l 

(5.10) 

where the components Un,m (m= 1,0, -1) of the nucleon spin vector dn 

are defined according to (5.8a). Thp. constants G. and Gt indicate the 
strength of the interactions. 2 

1 We might have called these interactions the "scalar" and "vector" inter
action, respectively, since the first is formed from two scalar quantities, the second 
is the (scalar) product of two vector quantities. We use a different terminology 
here in order to avoid confusion with the so-called scalar and vector interactions of 
the relativistic theory. 

s It is perhaps desirable to emphasize here that the beta-decay interactions are, 
to the best of our present knowledge, not related to the interactions between 
nucleons which are responsible for the nuclear forces. For example, the singlet 
and triplet interactions used in this chapter refer to the emission of an electron-
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We now show that the matrix element (5.9) corresponds to emission 
of the electron-neutrino pair into the singlet spin state, whereas the 
matrix element (5.10) corresponds to emission of the electron-neu
trino pair into the triplet spin state. Furthermore, we shall show 
that each term m in the second sum of (5.10) corresponds to emission 
into the particular triplet state with spin orientation m at the same 
time that the transforming nucleon flips its spin in the opposite direc
tion, to conserve the angular momentum of the system as a whole. 
Since the proof is very similar in all cases we shall discuss only one 
case in detail, namely emission into the triplet state of the electron
neutrino pair with both spins pointing up (m= 1). That is, we shall 
substitute into (5.9) and (5.10) a wave function cI>.(r.) describing an 
electron with spin up: 

and a similar wave function for the neutrino. According to definition 
(5.6) the quantity {cI>. *, B cI>. *} then vanishes identically, so that 
the singlet interaction matrix element (5.9) is zero. The singlet 
interaction does not lead to any emission into the electron-neutrino 
state in question, and it is easily shown that a similar result holds for 
every triplet spin state of the electron-neutrino pair. Therefore 
the singlet interaction leads to emissions into the singlet spin state 
exclusively, thus justifying the name. Substitution of the state above 
into the matrix element for the triplet interaction, (5.10), and com
parison with definitions (5.7) shows that the onlynon-vanishing term 
corresponds to m = 1 in the second sum of (5.10). Thus the term m = 1 
of the sum in (5.10) corresponds to emission into the triplet spin state 
of the electron-neutrino pair with both spins pointing up. The 
nucleon operator K .. corresponding to this emission is 

This operator changes particle number n from a neutron to a proton (it 
gives zero if particle n is already a proton), and it flips the spin of this 
nucleon from t,he up to the down position (it gives zero if the spin of 

neutrino pair into the singlet and triplet spin states, respectively, and have no 
known connection with the nuclear forces between a pair of nucleons in the singlet 
and triplet spin states. Similarly, the "tensor" interaction used in beta-decay 
theory (see Section 5C) is not related to the tensor force between a neutron and a 
proton. Many investigators have searched for connections between beta-decay 
and nuclear forces. No such connection has yet been established. 
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nucleon n already points downwards). Thus the angular momentum 
of the system as a whole is conserved, as it must be. l 

Let us now insert the actual wave functions for 4>. and 4>.. We first 
neglect the effect of the Coulomb field on the electron and therefore set 

4>.(r.) = V- 1I2 u. exp (ip·r.) 4>.(r.) = V- 1/2 u. exp (iq·r.) (5.11) 

where V is the volume of the imaginary box which encloses the system; 
u. and u. are two-dimensional Pauli spin functions, normalized to 
unity and independent of the positions r. and r., respectively (e.g., 
u. could be the spin function for a particle with spin up, u. the spin 
function for a particle with spin down); and p and q are the momentum 
vectors of electron and neutrino, respectively, in units me; risexpressed 
in units h/mc. We then get 

F. = V-I {u. *, Bu.·\ exp [-i(p+q)·rJ 

and a corresponding expression for the vector field quantity F. In 
all practical cases both momenta p and q are small enough so that the 
argument of the exponential is small compared to unity as long as r 
is of nuclear dimensions. It is therefore justifiable to expand the 
exponential in powers of the exponent. This expansion plays a very 
important role in the classification of the transitions. Each term 
leads to a different type. The power l of the exponent will be called 
the "order l" of the transition, and this number l also determines 
the orbital angular momentum carried away by the light particles. 

In this section we restrict ourselves to transitions of zero order and 
therefore replace the exponential by unity. We take into account the 
value of the wave functions at the center of the nucleus only. If the 
wave functions are expanded in terms of spherical harmonics corre
sponding to different orbital angular momenta l, only the wave with 
l = 0 contributes to the value at the origin. Hence we are restricting 
ourselves to emissions of light particles with zero orbital angular 
momentum. 

The matrix elements (5.9) and (5.10) can then be written in the 
form 

H'i/ = ; {u.*, B u.*\ (I) (singlet interaction) (5.12) 

1 The requirement that the quantity F ,,(rn) II> f* Knll>; be invariant under rota
tions and inversions is equivalent to the requirement that the angular momentum 
and parity of the system be conserved. 
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G, 
H'iJ = V {u.*, dB U'*}'(d) (triplet interaction) (5.13) 

where the quantities (1) and (d) are defined by 

A 

(1) == l f 4>J*Tn ._4>i dT (5.14) 
n -1 

A 

(d) == l f 4>J*dnTn ._4>i dT (5.15) 
n-1 

These and similar quantities are called" nuclear matrix elements" 
in the theory of beta-decay. They must be distinguished from the 
over-all matrix element H' iJ. Throughout this chapter nuclear matrix 
elements shall be defined so that they involve only nuclear quantities. 

The matrix element H'iJ as given in (5.12) or (5.13) does not depend 
on the directions of emission of the light particles in this non-relativistic 
treatment. Hence there is no electron-neutrino angular correlation 
in allowed transitions in the non-relativistic limit. The relativistic 
treatment leads to an angular correlation of order vic, where v is the 
speed of the electron. 

The selection rules which were derived in Section 2 can be verified 
directly for the matrix elements (5.14) and (5.15). Expression (5.14) 
is different from zero only if the Fermi selection rules (2.7) are ful
filled; (5.15) requires the Gamow-Teller selection rules (2.8). This is 
quite natural, since the replacement of the exponential 

exp [-i(p + q)·r] 

by unity is equivalent to the assumption made in Section 2 that the 
light particles do not carry away any orbital angular momentum. 

It is now very simple to incorporate the effect of the Coulomb force 
on the matrix element for allowed transitions. The replacement of 
the exponential by unity corresponds to the replacement of q,e(r) 
by q,.(r=O). The effect of the Coulomb force on the latter quantity 
is given by (2.10). Hence the effect of the Coulomb field on allowed 
transitions is obtained by multiplying (5.12) and (5.13) by [F(Z,E)j1/2. 

We now determine the factor C which was introduced in (2.13) to 
include all nuclear properties. The probability P(p) dp can be calcu
lated by inserting (5.12) [or(5.13)] and (2.5) into (5.1). In order to 
get a result which is useful for the evaluation of experiments, we must 
sum over the spin directions of the electron and the neutrino. Let us 
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call u.(1:) tne electron spin function u. in (5.11) belonging to the spin 
direction k (k= 1,2), i.e.,1 

u.(1) = G) U.(2) = (n 
Letting u. (k') be the neutrino spin function for neutrino spin direction 
k', defined in a similar way, we get 

Thus we find 

if k=k' 
if k= 1, k' =2 
if k=2, k'= 1 

and as the result of an entirely analogous calculation 
2 

(5.16a) 

L {u,<k)*, umB u.(k')*} * {u.(k)*, um,B u.(k')*} = 2omm, (5.16b) 

"."'-1 
By comparing the result for pep) dp with (2.13) we obtain for the 

constant C one of the two values C. or C" depending on which inter
action was used. We introduce a fundamental time constant to for 
the beta-decay through the definition 

(me2)2(h/me)6 h 
to = 2'lr3 G2 -2 (5.17) 

me 

In terms of this time constant the values of C for the singlet and triplet 
interactions are 

C, = ~ /(1)/2 
to 

(singlet interaction) 

2 1 2 
Ct = - ~ /(um)/2 == - /{d)\2 

to m~1 to 

(5.18) 

(triplet interaction) 

We can determine the order of magnitude of the time constant to 
from the beta-decay of the neutron, which is the simplest beta-decay. 
In this case the nuclear matrix element (5.14) is equal to unity, and 

1 These two spin functions are commonly called a and P, respectively (see 
Appendix A, Section 4). We use the present notation here because it is more 
adaptable to the later relativistic theory. 
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the value of C=ln(2)/ft is of the order of 6XlO-4 sec-l. Hence to 
is of the order of 3000 sec, or about an hour.l This fundamental time 
constant is extremely long compared to the periods of nuclear motion. 
As Lord Rutherford once put it, "From the point of view of the 
nucleus, beta-decay practically never happens." As a result of this 
very long time constant beta-stability or beta-instability of a nucleus has 
no influence on its dynamical behavior (spin, magnetic moment, level 
spectrum, behavior in nuclear reactions, etc.). Beta-unstable nuclei 
differ from beta-stable ones only through the accident of having a 
lower-energy neighboring isobar. The small strength of the beta
decay interaction also implies that it is unlikely that this interaction is 
responsible for the nuclear forces. 

The formulas have been written so far for a transition between two 
definite nuclear states. This case is seldom observed in practice, 
since the initial nucleus may have its spin Ii oriented in any direction 
in space, and the final nucleus can have its spin II oriented in those 
ways which are consistent with the spin direction of the initial nucleus 
and with the selection rules. It is permissible to assume that the 
initial spin orientation was along the z axis of the coordinate system, 
since the decay probability cannot depend on our choice of a z axis 
in space. Having done this, however, we must perform the sum over 
all possible orientations of II in order to obtain the observed transition 
probability. 

The non-relativistic theory leads to two possible interactions, (5.12) 
and (5.13), but there is no reason to believe that the true beta-decay 
interaction is one or the other of these two. Rather, it may be a linear 
combination, with two constants G. and G" one for each interaction. 
The matrix element H'il in (5.1) is then the sum of the two separate 
matrix elements. Thus in the general case we might expect that the 
transition probability is not just the sum of the two separate transition 
probabilities for the two interactions but also involves an interference 
term between the two matrix elements. In the present case, however, 
these interference terms vanish because of the orthogonality of the 
singlet and triplet spin functions. 

1 A closer estimate of to requires the results of the relativistic theory (Section 5C) 
and a careful estimate of the magnitude of the matrix element (5.15) which is 
given in Section 6. The relativistic treatment leads to the same result as (5.18) 
for the neutron, except that the factor 2 is replaced by 1. The combination 
j(d)j2 which appears in (5.18) turns out to be equal to 3 for the decay of the neutron. 
If we assume that most of the true beta-decay interaction is of the "triplet" 
(Le., Gamow-Teller) type, we get 3/to~6X10-4 <;Iec-I, or to~5X103 sec. We 
shall use this estimate of to throughout this chapter. 
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~ C. Relativistic Treatment 
We now drop the oversimplification of Section 5B and treat the 

light particles correctly as particles with spin t which move with veloci
ties which are close to the light velocity for the electron and equal to 
it for the neutrino. Hence they must be described by Dirac's relativis
tic wave equation. 

In order to construct the correct interaction types we also must 
introduce relativistic wave functions for the heavy particles (nucleons). 
However, at the end we will make use only of the non-relativistic limit 
of these wave functions since the velocities of the nucleons are small 
compared to c. Hence the treatment will be relativistic with respect 
to the light particles only. 

The following modifications of the results of Section 5B appear in this 
treatment: 

(a) There are five different types of interaction instead of two under 
the same conditions. 

(b) The transitions can be classified into two distinct groups, the 
" ordinary" ones and the "relativistic" ones. The ordinary transi
tions are direct generalizations of those appearing in the non-relativistic 
case, and they obey the same selection rules. The relativistic transi
tions obey selection rules different from (2.7) and (2.8) and involve 
nuclear matrix elements which are of the order of vic, where v is the 
velocity of the nucleons. They represent a new type of transition and 
cannot be considered generalizations of the non-relativistic case. 

(c) There is an angular correlation between electron and neutrino in 
allowed transitions. 

In order to avoid confusion with the usual terminology we shall 
reserve the term "allowed" for ordinary transitions of order l = o. 
Konopinski (41, 43) includes the relativistic transitions of order 0 
among his "first forbidden" transitions. We shall not use his 
classification here. 

We first investigate the form of the field quantity F, (5.4). In the 
relativistic treatment, q" and q,. are four-component spinor wave 
functions, so that ~ in (5.4a) is a 4-by-4 matrix. Furthermore we are 
now interested in the transformation properties of F not merely under 
rotations and inversions, but also under Lorentz transformations. 
Pauli (36) has shown that five, and only five, relativistically covariant 
quantities of the form (5.4a) can be constructed. The first of these 
is a relativistic scalar: 

(5.19) 
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where B is the generalization of the 2-by-2 matrix (5.8):1 

( -~ 1 0 

D 
0 0 (5.20) B= 

0 0 0 
0 0 -1 

In order to obtain more symmetrical formulas we introduce the 
matrix 

Q == {3B = B{3 (5.21) 

where {3 is the usual Dirac matrix [see Bethe (33) or Schiff (49) for 
the explicit forms of the Dirac matrices and of the Dirac wave equa
tion]. The scalar field quantity Fs then becomes 

Fs = {4> •• , {3Q 4>,·1 (5.22S) 

We construct the other covariant structures by introducing the 
following combinations of the four Dirac matrices az , all' a., and {3: 

Uz = -iava. 

PI = -iazalla. 

The following relations hold: 

(5.23) 

PIP2 = i{3 (5.24) 

It should be noted that the u's and {3 combine the large components2 

with large ones and the small components with small ones, whereas 
the two p's combine large with small components. 

1 We might perhaps expect to find the familiar Dirac matrix {J instead of B, 
since (I/>*,{JI/>} is known to be an invariant. However, we must keep in mind that 
there is a star upon both 1/>. and 1/>, in (5.480). Hence the transformation properties 
are different. The combination {JBI/>* =QI/>* transforms like 1/>. It should be 
mentioned that the requirement of invariance under inversions must be considered 
carefully in the relativistic treatment (Yang 50). Form (5.19) with (5.20) for B 
differs from the forms used by Marshak (42) and Critchfield (43) because Pauli 
(36) assumes a behavior of I/> under inversion (the parity operation) different from 
the behavior assumed by Marshak and Critchfield. We follow Pauli (36) because 
B connects large components to large components, small components to small 
components, thereby making the correspondence to the non-relativistic treatment 
much simpler. 

I In the notation used here, components number 3 and 4 are "large," the 
other two are "small." For low particle speeds v the "small" components 
are of the order of vic compared to the "large" components. We shall use the 
terminology "large" and "small" even for fast-moving particles for which 
all components are of the same order of magnitude. 
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We can then construct a relativistic four-vector F VI' whose three 
spatial components and time component are l 

FVi = \4>.*, aiQ 4>.*l = {4>.*, P1(fiQ 4>.*l 

Fl'o = \4>.*, Q 4>,*l 

(i = 1,2,3) 

The next covariant structure is an anti-symmetric tensor 

(~,v =0,1,2,3) 

whose six non-vanishing components form two spatial vectors 

F Tij = -FTji = \4>.*, (3C1kQ 4>.*l 

F TiO = -FTOi = \4>.*, P2C1iQ 4>.*l 

(i,j,k cyclic) 

We furthermore construct the axial (pseudo) four-vector 

(S.22V) 

(S.22T) 

(S.22A) 

FAI' behaves like a four-vector under rotations and proper Lorentz 
transformations but fails to change sign under inversion of the space 
coordinates. Similarly we can construct a pseudoscalar F p which 
behaves like a scalar under rotations and proper Lorentz transforma
tions but changes sign under inversion of the space coordinates 

(S.22P) 

Counting each component separately, there are altogether sixteen 
quantities, and they exhaust all possible bilinear covariant structures 
of the form (S.4a). 2 There were only four quantities, (S.6) and (S. 7), 
in the non-relativistic case. We note that all sixteen quantities above 
are functions F(r) of space through the wave functions 4>. and 4>. 
which must be taken at the position r=rn of the transforming nucleon. 

In order to construct the matrix element H'i! as given by (S.3) we 
must also determine the matrix Kn appropriate for each choice of the 
field quantity F. We write K,. in the form (S.S) and postulate invari
ance of the quantity 

1 We use a real time component xo=ct rather than the imaginary x4=ict; the 
3 

square of the four-vector Fvl' is then L {Fv;)2 - (Fvo) 2. 

i-1 
t For a proof that these structures have the claimed transformation properties, 

and that they are the only possible ones, see Pauli (36). We note that we con
struct bilinear covariants of type 4> •... 4>. whereas Pauli's covariants are of type 
4>'''4>. This accounts for the change in the order of the operators [e.g., a,{J rather 
than Pauli's Qa; in (5.22V»). Our matrix B would be called B-1 in Pauli's nota
tion, and it differs from his B-1 by a factor i. 
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F(rn) (<1>,* Kn<l>;) 

with respect to rotations, proper Lorentz transformations, and inver
sion of the space coordinates. This can be obtained only if the 
combination 

(5.25) 

has the same transformation properties under these operations as the 
field quantity F. Hence we must construct covariant structures of 
the form (5.25) similar to the structures (5.22) for the light particles. 
We postulate that K' n does not involve derivatives of the nucleon wave 
functions. Evidently relativistic wave functions for nucleons are 
needed here. The operators K' n. are very similar to those used in 
(5.22); indeed, they differ only through omission of the operator Q 
(see the footnote on page 706). We put subscripts n on the Dirac 
matrices to indicate that they operate on the spinor components of 
the nth nucleon only. Then the covariant entities are obtained from 
(5.25) with the following choices of K'n: 

Scalar: K'ns = fJn (5.25S) 

Four-vector: K' nY,' = an,; = Pn,l <Tn,; K'nY,O = 1 (5.25V) 

Tensor: K' nT,ij = fJn <Tn,A: (i,j,k cyclic) 

K' nT,'O = Pn,2 <Tn,; 
(5.25T) 

Axial vector: K' nA,i = <Tn,. K' nA,O = Pn,l (5.25A) 

Pseudoscalar: K'np = Pn,2 (5.25P) 

We then get the following five different interaction matrix elements 
H';" each one of which has an integrand which is a relativistic scalar: 

A 

(H'i,)S = Gs L f Fs(rn) (<I>,*Kns<l>;) dr (5.26S) 
n-l 

A 3 

(H';,)y = Gy L [f L Fyj(rn) (<I>,*Kny".<f>;) dr 
n =1 j-l 

(5.26V) 

A 3 

(H';,)T = GT L [f L FTij(rn) (<I>,*KnT.i,.<f>;) dr 
n-l k-l 

(iJk cyclic) 
3 

f L FTkO(rn) (<I>,*KnT,kO<l>i) dr] (5.26T) 
k=1 
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A 3 

(H'i/)A = GA I [J I FAk(rn) (~/*KftA.k~i) d-r 
n=1 k-l 

A 

(H'i/)P = Gp I J Fp(rn) (~/*Knp~i) d-r (5.26P) 
n=1 

These five quantities are commonly called matrix elements of the 
scalar, vector, etc., interaction. It should be realized, however, that 
the integrand in (5.26V) is not a four-vector but the scalar product of 
two four-vectors, and hence a scalar. 

While anyone of these five interactions is a possible choice, there is 
no reason to believe that the true beta-decay interaction is given by 
one and only one of them. Any linear combination of the five inter
actions is also a possible interaction (Fierz 37, Groot 50, Bouchez 50). 
Wigner and Critchfield (Critchfield 41a, 43) have suggested one special 
linear combination of the five interactions: 

(5.27) 

with the same value of the constant G for the three matrix elements 
(i.e., the linear combination with G8 = -GA = -Gp =G and Gy =GT =0). 
The choice of this particular linear combination was motivated as 
follows: We may consider the beta-decay an event involving four par
ticles (neutron, proton, electron, neutrino), all of which have spin t and 
can (presumably) be described by Dirac spin or wave functions. We 
can look for a matrix element H'i/ which treats all four particles on an 
equal footing, i.e., which is either completely symmetric or completely 
anti-symmetric under the exchange of any two of the four particles. 
A completely symmetric scalar cannot be constructed from four Dirac 
wave functions. The only remaining choice, the completely anti
symmetric interaction, is (5.27). The anti-symmetry is not apparent 
in this way of writing (H'i/)WC, however. Recently there have been 
suggestions that an interaction of this type, with the same constant G, 
operates between any four particles of spin t (Tiomno 49, Lee 49, Yang 
50). 

We proceed to evaluate the transition probability (5.1) in the 
relativistic theory, and we assume first that the effect of the Coulomb 
field is negligible. We substitute the explicit wave functions tPe and 
tP" (5.11), into the various field quantities F(rft ), (5.22). The quanti
ties u. and u, are now four-component Dirac spinors rather than two
component Pauli spinors, but (in the absence of the Coulomb effect) 
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they are still independent of the position variables r. and r., respec
tively. We shall restrict ourselves in this section to transitions of 
order l=O which are obtained by replacing exp [-i(p+q)·rn ] by unity. 
We then obtain expressions for the matrix elements (5.26) analogous 
to (5.12) and (5.13) in the non-relativistic treatment. For example, 
the matrix element for the scalar interaction (5.26S) becomes 

(5.28) 

where ({3) is the nuclear matrix element of {3 given by the following 
definition. The nuclear matrix element of an operator 0 is defined by 
(On is the operator 0 acting upon the nth nucleon): 

A 

(0) == L J <II/*OnTn._<IIi dT (5.29) 
n-I 

Since the nuclear motion can be considered non-relativistic, we geV 

({3) '" (1) (5.30) 

The scalar interaction (5.26) leads to the same matrix element as the 
non-relativistic singlet interaction and hence also to the same selection 
rule (2.7). 

We find new types of matrix elements when we analyze the other 
interactions. They give rise to the effect of relativity mentioned at 
the beginning of this subsection: the existence of "relativistic 
transitions" which obey selection rules different from those found 
in the non-relativistic treatment. We demonstrate this fact first 
for the axial vector interaction. We restrict ourselves again to the 
transitions of order l=O by replacing exp [-i(p+q)·rn ] by unity, and 
we neglect the Coulomb effect on the electrons. We then obtain, in 
analogy to (5.28), 

(H'i/)A = ~ [lu.*, dQ u.*l·(d) - lu.*, PIQ u.*l (PI)] (5.31) 

Here (d) is the nuclear matrix element (5.15) and (PI) is defined 
analogously: 

A 

(PI) == L J <IIJ*PITn.-<IIi dT (5.32) 
n-l 

1 The approximation (5.30) is accurate provided that the nucleons move slowly 
enough 80 that (Vn/C) 2« 1, where Vn is the speed of a typical nucleon in the nucleus. 
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The first term of (5.31) is similar to expression (5.13) for the non
relativistic triplet interaction. It leads to an "ordinary" transi
tion which obeys the selection rule (2.8). The second term, however, 
is of an essentially different type. It represents a "relativistic 
transition." The operator PI connects large Dirac components of 
the nucleon wave functions to small ones. In a non-relativistic 
approximation for the nucleons we can express the small components 
in terms of the large ones (see Bethe 33, sec. 8, or Schiff 49, p. 320). 
We then get the result 

(non-relativistic approximation for the nucleons) 

(5.33) 

where v is the non-relativistic operator for the velocity of the nucleons. 
Relation (5.33) shows that (PI) is smaller than the ordinary matrix 
elements (1) and (d) by a factor of the order of (vn/c), where Vn is the 
average speed of nucleons inside the nucleus. 

Even more important than the different orders of magnitude of 
relativistic transitions compared to ordinary ones are the different 
selection rules. The product (d'V) is a pseudoscalar, i.e., it is invariant 
under rotations but changes sign under inversion of the space coor
dinates (the parity operation). Hence (5.33) vanishes unless the 
following selection rule is satisfied: 

I1J = 0 IT; = -IT, (5.34) 

This selection rule differs from the Fermi selection rule (2.7) in 
that it requires opposite parities IT. and IT, for the initial and final 
nuclear states. 

The interaction types (5.26V) and (5.26T) lead to expressions for the 
matrix element which are similar to (5.31). We can distinguish two 
types of terms; one type contains the nuclear matrix element (1) or 
(d) and leads to "ordinary" transitions; these are transitions encoun
tered in the non-relativistic theory which obey the selection rule (2.7) 
or (2.8). The other type contains nuclear matrix elements involving 
the operator PI or P2 and leads to "relativistic transitions"; these are 
transitions which are slower than the ordinary ones and which obey 
different selection rules. The nuclear matrix elements appearing in 
these expressions are collected in Table 5.1. We notice that the scalar 
interaction does not lead to any relativistic transitions, whereas the 
pseudoscalar interaction does not lead to any ordinary transitions. 
The matrix elements «(3) and «(3d) for ordinary transitions can be 
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TABLE 5.1 
NUCLEAR MATRIX ELEMENTS AND SELECTION RULES FOR TRANSITIONS OF ORDER 

l=O 
The equation number next to each matrix element gives the appropriate selection 

rule. 

Nuclear Matrix Element, Selection Rules 
Interaction 

Ordinary Relativistic 

Scalar (5.26S) (f3) (2.7) ... 
Vector (5.26V) (I) (2.7) (PId) (5.36) 

Tensor (5.26T) (f3d) (2.8) (P2d) (5.36) 

Axial vector (5.26A) (d) (2.8) (PI) (5.34) 

Pseudoscalar (5.26P) ... (P2) (5.34) 

replaced by (I) and (d), respectively, in a non-relativistic approxima
tion for the nucleons. The matrix element (Pld) for relativistic 
transitions in the vector interaction can be estimated by the same 
method which was used to obtain (5.33). The result is 

(Pld) = (cr) '" - (~ 
(non-relativistic approximation for the nucleons) (5.35) 

The nucleon velocity operator v changes sign under inversion. The 
selection rule for this matrix element therefore differs from the Gamow
Teller selection rule (2.8) by requiring opposite parities for the initial 
and final states: 

t:.J = 0, ± I, except no ~O transitions, IIi = - II, (5.36) 

The same approximation which led to (5.33) gives zero for the matrix 
element (P2).I We can therefore estimate this matrix element to be 
of order (Vn/C)2 rather than of order vn/c. Unlike the matrix element 
(PI), the matrix element (P2) cannot be estimated properly without a 
thoroughgoing relativistic theory of nucleons, which we do not possess. 
The selection rule is the same as for the matrix element (PI), since PI 
and P2 are both invariant under rotations and both change sign under 
mverSIOn. 

1 As 8. result of a trivial mistake, Critchfield (42) gives estimates in which the 
roles of PI and p. are interchanged. 
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Finally, in the non-relativistic approximation for the nucleons l the 
matrix element (p2d) becomes 

(P2d) '" _ <d~!) 
(non-relativistic approximation for the nucleons) (5.36a) 

and is therefore of order vn/c. The selection rule is the same one 
that applies to (Pld), i.e., (5.36). 

Selection rules (5.34) and (5.36) give the following result: Relativistic 
transitions of order l = 0 lead to final states of opposite parity as the initial 
state, whereas ordinary transitions of order l = 0 lead to final states of 
the same parity as the initial state. Thus, a transition of order l = 0 
from a definite initial state i to a definite final state f can be either of 
the ordinary type or of the relativistic type, but not both. We shall 
see in Section 7 that this is true for any given order l. 2 

The factors vn/c and (Vn/C)2 which occur in the matrix elements of 
the relativistic transitions reduce their probability considerably 
compared to the ordinary ones. The relativistic transitions of order 
l = 0 have therefore been counted among the "forbidden" transi
tions. Konopinski (41, 43) groups relativistic transitions of order 0 
into the "first forbidden" class. We prefer to avoid this grouping 
here, since there are large physical differences between these relativistic 
transitions and the other" first forbidden" transitions. 

We now turn to the third effect of relativity mentioned at the 
beginning of this subsection, namely the existence of an angular correla
tion between the directions of emission of the electron and of the neutrino. 
We first demonstrate this effect for the scalar interaction (5.268) and 
start with the matrix element (5.28). In order to get the emission 
probability we must sum IH' .t!2 over the spin directions of the 
electron and the neutrino. Let u. (k) be the Dirac spin function for !), 

positive-energy electron with spin direction k (k = 1,2). These spin 
functions are given explicitly, for example, by Schiff (49, see p. 315). 
We use a similar notation for the neutrino and get, instead of (5.16a), 
the relativistic generalization 

2 

~ Itu.(k)*, fJQ u.<k'):l<Ji2 = 1 - ~ cos 8 •• 
k,t'-1 

(5.37) 

1 The fact that this matrix element is of order vIc rather than of order (vlc)2 was 
pointed out to us by Dr. R. Nataf and, independently, by Dr. E. Feenberg (private 
communications). 

I However, it is possible that an ordinary transition of order l and a relativistic 
transition of order l-1 contribute to the same decay i-+f. 
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where v is the speed of the electron and 8 •• is the angle between the 
directions of emission of electron and neutrino. 

The evaluation of the sum (5.37) is straightforward but somewhat tedious. A 
quicker way to perform the sum is as follows: The function v. ={JQu.· =Bu.· also 
satisfies the Dirac equation for a neutrino with positive energy, but with reversed 
momentum -q, and reversed direction of the spin (v. is the time-reversed wave 
function of u.; Bee Chapter X, Section 2). Since we are Bumming over Bpin direc
tionB anyway, the reversal of the spin direction makes no difference. We then 
need the sum of II U, ·,v.112 over the spin directions for the two particles. This 
sum can be reduced to a trace of Dirac operators by introducing operators 11.+, 
which give unity when applied to a positive-energy eigenfunction, zero when 
applied to a negative-energy eigenfunction. These operators are 

A + - E - cr·p - {J (f I . h • - 2E or an e ectron Wlt momentum +p) 

11..+ = q + cr·q 
2q 

(for a neutrino with momentum -q) 

where q = Iql is the (positive) energy of the neutrino, in units mc2• We now let 
k = 3,4 Btand for the two negative-energy solutions and write 

4 L {u.(k)·,A.+u.(k')I{u.(k')*,A.+u.(k)1 

Ie,Ie' -1 

p.q 
= 1-

Eq 

where we have used the known traces of Dirac matrices and their products. 
This method of evaluation of spin averages is related to the introduction of an 

"anti-neutrino" which is commonly encountered in the literature. The wave 
function v. may be considered the wave function of an imaginary particle which 
exists before the beta-decay and whoBe absence is observed as a neutrino after the 
decay. We prefer to avoid this formulation of beta-decay theory. 

It should be remarked that (5.37) does not reduce to (5.16a) even in the limit 
(v/c)->O. The discrepancy of a factor 2 is a result of our erroneous non-relativistic 
treatment of the neutrino in Section 5B. Since the neutrino is always a relativistic 
particle, the "large" and "Bmall" components of its wave function are of the 
Bame order of magnitude, so that the normalization of the "large" components 
differs by a factor V2 from the non-relativistic normalization. We would get the 
result (5.16a) from (5.37) if the neutrino had a rest mass m.;eO and if both electron 
and neutrino were moving with speeds small compared to the speed of light. 

Equation (5.37) shows that there is an angular correlation between 
the directions of emission of electron and neutrino. For many beta-
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decays there is a considerable region of the beta-spectrum for which 
v / c of the electron is close to 1. The angular correlation predicted by 
(5.37) is then appreciable: electrons are emitted preferentially in the 
direction opposite to the neutrino. On the other hand, since the 
angular correlation is proportional to the first power of cos (Je" it gives 
no contribution in an average over all directions of emission of the 
neutrino. Thus the shape of the beta-spectrum is still determined by 
the statistical factor (2.5). 

We now study the angular correlations between electron and 
neutrino which result from interactions other than the scalar inter
action. Some new features occur when the light particles are emitted 
into the triplet state. As an example, consider the "ordinary" 
part of the axial vector interaction [see (5.31)]. In order to get the 
angular correlation, we must sum IH'ifl2 over the spin directions of 
the electron and the neutrino. The sum, which corresponds to the 
non-relativistic (5.16), now becomes 

2 L lu.(kJ*, umQ u.(k'J*} * IU.(kJ*, um,Q uY'J*} 

".k'-1 

This sum can also be evaluated by the trace method. Since the calculation 
involves a few points not apparent in the computation of (5.37), we go through the 
derivation here. We again introduce the time-reversed neutrino spinor v. =Bu,·, 
whereupon the left side of (5.38) becomes 

2 l {U.(kl·,O"m{:lV,<k'l}. {u.(kl·,O"m'{:lV.(k'l} 

k."'-1 
2 l {v.W ,., (O"m{:l)tU.(kl} {U.(kl·,O"m'{:lV.(k'l} 

"."'-1 
where the symbol (O"mIl) t means the Hermitean conjugate of the matrix O"m{:l. 
The expression is now in the proper form for the application of the projection 
operators A.+ and A.+ in a manner completely analogous to the one used before. 
Using the relation (O"m)t = (- )mO"_m, we get 

(_)m trace (f3<r-mA.+O"m'{:lA.+) 

1 (_)m (_)m 
= -- trace (O"_O"m') + --

4 4Eq l 
".,,'- -1 

where we have used the general relation (5.8b) for a scalar product of two vectors 
A and B. Relation (5.38) now follows by straighforward computation using the 
known traces of Dirac matrices. 
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The quantities Pm and qm in (5.38) are formed from the three com
ponents of the light particle momenta P and q according to (5.880). 
When (5.38) is substituted into the expression for \(H'i!)A\2 derived 
from the first term of (5.31) (only the first term should be used since 
we are considering "ordinary" transitions), we get the following 
value for the average of \H'i!\2 over the spin directions of the outgoing 
electron and neutrino: 

(\H'i!\2)av = (:;)2 [ (1 _ ~ cos 0 •• ) \(d)\2 

(P'(d)*) (q'(d») + (q'(d)*) (P'(d»)] 
+ Eq (5.39) 

Unlike the non-relativistic case, the result (5.39) depends on the 
orientation of the vector (d) with respect to the directions of P and q. 
In practice, we must perform an average over the possible orientations 
of the angular momentum of the initial nucleus. This can be done 
as if (d) were a classical vector, since we restrict ourselves to a non
relativistic treatment of the nucleons. We use the classical identity 
(A and B are any two constant vectors): 

(S*·A) (S·B)average over directions = 1 (S*·S) (A·B) 
of the vector S 

to obtain the final angular correlation between electron and neutrino 
in the ordinary transition of the axial vector interaction; this angular 
correlation is [1 - l(v/c) cos 0 •• 1. 

The angular correlations for other interactions and for other types of 
transitions can be determined by similar methods. They always 
have the form 

v 
1 + A - cos 0 •• 

c 

where A is a number between 1 and -1. The resulting values of A 
are tabulated in Table 5.2. The angular correlations were worked out 
by Bloch (35) and by Hamilton (47); for Coulomb corrections see 
Rose (49b) a.nd Greuling (51); l = 0 transitions needs no corrections. 

We now turn to the determination of emission probabilities. They 
are given by (5.1) into which the corresponding values of H'i! must be 
inserted. In order to calculate the probability Pcp) dp for the emis
sion of an electron with the momentum p, we must not only sum 
\H'i!\2 as before over the spin directions of the electron and the 
neutrino, but we must also integrate over the directions of motion of 
both particles. This direction appears explicitly only in the angular 
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correlation term. We obtain finally a result of form (2.13) in which 
the constant C is given by an expression which is analogous to (5.18). 
For example, we find for the scalar interaction 

where to is defined by (5.17). Similar expressions hold for ordinary 
and relativistic transitions of the other interactions. The different 
values of Cto are also tabulated in Table 5.2. The value of C deter
mines the comparative half-life according to (4.6) which is applicable 
to all transitions of order l=O. The shape of the electron spectrum is 
of the allowed type as given by (2.13), for alll =0 transitions. 1 

The results collected in Tables 5.1 and 5.2 can be compared with 

TABLE 5.2 
ANGULAR CORRELATION BETWEEN ELECTRON AND NEUTRINO AND THE CONSTANT 

C IN (2.13) AND (4.6) FOR TRANSITIONS OF ORDER 0 
. .. v 

The angular correlatlOn IS written as 1 + A - cos 8.,. 
c 

Ordinary Transitions Relativistic Transitions 
Interaction 

A toC A toC 

Scalar (5.26S) -1 1(~)12 .. . ... 
Vector (5.26V) +1 1(1)12 -1 I(Pld)1 2 

Tensor (5.26T) +1 1(~d)12 +1 l(p~)12 

Axial vector (5.26A) -I l(d)12 +1 I(Pl)1 2 

Pseudo scalar (5.26P) .. . ... -1 I(P2)1 2 

experimental data in order to determine which interaction type is 
realized in nature. Unfortunately the data are not good enough to 
allow any clear-cut decision. Only very few conclusions can be 
reached with the present material. 

There are very few experimental data available on the angular 
correlation of electron and neutrino in allowed transitions. IThe 
work of Allen (49) on He6 shows a weak angular correlation with a }. 
less than unity and probably negative. This is inconsistent with a 
pure vector interaction and probably also inconsistent with a pure 
scalar one. Since the experimental error is considerable, neither the 
tensor nor the axial vector interaction contradicts the data. The 

1 This fact is one of the reasons for grouping transitions of order I =0 together, 
rather than classing the relativistic transitions into a "first forbidden" group. 
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Wigner-Critchfield interaction gives a correlation which also fits the 
present experiments. 

According to the evidence presented in Section 4, many allowed 
transitions violate the selection rule (2.7). Hence the true beta-decay 
interaction must contain either tensor or axial vector interactions or a 
mixture of both. The only mixture which is definitely excluded is 
the one with GT = -GA , which would give rise to a spectrum shape 
quite different from the allowed shape (2.13) (Fierz 37, Lewis 46) and 
hence would contradict the experimental data. 

~ 6. DETERMINATION OF MATRIX ELEMENTS; FAVORED 
AND UNFAVORED TRANSITIONS 

The probability of an allowed beta-decay (ordinary transition of 
order l=O) depends on the magnitude of nuclear matrix elements 
which involve only spin and isotopic spin operators. For Fermi 
selection rules the relevant matrix element is (1), (5.14). For Gamow
Teller selection rules the transition probability is proportional to 
i(d)i 2, which is defined by (5.15) and (5.18). 

These matrix elements are sums of A terms, so that we may suspect 
that their magnitude is proportional to the mass number A of the 
radioactive nucleus. This is, however, not the case, as can be seen 
very easily by using the "levels" picture of Chapter VI. Consider 
a filled level in a typical level occupation scheme, say Fig. 1.2 of Chap
ter VI. Let it be occupied by particles 1 through 4. Then T3._ and 
T4._ give 0 because particles 3 and 4 are protons. Tl._ and T2._ do not 
give 0, but both lead to wave functions which violate the Pauli exclu
sion principle: 3 neutrons and 1 proton in the same level. There are 
no such states in the final nucleus. Thus particles in "filled levels" 
do not contribute to the nuclear matrix element. The contributions 
come only from the relatively few particles above the filled levels 
(N ordheim 37). 

The "levels" picture also illustrates another impor~ant property 
of the matrix elements, namely the grouping into favored and unfa
vored transitions. Before introducing a more exact definition of this 
distinction in terms of the symmetry properties of the nuclear wave 
functions (Wigner 39), Jet us first describe the states of the initial and 
final nucleus, respectively, in terms of the" levels" picture. We call 
a transition favored if the nucleon which changes its charge remains in 
the same level i the transition is unfavored if the nucleon must change 
its level. We emphasize that the distinction between favored and 
unfavored transitions is separate from the previous classification into 
allowed and forbidden transitions. Both favored and unfavored 
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transitions are allowed. The classification into allowed and forbidden 
transitions refers to the possible changes of angular momentum and 
parity during the transitions. The classification into favored and 
unfavored transitions refers to the possible changes in the level occupa
tion schemes (i.e., the possible changes in the behavior of the wave 
function under exchanges of the space coordinates only; see Chapter 
VI, Section 3). The distinction between favored and unfavored transi
tions is made only for allowed transitions, not for forbidden transitions. 

We now show that most of the allowed beta-transitions are unfa
vored. For the negative beta-decay we argue as follows: the change 
of a neutron into a proton without change of level would increase the 
total energy of the nucleus by an amount corresponding to the addi
tional Coulomb energy and would therefore not lead to a spontaneous 
decay. Exceptions to this rule are found in only a few cases of light 
elements of character A =4k+2 (k integral), e.g., He6~Li6, which 
are favored transitions. These are just the cases for which the spin 
dependence of the nuclear forces causes a deviation from the general 
rule that the most stable nucleus is the one with the largest possible 
number of neutrons in a given level distribution of nucleons (a given 
"partition"; see Chapter VI, Sections 1 and 3).1 

For the positive beta-decay the surplus of neutrons makes the 
allowed transitions unfavored. The initial nucleus is almost always 
in its ground state. Hence, as long as there are fewer protons than 
neutrons, the protons are all in levels already containing two neutrons, 
and thus the protons must change their level when they transform into 
neutrons, thereby making the transition unfavored. There are two 
groups of exceptions: (1) the positive beta-transitions in nuclei with 
mass number A =4k+2 (k integral) in which one of the two nuclei has 
equal numbers of neutrons and protons, e.g., FI8~OI8, AF6~Mg26, 
p30~Si30, CI34~S3\ K38~A38;2 (2) the transitions between pairs of 

1 The decays Belo--.Blo and C14--.N14 illustrate that other considerations play 
a role besides the arrangements of the nucleons into levels. Both decays are 
analogous to the He 6--.Li 6 decay (they are obtained by adding 1 and 2 alpha
particles, respectively), yet both have very high comparative half-lives. The 
high!t value of Be lo is due to the large spin change in the transition (see Table 4.1) 
which makes the decay highly forbidden, even though it might be favored if it 
were allowed. The long comparative half-life of C14 is not completely understood 
at this time but may be connected with a change of parity during the transition, 
thereby making it a forbidden one (Gerjuoy 51, Warshaw 50). 

I Again there are examples of forbidden transitions within this class, e.g., the 
ground state to ground state transitions Clo--.Blo, 0 14--. N 14, Na22--.Ne 22. In 
all three cases the beta-decay goes predominantly to an excited state of the final 
nucleus; in the first two of these three decays the transition to the excited state in 
question is allowed and favored. 
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mirror nuclei which differ by one unit of charge; except for H3--+He3 
these are all positive beta-decays. These exceptional transitions are 
favored, whereas all other allowed positron decays are unfavored. 

We expect the matrix elements (1) and (IS) to be of the order of 1 
for favored transitions: the initial wave function and the final wave 
function (after changing the charge of the transforming nucleon) do 
not differ, and hence the integrals in (5.14) and (5.15) are of the order 
of unity.l This is particularly evident in the case of beta-transitions 
between corresponding states of mirror nuclei. There the "levels" 
picture is not necessary for the conclusion. The initial and final states 
are" mirror states," i.e., they differ only through the fact that all the 
protons have been changed into neutrons, and all the neutrons into 
protons. The similarity of the two wave functions follows from the 
equality of neutron-neutron and proton-proton forces, without any
thing being assumed about neutron-proton forces. The experimental 
evidence for the similarity of mirror nuclei is excellent (see Chapter VI, 
Section 6). The" levels" picture is required for the conclusion in the 
case of the A =4k+2 nuclei. 

The unfavored transitions are expected to have appreciably smaller 
matrix elements. In fact, if the "levels" picture were exact, the 
matrix elements would vanish because the initial and final wave func
tions are orthogonal. The observed comparative half-lives show the 
expected difference clearly. In Fig. 4.1, the peak around log(ft)"'3.5 
represents the allowed and favored transitions. The decay of the 
neutron belongs in this group. This value of ft is just what we expect 
from equation (4.6) and Table 5.2 if we assume the matrix elements to 
be of order 1 and the fundamental time constant to to be about 5 X 103 
sec. The second peak in Fig. 4.1, around log(ft) =5, is undoubtedly 
attributable to allowed but unfavored transitions. In all cases for 
which spectra of these transitions have been measured these spectra 
have turned out to follow the allowed shape. Comparing the Ii 
values of typical favored and unfavored transitions, we conclude that 
the lack of overlap of the wave functions in unfavored transitions 

1 Strictly speaking, the initial and final wave functions are closely alike only if 
the two states belong to the same "supermultiplet" (see Chapter VI, Section 
6). This condition is more stringent than the one imposed so far (that the two 
states have the same partition). For example, the wave functions may fail to 
overlap well, because the nucleon has jumped into a different "orbit" of the 
independent-particle model, even though the symmetry properties under space 
exchanges (the partition) of the wave function are unchanged. Such an explana
tion has been advanced for the highft value of the C14-+N14 transition. See also 
Section 7D for a discu88ion of the" l-selection rule" of Nordheim (50). 
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reduces the square of the matrix element by a factor between 20 and 
50. 1 

We now turn to a more exact definition of favored and unfavored 
transitions and to a quantitative determination of the matrix elements 
in the case of favored transitions. Since the operators contained in 
the matrix elements (1) and (d) do not involve the space coordinates at 
all, these operators are symmetric under the interchange of the space 
coordinates of any two nucleons. Therefore, if the initial wave 
function lit; has definite properties under such space exchanges (belongs 
to a definite partition; see Chapter VI), we can infer immediately that 
the final wave function lit, must belong to the same partition. If lit; 
and lit, belong to different partitions, the matrix elements vanish. 2 

Thus the precise definition of favored and unfavored transitions is: 
An allowed transition is said to be favored if the initial and final nuclear 
wave functions belong to the same partition; otherwise the transition is 
said to be un favored. If the Wigner approximation of charge- and 
spin-independent nuclear forces were precisely correct, the matrix 
elements of allowed and favored beta-decays would be of the order of 
unity, while the matrix elements of allowed but unfavored beta-decays 
would vanish. 

In practice, the Wigner approximation (in which all wave functions 
belong to definite partitions) is not rigorously correct. Thus allowed 
but unfavored beta-transitions do occur, but their matrix elements are 
small compared to unity. Their comparative half-lives are corre
spondingly lengthened compared to those of favored transitions. 

The distinction between favored and unfavored transitions is 
expected to be sharpest in the region where the Wigner approxima
tion is best, i.e., for light nuclei. AP. the number of protons increases, 
the Coulomb forces become more and more effective until eventually 
the Wigner approximation breaks down altogether and the partitions 
can no longer be used to classify the wave functions. For higher mass 
numbers, therefore, the distinction between favored and unfavored 
transitions is expected to lose its significance. This prediction is borne 
out rather strikingly by the positron decays of the A =4k+2 nuclei 
which were mentioned before. The comparative half-lives of Fig 
and Al26 are typical of allowed and favored transitions. p30 has 

lOne sometimes finds in the literature the statement that It values around 
1O~ sec correspond to "first forbidden" transitions. There is no convincing evi
dence for this assertion. 

S If the final wave function 4>/ contains a mixture of components belonging to 
various partitions, the nuclear matrix elements for the beta-decay "connect" 
with only that part of 4>/ which belongs to the same partition as 4>;. 
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ft = 5 X 104 sec, which is very high for a favored transition, and Cl34 
has ft = 3 X 105 sec, which is not at all different from typical allowed 
but unfavored decays. 

We shall restrict our discussion of the matrix elements of favored 
transitions to transitions between mirror nuclei. The evaluation of 
the matrix elements 1(1)1 2 and l(dW is simplified greatly by the observa
tion that they depend only on the partition (P,P',P") but not on the 
number of "filled levels" in the language of Chapter VI. This is 
understandable since a particle inside one of the filled levels cannot 
make a beta-transition without leading to a state which violates the 
Pauli exclusion principle, and which is therefore orthogonal to all 
actual final states <'PI' We can therefore evaluate the matrix elements 
by neglecting the filled levels altogether. In the case of beta-decays 
between mirror nuclei, there are either one or three particles outside 
the filled levels. In the first case we can evaluate the matrix elements 
by considering the beta-decay of a single nucleon. In the second case 
we can also do so, since we may consiaer three particles in a level a 
filled level plus a one-particle" hole." 

For the decay of a single nucleon the matrix element (1), (5.14)~ 
is just unity since the initial and final states have the same wave 
function after the proton is changed into a neutron. The Fermi selec
tion rule (2.7), which always holds with this matrix element, can be 
augmented by further selection rules if the orbital angular momentum 
L and the spin angular momentum S of the nucleus are also good 
quantum numbers. This is the case when the angular momentum is 
due to only one particle (the other nucleons pairing up to give zero 
angular momentum),l or when spin-orbit coupling can be neglected. 
In either case the values of Land S must be conserved during the 
transition since the wave function is unchanged, and we get 

(Fermi) (6.1) 

The computation of the matrix element l(d)1 2, (5.15) and (5.18), is slightly more 
complicated since the value depends on the way in which Sand L combine to form 
the total angular momentum J of the nucleus (or of the particle). Consider a 
single particle with orbital angular momentum quantum number L and spin 
angular momentum quantum number S = i. There are two possible values of the 
total angular momentum J, J =L+i and J =L-l. The wave function in each 
case is of the form 

I In this case L is a good quantum number even in the presence of spin-orbit 
coupling since the two possible values of L, L =J +i and L =J -I, correspond to 
states of opposite parity and thus do not mix. The assumption of angular momen
tum due to only one particle is commonly made in the nuclear shell model (see 
Chapter XIV). 
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if>JM = L CLs(J,M;mL,mS) ULmL(X,y,Z) xSma (6.2) 

mL+ma- M 

where the CLS are the Clebsch-Gordan coefficients of Appendix A, Section 5; 
u(x,y,z) has the angle-dependence characteristic of a spherical harmonic Y LmL(IJ,<p) , 
and XSm8 is the spin function for a spin S =! and its Z component ms (which can be 
either! or - i). We have omitted the isotopic spin function which indicates that 
the nucleon is a neutron (for (J decay). Consider the matrix element (trz), (5.15). 
In our case the sum in (5.15) reduces to one term and this term involves the opera
tor trzT_ for the nucleon in question. T- changes the neutron into a proton, while 
trz reverses the spin direction: 

Thus, again apart from the isotopic spin function, we get 

trzT_ if>JM = L CLs(J,M;mL,-mS) ULmL XSm8 (6.3) 

mL-ma-=M 

Let the final state have total angular momentum J' [which must be one of J + 1. 
J, or J -1 according to the selection rules (2.8) for this matrix element] with a Z 

component M'. M' must be either M +1 or M -1. Expression (6.3) gives 

fif>J'M'*trZT-if>JMdT = CL.1I2(J',M';M+!,!) CL.1I2(J,M;M+!,-!) 
(for M' =M +1) 

fif>J'M'*trZT-if>JMdT = CL.JI2(J',M';M-!,-!) CL.J/2(J,M;M-!,!) 
(6.4) 

(for M' =M -1) 

The relevant Clebsch-Gordan coefficients are tabulated in Appendix A, Section 5. 
Since the beta-decay probability cannot depend on which direction in space is 
chosen as the z direction, we can assume M =J without loss of generality. Expres
sion (6.4) must be squared and summed over the two possible final values M'. 
The calculation of the other matrix elements (UII) and (u,) is completely analogous 
to the one outlined here. For details see Gronblom (3980) and Wigner (39). 

The quantity l(d)1 2 vanishes unless the Gamow-Teller selection rules 
(2.8) are satisfied for the nuclear transition. If the orbital angular 
momentum L and the spin angular momentum S of the nucleus are 
good quantum numbers, d operates only on S and hence we get the 
additional selection rules 

IlL=O tlS = 0, ± 1 except no (}---+O transitions 
(Gamow-Teller) (6.5) 

Under the same conditions, the matrix element /(d)/2 assumes the 
values given in Table 6.1. For L = 0, the value in the upper left corner 
of the table is the only relevant one. 
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TABLE 6.1 
VALUES OF l(d)1 2 FOR BETA-TRANSITIONS BETWEEN MIRROR NUCLEI 

Initial J -+ L+1 L-1 

Final J 

L+1 
2L+3 L+1 
2L+1 

4--
2L+1 

L-1 
4L 2L-1 

--
2L+1 2L+1 

If spin-orbit coupling is important, we cannot predict the value of 
the matrix element in such a simple way. Feingold and Wigner 
(unpublished manuscript, 1948) have called attention to the fact that 
for appreciable but not too strong spin-orbit coupling the results of 
the table can be used to give upper and lower limits for the matrix 
element. The actual value of l(d)1 2 in that case must lie between its 
value for a pure L =J -* state and a pure L =J +* state. 

We now apply these results to the measured comparative lifetimes 
of the Wigner series of mirror nuclei. 1 If Fermi selection rules are 
supposed to hold, the It values of all these mirror nuclei should be the 
same (since the matrix element (1) is unity for all of them). Actually, 
most of these decays have log (ft) between 3.5 and 3.7, with a few, but 
significant, exceptions. The most important exceptions are the neu
tron and H 3, both of which have lower It values. The jt value of the 
neutron is not well enough known at this time, so we use the value 
from the triton decay for our comparison, log(ft) =3.06. The dis
crepancies between the comparative half-lives of H3 and some of the 
other Wigner nuclei (e.g., N 13) are as large as a factor of 4. It is 
hard to see how discrepancits of this order of magnitude can arise if 
mirror nuclei are really as similar to each other as all the other evi
dence seems to indicate. Here we find another strong argument 
against pure Fermi selection rules (singlet emission). 

The assumption of triplet emission explains the discrepancies easily. 
Then the values of the matrix elements must be taken from Table 6.1, 
and they depend on the spin of the nucleus (for mirror nuclei t.he spins 
of the initial and the final nucleus are the same). The small It values 
of the neutron and of H3 are explained by the fact that the orbital 
angular momentum L is zero for these two nuclei, whereas for all 
other mirror transitions L¢O. Table 6.1 shows that l(d)12 =3 for 
L = 0, and l(d)12 is much smaller than 3 for higher values of L (in transi-

I See Feingold (51) for a table of these It values. 
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tions between corresponding states of mirror nuclei, the initial and 
final states have the same values of J and L, of course). A detailed 
study by Wigner and Feingold (unpublished, 1948) shows that all the 
It values are consistent with the matrix element l(dW, i.e., with a pure 
Gamow-Teller interaction. l By comparing the It values of the two 
decays of Be? (to the ground state and to an excited state of Li?) 
Moszkowski (51a) arrives at the same conclusion. A small admixture 
of a Fermi-type interaction cannot be excluded, however. The value 
of the fundamental time constant to for beta-decay used in this chapter 
(to=5X103 sec) is based on the comparative half-life of H3 together 
with the assumption eto = l(d)j2 = 3. 

Similar comparisons can also be made for the other class of allowed 
and favored transitions, i.e., light nuclei with A =4k+2. The values 
of 1(1)12 and l(d)1 2 can again be found by general arguments which do 
not depend on the details of the nuclear wave functions. The com
parison with the experimental lifetime gives excellent agreement for 
the He6 decay, somewhat poorer agreement for the decays of Fig and 
A126, and very poor agreement for the heavier nuclei of this sequence. 
The disagreement is in the direction of longer experimental lifetimes, 
i.e., the actual values of the matrix elements are smaller than predicted 
by the theory. This is expected for the heavier nuclei where the 
Wigner approximation (on which the calculation is based) becomes 
poorer. 

The excellent agreement for the He6 decay excludes a large admix
ture of a Fermi-type interaction (Moszkowski 51a), for such an inter
action would contribute to the decay probability of H3 but would not 
contribute to the decay probability of He6 , according to the selection 
rules. Moszkowski concludes that the Fermi-type interaction can at 
most be half as strong as the main GamoJ-Teller interaction, and that 
the assumption of a pure Gamow-Teller interaction is in agreement 
with the data on H3 and He6 •2 

I However, in some cases we must assume a predominant value of the orbital 
angular momentum L which is hardly consistent with the measured magnetic 
moment, unless there are large exchange magnetic moments. For example, the 
comparative lifetime for the Cll-+ Bll transition seems to imply a predominant 
D state (L=2), whereas the magnetic moment of Bll is much closer to that of a 
P state (L = 1). See Chapter VI, Section 5, for a discussion of the evidence 
regarding magnetic moments. 

I It is interesting to observe the excellent overlap of the wave functions of the 
ground states of He6 and Li6 required by these measurements. Since these states 
are not "corresponding" states (states belonging to the same isotopic spin 
multiplet; see Chapter VI, Section 6), the excellent overlap of the two wave func
tions provides a significant confirmation of the supermultiplet theory of Wigner. 
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The Wigner theory of allowed and favored transitions is borne out 
by experiment as well as can be expected. l The most important result 
of these considerations is the recognition that most allowed beta-decays 
are unfavored and should therefore have comparative half-lives appreciably 
longer than that of the neutron. A second, more tentative conclusion is 
that a pure Gamow-Teller interaction is in agreement with the life
times of allowed and favored decays, whereas a large admixture of a 
Fermi interaction would lead to disagreement. 

7. BETA-TRANSITIONS OF mGHER ORDER 

A. Non-relativistic Theory: Selection Rules, Matrix Elements 
The considerations of the previous sections are restricted to zero

order transitions, i.e., to transitions in which the light particles are 
emitted without any orbital angular momentum with respect to the 
nucleus. Mathematically this restriction was performed by replacing 
the exponential exp [-i(p+q)·rnl by unity when evaluating the 
matrix elements H'il . The consideration of further terms in the expan
sion of this exponential gives rise to higher-order transitions which in 
most cases follow selection rules different from (2.7), (2.8), (5.34), and 
(5.36). Hence beta-transitions can take place also when the previ
ously derived selection rules are violated. These transitions are, 
however, of higher order and in general much slower than the zero
order transitions. 

The expansion into the different orders takes place in the field 
quantity F(rn) defined by (5.4a). In this section we shall always 
neglect the Coulomb force in the derivations. The effect of the Cou
lomb force upon the electron will be described without derivation. 
Hence we substitute the plane wave functions 4>. and 4>, as given by 
(5.11) into the field quantit~ (5.4a). We introduce the sum P=p+q 
of the momenta of the two light particles and expand the exponential 
exp (-tP·rn ) into a series of angular momentum eigenfunctions. We 
use formula (A,3.5) of Appendix A, letting the direction of the vector P 
be denoted bye, <1>, and the direction of the position vector of the 
transforming nucleon by 8n, IPn. For all beta-decays known at present, 
the wave number P = IPI of the electron-neutrino pair is small enough 
so that Prn«l for all values of rn less than the nuclear radius R. We 
can therefore r':lplace the spherical Bessel function jz(Prn ) by its 
approximate value for smallPrn , which is given by (A,3.3). Hence we 
can expand the' field quantity (5.4a) in the following way:2 

1 However, II. case of II. much too small!t value is reported by Perez-Mendez (50). 
I We remind the reader of the double factorial notation 

(2/+1)11 = 1 X 3 X 5 X ... X (2/+1) 



7. Beta-Transitions of Higher Order 727 

.. I 

F(rn) = ~{u.*, ~u.*\ r r (;;~;;!!pl Y 1m (6,<I» Ylm*(8n,~n) 
I=U m=-I 

(7.1a) 

The operator ~ depends on the choice of interaction and is given in 
(5.6) and (5.7) for the non-relativistic theory and in (5.22) for the 
relativistic theory. The terms in the sum of (7.1a) have a simple 
interpretation: the term l,m corresponds to emission of the electron
neutrino pair into a state with orbital angular momentum land z 
component of orbital angular momentum m. In the development of 
Section 5 only the first term l = 0 of (7.1a) was taken into account. 

We first apply the expansion (7.1a) to the singlet interaction (5.6) 
and write the corresponding matrix element (5.9) in the form 

H' 41rG { * B *\ i' = V u., u. 

(7.1b) 

where the nuclear matrix elements are defined by 

A 

(rlYlm *) == L r <1>,* rnl Y lm *(8n,~n) Tn,_ <l>i dT (7.2) 
n=1 

We shall call the orbital angular momentum 1 of the electron-neutrino 
pair the "order" of the beta-decay.l The order l is of fundamental 
importance in the theory of forbidden beta-transitions. Because 
Prn«1, the successive orders in the sum (7.1b) make successively 
smaller contributions. Hence it is sufficient to consider only one 
value of l, namely the smallest one consistent with the selection rules. 2 

The selection rules can be read off directly from the nuclear matrix 
element (7.2). Letting J i , IIi, Jf, and II, stand for the spin and parity 
of the initial and final states, respectively, the selection rules for non
relativistic transitions of order l with emission into the singlet state 
are 

(7.3) 

1 It is perhaps useful to point out that the order I refers to the orbital angular 
momentum of the electron-neutrino pair, not to the orbital angular momentum of 
the electron by itself, or of the neutrino by itself. 

I This statement is modified, however, in the relativistic treatment. 
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The minimum order l for which (7.3) is satisfied is either IJi-J,1 or 
IJi-J ,I + 1, depending on the parities IIi and II,. The Fermi selection 
rule (2.7) is the special case of (7.3) for l=O. 

In order to get the beta-decay probability (5.1), we need the sum of 
IH'i,12 over the spin directions of electron and neutrino and the average 
over the directions of the momentum vector P.I The sum is given by 
(5.16); the average can be performed simply by using the orthogonality 
and normalization of the Y 1m . We introduce the notation 

1 

l(rI Y1)12 == L l(rlYlm *)12 
m--I 

and we restrict ourselves to consideration of one order l. 
value of !H'i,1 2 then is 

<!H'i,(lW)av = 811" (~y [(2[::1) !!j2 l(rIY1)1 2 

(7.4) 

The average 

(7.5) 

The transition probability is obtained by combining (7.5) with (5.1) 
and (2.5). 

We now proceed to the triplet interaction (5.10). Since the light 
particles are emitted into the triplet state, the total angular momentum 
J removed from the nucleus need no longer be equal to the order l 
of the transition. Using the same approximations as before, we now 
get 

1 1 

= ~77VG 2: l: l: ( -)" '-1 
( l t)"pl\Ue*,u"BU.*1 
2 +1 .. 

,,= -1 1=1.1 m=-I 

X Y1m(E>,<I» (rlYlm *u_") (7.6) 

where the nuclear matrix elements are defined by 
A 

(rlYlm *u_") == L f <1>,* rnlYlm *(8n,lPn) ITn._" Tn._ <l>i dT (7.7) 
n -1 

Each term in (7.6) corresponds to a transition in which the electron
neutrino pair carries away an orbital angular momentum l with z com
ponent m and a spin angular momentum of unity (triplet state) with 
z component /.I. In order to obtain simple selection rules we introduce 
the total angular momentum J carried away by the electron-neutrino 
pair and its z component M. We define the nuclea.r matrix element: 

1 We average over the directions of P, rather than summing, because the statis
tical factor p(Eo), (2.5), already contains a summation over the possible directions 
of one of the emitted particles. 
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(rl'Y~*) == I C1.1(J,M;m,jJ.) (-1)1' (rlYlm *LI') (7.8) 
m+I'=M 

where the Clebsch-Gordan coefficients C are as defined in Appendix A, 
Section 5. We define also an operator 'Y~(e,cf>,O") for the light particles: 

'Y~(e,cf>,O") == I CI.l(J,M;m,jJ.) Y1m(e,cf» 0"1' (7.9) 
m+I'=M 

Just as before, we can restrict ourselves to one value of l in the sum 
(7.6). We introduce (7.8) and (7.9) and use the orthogonality and 
normalization relations for the Clebsch-Gordan coefficients to get 

, 11" t 1 4 G '-1 12:+1 2:J 

H iJ(l) = V (21+1)!!P 
J=II-ll M =-J 

(7 10) 

Each term in (7.10) corresponds to a transition in which the electron
neutrino pair leaves with an orbital angular momentum l, a spin 
angular momentum 1, a total angular momentum J, and a z component 
of the total angular momentum equal to M. We again perform a sum 
over the spin directions of electron and neutrino, and an average over 
the directions of the vector P. We introduce the notation 

J 

l(rl 'YJl)1 2 == I l(rl'Y~*)12 (7.11) 
M=-J 

to get 

(7.12) 

The transition probability is obtained by combining (7.12) with 
(5.1) and (2.5). Formulas (7.5) and (7.12) apply to transitions 
between two definite nuclear states. In practice, we must sum over 
the spin orientations in the final nuclear state. 

The selection rules for non-relativistic transitions of order l with 
emission into the triplet spin state can be read off directly from the 
nuclear matrix elements (7.8): 

Il-ll::; J::; l+1 ni = (-l)lnJ 
(7.13) 

The Gamow-Teller selection rule (2.8) is a special case of (7.13), 
namely the case l=O. In that case the first condition (7.13) can be 
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satisfied by only one value of J, namely J = 1, and the second and third 
conditions (7.13) become identical with (2.8). 

We need to know the lowest order lmin == L consistent with the spin 
and parity of the initial and final nuclear states. These values are 
collected in Table 7.2 (page 738) for selection rules (7.3) and (7.13), 
as well as for selection rules (7.24) and (7.25) which apply to relativistic 
transitions. 

Ordinary (non-relativistic) transitions of order 1 are classed among 
the" lth forbidden" transitions by Konopinski (41, 43). 

~ B. Non-relativistic Theory: Angular Correlation, Spectrum Shape, 
Lifetime 

The most interesting factor in (7.5) and (7.12) is 

(7.14) 

This factor contains an angular correlation between the directions of 
emission of electron and neutrino. For a given distribution of energy 
between the two particles, (7.14) is largest when the electron and 
neutrino are emitted parallel to each other. This is understandable 
physically: the angular momentum carried away from the nucleus is, 
classically speaking, the momentum P times the lever arm, which is of 
order R, the nuclear radius. Since P R«h, the possibility of removal of 
an angular momentum lh with l~ 1 is a quantum-mechanical barrier 
penetration effect. This accounts for the slowness of transitions of 
higher order. The penetration of the centrifugal barrier is easier 
the larger Prn . Hence the angular correlation favors large values of 
the recoil momentum P, and the nuclear matrix elements (7.2) and 
(7.8) get their main contributions from values of rn close to the surface 
of the nucleus. Both effects become more pronounced with increasing 
l. The relativistic treatment modifies the angular correlation (7.14) 
by terms of order v / c of the electron. 

The shape of the beta-spectrum in higher-order transitions is differ
ent from the shape of the zero-order transitions. The factor (7.14) is 
responsible for this difference and, as long as the Coulomb effects are 
neglected, we get the correction to the allowed shape (2.6) by integrat
ing (7.14) over all angles 8., between electron and neutrino. This 
integral gives (l+ 1)-1 SI(P,q), where El(p,q) is a shape correction factor 
by which (2.6) must be multiplied in order to give the shape of the 
spectrum of a transition of order l: 

(p+q)2l+2 _ (p_q)21+2 
SI(P,q) == 4 

pq 
(7.15) 
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Expression (7.15) is symmetric in p and q. This shape correction 
factor favors emissions in which one or the other of the two particles 
gets most of the available energy; 8 1 is smallest for p = q, where it 
assumes the value (2p) 21. The first few factors 8 1 are 

8 0 = 1 

The effect of the Coulomb field will not be derived here, but only 
made plausible. Consider the 1 = 1 transitions with the shape correc
tion factor 8 1 =2(p2+q2). The two terms of 8 1 have the following 
interpretation: 2p2 corresponds to emission of the electron with orbital 
angular momentum l. = 1 and of the neutrino with orbital angular 
momentum l. = 0, the two angular momenta adding up to 1 = 1 for 
the electron-neutrino pair; the other term, 2q2, corresponds to emission 
of the electron with orbital angular momentum l. = 0 and of the neu
trino with orbital angular momentum l. = 1, the two angular momenta 
again adding up to 1 = 1 for the electron-neutrino pair. Thus the term 
2p2 in 8 1 is mUltiplied by the Coulomb plus centrifugal barrier pene
tration factor for l = 1 charged particles, which is 

(1 + 772) 211'77 
1 - exp (-211'77) 

The term 2q2 in 8 1 is multiplied by the Coulomb penetration factor for 
l=O charged particles, given by (2.10). 

More generally, the term p2kq21-2k (k=0,1,2,"',l) in 81(p,q) corre
sponds to emission of the electron with orbital angular momentum 
1. = k and of the neutrino with orbital angular momentum 1. = 1- k. 
This term is multiplied by the Coulomb plus centrifugal barrier pene
tration factor for charged particles of orbital angular momentum k, 
which is! 

Vk = [1 + (!!.)2] [1 + (!!.)2] ... [1 + (!!.)2] 211'77 
12k 1 - exp ( - 211'77) 

(7.15a) 

This procedure gives the following non-relativistic shape correction 
factor Sc,(p,q) in the presence of the Coulomb effect: 

1 

1 ~ (2l+2)! 2k 21-2k 
Scl(p,q) = 2 '-' (2k+l)! (2l-2k+l)! Vk(77) p q 

k=O 

(7.16) 

1 VA: is closely related to the barrier penetration factor VI, (VIII,2,49), evaluated 
for l=k at R =0. 
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This expression reduces to (7.15) in the absence of the Coulomb effect, 
i.e., when 1/ is set equal to O. For l=O transitions (7.16) reduces to 
the Coulomb correction factor F(Z,E), (2.10). The factor 

In V k(1/) is appreciably different from 1 only for very low-energy 
electrons. To a first approximation we may replace this factor by 1; 
this is equivalent to neglecting the effect of the centrifugal barrier 
upon the electron compared to the effect of the Coulomb barrier. In 
this approximation V k "-' F(Z,E) becomes independent of k, so that 

(7.16a) 

We shall use this approximation presently. It should be emphasized 
that the correct relativistic theory leads in many cases to spectrum 
shapes entirely different from Sci (see Section 7D). 

We proceed to give a very rough estimate of the comparative half
lives of beta-decays for higher-order transitions. The decay probabil
ity is given by the integral over the whole spectrum of the probability 
(5.1). This integral can be performed by inserting either the matrix 
element (7.5) or the matrix element (7.12), depending on the type of 
interaction. The following estimates will be so rough that it makes no 
difference which interaction is chosen. For the singlet interaction we 
get the result 

" _ ~ 411" I( I )1 2 J Decay probabIlIty - to (l+I)[(2l+1)!!j2 I r Y I I(Z,Eo) (7.17) 

where JI(Z,Eo) is a quantity analogous toJ(Z,Eo), (4.2), and reduces to 
(4.2) when l=O.1 JI(Z,Eo) is defined by 

(po 2 2 
JI(Z,Eo) == 10 Scl(p,q) P (Eo-E) dp (7.18) 

The value of this integral can be roughly estimated as follows: We 
use the approximation (7.16a) for Sci. Furthermore, since the main 
contribution comes from the middle of the spectrum, we replace 
SI(P,q) by its value for p=q, which is (2p) 21,,-, (Po) 21 = (E02_1)1. 
The integral is then reduced to the one which defines the quantity 
J- in (4.2), and we get the estimate 

1 All formulas here are written for negatron decay. In the case of positron 
emission, a correction must be applied for K capture. The ratio of K capture to 
positron emission in transitions of higher order is not the same as in transitions of 
order zero (Marshak 42, Good 46). 
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(7.18a) 

We must still give an estimate of the square (7.4) of the nuclear 
matrix element. It must be of the order p21, where p is the nuclear 
radius R expressed in units of (hjmc). The integration over angles 
gives a factor of the order (411")-1 for each term of the sum in (7.4). 
Not all terms in (7.4) contribute, since some of them vanish as a result 
of the selection rule for m. The number of contributing terms varies 
from 1 to 2l+ 1, depending on the initial and final spins and parities 
(Marshak 42); there are statistical factors similar to those encountered 
in the theory of multi pole radiation (Chapter XII, Section 6). Since 
we are interested only in a very rough estimate, we shall insert a factor 
l+ 1 to get some average of this effect. Finally, the comparison of 
allowed and favored transitions with allowed but unfavored transitions 
indicates that the lack of overlap between the initial and final nuclear 
wave functions can be expressed by a factor of about 0.05. Thus 
our estimate is 

!(rIYI)!2 "-J 0.05 (l+1) p21 
411" 

(7.18b) 

It is hardly necessary to point out that this is only an order-of-magni
tude result. Actual nuclear matrix elements may deviate from this 
estimate by very appreciable factors. 

We are now in a position to estimate the comparative half-life (the 
it value) of higher-order transitions. It should be noted that the f 
in ft is not fz, but rather i = io, the value appropriate for zero-order 
transitions. Combining the preceding estimates, we get 

[(2l+I)!!]2 [(2l+I)!!j2 5 
it "-J 20 21 (E 2 )1 to "-J 21 (E 2 )1 X 10 sec 

p 0 -1 p 0 -1 
(7.19) 

where to was estimated from the decay of the neutron to be of the 
order of 5 X 103 sec. 

Table 7.1 lists the experimental results regarding the shape and the 
lifetime of some beta-decays. The shape allows a determination of 
the order l of the decay. Of the decays listed in the table, all but 
1124 are {r emitters, and the 1124 lifetime has been corrected for 
K capture. It follows from (7.19) that the product 

p21 (E02_1)1 

ft [(2l+ I)!W 

should be of the order of 20to"-J105 sec. This expectation is borne out 
surprisingly well by the data in Table 7.1 Also included in the table, 



734 

Element 

Cll8 

K42 

Kr85 

Rb86 

Rb 88 

Sr 89 

Sr90 

y90 

y91 

1124 

Sn l25 

CS 137 

Tl204 

C14 

Pm l47 

Np218 

XIII. Beta-Decay 

TABLE 7.1 
BETA-DECAYS OF HIGHER ORDER 

Shape Eo log (ft) 
(7.16) 

Sci 10.43 7.44 

Sci 8.02 8.02 

SCI 2.36 9.09 

Sq 4.57 8.59 

SCI 11.05 7.39 

Sq 3.93 8.59 

SCI 2.04 9.20 

Sci 5.40 7.98 

Sq 4.02 8.68 

SCI 5.31 8.05 

Sci 5.57 8.57 

Sci 2.02 9.62 

SCI 2.51 9.69 

Sc2 2.10 13.65 

SC2? 2.40 13.49 

SC3 3.64 18.05 

Sco? 1.30 9.05 

Sco? 1.44 7.58 

Sco? 3.72 8.35 

log 
It p21 (E02_1)1 

[(2l + 1) 1lJ2 

4.75 

5.13 

4.59 

5.41 

4.95 

5.27 

5.24 

4.94 

5.41 

5.11 

5.69 

5.76 

6.19 

4.03 

4.93 

6.02 

9.05 

7.58 

8.35 

however, are a few examples of beta-decays which seem to follow the 
allowed shape spectrum but which have comparatiye lifetimes jt 
considerably larger than 105 sec. The non-relativistic theory cannot 
account for these decays, but we shall see that they can be understood 
on tne oasis of the relativistic theory. For references to the data in the 
table, see Feingold (51), Feenberg (50), Wu (50), Hayward (50) 
(Sn 125) , Freedman (50) (Np238), Zeldes (50) (Kr85), and Bunker 
(51) (Rb88). A more accurate evaluation of it for l~O has been made 
by Davidson (51). 

We also mention that the shape of the beta-spectrum is not always a 
safe guide for the determination of l. The decay of e136, for example, 
appears to follow the Sc2 shape to a good approximation, but the 
relativistic theory combined with the measured initial and final spins 



7. Beta-Transitions of Higher Order 735 

shows that this cannot be accurately correct (Fulbright 51; Wu 49, 51; 
Longmire 49a; Townes 49a; Johnson 51). We shall return to the dis
cussion of this decay later on. 

~ C. Relativistic Theory: Selection Rules, Matrix Elements 
The relativistic treatment of the transitions of higher order is a 

generalization of the considerations of Section 5C. No longer will 
we replace in the matrix element the wave functions of the light 
particles by their value at the origin. Just as in the non-relativistic 
case, we obtain transitions of higher order corresponding to higher 
orbital angular momenta of the light particles. There are two types of 
transitions in each order I, the "ordinary" and the "relativistic" 
ones. They obey different selection rules, and only the ordinary ones 
are direct generl!-lizations of the non-relativistic transitions. The 
"relativistic" transitions have nuclear matrix elements which are 
smaller then the ordinary ones by a factor v I c, v being the velocity 
of the nucleons. 

There are certain features in the relativistic treatment of the higher
order transitions which do not appear in the simpler case of zero-order 
transitions: the shape of the spectrum contains terms of order vic 
of the electron, even when the Coulomb effect is not considered; the 
modifications due to the Coulomb force are quite different from the 
relativistic Coulomb correction to the zero-order shape. 

We use again expansion (7.1a) of the field quantity F(r) which now 
represents one of the five relativistic field quantities (5.22). We get 
the decomposition of the matrix element into terms of different order 
l by substituting (7.1a) into expressions (5.26). For the simplest 
case, the scalar interaction, we obtain in this way a formula very much 
like the singlet interaction matrix element (7.1 b) of the non-relativistic 
theory: 

.. r 

~ ~ (21~:)!! pI Ylm(e,<I» (,arlYlm *) 
I~u m=-I 

(7.20) 

where the nuclear matrix element (I:1rIYlm*) is defined in complete 
analogy to (7.2) and is indeed equal to (7.2) in the non-relativistic 
approximation for the nucleons. 

Just as before, we can restrict ourselves to the lowest order l which is 
consistent with selection rules (7.3) for the nuclear transition. This 
lowest order is given in Table 7.2 on page 738. In order to get the 
beta-decay probability (5.1) we take the sum of IH'i/12 over the spin 
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directions of electron and neutrino, and the average over the direc
tions of the momentum vector P. The sum is given by (5.37), and the 
average can be performed exactly as it was performed in arriving at 
(7.5). The average value of \H'i/1 2 in the scalar theory is therefore 
[it may be considered the relativistic generalization of (7.5)] 

where the nuclear matrix element l(fjrlylW is defined in analogy to 
(7.4) and is equal to (7.4) in the non-relativistic approximation for the 
nucleons. 

When the same method is applied to the axial vector interaction, 
we get two types of terms: ordinary and relativistic transitions [com
pare (5.31) for the case 1=0]. Written explicitly, the matrix element 
H'il of the axial vector interaction for a beta-transition of order 1 is 

1+1 J 

(H'. (1)) - 4'l1G ~~I pi" "I * MQ *\ (I M*) 
'I A - V (2l+1)!! ~ ~ U e , 'YJI u. r'YJl 

J=II-11 M--J 
I 

+ 4~G (21::) !! pZ 2: I U e *, P1Q u. *\ Ylm(6,<I» (P1rzYZm *) (7.22) 
m=-l 

The first term of (7.22) is analogous to the non-relativistic (7.10); 
it represents an "ordinary" transition and obeys selection rule 
(7.13). The second term is of relativistic origin and has no analogue 
in the non-relativistic theory; its nuclear matrix element has the 
following non-relativistic approximation: 

(PlrlYlm *) '" - 21c (d'V) rlYlm * + rZYlm * (d'V») (7.23) 

(7.23) is a generalization of (5.33). Thus (7.23) is of the order of vic 
of the nucleons compared to the "ordinary" matrix element (7.2); 
furthermore the selection rule associated with this matrix element is 
different from (7.3), namely 

(7.24) 

This selection rule is the generalization of (5.34) to transitions of higher 
order. 

The square of the matrix element I(H'i/(l»AI 2 must not only be 
averaged over the directions of P and summed over the spin orienta
tions of electron and neutrino, but also summed over the orientations 
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!If/of the final nuclear spin. We shall not go through this calcula
tion here. Suffice it to say that the ordinary transitions give a result 
proportional to l(rl<YJIW, (7.11), and the formula differs from the non
relativistic (7.12) in only two respects: the factor 211" is replaced by 11" 
(see the footnote on page 704), and each term J in the sum (7.12) has 
associated with it an angular correlation factor of order vic of the 
electron. Explicit expressions for ordinary transitions of order l = 1 
are given by Hamilton (47). The relativistic transitions make a con
tribution to I(H'i/(l»AI 2 which is analogous to (7.21) except that the 
nuclear matrix element is now I(P1r'Y1W and the angular correlation 
factor is now [1 + (vic) cos 8e .]. There are no interference terms 
between ordinary and relativistic transitions of the same order l, since 
the two obey different parity selection rules and therefore lead to 
different final states. However, there may in some cases be interfer
ence terms between relativistic transitions of order l and ordinary 
transitions of order l+ 1. 1 We shall ignore these terms. 

The matrix elements and selection rules for transitions of order l 
with the five interactions (5.26) are tabulated in Table 7.3. This 
table is the generalization of Table 5.1 to transitions of higher order; 
it reduces to Table 5.1 in the special case l = O. 

We can replace {:J by unity in the ordinary nuclear matrix elements of 
Table 7.3 since the nucleons are treated non-relativistically. We then 
obtain the same matrix elements as in the non-relativistic treatment, 
and hence also the same selection rules, (7.3) and (7.13), respectively. 

The relativistic nuclear matrix element of the axial vector interaction 
and its selection rule have already been discussed in (7.23) and (7.24). 

I This is completely analogous to the emission of electromagnetic multipole 
radiation: electric and magnetic radiation of the same order l lead to different 
final states, but there is competition between magnetic radiation of order land 
electric radiation of order 1 + 1. In a beta-decay between given initial and final 
states it often happens that a relativistic transition of order 1 and an ordinary 
transition of order l+1 give comparable contributions to the decay probability. 
Furthermore, the matrix elements add coherently, so that there is an interference 
term in the expression for the transition probability. These interference terms 
will be ignored here. They are listed by Konopinski (41, 43) and Greuling (42) 
for all the pure interactions; additional interference terms occur if the beta-decay 
interaction is a mixture of the five pure interactions (Critchfield 43). The inter
ference terms listed in the literature depend on the relative phase of the two nuclear 
matrix elements in the complex plane. Considerations based on the in variance of 
the equations under time reversal (see Chapter X, Section 2) fix the relative phase 
to be either 0 or .... , i.e., the matrix elements can be chosen to be real numbers. 
The argument (Fuchs 51, Longmire 51, Biedenharn 51a) is completely analogous to 
that of Lloyd (51) regarding the interference terms in electromagnetic multipole 
radiation between magnetic radiation of order 1 and electric radiation of order 1 + 1. 
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TABLE 7.2 
MINIMUM ORDER lmln == L OF BETA-TRANSITIONS CONSISTENT WITH VARIOUS 

SELECTION RULES AND SPINS J;, J, AND PARITIES II;, II, OF INITIAL AND FINAL 

NUCLEAR STATES 

The upper entry in each case refers to II; = +II" the lower to II; = -II,. The 
listed values of L are valid provided L ~J;+J, for selection rules (7.3) and (7.24), 
IL-ll ~J;+J, for selection rules (7.13) and (7.25); otherwise the respective 
transitions cannot take place at all. 

Selection Rule 

Ordinary Relativistic 
(7.3) (7.13) (7.24) (7.25) 

o 0 0 1 1 
1 1 0 0 

2 0 1 1 
1 1 2 0 

2 2 2 3 1 
3 1 2 2 

3 4 2 3 3 
3 3 4 2 

4 4 4 5 3 
5 3 4 4 

TABLE 7.3 
NUCLEAR MATRIX ELEMENTS AND SELECTION RULES FOR TRANSITIONS OF ORDER l 

The selection rule appropriate to each matrix element is indicated by its equation 
number. 

Interaction 

Scalar (5.26S) 

Vector (5.26V) 

Tensor (5.26T) 

Axial vector (5.26A) 

PseudoBcalar (5.26P) 

Nuclear Matrix Element and Selection Rule 

Ordinary Relativistic 

(tJrIY'm *) (7.3) 

(rIY'm *) (7.3) (pirlcy~*) (7.25) 

(tJrlCY Aft) (7.13) (p2rlCY Aft) (7.25) 

(r'CYAft) (7.13) (PIrIY'm *) (7.24) 

(P2rIY'm *) (7.24) 
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TABLE 7.4t 

739 

ESTIMATES 01' ft FOR BETA-TRANSITIONS ASSOCIATED WITH SINGLE NUCLEAR 
MATRIX ELEMENTS 

Note: Estimate (7.34) is valid only under conditions (7.27) and (7.28). 

A. Transition8 of Order l;o!O 

ft for Nuclear Matrix Element 
Interaction 

Ordinary Relativistic 

Scalar (5.26S) (7.34) •••••••• 00.0 ••• 

Vector (5.26V) (7.34) ISO A 211 X (7.34) J-l,l-l 

ISO A 2/I X(7.19) J=l+1 

Tensor (5.26T) (7.34) J=l, I-I ISO A 2/1 X (7.34) J-l,l-I 

(7.19) J=l+l ISO A 2/3X(7.19) J=l+1 

Axial vector (5.26A) (7.34) J=I,I-1 ISO A 2/3 X (7.34) 

(7.19) J=I+1 
Pseudoscalar (5.26P) ... ,. ISO A 2/3 X (7.34) 

B. Transitions of Order 1=0, Un favored 

ft for Nuclear Matrix Element (sec) 
Interaction 

Ordinary Relativistic 

Scalar (5.26S) 1011 ............. 
Vector (5.26V) lOll 1.8 X 107 XA 2/3 

Tensor (S.26T) 10' 1.8 X 107 XA 2/1 

Axial vector (S.26A) lOll 1.8X107 XA2I1 

Pseudoscalar (5.26P) 3 XI0'XA 4/3 

t We place Table 7.4 here in order to facilitate the joint use of Tables 7.2, 7.3, 
and 7.4 for analyzing beta-decays. Table 7.4 is discussed in Section 7D. 

The pseudoscalar nuclear matrix element is of similar structure and 
obeys the same selection rule. The vector and tensor interaction lead 
to relativistic nuclear matrix elements which contain the spin operator 
d. Hence their selection rule differs from (7.24) and is 

Il-ll ~ J ~ l+l IJ,-J,I ~ J ~ J,+J, 
II, = - (_l)III, (7.25) 

The approximate expression for the relativistic nuclear matrix 
element of the vector interaction is a generalization of (5.35) and 
(5.36a) : 
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(Plrl'Y,:z*) '" 

21c L CI.1(J,M;m,LI) (-1)11 (LllrlY1m* + rIYlm*L) (7.26) 
m+II=M 

If PI is replaced by P2 on the left side (i.e., if the interaction is the tensor 
interaction rather than the vector interaction), the vector v must be 
replaced by dXv on the right side. Both matrix elements are smaller 
than nuclear matrix elements of ordinary transitions of the same order l 
by a factor of the order of vn/c, Vn being the average speed of the 
nucleons. 

Unfortunately there is in use a considerable variety of notations for these matrix 
elements. Greuling (42) denotes by IQ,,(r,r)1 2 a quantity proportional to our 
l(r"Y,,)j2, by IQ,,(lIr,rWa quantity proportional to our 1 (IIr"Y n)1 2, etc. Konopinski 
(41,43) uses Ifll 2, Ifrl2 for 1(1)1 2, l(rY1)1 2, etc., while Critchfield (42) uses [r,rl 
for l(r2Y2)12, [r,r,rl for l(r3Y3)1 2, etc. Different authors use different numerical 
coefficients in front of the matrix elements. The notation is particularly confusing 
for matrix elements connected with emission of the light particles into the triplet 
spin state. For example, the nuclear matrix element l(r'Yol)1 2 is often denoted by 
If(d'r)1 2, l(r'Yll)1 2 is denoted by IfdXrl 2, and 1 (r'Y21)1 2 is expressed as a tensor, for 
which Konopinski (41, 43) uses the notation IfBiil2 and Critchfield (42) uses the 
notation [d,r] (again with different numerical coefficients). The easiest way to 
establish the correspondence of the various notations is to examine the selection 
rules associated with each nuclear matrix element. Konopinski and Greuling do 
not distinguish in their notation between matrix elements involving Pl and P2, 

respectively. 

~ D. Relativistic Theory: Angular Correlation, Spectrum, Lifetime 
In order to perform a complete analysis of a particular beta-decay 

it is necessary to know the spin and the parity of the initial as well as 
the final state. Once these quantities are known, Tables 7.2 and 7.3 
can be used to find the matrix elements and the lowest value L of l 
which can be responsible for the transition. The results depend, of 
course, on the type of interaction. A detailed analysis of the observ
able properties, like spectrum shape, electron-neutrino angular cor
relation, and lifetime, should lead to a decision as to which type of 
interaction is realized in nature. Unfortunately, very little is known 
about the spin and parity of the initial states since they belong to 
radioactive nuclei. Very few spins of radioactive nuclei are measured. 
Recently the shell theory of low-lying nuclear states (see Chapter 
XIV) has been used with considerable success for the prediction of 
spins and parities (Shull 49, Nordheim 50). However, these predic
tions are not as yet reliable enough to serve as a basis for conclusions 
regarding the beta-decay interaction. 
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Usually there is, for a given interaction type, only one matrix ele
ment that contributes predominantly to the transition. However, 
in many cases there may be two or more whose contribution is of the 
same order of magnitude. This happens frequently if the lowest 
permissible l = L of a relativistic matrix element is one unit less than 
the L of an ordinary one. l 

We now discuss the angular correlations, spectrum shapes, and life
times expected with higher-order transitions on the basis of the rela
tivistic theory. We restrict ourselves to a short statement of the 
results without attempting any detailed derivation. We refer for this 
purpose to the literature (Konopinski 41, 43; Critchfield 42, 43; 
Marshak 42,46,49; Greuling 42). 

The electron-neutrirw angular correlation was given in the non
relativistic theory by expression (7.14). The relativistic treatment 
introduces further terms of order vic of the electron For example, the 
scalar interaction (7.21) contains the factor p21, which gives the non
relativistic correlation (7.14), but it also contains the factor 

1 - (vic) cos 8e• 

which represents the relativistic effect. In zero-order transitions the 
latter factor is the only one which occurs. In transitions of higher 
order, however, the former factor p21 predominates and gives a cor
relation which favors emissions in the same direction. This result is 
obtained for all types of beta-decay interaction (Hamilton 47). 

The angular correlation factors for ordinary transitions of order 
l = 1 are given by Hamilton (47) for the case in which Coulomb effects 
can be neglected. The Coulomb correction to these angular correla
tions has been worked out by Greuling (51). For experimental results 
see Sherwin (49, 51). 

The spectrum shape in transitions of higher order is somewhat more 
complicated than in the non-relativistic discussion of Section 7 A. The 
"large" and the "small" components of an electron (or neutrino) 
wave of given total angular momentum je (or j,) have different orbital 
angular momenta l. (or l.), and this fact complicates considerably the 
spectrum of a transition of a given order. 

We divide the transitions into two groups, A and B. Group A 
contains the transitions in which the dominant nuclear matrix element 
involves 1J~* with J = l+ 1, and group B contains all other transitions. 
Physically speaking, group A contains all transitions in which the 

I We mention again that ordinary transitions of order I and relativistic ones of 
order 1-1 are classified together in the literature as "Ith forbidden" transitions. 
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electron and the neutrino are emitted into the triplet state with the 
spin parallel to the orbital angular momentum. A transition for 
which IJi-JII =l+1 always belong to group A, since all other matrix 
elements are excluded on the basis of the selection rules. In general, 
a transition belongs to group B if IJi-JII~l+1. 

The spectrum shape for transitions in group A is equal to the allowed 
spectrum shape (2.6) multiplied by the correction factor Sci which is 
defined by (7.16).1 It should be noted, however, that the Coulomb 
effect is correctly accounted for only as long as 

Ze 2 Z 
-=-«1 
he 137 

(7.27) 

If condition (7.27) is violated, the exact relativistic expressions must 
be used. Presumably all transitions listed in Table 7.1, except Cl36 

and the last three, belong to group A, so that the l values were cor
rectly determined from the spectrum shapes by using the factors 
Sci. 

The spectrum of transitions in group B is appreciably more com
plicated. In particular the Coulomb effect on the spectrum shapes of 
group B transitions is completely different from the Coulomb effect 
on spectrum shapes of group A transitions. There is one limiting 
case in which the spectrum shapes of group B transitions can be 
expressed in a simple form; in addition to (7.27) the following condi
tion must be satisfied: 

Ze2 Z P 
-R »2ep or -» 2 -

137p me 
(7.28) 

where the second part of (7.28) gives the condition in the usual non
dimensional form. Condition (7.28) is usually satisfied for beta
transitions in intermediate nuclei, since the barrier energy Ze 2/R is of 
the order of 6 to 15 Mev, while 2ep is usually below 2 to 3 Mev over 
most of the spectrum. For transitions of order l2: 1 of group B the 
shape factor Scl(p,q) is replaced by C1(p,q) when (7.27) and (7.28) are 
fulfilled, where 

1 The result usually quoted in the literature for the spectrum shapes of group A 
transitions is (7.16a) rather than (7.16). However, the so-called "small Z" 
approximation used in the literature to simplify the exact relativistic expressions 
amounts to neglecting not only terms of order Ze2/hc but also terms of order 
(Ze2/flV) 2, where v is the speed of the electron. If the latter terms are retained, 
the spectrum shape factors of group A transitions reduce to Scl(p,q) as long as 
(7.27) is valid. For numerical calculations see Laslett (SO). 
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1-1 

= (Ze2)2 '\" (2l+2)! V 2k 21-2k-2 
CI(p,q) - 2hcp ~ (2l-2k-l)! (2k+2)! (2k+2) k(71) p q 

k~O 

(7.29) 

and Vk (71) is defined by (7.15a). In the same approximation which 
gave (7.16a) we get instead of (7.29) the approximate form 

CI(p,q) '" F(Z,E) Cc'(p,q) 
1-1 (7.29a) 

, _ (Ze2)2 '\" (2l+2)! 2k 21-2k-2 
CI (p,q) = 2hcp ~ (2l-2k-l)! (2k+2)! (2k+2) P q 

k=J 

The "small Z" approximation often used in the literature gives 
(7.29a), whereas (7.29) is obtained from the correct relativistic expres
sions by neglecting terms of the order of (Ze2/hc)2 but retaining terms 
of the order of (Ze 2/hv)2. 

In approximation (7.29a) the first one of these shape factors, CI', 

is a constant. Hence first-order transitions of group B which satisfy 
conditions (7.27) and (7.28) simulate the allowed spectrum shape. The 
last three entries in Table 7.1 are presumably of this type. The 
second shape factor, C2', is 

The factor q2+tp2 favors emissions in which q is large, i.e., it favors 
the low-energy end of the electron spectrum. It should therefore be 
easy to distinguish this shape from Scl(p,q). So far, however, the 
shape C2 has never been observed. We shall return to this point later. 

We shall need the value of Cc'(p,q) for p=q in connection with the 
lifetime estimates. We define the numbers D/ by 

I-I 

D = '\" (21+2)! _ 
I - ~ (2)21 (2l-2k-l)! (2k+2)! (2k+2) 

k-O 

(7.30) 

( Ze2)2 
CI'(p,p) = DI hcp (2p) 21-2 (7.31) 
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We now proceed to estimate lifetimes of beta-decays. We shall give 
an estimate of the decay probability associated with each nuclear 
matrix element listed in Table 7.3. The results of these estimates are 
tabulated in Table 7.4, page 739. Actually, anyone beta-transition 
can go via several nuclear matrix elements, the most important com
petition being between ordinary transitions of order 1 and relativistic 
transitions of order l-l. Thus the lifetime estimates must be used as 
follows: for a given transition from an initial nuclear state with angular 
momentum J i and parity IIi to a given final state with angular momen
tum J j and parity IIj, and for an assumed beta-decay interaction we 
determine the nuclear matrix elements consistent with the selection 
rules by consulting Tables 7.2 and 7.3; we then use Table 7.4 to esti
mate the decay probability associated with each of these matrix 
elements; the actual decay probability is the sum of all these partial 
ones. l Usually the decay probability associated with some one of the 
nuclear matrix elements predominates over all the others. If this 
happens, the expected spectrum shape is the one associated with this 
dominant nuclear matrix element. On the other hand, if two or more 
nuclear matrix elements give comparable contributions to the total 
decay probability, the spectrum shape depends on the precise ratio of 
the two nuclear matrix elements, and there are additional interference 
terms which we have ignored in this simplified treatment. 

As long as the transition is an ordinary one belonging to group A, 
the estimate of the lifetime is identical with the one made according 
to the non-relativistic theory, i.e., (7.19). 

The lifetime estimate for ordinary transitions of group B differs 
from (7.19) because of the different spectrum shape. If conditions 
(7.27) and (7.28) are fulfilled, the only change consists of the replace
ment of!L in (7.17) by g/: 

g/(Z,Eo) == loP' C/(p,q) p2 (Eo-E)2 dp (7.32) 

As before, we estimate this quantity by using (7.29a) instead of (7.29) 
and replace C/(p,q) by its value at the midpoint of the spectrum, at 
p=q. This gives 

(7.33) 

where C/(jPo,jpo) is given by (7.31) and f_(Z,Eo) is as defined in 
Section 4. The estimate for the comparative half-life ft of an ordinary 
transition in group B then becomes 

1 Tables 7.2,7.3, and 7.4 have been placed together on pages 738 and 739 because 
they must be used jointly. 
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20 [(2l+1)!!j2 to 
ft ""D --I -( Z-/-1-3---'7 )'---::2-p-=-21:---=-2 -( E"------::o 2:-_-1-)-:-1--::1 (for l 2: 1) (7.34) 

where, as before, we take the fundamental time constant to to be 
approximately 5 X 103 sec. If condition (7.28) is satisfied, this value 
is smaller than (7.19) by an appreciable factor. Hence, if transitions 
of group A and group B of the same order l are both permitted by the 
selection rules, the transitions of group B (J =l, J =l-l) are expected to 
dominate over the transition of group A (J = l+ 1); i.e., in such a case the 
transitions of group B make a larger contribution to the total decay 
probability than the transition of group A. 

The lifetime estimates for relativistic transitions differ from (7.19) 
and (7.34) only by constant factors. With the sole exception of the 
matrix element (P2) which occurs with the pseudoscalar interaction in 
l =0 transitions, all relativistic matrix elements are smaller than the 
corresponding ordinary matrix elements by a factor vn / c, where Vn is the 
speed of nucleons inside the nucleus. This factor has to be squared 
in computing the transition probability. The exceptional matrix 
element (P2) is harder to estimate; we shall assume that it is of the 
order of (Vn/C)2. The factor vn/c must be estimated, and we shall use 
the same value as in the case of electromagnetic muItipole radiation 
(see Chapter XII, Section 6): 

Vn h 
- ""--
c MeR 

(7.35) 

Thus the ft values of relativistic transitions are larger than those of 
corresponding ordinary transitions by the factor (MeR/h) 2 = 180 A 2/3. 1 

All the estimates were made for fJ- decay. For positron emitters 
theft estimates refer toj+(Z,Eo) times the partial lifetimes for positron 
emISSIOn. To get estimates of actual lifetimes a correction must be 
made for the K capture process. In many cases the K/fJ+ branching 
ratio is known experimentally. 

Table 7.4 on page 739 lists the lifetime estimates for all nuclear 
matrix elements occurring in Table 7.3. It must be emphasized that, 
as these estimates are necessarily quite crude, the actual partial jt 
values may deviate appreciably from the values given in the table. 
Agreement between these estimates and experiment to within a factor 
100 in either direction should be considered satisfactory. For l=O 
ordinary transitions (the so-called allowed transitions) the estimates 

1 The factor IJn/c has been estimated in many different ways in the literature. 
No estimate, (7.35) included, can claim very much accuracy. 



746 XIII. Beta-Decay 

refer to unfavored transitions. Allowed and favored transitions have 
shorter lifetimes, with ft of the order of 5 X 103 sec. 

In order to illustrate the Use of Tables 7.2, 7.3, and 7.4, as well as to 
get some information about the actual nature of the beta-decay inter
action, we proceed to analyze in some detail the decay of e136• The 
initial and final spins are known: J i =2 (Townes 49a, Johnson 51), 
J f = 0 (an even-even nucleus). The spectrum shape is close to the 
Sc 2 shape. The ft value is 3 X 10 13 sec (Wu 49, 51; Fulbright 51). 

According to the arguments of Sections 4 and 6 the dominant beta
decay interaction must be of the Gamow-Teller type; hence we shall 
look pr:marily for a fit with the tensor or axial vector interaction, 
but we shall give the results for all interactions. Since the initial and 
final parities are not known, we have to explore the consequences of 
both possibilities: a parity change, or no change in parity. We start 
by assuming that the parity changes during the transition (IIi = - II f). 
According to Tables 7.2 and 7.3 the scalar interaction then gives no 
contribution at all. The vector interaction gives no ordinary con
tribution, but the relativistic transition with J = l = 2 is permitted. 
This transition is associated with the matrix element I(Plr21j22)1 2, fol
lows the C 2 shape, and according to Table 7.4 leads to an estimated It 
value of 1015 sec. The spectrum shape disagrees with the observed 
one The tensor interaction contributes an ordinary transition with 
l=l, J=2 and a relativistic transition with l=J=2. The former 
dominates with an estimated (Table 7.4) ft value of 109 sec, giving the 
SCI shape for the spectrum. Both the spectrum shape and the com
parative half-life are in gross disagreement with experiment. The 
axial vector interaction leads to the same disagreement. Finally the 
pseudoscalar interaction contributes through a transition of order 
l =2, matrix element I(P2r2y 2)1 2, with spectrum shape C2 and estimated 
it value lOIS sec. The spectrum shape disagrees with the observations. 
Thus we get no fit at all under the assumption of a parity change 
during the transition, the disagreement being particularly bad for the 
two most promising interactions (tensor and axial vector). 

We therefore make the opposite assumption of no change in parity, 
II; = +II/. The scalar interaction gives a transition of order l=2, 
matrix element 1(~r2Y2W, with spectrum shape C2 and estimated it 
value 7 X lOll sec. The vector interaction gives both an ordinary and 
a relativistic transition which have similar estimated partial half
lives: the ordinary transition is of order l=2, matrix element !(r2Y2W; 
its associated spectrum shape is C2 , and it estimate is 7XIOll sec; the 
relativistic transition is of order l = 1 with J = 2 (making it a group A 
transition), with matrix element \(Plr1j21W, associated spectrum 
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shape ScI, and estimated ft"'2 X 1012 sec. Since two transitions 
contribute effectively, the spectrum shape is not determined uniquely 
but depends on the relative size of the two matrix elements, as well 
as on their relative sign (the latter enters through the interference 
term in the spectrum shape which we have ignored throughout this 
discussion) The tensor interaction is completely analogous to the 
vector interaction in this case, giving the same estimated ft values and 
the same uncertainty for the spectrum shape. The axial vector 
interaction, on the other hand, proceeds only via an ordinary transi
tion with l=J =2, matrix element \(r2'Y22)\2; the spectrum shape 
associated with this matrix element is C2, which disagrees with the 
measured shape; the associated ft value would be 7 X 10 11 sec. Finally, 
the pseudoscalar interaction gives no contribution at all. 

We can use this information to narrow down the choice of an 
acceptable beta-decay interaction. First of all, if we make the simplest 
assumption that the data can be described by one and only one of the 
jive interactions (5.26), the tensor interaction is the only choice consistent 
with all the data. This is so because the Gamow-Teller selection rules 
observed for allowed transitions restrict us to either the tensor or the 
axial vector interaction, while the Cl3 6 decay rules out the axial vector 
interaction. A more detailed study of the spectrum shape of Cl36 

indicates that the spectrum can be understood on the basis of the tensor 
interaction, reasonable values for the matrix elements being used 
[Wu 51, Fulbright 51; the contrary finding of Longmire et al. (49) 
was incorrect]. 

We now consider mixtures of interactions. The most promising 
combination from an a priori point of view is the Wigner-Critchfield 
interaction (5.27). This interaction seems to be excluded by the 
Cl36 data: if we assume II; = -II" the axial vector part of this inter
action would make the dominant contribution through the matrix 
element \(r'Y21)12, with the ScI shape and an estimated ft value of 109 

sec, both of which are in bad disagreement with experiment; on the 
other hand, if we assume II; = +II" the axial vector and scalar inter
actions both contribute, with matrix elements \(r2'Y22W and \(Pr2Y2)!2, 
respectively; both these matrix elements lead to the C2 shape, in con
tradiction to experiment. 

The discussion of other mixture interactions is simplified greatly if 
we accept the results of de Groot and Tolhoek (Groot 50). These 
authors show that a very reasonable symmetry postulate leads to the 
conclusion that the tensor interaction can be mixed only with the 
(polar) vector interaction. If we accept this argument, we need to 
consider mixtures of tensor and polar vector interactions only. The 
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Cl36 decay does not give any information here because the polar vector 
interaotion leads to the same results as the tensor interaction. l 

Whereas the Cl 36 decay is the only one allowing such a clean-cut 
analysis, there are several other decays which seem to favor the tensor 
interaction. The spectrum of RaE was analyzed by Konopinski and 
Uhlenbeck (Konopinski 41). They could obtain agreement between 
theory and experiment by using the tensor interaction but not by using 
the axial vector interaction. Two other decays of the same type are 
the decays of Tc99 (Wu 51a) and CS l37 (Langer 51). All three have 
comparative half-lives of the order of 1012 sec with a spectrum shape 
apparently of type Sci. They can be understood on the basis of the 
tensor (or tensor plus axial vector) interaction by assuming that the 
transitions occur with no change of parity and a spin change of two 
units. The situation is then very similar to the Cl 36 decay which we 
have discussed in detail. 2 The axial vector interaction is exduded; 
it cannot give rise to transitions with the SCI shape and such a high it 
value since the only transitions in group A are ordinary transitions. 
An ordinary transition of group A with 1 = 1 and J = 2 leads to an 
estimated it value of the order of 109 sec. Further evidence for the 
tensor interaction can be derived from the decay of Rb B6 (Muether 50, 
Macklin 51, Stevenson 50) by a very detailed analysis of all the 
relevant data. 

Nordheim (50, 51) and Mayer (51) have based their analysis on the 
spin and parity values taken from the shell model for the low-lying 
nuclear states. They find the expected differences between the it 
values for ordinary 1=1 transitions in group A (J = l+ 1 = 2, shape ScI, 
it of the order of lOB to 109 sec) and the it values for similar transitions 
in group B (J=l=1 and J=l-I=O, shape CI , it of the order of 106 

to 5 X 107 sec) in agreement with the theoretical predictions. Further
more there also appears to be evidence for an approximate orbital angular 
momentum selection rule. In the shell model the beta-decay of an 
odd-A nucleus3 is attributed to the one "odd" particle, and this 

I An argument of Moszkowski (5Ia) which is based on the lifetimes of some 
allowed and favored transitions (see Section 6) seems to exclude a large admixture 
of polar vector interaction. On the other hand, if the spin of the excited state of 
N 14 in the 0 14 decay should turn out to be 0, such an admixture would become 
necessary to explain the data (see Section 4). 

I The analysis is much less clear cut, however, because either the initial nuclear 
spin is unknown, or (in the case of CS 137) the final spin J f is not equal to zero, so 
that many matrix elements which are excluded for Cl38 on the basis of rigorous 
selection rules must be taken into account in these other transitions. 

I The application of the shell model to nuclei with even mass numbers is more 
difficult, and the results are less certain (Nordheim 51). 



Symbols 749 

particle is assigned to a "shell" with some orbital angular momen
tum ii in the initial nucleus, il in the final nucfeus. Nordheim presents 
evidence that transitions of order i for which 

(7.36) 

have nuclear matrix elements of the order of magnitude of our esti
mates, whereas transitions which violate (7.36) are "i-forbidden" 
and have appreciably smaller nuclear matrix elements. A considera
tion of (7.2) or (7.7) supports this rule: if only one nucleon is involved 
in the beta-decay, and if its orbital angular momentum is a good 
quantum number, then indeed the matrix elements (7.2) or (7.7) vanish 
unless condition (7.36) is satisfied. Nordheim has established this 
approximate selection rule for the special case of transitions of order 
i=O; he shows that transitions of order i=O with Iii-ill =2 and 
IJi-J/I = 1 are appreciably less rapid than i=O transitions which 
obey (7.36), i.e., for which ii=il. 

A 
AI, Ao, A_I 
A." All, A z 
A(r,,) 

B 

B,. 

B 
c 
C 

Cl(p,q) 

Cl'(p,q) 

SYMBOLS 

Mass number of the nucleus (2.1) 
Spherical components of the vector A (5.8a) 
Cartesian components of a vector A (5.8a) 
Vector potential of the emitted light quantum at 
the position of the nth particle, in electromagnetic 
radiation (5.2) 
A matrix occurring in beta-decay theory; non-
relativistic theory (5.8); relativistic theory 
(5.20) 
Spherical components of the vector B [10' = 1,0, -1] 
(5.8b) 
A vector (5.8b) 
Speed of light (Section 1) 
A constant appearing in the expression for the 
beta-spectrum and for the beta-decay probability 
(2.6), (2.13), (3.2), (4.1), (4.6) 
Shape correction factor for group B transitions with 
Coulomb effect (7.29) 
A polynomial in p and q appearing in an approxi
mate expression for the shape correction factor Cl 

(7.29a) 
Clebsch-Gordan coefficient; see Appendix A, Sec-
tion 5 (6.2) 
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c. 

c, 

dV. 
dV. 
dT 
dn. 

dn. 

Dz 
e 
E 

E=E. 

Eo 

E. 

EI' 

E, 
/ Eree \ 

\Eelec/ max 

f+(Z,Eo) 

f_(Z,Eo) 
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Value of the constant C in (2.13) for the singlet 
interaction (non-relativistic theory) (5.18) 
Value of the constant C in (2.13) for the scalar 
interaction (relativistic theory) (Section 5C) 
Value of the constant C in (2.13) for the triplet 
interaction (non-relativistic theory) (5.18) 
Volume element for the electron (2.4) 
Volume element for the neutrino (2.4) 
Element of configuration space (5.2), (5.3) 
Element of solid angle for the direction of the 
electron (2.4) 
Element of solid angle for the direction of the neu-
trino (2.4) 
A number (7.30) 
An electron (positive or negative) (Section 2) 
Average energy of an electron confined within a 
volume of nuclear dimensions (Section 1) 
Energy of the electron, usually expressed in units 
mc2 (2.6) 
Total energy available for the beta-decay (Sec-
tion 1) 
Atomic binding energy of the orbital electron 
before capture (3.1) 
Total energy (including rest energy) of the emitted 
electron, usually expressed in units mc2 (2.3) 
Maximum electron energy in the beta-spectrum 
(this is equal to Eo if the neutrino has no rest mass) 
(Section 1) 
Energy of a hypothetical second neutrino (Sec-
tion 2) 
Energy of the emitted neutrino (2.3) 

Maximum value of the ratio of the energy of the 
recoil nucleus to the energy of the emitted electron 
(2.1) 
A function related to the half-life of a positron 
emitter with maximum energy Eo (4.4) 
A function related to the half-life of a negatron 
emitter with maximum energy Eo (4.1), (4.2) 
A function related to the partial half-life associated 
with the K capture process (3.2), (3.4), (3.5) 
A function defined by (7.18) (7.18) 
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Comparative half-life of a beta-decay (4.5), 
(4.6) 
Vector field quantity for the triplet interaction 
(non-relativistic theory) (5.7a) 
"th component (I-' =0,1,2,3) of the axial vector field 
quantity for the axial vector interaction (relativistic 
theory) (5.22A) 
Spherical component (m = 1,0, -1) of the vector 
field quantity F (5.7) 
Pseudoscalar field quantity for the pseudoscalar 
interaction (relativistic theory) (5.22P) 
"Field" quantity for the beta-decay, evaluated 
at the position rn of the nth nucleon (5.3) 
Field quantity F for the singlet interaction (non-
relativistic theory) (5.6) 
Scalar field quantity for the scalar interaction 
(relativistic theory) (5.19), (5.22S) 
,,11th component (1-',11=0,1,2,3) of the anti-sym
metric tensor field quantity for the tensor inter-
action (relativistic theory) (5.22T) 
"th component (I-' =0,1,2,3) of the four-vector field 
quantity for the vector interaction (relativistic 
theory) (5.22V) 
Coulomb correction factor for transitions of order 
zero (2.10), (2.11), (2.12) 
A function defined by (7.32) (7.32) 
Interaction constant for the beta-decay interaction 
(Section 5B) 
Interaction constant for the axial vector inter-
action (5.26A) 
Interaction constant for the pseudoscalar inter-
action (5.26P) 
Interaction constant for the singlet interaction 
(5.9) 
Interaction constant for the scalar interaction 
(5.26S) 
Interaction constant for the triplet interaction 
(5.10) 
Interaction constant for the tensor interaction 
(5.26T) 
Interaction constant for the vector interaction 
(5.26V) 
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(H'if)S 
(H'ifh 
(H'if)v 

I 

Ii 

j. 

j" 
J 

J 

J' 

k 
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Matrix element of the interaction responsible for 
the transition (5.2), (5.3) 
Matrix element of the axial vector interaction 
(5.26A) 
The part of the matrix element H'if corresponding 
to transitions of order l (7.5) 
The part of the matrix element of the axial vector 
interaction corresponding to transitions of order l 
(7.22) 
The part of the matrix element of the scalar inter
action corresponding to transitions of order l 
(7.21 ) 
Matrix element of the pseudoscalar interaction 
(5.26P) 
Matrix element of the scalar interaction 
Matrix element of the tensor interaction 
Matrix element of the vector interaction 
(5.26V) 

(5.26S) 
(5.26T) 

Matrix element of the Wigner-Critchfield inter-
action (5.27) 
Total angular momentum of the nucleus (nuclear 
spin) in its ground state (Section 4) 
Total angular momentum (nuclear spin) of the 
final (daughter) nucleus (Section 4) 
Total angular momentum (nuclear spin) of the 
initial (parent) nucleus (Section 4) 
Total angular momentum of the emitted electron 
(Section 7D) 
Total angular momentum of the emitted neutrino 
(Section 7D) 
Current operator for the nth particle (5.2) 
Total angular momentum of the outside nucleon in 
its initial state (6.2) 
Total angular momentum carried away by the 
electron-neutrino pair (Section 7 A) 
Total angular momentum of the outside nucleon in 
its final state (6.4) 
Total angular momentum (nuclear spin) of the 
final (daughter) nucleus (Section 7 A) 
Total angular momentum (nuclear spin) of the 
initial (parent) nucleus (Section 7 A) 
An integer (Section 6) 



k 

K'n 
K' nA ,i, K' nA ,0 

K'np 

K'ns 

K' nT,ij, K' nT,iO 

K' nV,i, K' nV,O 

l. 

li 

l. 

L 

L 
L 

m 
m 

m. 

Symbols 753 

An integer equal to the orbital angular momentum 
of the emitted electron (7.15a) 
Wave number of the emitted electron 
2) 

(Section 

Operator acting on the coordinates 
nucleon in the nuclear wave function 
Isotopic-spin-independent part of Kn 

of the 
(5.3) 
(5.5) 

nth 

Nucleon operators K' n for the axial vector inter-
action (5.25A) 
Nucleon operator K' n for the pseudoscalar inter-
action (5.25P) 
Nucleon operator K' n for the scalar interaction 
(5.25S) 
Nucleon operators K' n for the tensor interaction 
(5.25T) 
Nucleon operators K' n for the vector interaction 
(5.25V) 
Orbital angular momentum carried away by the 
electron-neutrino pair, equal to the order of the 
beta-transition (Sections 5B and 7 A) 
Orbital angular momentum of the emitted electron 
(Section 2) 
Orbital angular momentum of the outside nucleon 
in the final (daughter) nucleus (7.36) 
Orbital angular momentum of the outside nucleon 
in the initial (parent) nucleus (7.36) 
Lowest value of the order l consistent with the 
selection rules for the transition (Section 7B) 
Orbital angular momentum of the emitted neutrino 
(Section 2) 
Orbital angular momentum quantum number of 
the nucleus as a whole, or of the outside nucleon 
(Section 6) 
== {min (Section 7B) 
Orbital angular momentum vector operator for 
the nucleus as a whole, or for the outside nucleon 
(Section 6) 
Mass of the electron (2.1) 
Quantum number for the z component of the orbital 
angular momentum carried away by the electron-
neutrino pair (7.1a) 
Mass of the neutrino (Section 1) 
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M' 

n 

N 
p 

Po 

P. 
Pm 

Pmax 

Plio 

p. 
p 

P. 
P. 
P 

P 

P,P',P" 

PmaJ: 

P(p) dp 

P 
P 

q 
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Mass of a nucleon (2.1) 
z component of the total angular momentum of the 
outside nucleon in the initial state (6.2) 
z component of the total angular momentum carried 
away by the electron-neutrino pair (7.10) 
z component of the total angular momentum of the 
outside nucleon in the final state (6.4) 
Running index for the nucleons in the nucleus, 
n = 1,2,"',A (5.2), (5.3) 
Number of neutrons in the nucleus (Section 4) 
Momentum of the emitted electron [= p.l (2.6) 
Maximum value of the electron momentum in the 
beta-spectrum (4.2) 
== Ip.lj momentum of the emitted electron (2.4) 
Spherical component of the vector p (m = 1,0, - 1), 
formed according to rule (5.8a) (5.38) 
Maximum momentum of an electron confined 
within a volume of nuclear dimensions (Section 
1) 
Momentum of a hypothetical second neutrino 
(Section 2) 
== Ip.1 ; momentum of the emitted neutrino (2.4) 
Vector momentum of the emitted electron [= p.l 
(5.11) 
Vector momentum of the emitted electron 
Vector momentum of the emitted neutrino 
== IPI ; momentum of the recoil nucleus 
tion 2) 

(2.2) 
(2.2) 
(Sec-

== IPI ; momentum carried by the electron-neutrino 
pair (7.1a) 
Partition quantum numbers; see Chapter VI, Sec-
tion 3 (Section 6) 
Maximum value of the momentum of the recoil 
nucleus (Section 2) 
Number of electrons emitted with momenta 
between P and p+dp (the beta-spectrum) (2.6), 
(2.13) 
Vector momentum of the recoil nucleus (2.2) 
Combined momentum of the electron-neutrino 
pair [=p+q] (Section 7) 
Energy of the neutrino in units mc 2 [= Iqll (Sec-
tion 5C) 



q", 

q 

Q 
r. 

l(r/Y/)1 2 

(r/Y1m *) 
(r1Y1m *U_) 

(rl'Y~*) 

l(r1'YJI)1 2 

8 

S 

s 

S/(p,q) 

Sc/(p,q) 

to 

L 
T 

Symbols 755 

Spherical component of the vector q (m = 1,0, -1), 
formed according to rule (5.8a) (5.38) 
Vector momentum of the emitted neutrino, in 
units me [=p.l (5.11) 
A 4-by-4 matrix (5.21) 
Distance of the electron from the center of the 
nucleus (Section 2) 
A quantity defined by (7.4) (7.4) 
A nuclear matrix element (7.2) 

A nuclear matrix element (7.7) 
A nuclear matrix element (7.8) 

A quantity defined by (7.11) (7.11) 
Distance of the nth nucleon from the center of the 
nucleus (7.1a) 
Vector position of the nth nucleon (5.2), (5.3) 
Nuclear radius (Section 1) 
An expression appearing in the formula for the 
relativistic Coulomb correction to transitions of 
order ° (2.11) 
Spin angular momentum quantum number of the 
nucleus as a whole, or of the outside nucleon 
(Section 6) 
Spin angular momentum vector operator for the 
nucleus as a whole, or for the outside nucleon 
(Section 6) 
Spectrum shape correction factor of the non
relativistic theory in the absence of a Coulomb effect 
(7.15 ) 
Spectrum shape correction factor of the non
relativistic theory in the presence of the Coulomb 
effect; this shape correction factor also applies to 
group A transitions in the relativistic theory 
(7.16), (7.16a) 
Half-life of a beta-transition, measured in seconds 
(4.5) 
Fundamental time constant for the beta-decay, 
estimated to be of the order of 5 X 103 sec (5.17) 
Partial half-life associated with positron emission 
(4.4) 
Half-life for negatron decay (4.1) 
Transition probability per unit time (5.1) 
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Partial half-life associated with K capture (3.2) 
Spin function for the electron (independent of r) 
(5.11) 
Spin function u. for an electron with spin direction 
k; non-relativistic theory (Section 5B); rela
tivistic theory [see Schiff (49), p. 315] (5.37) 
Wave function of Fhe outside nucleon with an 
angle-dependence characteristic of a spherical 
harmonic YLmL(8,tp) (6.2) 

Spin function for the neutrino (independent of r) 
(5.11) 
Spin function for a neutrino with spin direction k'; 
non-relativistic theory (Section 5B); relativis-
tic theory [see Schiff (49), p. 315] (5.37) 
Speed of the emitted electron (Section 2) 
average speed of nucleons (Section 7) 
Average speed of nucleons inside the nucleus 
(Section 5C) 
I-'-compoment of velocity operator of nth nuclear 
particle (7.26) 
Time-reversed spin function of the neutrino 
[ = Bu, *] (Section 5C) 
Non-relativistic operator for the velocity of the 
nucleons [ = - (ihj M)V] (5.33) 

A nuclear matrix element (5.35) 

Volume of an imaginary box enclosing the system 
(2.5) 
Coulomb penetration factor for charged particles 
with orbital angular momentum k (7.15a) 
Volume of the nucleus (2.9) 
Initial (parent) nucleus in beta-decay (Section 
2) 
Final (daughter) nucleus in beta-decay (Sec-
tion 2) 
Spherical harmonic; see Appendix A, Section 2 
(7.1a) 
Operator for the light particles (7.9) 
Atomic number (charge) of the nucleus; for positron 
and negatron decay Z is the charge of the final 
(daughter) nucleus: for orbital electron capture Z 
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Symbols 

is the charge of the initial (parent) nucleus 
tions 2 and 3) 
A nuclear matrix element (5.14) 
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(Sec-

ith Cartesian component of the Dirac matrix II for 
the nth nucleon (5.25V) 
Dirac matrices; see Bethe (33) or Schiff (49) for 
the explicit forms of the Dirac matrices (5.23) 
A nuclear matrix element (5.35) 
Dirac matrix; see Bethe (33) or Schiff (49) for the 
explicit forms of the Dirac matrices (5.21) 
A positron (Section 1) 
A negatron (Section 1) 
Dirac matrix fJ for the nth nucleon (5.25S) 
A nuclear matrix element (5.29) 
A nuclear matrix element, defined analogously to 
(d) and equal to (d) in the non-relativistic approxi-
mation for the nucleons (Section 5C) 
Kronecker delta (5.16b) 
Change in the total angular momentum (nuclear 
spin) of the nucleus during the beta-transition 
(Section 1) 
==Ze2/hv for negatron emission (2.10) 
== - Ze 2/Iw for positron emission (2.10) 
Angle sub tended by the directions of emission of 
electron and neutrino (5.37) 
Polar angle (colatitude) of the position vector r,. 
(7.1a) 
Polar angle (colatitude) of the vector P (7.1a) 
A number between + 1 and - 1 appearing in the 
expressions for the electron-neutrino angular cor-
relation function (Section 5C) 
Operator selecting positive-energy electron wave 
functions (Section 5C) 
Operator selecting positive-energy neutrino wave 
functions (Section 5C) 
A hypothetical second neutrino (Section 2) 
A neutrino (Section 2) 
Matrix with (constant) matrix elements ~;; 
(5.4a) 
A linear operator on til.; and til.; (5.4) 
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Parity of the final (daughter) nucleus (5.34) 
Parity of the initial (parent) nucleus (5.34) 
Nuclear radius measured in units h/mc (2.11) 
Dirac matrix connecting large and small com-
ponents (5.23) 
Dirac matrix connecting large and small com-
ponents (5.23) 
Density of final states per unit range of the total 
energy (2.5) 
Statistical factor (density of final states) for orbital 
electron capture (3.1) 
Dirac matrix PI for the nth nucleon 
Dirac matrix P2 for the nth nucleon 
A nuclear matrix element (5.32) 

A nuclear matrix element (7.23) 
A nuclear matrix element (7.26) 
A nuclear matrix element (5.35) 

(5.25V) 
(5.25T) 

A nuclear matrix element, defined analogously to 
(5.32) (Section 5C) 
A nuclear matrix element (5.36a) 
Spherical component (m = 1,0, -1) of the vector d 
(5.7), (5.8) 
Cartesian component (i = 1,2,3) of the Dirac spin 
matrix d" of the nth nucleon (5.25V) 
Spherical component (m=l,O,-l) of the Dirac 
spin matrix d" of the nth nucleon, formed from the 
Cartesian components of d" according to rule 
(5.8a) (5.10) 
Cartesian components of the Pauli spin vector d; 
see Appendix A, Section 4 (5.8) 
Dirac spin matrices (5.23) 
Transpose of the matrix (J", (Section 5B) 
Pauli spin vector for the light particles (5.7a) 
Pauli spin vector of the nth nucleon (5.10) 
A nuclear matrix element (5.15) 
Absolute square of the vector nuclear matrix ele
ment (d) (5.18) 

A nuclear matrix element (5.33) 
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A nuclear matrix element (5.36a) 

Isotopic spin operator changing a proton into a 
neutron; see Chapter III, Section 5 (5.5) 
Isotopic spin operator changing a neutron into a 
proton; see Chapter III, Section 5 (5.5) 
Isotopic spm operator T + for the nth nucleon 
(5.5) 
Isotopic spm operator T_ for the nth nucleon 
(5.5) 
Polar angle (longitude) of the position vector rn 
(7.1a) 
= arc tan (8/7/) (2.12) 
First spinor component of the wave function of the 
emitted electron (5.6) 
Second spin or component of the wave function of 
the emitted electron (5.6) 
Wave function of the emitted electron 
5A) 

(Section 

ith spinor component of the wave function 4>.(r.) 
of the emitted electron, evaluated at the position of 
the transforming nucleon, r. = rn (5.4) 
First spinor component of the wave function of the 
emitted neutrino (5.6) 
Second spin or component of the wave function of 
the emitted neutrino (5.6) 
Wave function of the emitted neutrino (Section 
5A) 
jth spinor component of the wave function 4>.(r.) 
of the emitted neutrino, evaluated at the position 
of the transforming nucleon, r.=rn (5.4) 
Polar angle (longitude) of the vector P (7.1a) 
Wave function of the final (daughter) nucleus 
(5.2), (5.3) 
Wave function of the initial (parent) nucleus 
(5.2), (5.3) 
Wave function of the outside nucleon in its initial 
state (6.2) 
Wave function of the outside nucleon in its final 
state (6.4) 
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Spin function for the outside nucleon with spin 
S =i and z component of the spin equal to m .• 
(6.2) 
Wave function of the emitted electron (Section 
2) 
Wave function of the emitted neutrino 
2) 

(Section 

Circular frequency (=211'11) of a light quantum 
(Section 1) 



CHAPTER XIV 

Nuclear Shell Structure 

1. EVIDENCE FOR THE EXISTENCE OF "MAGIC NUMBERS" 

As early as 1917 Harkins (17) pointed out that nuclei with even 
numbers of protons or neutrons are more stable than those with odd 
numbers. Elsasser (33, 34) found that special numbers of protons or 
neutrons form particularly stable configurations. We shall list here 
a series of facts which indicate that we obtain especially stable nuclei 
when either the number of protons Z or the number of neutrons 
N = A - Z is equal to one of the following numbers (Mayer 48): 

2, 8, 14, 20, 28, 50, 82, 126 (1.1) 

These values are commonly referred to as magic numbers. 
The nuclei for which Z and N are 2, 8, or 14 are well known to be 

more stable than their neighbors: they are He\ 0 16, and Si28• Evi
dence for the numbers 20, 28, 50, and 82 can be found by counting the 
numbers Sz or SN of stable nuclei with a given value of Z (isotopes) or 
N (isotones). Table 1.1 lists these numbers Sz and SN, and it is seen 
that they are somewhat larger than the average when Z or N reaches 
a magic value (1.1). The numbers SN and Sz give a rough measure of 
the stability connected with the value Z or N. A large Sz, for exam
ple, can be interpreted as an indication that the configuration of 
Z protons increases the binding energy so that we find stable nuclei 
even if the number N of neutrons deviates appreciably from the opti
mum value. 

It may be noted that Table 1.1 also bears out Harkins' rule that 
even values of Z or N lead to greater stability than odd values. 

The evidence for the neutron magic numbers is much better than 
for the proton numbers. In fact, there is no evidence in Table 1.1 
of any increased stability of nuclei with Z =82. 

Impressive evidence for the greater stability of nuclei with magic 
proton or neutron numbers arises from the abundance in nature of 
the various nuclear species. High abundance usually goes with high 
binding energy. In all cases where the binding energies are known, 
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a definite correlation was found between the binding energies and the 
abundances. It turns out that nuclei with a magic number of nucleons 
are especially abundant (Mayer 48). 

TABLE 1.1 
NUMBERS SN AND SZ OF STABLE NUCLEI FOR DIFFERENT VALUES OF NAND Z. 

(ALPHA-UNSTABLE NUCLEI ARE COUNTED AS STABLE) 

C 16 17 18 19 20 21 22 23 24 
SNforN=C 3 3 0 5 1 3 1 3 

Sz for Z=C 4 2 3 3 6 1 5 1 4 

C 25 26 27 28 29 30 31 32 
SN for N=C 1 3 1 5 1 4 1 3 

Sz for Z=C 1 4 1 5 2 5 2 5 

C 47 48 49 50 51 52 53 54 
SN for N=C 1 4 1 6 1 4 1 3 

Sz for Z=C 2 7 2 10 2 8 9 

C 78 79 80 81 82 83 84 85 
SN for N=C 5 1 3 2 7 1 2 2 

Sz for Z=C 6 1 7 6 4 7 

Strong evidence for the magic neutron number N = 126 and the 
magic proton number Z = 82 is found in the energies of the alpha
particles emitted by some radioactive nuclei (Berthelot 42, Perlman 
50, Pryce 50). Figure 1.2 of Chapter XI shows the energy of the 
alpha-particles as a function of the mass number A of the parent 
nucleus according to Perlman, Ghiorso, and Seaborg (Perlman 50). 
The points corresponding to a fixed Z are connected. It was shown in 
Chapter XI, Section 1 (XI,1.3), that the alpha-energy is expected to 
increase with decreasing neutron number if the proton number Z is 
constant. Figure 1.2 of Chapter XI shows that this increase of Ea 

with decreasing neutron number is found regularly for A> 213. The 
increase becomes especially pronounced for Z = 85 (At) and Z = 84 
(Po) just when the neutron number reaches N = 128. These are the 
cases of At213 and P0212. In both of these alpha-decays the daughter 
nucleus has N = 126 (magic) and hence has an especially low energy. 
The alpha-particles leading to these products are especially energetic. 
If the parent nucleus is magic (N = 126), the alpha-energies should be 
particularly low, since the decay starts from a nucleus of low energy. 
This is borne out by the facts as seen in P0210, At211, and especially in 
Bi209 which is alpha-stable, whereas the neutron-richer isotopes Bi 210 
and Bi211 are alpha-radioactive. 
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There are also indications of some reduction in energy in nuclei 
where N is close to a magic number. For example, At214 and P0213 
hll.ve an unusually high alpha-energy, although both lead to a daughter 
nucleus with N = 127. The two parent nuclei P0211 and At212 with 
N = 127 have relatively low alpha-energies, though not quite so low 
as P0210 and At211 with N = 126. Similar effects are found when the 
proton numbers of the alpha-active nuclei become magic or one more 
than magic (Glueckauf 4~). 

By comparing the alpha-energies (listed in Fig. 1.2 of Chapter XI) 
of the At isotopes (Z=85), the Po isotopes (Z=84), and the Bi iso
topes (Z =83), we find an indication of a drop when Z reaches 83. 
The drop is even stronger when Z becomes equal to 82, since no Pb 
isotope (Z = 82) is radioactive. Hence Z = 82 must represent an 
especially stable configuration. 

Very similar relations exist among the energies of beta-ray emissions. 
These energies also are abnormally large when the neutron or proton 
number of the final nucleus assumes a magic value (Suess 52). 

A quantitative study (Way 49, Harvey 51) of the irregularities 
found with magic numbers leads to the conclusion that the energy of a 
nucleus with a magic number of neutrons or protons is depressed by an 
amount which is of the order of 1 to 2 Mev compared to the average 
energy of similar nuclei whose Z or N is not magic. A depression by 
this amount can explain the larger number of isotopes or isotones as 
well as the fluctuations of alpha-decay energies. I 

Very striking evidence of the effect of magic neutron numbers is 
found in the radiative-capture cross sections for neutrons. Figure 
1.1 shows the results of measurements of Hughes and Sherman (Hughes 
50a) of the capture cross sections for neutrons which have an average 
energy of about 1 Mev. It is plainly visible that the nuclei with 
N =50,82, 126 have very much lower cross sections than the average 
in the same region. A low cross section is an indication of large level 
spacing D in the compound nucleus which is formed by the neutron 
capture, as can be seen from (IX,2.19). 

Similar evidence can be drawn from the thermal neutron capture 
cross sections. Equation (IX,2.11) shows that they also should be 
small for large level distances. The latter evidence may be obscured, 
however, by the accidental proximity of a resonance to the thermal 
energy region, whereas the capture of fast neutrons depends on the 
average over many resonances. Hence the evidence from the" high"
energy neutrons is more reliable. 

1 However, a similar study by Low (50) throws some doubt upon the "potency" 
of the magic number 20. 
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1. Evidence for Magic Numbers 765 

The observed thermal neutron capture cross sections are unusually 
small for nuclei with magic neutron numbers. Also nuclei with the 
magic proton numbers 50 (Sn) and 82 (Pb) have much smaller capture 
cross sections than their neighbors. In the case of lead, the abnor
mally large spacing between neutron-capturing levels was found 
directly (Barschall 49). 

The low neutron capture cross sections, both at "high" and at 
thermal energies, provide evidence that magic neutron or proton 
numbers of the target nucleus are connected with abnormally large 
level spacing between the levels which are created in the neutron 
capture. We shall show that the large level spacing between the levels 
in the compound nucleus can be interpreted as an indication of an 
abnormally high stability (high binding energy) of the target nucleus 
(Hurwitz 51). 

Figure 1.2 is a schematic picture of the level energies of the com
pound nucleus C together with the energy of the target nucleus X in 
its ground state plus a neutron at rest. The representation is similar 
to the one used in the diagrams of Hornyak and Lauritsen (see Fig. 
5.3 of Chapter IX); the curve starting at the level X +n depicts 
schematically the neutron capture cross section. Figure 1.2a repre
sents a normal situation, when neither C nor X is magic. Figure 1.2b 
corresponds to a case where the target nucleus X has a magic neutron 
number. Its energy is therefore assumed to be somewhat lower, 
whereas the energy of the compound nucleus (which has one more 
neutron) is not depressed. Hence the compound levels into which a 
neutron of a given energy is captured have a smaller excitation energy 
in the compound nucleus and therefore a larger level distance. This 
leads to a small capture cross section. 

Figure 1.2c illustrates a case in which both the target nucleus and 
the compound nucleus are magic. This would happen when the 
number of protons is magic. Then the energy of the ground state of 
the compound nucleus is also depressed. This, however, does not 
change the conditions at the energy corresponding to the neutron 
capture. Hence we expect in this case also large level distances and 
small cross sections. 

In this argument we have assumed that only the lowest, or the lowest 
few, levels of a given nucleus are affected by the" spell" of the magic 
numbers. The higher levels are assumed to be unchanged, i.e., 
their absolute energies are not lowered appreciably. The evidence 
from the neutron capture cross sections, and from several other sources, 
supports this qualitative picture. In particular, we would get com
pletely erroneous conclusions from the assumption that the entire 
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level system of a magic nucleus is shifted downward in energy by a 
constant amount. 

More evidence in support of the special stability of nuclei with 
magic neutron or proton numbers can be found from the investigation 
of fission products. We refer to the excellent summary given by M. 
Mayer (48). 

2. THE NUCLEAR SHELL MODEL 

The striking phenomena connected with definite numbers of protons 
and neutrons have been interpreted as an indication that neutrons and 
protons within the nucleus are arranged into shells within the nucleus, 
like electrons in atoms. Each shell is limited to a certain maximum 
number of nucleons of a given sort. When a shell is filled, the resulting 
configuration is particularly stable and therefore of low energy. 

The theories devised to describe the nature of these shells are all 
based on the independent-particle model (Haxel 49, Mayer 49, Feen
berg 49, ~ordheim 49). It is assumed that the nucleons move under 
the influence of a common potential VCr) and that the interaction 
between the nucleons can be treated as a small perturbation. This 
model was discussed in Chapter VII, and it was pointed out that its 
validity is very questionable. It is therefore very surprising (and so 
far unexplained) that this model can be used successfully to explain 
not only the main features of the magic number phenomena, but also 
more detailed properties such as the spins, magnetic moments, and 
level spectra of many nuclei. 

Three different methods were used to describe the observed shell 
structure by means of an independent-particle model. We present 
here only the scheme proposed independently by Haxel, Suess and 
Jensen, and by M. G. Mayer (Haxel 49, Mayer 49). The other two 
schemes, by Feenberg (49) and Nordheim (49), are similar in principle. 

We start by assuming that the common potential VCr) is an oscillator 
potential of the form V = - V o+ar2. The levels in this potential 
were listed in Chapter VII (page 280). We consider each group of 
degenerate (same energy) levels a "shell." These shells are listed in 
Table 2.1; the angular momenta contained in each shell are given in 
the second column. Let n be the number of degenerate states within 
anyone shell. Then this shell can accommodate no more than 2n 
neutrons and no more than 2n protons, according to the Pauli principle. 

It should be mentioned that the assumption of a particular shape for 
the potential (the oscillator potential) is not essential to the argument. 
A potential which deviates from the oscillator potential by being 
flatter near the center and steeper at the edges (like a square well) also 
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gives rise to these shells. The only difference is that states within one 
shell, but belonging to different values of the orbital angular momen
tum l, are then no longer precisely degenerate but only approximately 
so. Larger values of l within a shell have lower energies in this case. 
The order in which the l values are listed for each shell in Table 2.1 

TABLE 2.1 
Number of Particles 

Oscillator Up to and 
Shells Terms (li) In shell including shell 

I 0 81/2 2 2 

II P3/2,P1/2 6 8 

III 2,0 d 6/2,d 3/2,81/2 12 20 

IV 3,1 f7l2,f6/2,P3/2,P1I2 20 40 

V 4,2,0 gV/2,g7l2,d6/2 , 30 70 
d 3/2,81/2 

VI 5,3,1 h 11/2,h9/2./7/2, 42 112 
hl2,P3/2,P1l2 

VII 6,4,2,0 i 13/2, i 11/2,g91 2, 56 168 
etc. 

corresponds to the order of their energies in such a modified oscillator 
potential. 

The third column of Table 2.1 contains a closer description of the 
states, which takes into account the fact that the nucleons have an 
intrinsic spin t, Each value of l, except l = 0, gives rise to two states 
(terms): j = l+t, j = l-t, Spectroscopic notation is used here to 
denote the terms. The letters determine l, and the subscript is equal 
to j. The next to the last column gives the number of states in each 
shell, and the last column gives the total number of states in all shells 
up to and including this shell. It is seen that these total numbers 
are equal to some of the early magic numbers, but the higher values 
fail to agree. 

In order to get an explanation for the higher magic numbers, a new 
assumption must be made: We shall suppose that there exists a spin
orbit coupling which splits the terms j=l+t and j=l-t by reducing the 
energy of those terms (j = l +i) in which the intrinsic spin is parallel to the 
orbital angular momentum. This effect is assumed to increase with 
increasing values of l.l Hence the first term listed in the shells of 

1 For theoretical discussion regarding this assumption Bee Keilson (51) and 
Mayer (50). 
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Table 2.1 is depressed more than all others. The decrease is supposed 
to become of the order of the energy difference between two shells 
for l = 2 and larger than this difference for l ~ 3. We then get a new 
shell assignment as indicated in Table 2.2. The first two shells 
are unchanged, since the spin-orbit coupling is weak for l = 1. The 

TABLE 2.2 
Number of Particles 

Up to and 
Nuclear Shells Terms (Ii) In shell including shell 

I 8112 2 2 

II P3/2,P1/2 6 8 

IIa d 5/2 6 14 

III 8112,d3/2 6 20 

IlIa /7/2 8 28 

IV P3/2,f5/2,PII2,g9/2 22 50 

V g7/2,d5/2,d 3/2,81/2, 32 82 
hU/2 

VI hU/2,f7l2,f&/2,P3/2, 44 126 
PII2,i13/2 

depression of the dS!2 term in the third shell is assumed to produce an 
intermediate shell between II and III, called IIa. The same effect 
is assumed to occur between shells III and IV. From then on the 
depression of the term of highest j is so strong that it does not form an 
intermediate shell but must be incorporated into the previous shell. 
This is shown in Table 2.2 for shells IV, V, and VI. The third and 
fourth columns give the number of particles per shell and the accumu
lated numbers, respectively. The latter ones reproduce the magic 
numbers (1.1) in their entirety, a striking success of this shell model. 

Table 2.2 allows prediction of certain regularities in the spins of 
nuclei if one more assumption is made (Mayer 50): An even number 
of nucleons of the same type in a state of given j will always arrange 
themselves to give a spin 0. 1 Hence the angular momentum of any 

1 For theoretical discussion regarding this rule see Mayer (50), Racah (50a), 
Kurath (50), and Talmi (51). This rule can be regarded as the opposite to Hund's 
rule in atomic spectra. Hund's rule states that the mUltiplicity of the lowest 
state is the highest possible within the given configuration. The reason is found 
in the repulsion among electrons which favors a state anti-symmetric in the 
coordinates and hence symmetric in the spins. The nuclear forces are mainly 
attractive and favor the state most symmetric in the coordinates. Hence the 
lowest state must be anti-symmetric in the spins; in most cases this gives rise to a 
zero spin for even numbers of particles. 
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shell with even population is zero, and the angular momentum of any 
shell with odd population must equal the angular momentum of the 
odd (unpaired) particle. We therefore get the following result for 
nuclear spins: 1=0 for N even, Z even. For N even, Z odd, or for N 
odd, Z even, the spin I depends on the number C of the odd nucleons 
(C=Z in the first, C=N in the second case). The number C deter
mines which of the shells is partially filled. It is shell I for C < 2, shell 
II for 2 < C < 8, etc. The spin of the nucleus can assume only the 
values j of the terms belonging to this shell. Hence we expect 1= j
for C <2, I =j od for 2 <C <8; I =j for 8 <C < 14, etc. 

This rule is fairly well fulfilled in general. There are only three 
exceptions, two in shell I1a, and one in IlIa. The two nuclei, Fl9 and 
N a 23, have a spin of j- and t, respectively, instead of t and Mn 55 

has a spin j instead of l It may be that the depression of the d5!2 

term and the 17/2 term is not pronounced enough to consider shell I1a 
different from III, or IlIa different from IV, in all cases. l All three 
exceptions are proton-odd. There is no exception for neutron-odd 
nuclei. It is quite remarkable that no spin i is found in the entire 
range 28 < C < 50, and no spin t for 50 < C < 82. 

The order in which the terms are listed for each shell in Table 2.2 
indicates the order of their energies. It is the order which is in best 
conformity with the experimental material. For example, the 
nucleus p31 with 15 protons has just 1 proton in shell III; all other 
nucleons are paired off. Hence the spin of p3l should be equal to the 
spin of the lowest state of shell III: j=j-. By the same reasoning 
we obtain the spin j- for Si29 with 15 neutrons. Both nuclei actually 
do have spin j-. Spin j is expected for nuclei in which shell IV con
tains 1 odd nucleon, as in CU63 for example. The situation is some
what more complicated in shell V, where the two lowest states g7!2 

and dS!2 seem to lie very close together. Sb l2l with 51 protons (1 in 
shell V) has spin j, whereas Sb l23 with the same number of protons 
has spin i. 

When a shell contains more than one nucleon, the particles do not 
necessarily fill up the lowest levels of the shell, because of the so-called 
pamng energy. This is a negative potential energy connected with 
double occupancy of a level, an energy which is larger the higher 
the l value of the level. For example, the nucleus As75 with 33 pro
tons, 5 of them in shell IV, should have spin j if they would fill the 

1 The magnetic moment of Mn66, however, is not in agreement with this 
explanation. An alternative explanation has been suggested, in terms of a 
relaxation of the rule that a shell with odd population has the angular momentum 
of the unpaired particle (Goldhaber 51.) 
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lowest levels in that shell (4 in P3;2, 1 in 10/2). However, the pairing 
energy favors the occupancy of the 1012 level (l=3) by the proton pairs, 
leaving the P3/2level for the unpaired proton. Hence the spin of AS76 

is i. The same argument explains the spin i for the nuclei Br79 and 
Br81 (7 protons in shell IV). 

The pairing energy also explains the fact that the high spins 1/- in 
shell V and ¥ in shell VI are never realized in the ground states of 
nuclei. It always is energetically more favorable to put into these 
levels a pair of high l (l = 6 or 7 respectively) and to put the unpaired 
nucleon into a level of lower l. Hence nuclei for which C is a few units 
below 82 (shell V almost completed) have a spin of tor j rather than 
¥. The difference between the pairing energy for a pair with low l 
and a pair with high l is not very large. The states in which the 
unpaired nucleon is in the level of high spin are therefore observed 
among the first few excited states, sometimes with excitation energies 
of a few hundred kev only. 

The pairing energy in the g9/2 level (l = 5) of shell IV is not so 
effective as that in the h11l2 and i 13l2 levels of shells V and VI, on 
account of the lower l value. Hence we do find a spin t among nuclei 
with an unpaired nucleon in shell IV. 

The spins of odd-odd nuclei cannot be predicted without additional 
assumptions, since it must be known how the spin of the two odd nu
cleons of different types combine to form the total spin of the nucleus. 
Some promising attem pts in this direction were made by (Nordheim 51.) 

The shell model also predicts the value of the magnetic moments 
for the odd-even and even-odd nuclei. The assumption was made 
that the angular momentum is due to the last odd nucleon only, all 
other nucleon spins cancelling in pairs. Hence the entire magnetic 
moment of the nucleus must be produced by this one unpaired nucleon, 
too. The gyromagnetic ratio g for magnetic moments which are 
caused by the orbital motion and by the spin of a single particle in a 
central field (Schmidt model) were given in Chapter I, (1,7.54) and 
(1,7.55). For a given total angular momentum I we find two possible 
values of g corresponding to the two possible alignments of the intrinsic 
spin 8 and the orbital moment l: l+8 = lor l- 8 = I. We shall now show 
that the nuclear shell model determines which of the two possibilities 
should be selected for given I. In this model the total spin I is equal 
to the value of j of the odd nucleon. It is seen in Table 2.2 that, in 
each shell, there is only one value of l (-one letter 8, p, d, I, etc.) for 
each value of j. Thus, for example, a nucleus whose C (odd number 
of nucleons) belongs in shell IV (28 < C <50) and whose spin is I =j 
must have an orbital momentum l = 1 (p term, spin parallel) and not 
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l =2 (d term, spin anti-parallel) since no d3/2 term is contained in 
shell IV. Hence the observed value of I determines the orbital 
momentum l, and (1,7.54) or (1,7.55) with gL = 1 for proton-odd 
nuclei and g L = 0 for neutron-odd nuclei can be used to calculate the 
gyro magnetic ratio g. 

These calculations do not agree very well with the observations. 
It was mentioned in Chapter I that the observed magnetic moments do 
not agree with either of the two possible values predicted by the Schmidt 
model. They always lie somewhere between the two theoretical 
values. This result is hard to understand from the point of view of 
the shell model. The disagreement is especially troublesome for 
nuclei in which the number of protons is one more than magic as, for 
example, in CU 63 (Z =29), Sb l2l, Sb l23 (Z =51). In these cases we 
should expect that the core of magic protons is spherically symmetric 
and that the magnetic moment is due exclusively to the one additional 
proton. Hence the Schmidt model value ought to agree more closely 
with the observed one than in other nuclei. This, however, is not 
the case. l 

If we relax the exact requirements of the theory somewhat, we can 
test the prediction of the shell theory in the following way. In 
general, the observed values lie nearer to one of the two theoretical 
values than to the other. We can interpret this proximity as an 
indication of the type of alignment of spin and orbit: if the observed 
value is near the theoretical value which corresponds to 1= l+8, we 
assume that l = I - 8, and vice versa. This" approximative" deter
mination of l is questionable, since the Schmidt model does not allow 
any intermediate magnetic moments between the two predicted values. 
A mixture of the quantum states which correspond to the two align
ments is excluded because of the opposite parity of these two states 
(Margenau 40a). 

According to Mayer (50) the value of l can be determined by this 
method for about 50 nuclei with odd neutrons or odd protons. It is 
remarkable that this "approximate" determination of l is in almost 
complete agreement with the prediction of the shell model. Mayer 
(50) has shown that the resulting l's are the ones that are predicted 
from the spins I for all nuclei with odd neutron numbers and for all 
but two nuclei with odd proton numbers. The exceptions are Yb 173 , 

which should have l = 3 but whose magnetic moment is nearer the value 
for l=2, and EU 151, which should have l=2 but shows l=3. 

1 For attempts at explanations, see Foldy (50a), Bohr (51, 51a), Bloch (51), and 
de Shalit (51). 
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The study of the magnetic moments of nuclei reveals another re
markable phenomenon. Although the magnetic moments agree only 
very approximately with the predictions of the shell model, we some
times find almost exactly identical magnetic moments in pairs or 
triplets of isotopes of equal spin but differing by two neutrons. Such 
groups are Ag107 and Ag109; CS 133, Cs 135, and CS 137 ; Tl203 and T1205 ; 
In 113 and In 1l5. Quite independently of the explanation of the actual 
magnetic moment, this phenomenon indicates that the addition of two 
neutrons to the nucleus does not change the arrangement of the pro
tons, which are responsible for the magnetic moment in these nuclei. 
This fact is hard to understand except on the basis of the independent
particle model as a valid first approximation. 

There are other examples in which the addition of two neutrons 
leaves some properties of the nucleus unchanged: each of the two 
silver isotopes Ag107 and Ag 109 has an isomeric state with almost the 
same excitation energy and lifetime, although they differ by two neu
trons. The two indium isotopes In 113 and In 115 have not only similar 
magnetic moments but also similar quadrupole moments and similar 
isomeric levels. All three of the nuclei Fe56, Fe58, and Cr54 have an 
excited state with an excitation energy of 830 ± 15 kev (Deutsch 44). 
They differ by pairs of neutrons or protons. These and many similar 
examples provide strong support for the existence of relatively inde
pendent particle motions within the nucleus. 

The assignment of definite 1 values to proton- or neutron-odd nuclei 
in the shell model can be used in the theory of beta-decay. The 
probability of beta-decay depends on the spin difference between the 
decaying nucleus and the decay product. The prediction of the value 
of the matrix element entering into the decay probability is greatly 
improved if not only the spin difference but also the difference in 
orbital angular momentum 1 between the two nuclei is known. (See 
Chapter XIII, Section 7.) Hence the determination of 1 from the 
total spin I by means of the shell model can be tested by comparing 
the resulting conclusions with respect to the beta-decay probabilities 
with the experimental material. The test was performed by Mayer 
(50, 51) and Nordheim (50, 51), and the results of the shell theory are 
in reasonable agreement with experiment. It is a particularly remark
able success of the shell theories that they were able to predict that 
certain beta-transitions should show" forbidden" -type spectra. This 
prediction depends on the assignment of orbital angular momenta 1 
to the two nuclei involved in the decay. The assignment of 1 for the 
stable nucleus (the daughter nucleus) comes from the measured 
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magnetic moment, but the assignment of l for the other, unstable, 
nucleus represents a severe test for the shell models. l 

The shell model also furnishes an explanation of the fact that 
almost all of the isomeric states with long life (see Chapter XII) 
are found for nuclei where either N or Z is near the end of a shell. 
We find almost all of them for N or Z between 39 and 49, or between 
69 and 81 (Nordheim 49, Feenberg 49). 

These "islands of isomerism" can be explained as follows. The 
terms in one shell do not differ much in energy. The transition from 
the ground state to the lowest excited state corresponds probably to a 
transition of the "odd" nucleon from one term in the unfilled shell to 
another term in the same shell. We expect that these transitions are 
connected with a large change of spin if subsequent terms in a shell 
have very different values of j. On the basis of the term order as 
given in Table 2.2 this happens toward the end of shell IV (P1l2 

and ggd, of shell V (81'2 and hlld, and of shell VI (P\l2 and i I3/2 ). 

Islands of isomerism should occur when the occupation numbers of the 
shells reach these terms. This happens in shell IV between 39 and 
49, in shell V between 69 and 81. The group of isomers corresponding 
to shell VI (N or Z between 111 and 125) is not very large and not so 
pronounced as the other two groups. This scheme also provides a 
method to predict the I differences and the parity differences between 
isomeric states (Mayer 50, Axel 50, Goldhaber 51, Moszkowski 51). 

Let us consider, for example, the nucleus In1l5. It has 49 protons, 

1 It is rather surprising at first sight that this success of the shell models is inde
pendent of the particular model employed. The models of Feenberg (49), Nord
heim (49), and Mayer (49) (the last being the same as the one of Haxel 49) 
are quite different in their details. Nevertheless, all three lead to identical predic
tions as far as analysis of beta-decay data is concerned, in all but a few cases. 

The reason is perhaps to be found in the fact that we can get almost as good 
agreement with beta-decay data for odd mass number nuclei by the following 
simple rules which do not depend on any specific model for the nuclear shell 
structure: 

(1) Every nuclear ground state has, in addition to total angular momentum I 
and parity II, an orbital angular momentum quantum number L and a spin angular 
momentum quantum number S =j. 

(2) These values depend only on the number C of odd nucleons. Thus I(C) 
can be found by examining anyone stable nucleus with this number of odd nucleons 
for which the spin has been measured experimentally. 

(3) The values of L and the parity for each C are to be found by comparing the 
magnetic moment of a representative nucleus (with this odd-nucleon number C) 
with the Schmidt model, thereby getting I =L and the parity n(C) = (_I)L. 

Since all three shell models are devised so as to give agreement with these rules, 
they necessarily give the same predictions for beta-decay data. 
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one less than the complete shell IV. Its ground state has spin I, 
which indicates that the free space in shell IV is found in the highest 
level g9/2 of the shell. The parity of this state is even (l=4). It is 
expected that the first excited state is the one in which the free space 
is in the next lower level, P1I2. This state would have spin j- and odd 
parity. Hence we expect an isomeric transition from this state to the 
ground state of character M4 (see Chapter XII, Section 6), in agree
ment with the experiments quoted in Table 6.1 of Chapter XII. 

As another example we discuss nuclei with odd neutron numbers N 
in the range 67 :::; N :::; 81. The first two levels of shell V are filled, 
and we have at least 3 neutrons to be placed into the levels 8112, d3/2 , 

h11l2 . In the ground state the h1ll2 level is occupied by pairs on 
account of the high pairing energy. Hence the ground states of these 
nuclei have a spin j- or j and even parity. We expect the following 
two excited states: one with even parity and spin i or j-, respectively, 
and a higher one with odd parity and spin l/- coming from the configu
ration where the odd neutron is in the hW2 level. Thus, if the spin of 
the ground state is j-, we expect an M4 transition from hIlt 2 to d3/2 

followed by a magnetic dipole transition from d3/2 to the ground 
state 81/2. Just this type of spectrum has been observed with nuclei 
of this category. Each one of the nuclei Sn117, Sn119, Te l2 t, Te123, 
Te12S, and Xe l29 has a ground state with I =-!, a first excited state 
with I =j, and a second excited state with I =¥. The omitted 
radiation is an M4 radiation followed by an M1 radiation (Gold
haber 51). These examples demonstrate the success of the shell 
model in the interpretation of nuclear spectra. They also illustrate 
the striking similarity of nudear spectra in nuclei differing by pairs of 
neutrons or protons. 

There are strong indications, however, that the coupling rules of 
the shell model must be modified in a few cases in order to account for 
some isomeric transitions. In particular, an odd number of particles 
in a shell does not always give rise to a total angular momentum equal 
to the j value of the unpaired nucleon. For example, the first excited 
state in Ag107 has a spin i (Goldhaber 51), although this value does 
not occur in the shell of the unpaired nucleon (shell IV). Hence it is 
assumed that three nucleons in the g9/21evel give rise to a total angular 
momentum J =i rather than J = j =1. This result is not unexpected, 
since three particles, with j = t each, can combine in many ways, 
resulting in a total J which covers a wide range of values. However, 
it is a violation of the rule that the spins of all pairs of nucleons cancel 
in low-lying states, leading to J =j. It is rather surprising how 
rarely this rule is violated in view of the many ways in which the 
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angular momenta j within one level can be combined to a total J 
different from j. 

As a last piece of evidence for shell structure, we mention the nuclear 
quadrupole moments (Gordy 49, Hill 49a, Townes 49). It was first 

10,---------------L:"·-=--'-------------, 

I , , , . , , \ , \ , 

FIG. 2.1. The points are quadrupole moments divided by the square of the nuclear 
radius, R2 = (l.5 X 10-13 XA 1/3)2. Quadrupole moments of odd-proton, even
neutron and of odd-proton, odd-neutron nuclei (except Li 6 and C136) are plotted as 
circles against number of protons. Quadrupole moments of odd-neutron, even
proton nuclei are plotted as crosses against number of neutrons. Arrows indicate 
closing of major nucleon shells. The solid curve represents regions where the 
behavior seems established, the dashed curve represents more doubtful regions. 

[Reproduced from Townes (49).] 

observed by Schmidt (40) that the quadrupole moments Q show cer
tain regularities as indicated in Fig. 2.1. They are large when Z is 
far from a magic number and are relatively small for Z near magic. 
A similar dependence on N is indicated but not established. When Z 
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is higher than, but near to, a magic number, Q is negative; Q is positive 
for Z lower than, but near, magic. 

The independent-particle model suggests that we might be able to 
ascribe the asymmetry of charge to the last odd proton, whereas all 
paired nucleons which make up the core of the nucleus are arranged in a 
spherically symmetric way. In this case the quadrupole moments 
should vanish or should be very small for nuclei with odd neutrons; 
the moments for nuclei with odd numbers of protons should be of the 
order of the quadrupole moment resulting from one particle in a state 
with orbital angular momentum l and total angular momentum j. 
The latter value is (Bethe 33, Welles 42) 

(2.1) 

where R is the average radial extension of the wave function. Expres
sion (2.1) does not check against the observed values. The quadrupole 
moments observed are usually much larger than (2.1) and are by no 
means always negative. In order to account for big quadrupole 
moments like that of Lu 175 or Ta 181, we must assume that at least 30 
protons are in non-symmetric quantum states. 

It is therefore very probable that the whole nucleus deviates from 
the spherical shape. In this case the odd particle in an odd nucleus 
does not move in a spherically symmetric field, and the basis of some 
of the term assignments is removed (Bohr 51, 51a). A more detailed 
calculation (Rainwater 50; Maria Mayer, unpublished) shows that 
such a model can indeed account for the signs and orders of magnitude 
of the observed quadrupole moments. 

3. GENERAL CONSIDERATIONS 

The great success of the shell model of nuclei is most surprising and 
is not yet understood on the basis of our present knowledge about 
nuclear forces and nuclear dynamics. Reasons were given in Chapter 
VII, Section 3, for the inadequacy of an independent-particle model 
on the basis of conventional nuclear forces. The shell evidence not 
only indicates the validity of such a model but also bases some of its 
predictions on the actual shape of the potential VCr) common to all 
nucleons. In order to get shells of the type of Table 2.2, this potential 
must have a shape between an oscillator potential and a square well. 

The one requirement for the validity of the independent-particle 
model which seems to violate most strongly our ideas of the nucleus is 
the lack of any effective interaction between nucleons. The existence 
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of orbits in the nucleus with well-defined quantum numbers is possible 
only if the nucleon is able to complete several "revolutions" in this 
orbit before being perturbed by its neighbors. Only then is the width 
of the level smaller than the distance to other levels, as was demon
strated in Chapter VIII, Section 7. Hence the effective mean free 
path of a nucleon in nuclear matter must be somewhat larger than the 
nuclear dimensions in order to allow the use of the independent
particle model. This requirement seems to be in contradiction to the 
assumptions made in the theory of the compound nucleus, Chapter 
VIII, Section 3. The study of nuclear reactions indicates that a 
nucleon, after entering into a nucleus, quickly shares its energy with 
all the other constituents. 

The unexpected indications of a shell structure in the nucleus pose 
the following fundamental question regarding the nature of nuclear 
forces. Can the results be explained on the basis of essentially the 
same interaction between nucleons which has been hitherto assumed? 
This interaction is characterized by strong, short-ranged forces of 
partial exchange character, and it has been supported by the evidence 
from the scattering experiments between single nucleons in spite of 
appreciable difficulties of interpretation of the results at high energies 
(see Chapter IV). Or do the shell results require us to assume a 
qualitatively different kind of interaction between nucleons which are 
densely packed in nuclear matter than between two isolated nucleons? 
The individual interactions may be weakened (for example, when the 
density of nucleons reaches nuclear densities) to such an extent that 
only an over-all average potential remains, without a strong inter
action between individual pairs. Perhaps some such change in our 
ideas of nuclear interaction is indicated in view of the failure to explain 
saturation of nuclear forces and nuclear densities with the potentials 
derived from scattering (see Chapter IV). On the other hand, the 
experience gathered from the nuclear reactions contradicts any 
evidence of weak interaction between nucleons in the nucleus. We 
are facing here one of the fundamental problems of nuclear structure 
which has not yet been solved. 

It may be significant that the shell structure evidence is drawn 
exclusively from the properties of the ground states of nuclei or of very 
low-lying levels. The stability considerations deal with the energy of 
the ground state; the neutron capture provided evidence about the 
energy of the ground state of the target nucleus; the spin and the mag
netic moment, as well as the quadrupole moment, are properties of 
the ground state. In contrast to this, the evidence for strong inter
action found in nuclear reactions is derived from the properties of the 
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compound nucleus which is always formed in a state of high excitation 
energy. The excitation energy of the compound nucleus is at least 
equal to the separation energy of the incident particle ('<:'8 Mev). 

This circumstance suggests the possibility that the shell structure 
evidence is not necessarily in disagreement with the conventional 
strong interactions. It is conceivable that the individual motion of 
the particles is relatively unperturbed in the ground state despite 
strong interaction. The Pauli principle prevents the transfer of 
momentum and energy between two nucleons if they are all in their 
lowest possible energy states, since all states are occupied which can 
be reached in this transfer. Hence the strong interaction may not 
become effective at very low excitation and the independent-particle 
model may assume some validity. When the nucleus is highly excited, 
the nucleons can transfer energy and momentum and the nucleus can 
exhibit the characteristic properties of strong energy exchange between 
the nucleons. It still remains to be proved whether this effect is 
sufficient to establish independent orbits in low-lying states of nuclei 
in spite of the existence of strong interactions. l 

SYMBOLS 

a Coefficient in the oscillator potential VCr) = - Vo+ar2 

(Section 2) 
A Mass number (Section 1) 
C Compound nucleus (Section 1) 
C Number of nucleons of a given type (neutrons or protons) 

(Section 1) 
C Number of odd nucleons in an even-odd or odd-even 

nucleus (Section 2) 
e Charge on the proton (2.1) 
g Gyromagnetic ratio of the nucleus; see also Chapter I, 

Section 7 (Section 2) 
gL Gyromagnetic ratio associated with the orbital motion; see 

also Chapter I, Section 7 (Section 2) 
I Total angular momentum quantum number of the nucleus 

in its ground state (nuclear spin) (Section 2) 
J Total angular momentum quantum number of a nucleon 

within the nucleus (Section 2) 
Orbital angular momentum quantum number of a nucleon 
within the nucleus (Section 2) 

1 The electron motion in solid crystal lattices provides an instructive analogy to 
this situation. It is discussed by Weisskopf (50, 51). 



780 XIV. Nuclear Shell Structure 

n Number of single-nucleon states of the same energy (within 
one" shell ") (Section 2) 

N Number of neutrons in the nucleus (Section 1) 
Q Electric quadrupole moment of the nucleus; see also 

Chapter I, Section 7 (2.1) 
r Distance of a nucleon from the center of the nucleus 

(Section 2) 
R Average radial extension of the wave function of a proton 

(2.1) 
SN Number of different stable nuclei (isotones) with N neu-

trons (Section 1) 
Sz Number of different stable nuclei (isotopes) with Z pro-

tons (Section 1) 
V = VCr) Potential acting on a nucleon within the nucleus (Sec-

tion 2) 
Vo Value of VCr) at r=O (the center of the nucleus) (Sec

tion 2) 
X The target nucleus in a nuclear reaction (Section 1) 
Z N umber of protons in the nucleu (Section 1) 



APPENDIX A 

Angular Momentum Operators 

and Eigenfunctions 

1. ROTATIONS AND ANGULAR MOMENTA 

In classical mechanics as well as in quantum mechanics, the angular 
momentum of a system is conserved if the equations of motion are 
invariant under rotations of the coordinate system which is used to 
describe the motion. This is true of any isolated system, such as a 
nucleus. It is not true of a system subject to external forces, such as 
an applied electric or magnetic field (which distinguishes one direction 
in space from all others). 

Let lP(x,y,z} be a solution of the wave equation for a single particle. 
If the wave equation is invariant under rotations about the z direction, 
say, then the" rotated" function defined by 

1P'(X,y,z} = lP(x cos iJ + Y sin iJ, y cos iJ - x sin iJ, z} (1.1) 

is also a solution of the wave equation, since it differs from IP only 
through a rotation about the z axis through an angle iJ. We now use 
the fact that the difference of two solutions is also a solution, and we 
let {} become infinitesimally small to get 

, (alP alP) . 
IP - IP = {} Y - - x - == - t{} L.IP ax ay 

(1.2) 

The operator L. defined by this equation is the angular momentum 
operator of quantum mechanics in units of h. We have therefore 
proved that L.IP is a solution of the wave equation if I{) is a solution 
and if the wave equation is invariant under rotations of the coordinate 
system. Hence L. commutes with the Hamiltonian H. The exten
sion to systems containing more than one particle is straightforward. 
The angular momentum operator L. is then the sum of the individual 
angular momenta of the various particles. 

Rotation about the x axis and y axis gives the angular momentum 
781 
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operators Lx and L II , respectively. The three components of the 
vector L satisfy the commutation rules 

(1.3) 

where the dots indicate the two additional equations obtained by 
cyclic permutation of the indices. These commutation rules are the 
basic property of angular momentum operators, i.e., any vector J 
whose components J x, J II' J z satisfy the commutation rules (1.3) 
can be interpreted as an angular momentum. J can be an operator 
acting on any arbitrary set of position or spin coordinates of one or 
several particles. 

We can derive a number of important relations by purely algebraic 
methods using only the commutation rules (1.3) (see Rojansky 42, 
chap. XIII, or Condon 35, chap. III): J2 commutes with J z, and we can 
show that the eigenvalues of J2 are of the form j(j + 1), where j is 
either an integer or a half-integer, and the eigenvalues of J z are 
m=j,j-l,j-2, .. ·,-j. Furthermore, if we denote by Yjm any simul
taneous eigenfunction of J2 and Jz with eigenvalues j(j+l) and m, 
respectively, the following equations hold: l 

(Jx+iJ II ) Yjm = y(j-m)(j+m+l) Yj •m+1 

(Jx-iJ II ) Yjm = y(j+m)(j-m+l) Yj •m- 1 

Here Y jm are functions of the variables upon which J operates. 

2. SPHERICAL HARMONICS 

(1.4) 

We now specialize the operator J to be equal to the differential 
operator L. The latter can be written in the form 

o 
L---

z - oq, Lx ± iLII = exp (±iq,) [ ± :0 + i cot 0 o°q,] (2.1) 

Then the functions Vim are identical with the spherical harmonics. 
Indeed the spherical harmonics Y1m(0,q,) are defined as normalized 
simultaneous eigenfunctions of L2 and Lz with eigenvalues l(l+ 1) and 
m, respectively. The spherical harmonic with m= -l satisfies the 
differential equations Lz Y = -lY and (Lx - iLII ) Y = O. The normalized 
solution of these two equations is 

1 The algebraic derivation leaves a phase factor undetermined in (1.4). We 
choose the plus signs in agreement with Condon (35) and Wigner (31), since the 
Clebsch-Gordan coefficients are given explicitly by them. Bethe (33) uses minus 
signs instead. Thus our spherical harmonics agree with Bethe's for even m but are 
the negatives of Bethe's for odd m. 
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[ (2/+ 1) !,]l!2 
Y1,-1(0,CP) = 411"(21)!!' (sin 0)1 exp (-ilcp) 

where the" double factorial" n!! is defined by 

n!! == 2X4X6X"'Xn 

n!! == 1X3X5X"'Xn 

(n even) 

(n odd) 
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(2.2) 

(2.3) 

The half-integral values of I do not give acceptable solutions, since 
they give rise to probability currents from one pole of the sphere to 
the other, the two poles acting as a source and sink of probability, 
respecti vely. 1 

Restricting ourselves to the integral values of I, therefore, we can 
find the remaining spherical harmonics Y lm from (2.2) by successive 
multiplication with the operator Lx+iLfI , according to (1.4). The 
result can be expressed in the form 

(_1)1+m [(21+1) (l-m)!]112 . 
Y1m(0,cp) = -(21) !! 411" U+m)! (sm o)m 

d l+m 
X ( l+m [(sin 0)21] exp (imcp) (2.4) 

d cos 0) 

These functions satisfy the relation 

Y1m * = (_)m YI,-m 

They are connected with the Legendre polynomials P1(cos 0) as 
follows: 

(2.5) 

The spherical harmonics Ylm(O,cp) form a complete set of flUlctions 
over the unit sphere. That is, any function g(O,cp) which is square 
integrable over the full solid angle can be written as a linear combina
tion of the spherical harmonics. Furthermore the spherical harmonics 
form an orthonormal set: 

1 This argument is due to Nordsieck (unpublished). The usual arguments are: 
(1) the Ylm with half-integrall are not single-valued, and (2) some of them have 
singularities at the poles of the sphere. The first argument is fallacious since 
multiple-valued wave functions cannot be excluded a priori. Only physically 
measurable quantities, such as probability densities and expectation values of 
operators, must be single-valued. Double-valued wave functions are used in the 
theory of particles with intrinsic spin. The second argument is incomplete, since 
(2.2), for example, has no singularities for l- H, 



784 Appendix A 

(2.6) 

where the integration extends over the full solid angle. 
Finally we mention the addition theorem of spherical harmonics. 

[For a proof, see Condon (35) or Bethe (33).] Let 8,4> and 8',4>' be 
two points on the unit sphere, and let a be the angle subtended by these 
two points at the center of the sphere. Then the addition theorem 
states that 

( 2l+ 1)112 
YI,o(a) YI,o(O) = ~ YI,o(a) = 2: Ylm *(8,4» Ylm (8',4>') 

",--I 

(2.7) 

3, EXPANSION OF A PLANE WAVE INTO SPHERICAL WAVES 

The wave function of a plane wave of wave number k proceeding 
along the positive z direction is 

exp (ikz) = exp (ikr cos 8) 

This function can be expanded into a series of spherical harmonics. 
Since it is independent of the azimuthal angle 4>, the only spherical 
harmonics entering the expansion are the Y I ,o(8) with m=O. Using 
(2.6), we obtain .. 

exp (ikz) = l AI(r) YI,o(8) 
1-0 

AI(r) = J Y 1,o*(8) exp (ikr cos 8) dn 

(3.1) 

where the integration extends over the full solid angle, but not over 
the radial coordinate r. The coefficient AI(r) can be expressed in 
terms of Bessel functions as follows: 

where J x(z) is the Bessel function of first kind and order >., as defined 

in Jahnke-Emde (33) or Whittaker (50), and jl(Z) == V7f/2z J I+1I2(Z) 
is the so-called "spherical Bessel function" of the first kind of 
order l. We are often interested in the asymptotic behavior of Jl(kr) 
for large and small kr. The dividing line here is not kr = 1 but rather 
kr = l, i.e., "large" kr means kr»l, "small" kr means kr«l. The 
asymptotic expressions are 

. (kr)l 
Jl(kr) '" (2l+1)!! (kr« l) (3.3) 
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. (k ) '" sin (kr-tlr) 
JI r = kr (kr» l) 
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(3.4) 

The "regular solution" F,(r) used in Chapter VIII, Section 2, for 
neutrons, and in other places is related to il(kr) through 

Finally, we can use the addition theorem (2.7) to get an expression 
for the plane wave in an arbitrary direction 8,41: 

.. I 

exp (ik·r) = 4'11" l l i l jl(kr) YI ... *(8,41) YI ... (8,1P) (3.5) 
1-0 ... --1 

Sometimes we are interested only in the S wave part (the l=O part) 
of the plane wave exp (ikz). Since jo(z) =sinz/z for all values of z, 
we get 

. - [sin(kr)] sin(kr) 
l=O part of exp (~kz) = v'4r ---;;;- Yo,o =-,;:- (3.6) 

4. INTRINSIC SPIN 
The algebraic treatment of the commutation rules (1.3) predicts 

eigenvalues j(j+ 1) of J2 with j half-integral, in addition to the integral 
values which alone could be employed for the spherical harmonics. 
The simplest example of a half-integral spin is the intrinsic spin of a 
nucleon which corresponds to the value j=t in (1.4). There are only 
two eigenfunctions for the states of the spin of a single nucleon, namely 
y 112,112, which describes a particle of spin t with the spin direction 
along the positive z axis of the coordinate system, and Y 112,-112, which 
describes a particle of spin t with the spin direction along the negative 
z axis. We shall refer to these two possibilities as "up" and 
"down" spin, respectively. To shorten subsequent formulas, we 
introduce the abbreviations 

Y 1/2,1/2 == a ,Y 112,-1/2 == {3 (4.1) 

We shall also denote the angular momentum vector J by s. Thus 
the first equation (1.4) becomes, for m=t, 

(sz+isu) a = 0 
and for m= -I, 

(Sz+isu) {3 = a 

We can consider a and {3 the base vectors of a two-dimensional 
vector space, and the s's as linear operators on this space, expressible 
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in the usual matrix form. According to the two equations just listed, 
the matrix form of the operator s,:+isli in this space is 

sx+isli = (~ ~) 
The so-called Pauli spin matrices ITx, ITII' and IT. are defined by putting 

sx=j-lTx, Sll=j-ITII, and s.=j-IT.. With these definitions, relations (1.4) 
together with the defining equations s2a =t(t+ l)a, s2!3 =j-(t+ 1)!3, 
s.a=j-a, and s.!3= -j-!3 give 

1T.!3 = -!3 

(ITX+iull)a=O 

(lTx+ ilT lI)!3 = 2a 

(ITX-ilTlI)a =2!3 

(ITX-iITIIW=O 
(4.2) 

These relations give the following explicit forms for the Pauli spin 
matrices: 

(4.3) 

We see that these matrices satisfy the multiplication rules: 

1 
(4.4) 

These relations hold only for spin J = t. It follows from (4.4) that 
any product of Pauli matrices can be reduced to a linear form in these 
matrices.! 

The wave function of a particle of spin j- is written in the form 

({'. = ({'(r,lT) = ({'l(X,Y,Z) a + ({'2(X,y,Z) !3 = (({,l((X,y,z») (4.5) 
({'2 X,Y,Z 

The column notation is adapted to the use of the Pauli spin matrices 
directly. The absolute square of ({'l(X,Y,Z) is the probability density 
of finding the particle at the point X,y,Z with spin pointing up; the 
absolute square of ({'2(X,Y,Z) is the probability density of finding the 
particle at the same point with spin pointing down. 

s. is the operator associated with an infinitesimal rotation about the 
Z direction. We get the operator for a finite rotation by multiplica
tion of infinitesimal rotations; in particular, a rotation of the coordinate 
system through a finite angle t'J about the Z direction has the following 
effect on the spin properties of the wave function ({': 

1 This statement can be rephrased in algebraic language as follows: the matrices 
"z,"u,"z together with the unit matrix form the basis of a hypercomplex number 
system. 
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<p --.. U<p = exp (is.t'J) <p = exp (i!O".t'J) <p 

t'J 1 (t'J)2 i (t'J)3 
= 1 + i "2 O".<p - 2! 2 <p - 3! 2 O".<p + 

= [cos (!t'J) + i sin (!t'J) 0".1 <p (4.6) 

The occurrence of half-angles, !t?, is characteristic of half-integral 
spin. In particular, (4.6) shows that a rotation of the coordinate 
system through the full angle 211" transforms <p into - <p, i.e., <p is double
valued. i<pi 2, the probability density, is single-valued, however.l 

We now proceed to the composition of two spins of!, belonging to 
two different particles (e.g., a neutron and a proton). The spin 
angular momentum of the two-particle system is defined by 

Sz = sz(l) + sz(2) = to"z(1) + !O"z(2) (4.7) 

with two similar equations for the x and y components, respectively. 
Because of (4.4) and the fact that spin operators for the two separate 

particles commute with each other, the absolute square 

S2 = Sz2 + s/ + S.2 
satisfies the equation 

S2 = ! [3 + 1$(1)·1$(2)1 (4.8) 

A second application of the multiplication rules (4.4) gives: 

S2(S2 - 2) = 0, 

so that 8 2 has only two eigenvalues: 0 and 2. There is only one eigen
function for S2 = 0, namely the singlet spin function: 

1 
xo == --= [0'(1) (3(2) - (3(1) 0'(2) 1 

v'2 
(4.9) 

This spin state is called the singlet state because it is non-degenerate. 
In the vector model of addition of angular momenta (see Section 5) 
this state is interpreted as the one in which the two spins 1$1 and 1$2 are 
opposite each other, so that each component of !(d\ +1$2) = S is sepa
rately zero, and hence S2 = ° also. 

The eigenvalue 2 of S2 is of the form j(j+ 1) with j = 1, i.e., this state 
has (spin) angular momentum unity and correspondingly a degeneracy 
of 2j+l =3. It is therefore called the triplet spin state. The simul-

1 Since double-valued wave functions are admitted for half-integral spin, the 
double-valued character of exp (imq,) with m half-integral is not a valid argument 
against half-integral values of the orbital angular momentum l. 
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taneous eigenfunctions of 8 2 and 8. are denoted by XI,m, where 
m = 1,0, -1 is the eigenvalue of 8.. They are 

XI,I == a(1) a(2) 
1 

XIO == _ r [a(l) (j(2) + (j(1) a(2)] 
, v2 (4.10) 

XI,-l == (j(1) (j(2) 

In the vector addition model this state is interpreted as the one in 
which the two spins dl and d2 are parallel to each other, the two spins 
of l adding up to a total spin of 1. 

Since there are three spin functions for the triplet state, and only 
one for the singlet state, the statistical weights of the two states for 
uncorrelated spins are t and t, respectively. That is, if the spin 
directions of two particles (e.g., a neutron and proton in neutron
proton scattering) are random, the likelihood of finding the two 
particles in the triplet spin state is t, the likelihood of finding them in 
the singlet spin state is t. 

At first this appears as a contradiction to the vector addition model: 
we might expect, from a naive point of view, that two spins are as 
often parallel as anti-parallel to each other, giving equal statistical 
weights to the two states. The contradiction is resolved by analyzing 
the quantum-mechanical meaning of "parallel" and" anti-parallel" 
spins in this case. Since CT z and CT II do not commute with CT., the spin 
direction of a particle cannot be defined uniquely as a vector in space. 
Rather, if u. is known (say the spin is up, u. = 2m = + 1), the com
ponents U II and U z are unknown and their momentary values are either 
+ 1 or - 1, with equal probability. Thus the statement "the spin 
direction is up" must be interpreted as "the spin vector points 
somewhere along a cone around the z direction." This is illustrated 
schematically in Figure 4.1a. 

There are four equally probable possibilities for the relative position 
of the spin of the two particles as indicated in Fig. 4.1. Figures 
4.1a and 4.1d correspond to a total spin j=l with m=l and -1, 
respectively. There are two possibilities, however, in cases (b) and 
(c). The two spins may combine in such a way that they are always 
opposed to each other; or they may combine so that both point toward 
the same side. In the first case they add up exactly to zero, and in 
the second case they add up to a total spin perpendicular to the z axis. 
The first case corresponds to the singlet state (j = 0), the second case 
corresponds to the triplet state j = 1, m =0. [A straightforward 
geometrical consideration also shows that the scalar product d(1)'d(2) 
is - 3 in the first case but equal to 1 + 1 - 1 = 1 in the second case, in 
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agreement with (4.8).] Figure 4.1 indicates that a relative probability 
of three to one is obtained for the ratio of parallel to anti-parallel 
alignment. It comes from the fact that two particles, whose spins 
have opposite z components, may still combine to a total spin equal 
to unity. 

(a) 9 

(b) 9 &> ~ = 0 Xo 

(c) & 9 % = ~ = Xt•o 

(d) = 

FIG. 4.1. Two spins of ! can combine in four possible ways, three of which yield 
triplet (parallel) spin states, whereas the fourth possibility corresponds to the 

singlet (anti-parallel) spin state. 

6. VECTOR ADDITION OF ANGULAR MOMENTA 

Consider two angular momentum operators J 1 and J 2, each of which 
separately satisfies the commutation rules (1.3) and which commute 
with each other. For example, the two angular momenta may be the 
orbital angular momentum and spin angular momentum of the same 
particle, or the angular momenta of two different particles. Consider 
the product of two angular momentum eigenfunctions Y jm(1) Y j'm,(2) 
belonging to eigenvalues j(j+1) of J 12 , m of J lr , j'(j'+1) of J 2 2 , 

and m' of J 2., respectively. This product wave function is also an 
eigenfunction of the z component of the total angular momentum 

J. = J 1: + J 2. 

with eigenvalue M =m+m'. In general, however, this product wave 
function is not an eigenfunction of 
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J2 = (Jl:I:+J2:r)2 + (Jll1+J21Y + (h.+J 2.)2 

However, linear combinations of products Y jm(l) Y j'm,(2) can be 
formed which are simultaneous eigenfunctions of J2, with eigenvalue 
J(J + 1), and of J., with eigenvalue M. These eigenfunctions of the 
total angular momentum will be denoted by CY:;r: 

CY:jj' = ! 
m--j 

i C jj'(J ,M ;m,m') Y jm(1) Y j'm,(2) 
m':o::: -i' 

(5.1) 

The numerical coefficients C in this linear superposition are called 
Clebsch-Gordan coefficients or vector addition coefficients. l They 
are real numbers. It is apparent from the preceding considerations 
that Cjj'(J,M;m,m') vanishes unless M =m+m'. The double sum in 
(5.1) is therefore only a single sum over m, with m' determined by 
m'=M -m. I\evertheless we prefer to write it as a double sum to 
bring out certain formal properties of the Clebsch-Gordan coefficients. 

As a simple example of such Clebsch-Gordan series, consider (4.9) 
and (4.10) for the addition of two angular momenta of j-. Looking 
at XI,I, (4.10), we see that the Clebsch-Gordan coefficient 

Cjj,(J,J;j,j') = 1 (for J = j+j') (5.2) 

for j = j' =1- and J = 1. This equation holds generally for the 
" stretched" configuration J = j + j' and J. = Jf = J. The same holds 
for the stretched configuration in the opposite direction, i.e., for 
J=j+j', Cjj,(J,-J;-j,-j') = 1 also. As another example, we 
obtain from (4.9) the equations: 

C I/2 ,1/2(O,O;j-,-j-) = -CI/2.1/2(O,O;-j-,j-) = 2-112 

It is apparent that the Clebsch-Gordan coefficients are not necessarily 
symmetric in the interchange of j,m with j',m'. Rather, they satisfy 
the relation 

Cjj'(J,M;m,m') = (-ll-i-i'Cj'j(J,M;m',m) (5.3) 

which can be checked also in connection with XI,O, (4.10). Relation 
(5.3) is a special case of the more general symmetry relation (5.9). 

The possible values of the quantum number J are 

I We mention notation: Condon (35) uses the symbol (jj'mm'ljj'JM) for our 
Cjj'(J,M;m,m') and putsj=iI,j' =i2, J =j, m=ml, m' =m2, and M =m, so that the 
symbol is written (jlhmlm2IiIi2jm). Wigner (31) uses the symbol sij~m" It 
should be emphasized, however, that the coefficients themselves are the same here 
as in Wigner (31) and Condon (35), i.e., the phases of the spherical harmonics as 
well as the normalization are chosen the same way. 
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J = j+j', j+j' - 1, i+j' -2, ... , Ij-j'1 (5.4) 

Conversely we can write the product Y jm(l) Y j'm,(2) as a linear 
superposition of the cy:tjj' , as follows: 

i+i' 

Yjm(l) Yj'm,(2) = l 
J=li-j' 

J 

l C jj'(J ,M ;m,m') cy:tjj' 
M=-J 

The sum over M consists of only one term, M = m + m'. 

(5.5) 

Certain orthogonality relations follow from the fact that the func
tions Y jm form an orthonormal set, and so do the 'Y:t;j'. In effect, 
the Clebsch-Gordan coefficients are the matrix elements of a unitary 
transformation, and, since they are real numbers, the transformation is 
actually an orthogonal transformation. We get: 

i f Cjj'(J,M;m,m') Cjj'(J',J/';m,m') = lJJJ' lJ M •V ' (5.6) 
m= -j m'= -j' 

i+i' J l l Cjj'(J,Jf;m,m') Cjj,(J,M;m",m"') = lJmm" lJm'm'" (5.7) 
J-li-i'l M=-J 

In spite of their apparently unsymmetrical definition, the Clebsch
Gordan coefficients are almost symmetrical in all three angular 
momenta J,j,j'. The symmetry relations can be exhibited most 
clearly by a method due to Racah (42a) and Eisenbud (48). We 
define the quantity V(jj'J,mm'M) by:l 

V(jj'J,mm'M) == (_)J-M (2J+1)-1/2Ci j'(J,-M;m,m') (5.8) 

V vanishes unless m+m' + M = o. Furthermore, it obeys the follow
ing symmetry relations: 

V(abc,ai3-Y) = (- )aH-. V(bac,i3a-y) = (- )a+H. V(acb,a-Yi3) 

= (- )a-H. V(cba,-yi3a) = (- )2b V(cab,-yai3) 

= (_)2. V(bca,i3-ya) = (_)aH+. V(abc,-a-i3--y) (5.9) 

As a particular result of these symmetry relations, we quote the 
modified form of the orthogonality relation (5.6): 

J j" 2: 2: Cjj"(J,M;m,m") CU,(J,M;m',m") 
M- -J m"- -i" 

(5.10) 

1 Notice the -M on the right-hand side! 
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The general formula for the Clebsch-Gordan coefficients was 
derived by Wigner (31), but it is very unwieldy.l Tables 5.1 and 5.2 

TABLE 5.1 
CLEBSCH-GORDAN COEFFICIENTS Cjj'(J,M ;m,m') FOR j' = l 

m'=l m'=-l 

J =j+l [j+M+lr/2 

2j+1 
[j-M+l ]1/2 

2j+1 

J =j-l _ [j-M+lr /2 

2j+1 
[i+ M+lr/2 

2j+1 

TABLE 5.2 
CLEBSCH-GORDAN COEFFICIENTS C;j,(J,M;m,m') FOR j' = 1 

m'-l tn'-O m'--l 

J-j+l [(j+M)(j+M+l) ]'/2 
(2Hl)(2H2) 

[(j- M +1)(HM+l) J/S 
(2H I)(H 1) 

[(j-M)(j-M + 1) ] liS 

(2j+l)(2j+2) 

- [(j+M)(j-M+l) ]'/S M [(j-M)(j+M+l) ]'/1 J-j ---
2jU+ 1) (jU+l)]l/1 2j(Hl) 

J-j-l [(j-M)(j-M +1) T/2 
2j(2j+l) 

_ [(j-M)U+M)T/I 
;(2H 1) 

[(j+M+l)(HM) TIS 
2j(2j+l) 

are short tables of the Clebsch-Gordan coefficients, taken from Condon 
(35). We restrict ourselves to the case wherej' is either t or 1. Con
don (35) also tabulates the cases j' =1 and j' = 2. Tables 5.1 and 5.2 
can be used not only when j' is either t or 1, but whenever anyone of 
j, j', or J is i or 1, by exploiting the symmetry relations (5.9). The 
tables given here suffice for neutron-proton scattering with tensor forces 
(for whichi' = S = 1, triplet state), for the analysis of magnetic moments 
by either the Schmidt model (j' =i) or by the Wigner-Margenau 
approach, and for many nuclear reaction experiments. If all of 
j, i', and J exceed 1, the tables of Condon (35) should be consulted. 

In the analysis of angular distributions in nuclear reactions, or 
of angular correlations in two successive radioactive decays, the 
product of two spherical harmonics of the same angle variables must 
be expressed as a linear combination of spherical harmonics. The 
relevant formula is 

I For a derivation of Wigner's general formula without the explicit use of group 
theoretical methods, see Racah (421'). 



Symbols 793 

= Cll,(L,O;O,O) CIl'(L,M ;m,m') Y LM(8,1/» L L (2[+1)(2['+1)]1/2 

411"(2L+ 1) 
L M 

(5.11) 

Frequently sums of products of three Clebsch-Gordan coefficients, 
summed over three of the six magnetic quantum numbers, are needed. 
Such sums have been evaluated by Racah (42a), and somewhat less 
explicitly by Myers (38). The formulas are too complicated to repro
duce here, however. For applications, see Lloyd (50, 51a) and Blatt 
(51). 

C jj'(J,M ;m,m') 
dn 
g(8, 1/» 

H 
j 

j' 

J 
J2 
J:z;,JII,J. 
Jx(z) 

k 
k 
[ 

SYMBOLS 

Coefficient in the expansion of a plane wave (3.1), 
(3.2) 
Clebsch-Gordan coefficient (5.1) 
Element of solid angle (2.6) 
An arbitrary square integrable function of () and 
I/> (Section 2) 
Hamiltonian of the system (Section 1) 
Quantum number for the angular momentum, 
defined by J 2",=j(j+l)", (1.4) 
Quantum number for an angular momentum which 
combines with j to give the total angular momentum 
J (5.1) 
Spherical Bessel function (3.2) 
Quantum number for the total angular momentum 
(5.1 ) 
A general angular momentum vector (Section 1) 
Absolute square of the vector J (Section 1) 
Components of the vector J (Section 1) 
Bessel function of z of the first kind and order X 
(3.2) 
Wave number of a plane wave (3.1) 
Wave vector of a plane wave (3.5) 
Quantum number for the orbital angular momentum, 
defined by L2", = l(l+ 1)", (2.2) 
Orbital angular momentum vector (Section 1) 
Components of the vector L (1.2), (1.3) 
Quantum number for the z component of an angular 
momentum, defined by J.", = m", (1.4) 
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m' 

M 

n!! 
Pl(cos 9) 

r 

s 

V(jj'J,mm'M) 

a 

a 
(3 

e 

11",11",11 z 

",(x,y,z) 
",' 
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Quantum number for the z component of the angular 
momentum j' (5.1) 
Quantum number for the z component of the total 
angular momentum [=m+m'] (5.1) 
The double factorial (2.3) 
Legendre polynomial of order l (2.5) 
Radial coordinate in the spherical coordinate 
system (3.1) 
Spin angular momentum vector (Section 4) 
Components of the vector s (Section 4) 
Spin vector of a two-particle system (Section 4) 
Absolute square of the vector S (4.8) 
z component of the vector S (4.7) 
Matrix associated with a rotation around the z axis 
through a finite angle {} (4.6) 
A quantity related to the Clebsch-Gordan coefficient 
(5.8) 
Eigenfunction of the angular momentum operators 
J2 and Jz with eigenvalues j(j+1) and m, respec-
tively 0.4) 
Eigenfunction of the total angular momentum 
(5.1) 
Normalized spherical harmonic (2.4) 

Angle between the directions «(J,q,) and «(J',q,') 
(2.7) 
Spin function for a particle with spin up 
Spin function for a particle with spin down 
Kronecker delta (2.6) 
Angle of rotation (Ll) 

(4.1) 
(4.1) 

Polar angle (colatitude) defining the position of a 
particle (2.1) 
Polar angle (colatitude) of the wave vector k 
(3.5) 
Pauli spin matrices (4.2), (4.3) 
A wave function (1.1) 
The wave function '" after a rotation of the coor-
dinate system (Ll) 
Polar angle (longitude) defining the position of a 
particle (2.1) 
Up-spin component of the wave function", (4.5) 
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<I> 

Xo 

Xl,m 
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Down-spin component of the wave function I(J 

(4.5) 
Polar angle (longitude) of the wave vector k (3.5) 
Spin function for the singlet state of two particles of 
spin t (4.9) 
Spin function for the triplet state of two particles of 
spin t, corresponding to the orientation m of the 
resultant spin (4.10) 
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Multipole Radiation 

1. VECTOR SPHERICAL HARMONICS 

Let us suppose that the differential equations and boundary con
ditions for some classical vector field A(r) (which mayor may not be 
an electromagnetic field) are invariant under rotations of the coor
dinate system and under reflection (the parity operation). If A(r) is a 
solution, we obtain another solution by rotating the vector field bodily 
through some angle {} about the z axis. This "rotated" field has 
the following components: 

Az'(x,y,z) = cos{} Az(xcos{}+ysin{}, ycos{}-xsin{}, z) 
- sin{} AII(xcos{}+ysin{}, ycos{}-xsin{}, z) 

AII'(x,y,z) = sin{} Az(xcos{}+ysin{}, ycost'}-xsint'}, z) (1.1) 
+ cos{} AII(xcost'}+ysin{}, ycos{}-xsin{}, z) 

A.'(x,y,z) = Az(xcost'}+ysin{}, ycost'}-xsin{}, z) 

Since the field equations are linear (by assumption), we get yet 
another solution by taking the difference between the rotated field A' 
and the original field A. We let {} become infinitesimally small and 
obtain the new solution in the form 

A' -A = -it'} JzA = -it'} (Lz+Sz) A (1.2) 

where Lz is the angular momentum operator defined by (A,1.2) and 
Sz is defined as follows: 

( AZ) (-iAII) 
Sz ~: == ~Az (1.3) 

Since J zA is a solution if A is a solution, the infinitesimal rotation 
operator J z must commute with the differential equation of the vector 
field A. It is easy to verify that J z commutes with the operation 
VXA. 

796 
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The form J.=L.+S. can be interpreted as a breakup of the angular 
momentum operator J.l into orbital and spin angular momentum. 
The additional operator S. which did not appear in (A,1.2) is needed 
because of the "shuffling" of components apparent in (1.1): only 
the z component (along the axis of rotation) transforms like a scalar 
field. Thus the "spin" operator S. is a consequence of the vector 
nature of the field A. The operator identity S.(S. 2 -1) = 0 shows that 
S. can have only three eigenvalues: 1, 0, and -1. Hence the spin 
associated with a vector field is unity. The three eigenvectors of S. 
which correspond to these three eigenvalues are 

2Co = e. 
1 . 

2C-l = V2 (eor - tell) (1.4) 

where eor , ell' and e. are three unit vectors along the coordinate direc
tions. The 2Cm are normalized to unit length, and the signs are chosen 
to agree with the general relations (A,1.4). 

The operators J or and J II are defined analogously to J., (1.2), by 
performing rotations about the x and y axes, respectively. The three 
components of the vector J obey the commutation rules: 

JorJ II-J ~or = iJ., etc. 

which are characteristic of angular momentum operators. 
We now define vector spherical harmonics2 Y(8,q,) as vector functions 

of the angles only (independent of the radial coordinate r) which are 
simultaneous eigenfunctions of J. and J2=Jor2+JII2+J.2. Since the 
operators Land S commute, we can construct these vector spherical 
harmonics by using the vector addition law (A,5.1). For each value of 
J 2=J(J+1) with J~I, there are three kinds of vector spherical 
harmonics, corresponding to l = J + 1, l = J, and l = J - 1. They are 

,I 1 

Y"!I1(8,q,) == m?-I m,f-l CI1(J,M;m,m') YZm(8,q,) 2Cm' (1.5) 

We observe that only integral values of J appear, and this is neces
sary for a classical field since it must be single-valued. There are 
three different vector spherical harmonics for each value of J except 
for J =0. In the case J =0 we get only one vector spherical har-

1 At this stage of the analysis it is not apparent that the infinitesimal rotation 
operator J. is related to the angular momentum in the field. For the special case of 
the electromagnetic field a proof appears in Section 3. 

I Vector spherical harmonics similar to those defined here have been used by 
various authors, e.g., Corben (40), Goertzel (46) and Berestetski (48). 
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monic, corresponding to a value of L equal to unity and directed 
oppositely to S. The corresponding vector spherical harmonic is 
vgll = - (4r)-V2en where er is a unit vector in the radial direction. 

The vector functions V:Z 1 have parity (-ll Thus, for given 
values of J and M, the parity of the function with l = J is (- 1 V, 
while the parity of the other two functions is (_1)1+1. Since the 
scalar spherical harmonics Y lm form a complete set for scalar func
tions, and the 2Cm are a complete set of basis vectors in three dimensions, 
the vector spherical harmonics (1.5) are a complete set also. That is, 
any vector field A(r) can be written as a linear combination of the 
V:Z 1 (8,q,) with coefficients which depend on the radial coordinate r 
only. 

The vector spherical harmonics which we shall use most are the 
ones with l=J. We introduce the special notation XJM (8,q,) for 
V1fJl(8,q,). These functions can also be expressed in the form 

(1.6) 

where L is the differential operator - ir X V and the V's are the scalar 
spherical harmonics of Appendix A. The parity of XJM is (-l)J, 
and Xo vanishes identically. 

Since the operator VX commutes with the operator ], the curl of an 
expression with some definite value of J and M must be a linear 
combination of vector spherical harmonics with the same J and M. 
In particular, we have 

V X [f(r) XJM (8,q,)] = V X [fer) V~Jl(8,q,)] 

= f+(r) V:' J+1,l(8,q,) + f-(r) V:' J _ 1,l(8,q,) (1.7) 

where fer) is an arbitrary function of r, and f+(r) and f_(r) can be 
deduced from f(r). The vector spherical harmonics on the right side 
of (1.7) have parity - (-IV, in agreement with the fact that taking 
the curl of an expression with definite parity transforms it into an 
expression with opposite parity. 

Since the vector spherical harmonics form a complete set, an arbi
trary vector field A(r) can be expanded into a series: 

.. J 

A(r) = I I A(J,M;r) (l.8a) 
J-O M--J 

with 
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A(J,M;r) = r-1 [!(J,M;r) XJM + g(J,M;r) Y~J+l.l 

+ h(J,M;r) Y~J-l.l] (1.8b) 

where !, g, and h are functions of the radial coordinate r only. Each 
term A(J ,M ;r) is called a "pure multipole field" and is an eigen
function of the operators J2 and J.: 

J2 A(J;M;r) = J(J+l) A(J,M;r) 

J.A(J,M;r) = M A(J,M;r) 
(1.9) 

Furthermore the first term in (1.8b) has parity (-I)J, while the 
remaining two terms have parity - (-IY. 

The vector spherical harmonics satisfy the orthogonality and 
normalization relations 

(1.10) 

These relations can be used to obtain explicit expressions for the 
functions!, g, and h in (1.8b). We form the dot product of the general 
vector field A(r) with the quantity [Y7z1(O,Ij»]* and integrate over all 
angles, but not over r. This gives the results 

r-1 !(J,M;r) = f[XJM(O,Ij»]*.A(r,O,Ij» dn 

r- 1 g(J,M;r) = f[Y~J+l.l(O,Ij>)]*·A(r,O,Ij>) dn 

r- 1 h(J,Jlrf;r) = f[Y~J_l.l(O,Ij»]*·A(r,O,Ij» dn 

(1.11) 

2. ELECTRIC AND MAGNETIC MULTIPOLE EXPANSION 
IN FREE SPACE 

We now apply the expansion (1.8) to the electromagnetic field in 
free space. We restrict ourselves to fields varying periodically in 
time: 

E(r,t) = E(r) e-iwt + E*(r) e+iwt (2.1) 

with a similar equation for the magnetic field 3C. The Maxwell equa
tions in free space (using mixed Gaussian units) are then 1 

c VX3C = -iwE c VXE = iw3C (2.2) 

It is a consequence of these equations that the divergence of E and 3C 
is zero. 

Evidently, both vector fields E and 3C can be expanded in the form 
(1.8). From now on, we shall use the quantum numbers l,m instead 

1 From here on the symbols E and X stand for the functions E(r) and X(r) 
defined by (2.1), i.e., E and X are independent of time. 
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of J,M in the multi pole expansions (1.8). The electromagnetic 
multipole fields are furthermore subdivided into electric and magnetic 
multipoles. This division is made on account of the parity of the 
field. According to the definitions of Chapter XII, Section 2, the 
relations are as follows: In the electric multipole radiation of order 
l,m, the electric field has the parity - (-1)1, and the magnetic field 
has the parity (_1)1. In the magnetic multipole radiation of order 
l,m the parities are exactly opposite. 

The parity properties of the field strengths make it possible to 
determine directly the angular dependence of the field strengths. 
Consider first the electric multi pole radiation of order l,m. Its mag
netic field must have the parity (_1)1, and hence in the expansion 
(1.8) of this field the functions g(l,m;r) and h(l,m;r) must vanish since 
the Y/:I±l.l have the wrong p~rity: 

(electric radiation) (2.3) 

The function fE(l,m;r) can be determined from the free-space wave 

equation (,,=w/c) 

(2.4) 

which follows from (2.2). Substituting (2.3) into (2.4) leads to the 
well-known radial equation for f in free space: 

[:,22 _ l(l~ 1) + ,,2] f(l,m ;r) = 0 (2.5) 

Since we are interested in radiation emitted by a source at the origin, 
we look for a solution of (2.5) which represents an outgoing wave. 
This is the function ul(+)(r) which was defined in Chapter VIII, 
(VIII,2.41). It is normalized by the condition that 

uI(+)(r) '" exp [i("r-llr)] (for r---+ 00 ) 

Hence we can write for the magnetic field of the electric multipole 
radiation of order l, m 

:Je(r) = aE(l,m) :JeE(l,m;r) } 

u/+)(r) (outside the source) 
:JeE(l,m;r) = X1m(O,c/» 

"r 

(2.6) 

In this form the field appears as an amplitude aE(l,m) times a standard 
space dependence which is non-dimensional. Thus the amplitude 
aE(l,m) has the dimension of a field (= charge/r2). 
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The corresponding electric field of the electric multipole radiation of 
order l,m can be calculated by applying the first Maxwell equation 
(2.2) to (2.6): 

E(r) = ag(l,m) E.(l,m;r) } 

i (outside the source) 
EE(l,m;r) = - VX3C.(l,m;r) 

" 

(2.7) 

I t is seen from relation (1.7) that the electric 'field E belongs to the same 
eigenvalues of J 2 and J2 as 3C but, if written in the form (1.8), would 
give rise to f(l,m;r) =0, g(l,m;r) ~O, h(l,m;r) ~O. 

The electric and magnetic fields of the magnetic multi pole radiation 
can be derived in a similar way by exchanging the roles of E and 3C. 
We get the following expressions, which are analogous to (2.6) and 
(2.7), for magnetic radiation of order l,m outside the source: 

(2.8) 

and 

3C(r) = a,..,(l,m) 3C",(l,m;r) } 

i (outside the source) 
3C.u(l,m;r) = - - VXEM(l,m;r) 

" 

(2.9) 

Hence expressions (XII,2.7) and (XII,2.8) are justified. 1 

The vector spherical harmonic Xzm(8,q,) is easily shown to be a 
transverse vector, i.e., perpendicular to the radial vector r at all 
points of the sphere. Hence the magnetic field in electric multi pole 
radiation has no radial component, and this radiation is therefore 
sometimes called "transverse magnetic" or T M radiation. It seems 
more appropriate to call it electric radiation, since we shall see that the 
electric charge density in the source determines the major part of that 
radiation, whereas the current density determines the magnetic (or 
T E) radiation. 

It should be noted that XZm=O for l=O. Hence no multipole radia
tion exists of order l = o. 

1 Expressions for the electric and magnetic fields in pure multipole radiation have 
been derived by many authors, e.g., Heitler (36), Hansen (35), Dancoff (39a) , 
Corben (40), Goertzel (46), Franz (50). 
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3. ENERGY AND ANGULAR MOMENTUM OF THE MULTIPOLE 
RADIATION 

We now study the energy and the angular momentum of the multi
pole radiation. Consider a region of space, such as a large spherical 
box around the origin. The energy of the electromagnetic field in 
this sphere is given by 

Energy in field = ~ f (E*·E + :JC*.:JC) dV (3.1) 
411" 

Here only the time-independent terms are included because the others 
do not contribute to the average value. The density of linea.r momen
tum in the field is l/c2 of the Poynting vector (which gives the energy 
flow), i.e., the linear momentum density is (411"C)-I(EX :JC). The 
density of angular momentum is the cross product of the radius vector 
r and the linear momentum density. Hence we get for the time aver
age of the total angular momentum in the field 

G = (411"C)-lf r X (E*X:JC + EX :JC*)dV (3.2) 

We wish to relate the angular momentum in the radiation field to 
the infinitesimal rotation operator of the previous section. l It is 
possible to prove the equality 

1(-1 f[E*·(J.E) + :JC*.(J.:JC)] dV 
= z component of I r X (E* X:JC + EX :JC*) dV (3.3) 

by the use of the Maxwell equations (2.2) and a number of vector 
relations. It is necessary for the validity of (3.3) that all surface 
integrals vanish, i.e., the fields must be zero at the boundary of the 
large volume into which the fields are included. We can imagine, for 
example, that the field was switched on some finite time T ago, and 
the volume is chosen such that its radius exceeds cT. 

Let us consider in particular a pure multipole field l,m. In this 
case J.E = mE, J.:JC = m:JC, and we get directly from (3.1), (3.2) and (3.3) 

G. = m ~ f CIEI2+1:JC12) dV = (m) X (energy in field) (3.4) 
'" 411" '" 

I The following proof, as well as much of the rest of this appendix is based on 
the work of Franz (50). Indeed, the only additions to Franz's work are at the 
very beginning and end of this appendix: the derivation of the operator J from 
infinitesimal rotations, and the relation of the multipole fields to the source of the 
radiation (the multipole moments). 
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Hence, if there is only one quantum of this multipole radiation in 
the field, the energy is hw and the z component of the angular momen
tum is hm. A similar consideration shows that, in this case, the 
square of the angular momentum is l(l+ 1)h2• This constitutes the 
proof that the angular momentum of each quantum of a multi pole 
radiation field, is determined by its order l,m just as the angular 
momentum of a particle is determined by the quantum numbers l 
and m.l 

4. THE SOURCES OF MULTIPOLE RADIATION; MULTIPOLE 
MOMENTS 

We now connect the radiation with its sources and we determine the 
amplitudes aE(l,m) in (2.6) and (2.7) as functions of the current density 
and magnetization of the source. In view of the later applications to 
nuclei, we shall assume that the source contains not only a distribution 
of currents j(r) and charges p(r), but also a distribution of magnetiza
tion M(r). The Maxwell equations for a periodically varying field 
then are 2 

cVX3C = -iwE + 41!'j 

cVXE = iw (3C + 4'11'M) 

div j = iwp 

( 4.1a) 

(4.1b) 

(4.1c) 

Equations (4.1) reduce to (2.2) outside the source. We shall also 
need the equations for E or 3C alone, obtained by eliminating one or 
the other of the fields from (4.1). These equations are, with K='W/C, 

1 It follows from this derivation that the angular momentum is contained every
where in the field, not merely in the near zone, as asserted by Heitler (36). This 
can be seen most simply by imagining that the field was emitted during a short 
time t1t. The field then spreads out like a spherical shell, and the angular momen
tum contained in the field initially has to stay within that expanding shell. 

We can write (3.2) in the form 

G = (4.rc)-lf[(NC)S* - 'r'S*)3C] dV + complex conjugate 

Heitler's argument is based on the fact that the fields are transverse in the wave 
zone. However, this transversality is not complete. Either S or 3C or both have 
radial components proportional to r- 2, so that either (r·S) or (r·3C) or both are 
proportional to r- l, giving a finite contribution to the integral even in the wave 
zone. 

S The continuity equation (4.1c) is independent of the preceding two. The 
three equations (4.1) imply that divS=4.rp and div(3C+4,..M) =div(B) =0, which 
are the remaining Maxwell equations. This derivation of the remaining two 
Maxwell equations from the three equations (4.1) depends upon the assumption 
w F- 0, and consequently fails for static fields (which are of no interest here). 
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4ri" . 
vxvx£ - ,,2£ = - (J + cvxM) 

c 

(4.2a) 

(4.2b) 

Evidently these equations are the generalizations of (2.4) in the 
presence of the sources. 

We shall determine the solutions of (4.2) which have the character of 
pure multipole radiations. We begin with the electric radiation of 
order l,m. It was shown in Section 2 that the magnetic field must 
have the form (2.3). The need for this special form arises from sym
metry considerations (correct angular momentum and parity) and is 
therefore not affected by the presence of sources of the field. On the 
other hand, the function fg(l,m;r) defined by (2.3) no longer satisfies 
the differential equation (2.5). We find the correct differential equa
tion by substituting (2.3) into (4.2a), taking the scalar product of 
X1m *(8,q,) with the differential equation (4.2a), and integrating over all 
angles (but not over r). The result is 

[ d2 l(l+ 1) 2] 
- dr2 + -r2- -" fg(l,m;r) = K.(l,m;r) (4.3) 

where the source term K. is given by 

K.(l,m;r) = ~ f [Xlm*(8,q,)].[Vxj + c,,2M] dn (4.4) 

The integration in (4.4) is over the angles only, not over r. Outside 
the source itself, the source term K vanishes, and we obtain (2.5) whose 
solution is (2.6). 

We get similar expressions for the magnetic radiation of order l,m. 
In this case the electric field is given by an expression of the form 
(2.3) : 

(magnetic radiation) (4.5) 

where fM(l,m;r) satisfies a differential equation equal to (4.3) except 
for the source term, which becomes 

4'lI"i"r f . KM(l,m;r) = -c- [X1m*(8,q,)HJ + cvxMj dO (4.6) 

AB in (4.4), the integration is over the angles only, not over r. Outside 
the source itself, the source term again vanishes, so that the electric 
field in the magnetic radiation is given by (2.8). 
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Equation (4.3) with the source terms (4.4) and (4.6) enables us to 
determine the values of the amplitudes aE(l,m) and aM(l,m) of the 
fields outside the source. We simply solve (4.3) with the sources 
(4.4) and (4.6) for all r and find the asymptotic form of IE and IN for 
large r. Comparison of the asymptotic form of IE with (2.6) deter
mines the amplitude aE(l,m), while a comparison of the asymptotic 
form of 1M with (2.8) determines the amplitude aM(l,m). 

The Green's function for (4.3) can be written in terms of the solu
tions of the homogeneous differential equation. We need the regular 
solution F/(r), (VIII,2.39), in addition to the outgoing wave solution 
u/<+)(r), (VIII,2.41), employed so far. Let r< denote the smaller of r 
and r', r> denote the larger of rand r'. Then the Green's function for 
(4.3) which leads to outgoing radiation is 

G(r,r')' = ,,-I F/(r d u/<+)(r» 

The solution of (4.3) for arbitrary values of r is 

IB(l,m;r) = !O" G(r,r') KE(r') dr' 

(4.7) 

(4.8) 

We are interested only in the asymptotic behavior of this solution for 
large r, outside the source. Then the values of r' which contribute to 
the integral (4.8) are smaller than r, so that we can identify r < in 
(4.7) with r', r> with r, giving 

IE(l,m;r) = ,,-I [!o" F/(r') Kir') dr'] u/<+)(r) 

(outside the source) (4.9) 

Comparison of (4.9) with (2.3) and (2.6) gives the following value 
for the amplitude of the electric radiation: 

aE(l,m) = 10" F/(r) KE(r) dr 

= 4; f r-1 F/(r) X1m*·(vxj + c,,2M)dV (4.10) 

An entirely analogous derivation gives, for the amplitude of the 
magnetic radiation, 

(4.11) 
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The last integrals in (4.10) and (4.11) extend over the entire volume 
of the source distribution. We emphasize that expressions (4.10) 
and (4.11) are exact. We have not made any approximations (such 
as wavelength long compared to the dimensions of the source) and 
have identified the multi pole fields and the contributing parts of the 
source by their symmetry properties under rotation and inversion, 
properties which are independent of the wavelength and follow directly 
from the basic invariance of the Maxwell equations. These relations 
were derived independently by Wallace (51) by a somewhat different 
method. 

At this stage of the analysis, however, it becomes preferable to 
assume that the wavelength of the light is large compared to the 
dimensions of the source, i.e., that "r«l for all values of r which con
tribute to the integrals in (4.10) and (4.11). In that case we can 
replace the regular solution FI(r) by its asymptotic form for small 
values of r, ("r)l+l/(2l+1)!!. We also use the explicit form (1.6) 
for Xlm and the Hermitean property of the operator L to get instead of 
(4.10) the approximate form 

411" ,,1+1 f 
ag(l,m) ~ - -v1Cl+l) rl Ylm *(8,1/» (L·Vxj + c,,2L·M) dV 

c (2l+1)!! l(l+l) 

We now use the vector identities: 

L·vxj = -i [(r·v + 2)(V.j) - V2(r·j)] 

L·M = iv·(rX M) 

(4.12) 

(4.13) 

The divergence of j can be expressed in terms of the charge density p 

by means of the continuity equation, (4.1c). The integral in (4.12) 
then assumes the form 

I rl Y lm*(8,1/» [w(r'V)p + 2wp + iv2(r.j) + ic,,2V·(rxM)] dV 

We now perform integrations by parts. The operator (r·V) =riJ/iJr 
then gives a factor - (l+3), while the Laplacian operator V2 gives zero 
when applied to the function rlYlm *. Thus the final result is 1 

I It may appear surprising that this final result depends on the current density j 
only through v·j (i.e., through p), whereas the exact expression (4.12) contains j 
only through V Xj. (This difficulty was pointed out to us by Dr. B. French, in a 
private communication.) However, if the divergence and curl of a vector field 
are aBBigned arbitrary independent values, the field decreases for large distances 
only very slowly, like r- 2• Conversely, if we know that j vanishes identically 
outside some source radius R, v·j and V Xj are no longer independent of each 
other. 
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'" _ 411" (l+ 1)1/2 1+2 Q' 
aE(l,m) = (2l+ 1)!! l ,,(Qlm + 1m) (4.14) 

where 
Qlm = f rl Y lm *(8,q,) per) dV (4.15) 

Q'lm = - l~l J rl Y lm*(8,q,) div (rxM) dV (4.16) 

An entirely similar derivation reduces (4.11) to the approximate 
form l 

where 

'" 411" (l+ 1)112 1+2 , 
aM (l,m)=+(2l+1)!! l ,,(Mlm+M lm) 

M lm = - C(l~ 1) J rl Y lm *(O,q,) div (rxj) dV 

M'lm = - f rl Y lm*(8,q,) div M dV 

(4.17) 

(4.18) 

(4.19) 

Unlike equations (4.10) and (4.11), equations (4.14) to (4.19) are 
only approximate and depend for their validity on the assumption that 
the wavelength of the emitted light is large compared to the dimensions 
of the source. 

5. EXPANSION OF A PLANE WAVE INTO MULTIPOLE FIELDS 

It is convenient to consider circularly polarized light. For right 
and left circularly polarized light waves moving in the z direction, 
the electric vector is given by 

1 
E(r) = V2 (e",±ie ll) exp (i"z) = +exp (i"z) 2C±1 (5.1) 

where the upper sign refers to right circular polarization, the lower one 
to left circular polarization. The magnetic field is determined from 
the free-space Maxwell equations (2.2) to be 

:Je(r) = ezXE(r) = i exp (i"z) 2C±l (5.2) 

We now use the expansion, (A,3.1) and (A,3.2), for the exponential, 
and we express the product Y I ,o(8) 2Cm in terms of the vector spherical 
harmonics YllJl1 by the use of (A,5.5). The result is 2 

I The choice of opposite signs in (4.14) and (4.17) was made in order to get 
physically reasonable signs for the mUltipole moments Q and M. 

I The term J -0 is absent since M -m,+m. is never zero. 
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t(r) + i Ji1 
i IY41r(2l+1) C/l(J,±l;O,±l)il(Kr) Y;I~(9,q,) 

J-1 l-J-1 

(5.3a) 
.. J+1 

:re(r) l l iIHY41r(2l+1) C/l(J,±l;O,±l)il(Kr) Y;d(9,q,) 
J-1 I-J-1 

(5.3b) 

We observe that the only multi pole fields which occur are those with 
M = ± 1. This is a consequence of the fact that we are quantizing 
angular momenta in the direction of the beam, so that the orbital 
angular momentum has ml = 0, and the spin of the photon, though 
unity, can have the z components m. = ± 1 only, because the electro
magnetic field is transverse, whereas the vector 2Co = ez for m, = ° is 
longitudinal. Furthermore only the regular spherical Bessel function 
jz(Kr) = (Kr)-l FI(r) occurs in this expansion because the plane wave 
(5.1) is regular everywhere, including the point r=O. 

In order to bring the expansion (5.3) into a more familiar form, 
we concentrate our attention on the terms involving the vector 
spherical harmonics Y1fJl with l=J, i.e., the XJN defined by (1.6). 
From Table 5.2 of Appendix A we obtain for the relevant Clebsch
Gordan coefficients 

C/l(J=l,±l;O,±l) = +Vt 
We identify the terms in t(r), (5.3a), which are proportional to 

XJN as magnetic radiation, the terms in :re(r) proportional to XJN as 
electric radiation, according to the arguments of Section 2. The 
magnetic field in magnetic radiation and the electric field in electric 
radiation are then found from the free-space Maxwell equations (2.2). 
The result is (writing l instead of J) 

.. 
t(r) = 2: i IY21r(2l+1) {±K-I curl [il(KT) XI.±ll + i/(Kr) XI.±t! 

1-1 

.. 
:re(r) = 2: i/V21r(2l+1) {+ij/(Kr) X/.±l - ~ curl [j/(Kr) x/.±Il} 

1-1 

(5.4a) 

(5.4b) 

This is the desired expansion of the plane wave, (5.1) and (5.2). 
In each brace the first term represents electric radiation, the second 
magnetic radiation. 
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6. THE ABSORPTION PROBABILITY OF A LIGHT QUANTUM 

We determine the probability that a system is excited from a lower 
state a to a higher state b by the absorption of a light quantum from an 
unpolarized incident beam. The beam is parallel to the z axis and is 
not monochromatic. It contains all frequencies near the resonance 
frequency Wab= (Eb-Ea)/h, and the number of quanta incident per 
square centimeter per second with frequencies between wand w+dw 
is S(w) dw. We also assume that the parity and angular momentum 
of states a and b are such that the transition can be performed only by 
the absorption of an electric multi pole quantum of order l.l 

We connect the absorption probability AE(l) with the spontaneous 
emission probabilities T .(l,m) which were determined in Chapter 
XII, Section 3, and are given by (XII,3.21). The incident plane wave 
contains multi pole radiation with the quantum numbers m = ± 1 only; 
hence the absorption is the reverse process of the emission of a multi
pole l with m = ± 1. Thus the absorption probability AE(l) is pro
portional to the sum of the emission probabilities T E(l, m = 1) and 
T .(l, m = -1); it is also proportional to the flux in the incident light 
beam at the absorption frequency Wab, i.e., to S(Wab). We can there
fore write 

(6.1) 

where ql is a constant factor which we must now determine. 
In order to find ql we make use of the fact that the probabilities of 

the two inverse processes, the absorption and the spontaneous emission, 
are equal if the intensity of the incident light in the case of absorption 
is such that there is one light quantum in each proper vibration of the 
radiation field. Under this condition the statistical weight of the 
end states in the two inverse processes is equal: every proper vibration 
into which a quantum may be emitted corresponds to one proper vibra
tionfrom which a light quantum may be absorbed. Let SOI(Wab) be the 
light flux corresponding to this condition for the multipole radiation of 
order l. Then we get 

A.(l) = T.(l,l) + T.(l,-I) = qISOI(Wab) [T.(l,l) + T.(l,-I)] (6.2) 

so that the coefficient ql in (6.1) is given by 

ql = [SO/(Wab)]-l (6.3) 

Thus the problem is reduced to the determination of the particular 
flux SO/(W), which corresponds to one light quantum in each proper 

I This a88umption is made for the sake of simplicity and can be removed without 
difficulty. 
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vibration of the radiation field with multi pole order l. In order to 
define the proper vibrations we include the radiation field in a large 
sphere of radius R with perfectly reflecting walls (at which the tan
gential component of the electric field must vanish). The proper 
vibrations (normal modes) of the radiation field in this box are stand
ing waves of definite multipole type. The electric modes have the 
form 

3Cg (l,m;r) = il(Kr) Xlm 
(6.4) 

where il(Kr) is the spherical Bessel function used in Appendix A, 
Section 3. The magnetic multi pole modes are obtained by the replace
ment 3C --t E, E --t - 3C. In either case the boundary condition at 
r=R restricts the possible values of the wave number K. We need 
the number of normal modes of given multipole type l,m with wave 
numbers K between K and K+dK. Let us call this number Z(K) dK (it is 
independent of land m). Then the use of the asymptotic form (A,3.4) 
for the spherical Bessel functions together with the boundary condition 
at the walls of the sphere gives 

R R (dw) Z(K) dK = - dK = - -
11" 11" C 

(6.5) 

We shall now construct a plane wave which corresponds to an inci
dent continuous spectrum of frequencies. This wave is an incoherent 
superposition of waves of type (5.1) having frequencies w within some 
finite frequency interval. The amplitudes of the waves (5.1) of fre
quency w we shall call At (w)and AOi(w) for the right-hand and left
hand circularly polarized parts, respectively. IAit(w)1 2 dw is the 
intensity of the right-hand circularly polarized wave in the frequency 
interval dw. We shall choose the amplitudes A 01 such that the number 
of quanta of type l,m within the frequency interval w, w+dw is given 
by (6.5). Then the quantum flux (number of quanta per square 
centimeter per second) in this wave in the frequency interval dw is 
Soz(w) dw. 

We start by determining the amplitudes A it and A Oi. The energy 
of the electromagnetic field in this plane wave associated with a given 
multipole type (say electric, with definite land m) can be found by 
taking the relevant term from (5.4a) and substituting this field into 
(3.1). Since the various frequencies which make up this beam are by 
assumption incoherent, the cross terms drop out, and the energy dE 
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contained in the frequency interval w, w+dw and of multipole type 
1, m= +1 is 

dE(l, m= +1) = (21+1) loR jhKr) r2 dr IA;t(w)1 2 dw 

= (21+ 1) R2 IA;t(w)J2 dw 
2K 

(6.6) 

where we have used the asymptotic form (A,3.4) of jl(Kr) to evaluate 
the integral. A similar expression holds for dE(l, m = -1). 

The number of quanta of definite multi pole type in the frequency 
range in question is given by dEj(hw). Equating this to (6.5), we get 

IA;t(w)i2 = IAOi(w)J2 = ; (~) ,,2 (21+1)-1 (6.7) 

Now that we know the amplitudes, we merely have to determine the 
flux of quanta associated with this plane wave. The energy flux is 
given by the average value of the Poynting vector, i.e., by (XII,3.13) 
and (XII,3.14). The energy flux associated with the frequency 
interval dw is therefore 

Energy flux in dw = ..:.. [IA;t(w)i2 + IAOi(w)!2] dw (6.8) 
211" 

The flux of quanta is obtained from (6.8) by division by the quantum 
energy hw, and this flux must be equated to SOI(W) dw. We then get 
the final result for the proportionality coefficient ql in (6.1): 

(6.9) 

Equations (6.1) and (6.9), together with (XII,3.21) for the transi
tion probability TE(l,m), give the absorption probability (XII,3.25). 

a 

A(r) 
A' 

SYMBOLS 

Quantum state of a material system before absorp-
tion of radiation (Section 6) 
Amplitude of the electric multi pole radiation of 
order l,m (2.6) 
Amplitude of the magnetic multipole radiation of 
order l,m (2.8) 
A general vector field (Section 1) 
The vector field A after a rotation of the coordinate 
system (11.) 
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A(J,M;r) 

Atz(w) 

A iii(w) 

b 

B 
c 
C/l(J,M;m,m') 

dE(l,m) 

dn 

E=E(r) 

E(r,t) 

E.v(l,m;r) 

Appendix B 

Probability per unit time for the transition a-b 
with absorption of a quantum of electric multi pole 
radiation of order l (Section 6) 
The part of the general vector field A(r) with total 
angular momentum J and z component of total 
angular momentum M (1.8) 
Amplitude of the right-hand circularly polarized 
wave of frequency w in the incident spectrum 
(Section 6) 
Amplitude of the left-hand circularly polarized wave 
of frequency w in the incident spectrum (Section 
6) 
Quantum state of a material system after absorption 
of radiation . (Section 6) 
Magnetic induction vector 
Speed of light (2.2) 

(Section 4) 

Clebsch-Gordan coefficient; for its definition and 
properties see Appendix A, Section 5 (1.5) 
Energy contained in the frequency interval w, w+dw 
and associated with radiation of multi pole type 
l,m (6.6) 
Element of solid angle (1.10) 
A unit vector in the outward radial direction 
(Section 1) 
A unit vector in the x direction 
A unit vector in the y direction 
A unit vector in the z direction 

(1.4) 
(1.4) 
(1.4) 

Energy of the system in quantum state a (Sec-
tion 6) 
Energy of the system in quantum state b (Section 
6) 
Electric field vector of a periodically varying field 
(2.1) 
Electric field vector of a field varying arbitrarily with 
time (2.1) 
Standard electric field of the electric multi pole 
radiation of order l,m (2.7) 
Standard electric field of the magnetic multi pole 
radiation of order l,m (2.8) 
An arbitrary function of r (1.7) 
A function derivable from fer) (1.7) 
A function derivable from fer) (1.7) 



J(J,M;r) 

Jg(l,m;r) 

g(J,M;r) 

G 

G(r,r') 
h(J,M;r) 

:Je = :Je(r) 

j = j(r) 
jl(ICr) 

J 

J2 

J. 
J 

Kg(l,m;r) 
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Coefficient of the vector spherical harmonic XJM in 
the multi pole expansion of a general vector field 
(1.8b) 
Radial dependence of the electric multi pole field of 
order l,m (2.3) 
Radial dependence of the magnetic multi pole field of 
order l,m (4.5) 
Regular solution of the radial equation for angular 
momentum l; for its definition, see Chapter VIII, 
(VIII,2.39) (4.7) 
Coefficient of the vector spherical harmonic Y:'J+I, I 
in the multi pole expansion of a general vector field 
(1.8b) 
Angular momentum vector for the radiation field as 
a whole (3.2) 
The Green's function for the radial equation (4.7) 
Coefficient of the vector spherical harmonic Y:' J - 1,1 

in the multipole expansion of a general vector field 
(1.8b) 
Magnetic field vector for a periodically varying field 
(2.2) 
Standard magnetic field of the electric multi pole 
radiation of order l,m (2.6) 
Standard magnetic field of the magnetic multi pole 
radiation of order l,m (2.9) 
Current density in the source of the field (4.1) 
Spherical Bessel function; for its definition and 
properties see Appendix A, Section 3 (5.3) 
Quantum number for the total angular momentum, 
defined by J 2Y=J(J+1)Y (1.5) 
Absolute square of the vector J (Section 1) 
z component of the vector J (1.2) 
Angular momentum vector operator for a vector 
field (Section 1) 
Source term for the radial wave equation of the 
electric multipole field of order l,m (4.3), (4.4) 
Source term for the radial wave equation of the 
magnetic multipole field of order l,m (4.6) 
Quantum number for the orbital angular momp.ntum, 
defined by L 2Y=l(l+1)Y (1.5) 
Quantum number for the total angular momentum 
(used in place of J) (Section 2 ff) 
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L 

L~ 

m 

m 

m' 

M 

M=M(r) 

Q'lm 

s 

S. 
S(W) 

Appendix B 

Orbital angular momentum vector operator 
[= -irx V] (Section 1) 
z component of the orbital angular momentum 
operator L (1.2) 
Quantum number for the z component of the orbital 
angular momentum (Section 1) 
Quantum number for the z component of the total 
angular momentum (used in place of M) (Sec
tions 2 ff.) 
Quantum number for the z component of the spin 
angular momentum (Section 1) 
Quantum number for the z component of the total 
angular momentum, defined by J z Y = MY (1.5) 
Density of magnetization in the source of the field 
(4.1) 
Magnetic multipole moment of order l,m associated 
with the convection currents (4.17), (4.18) 
Magnetic multipole moment of order l,m associated 
with the distribution of magnetization M (4.17), 
(4.19) 
Proportionality factor relating the probability for 
emission and absorption of multipole radiation of 
order l (6.1) 
Electric multi pole moment of order l,m associated 
with the convection currents (4.14), (4.15) 
Electric multi pole moment of order l,m associated 
with the distribution of magnetization M (4.14), 
(4.16) 
Position vector (Section 1) 
The smaller of T,T' (4.7) 
The larger of T,T' (4.7) 
Radius of a large sphere with reflecting walls (Sec-
tion 6) 
Spin angular momentum vector operator for a vector 
field (Section 1) 
z component of S (1.3) 
Quantum flux of the incident light beam per unit 
range of the circular frequency w (Section 6) 
Light flux corresponding to one light quantum in 
each proper vibration of the radiation field with 
multipole order l (6.2) 
Time coordinate (2.1) 



T 
T£(l,m) 

XJM (6,1/» 
Y ,m (6,1/» 

" 
p =p(r) 

I/> 

2C-1 

W 

Wab 
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A large time interval (Section 3) 
Probability per unit time of spontaneous emission of 
a quantum of electric multi pole radiation of order 
l,m, the material system dropping from state b to 
state a (Section 6) 
Radial wave function for an outgoing wave with 
angular momentum l; for its definition see Chapter 
VIII, (VIII,2.41) (2.6) 
Vector spherical harmonic with l=J (1.6) 
Scalar spherical harmonic; for its definition see 
Appendix A, Section 2 (1.5) 
Vector spherical harmonic (1.5) 
X umber of normal modes of multi pole order l,m per 
unit range of the wave number" (6.5) 

Kronecker delta (1.10) 
A short time interval (Seetion 3) 
Angle of rotation (1.1) 
Polar angle (colatitude) of the position vector r 
(1.5) 
Wave number of the electromagnetic radiation 
[=w/cl (2.4) 
Charge density in the source of the field (4.1) 
Polar angle (longitude) of the position vector r 
(1.5) 
Eigenfunction of a vector field with spin up (1.4) 
Eigenfunction of a vector field with horizontal spin 
(l.4) 
Eigenfunction of a vector field with spin down 
(lA) 
Circular frequency of a periodically varying electro-
magnetic field (2.1) 
Resonance frequency for the absorption of light by a 
system going from state a to state b [=(Eb-Ea)/h) 
(Section 6) 
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Page numbers in italics indicate pages in which the subject is discussed in detail. 

Absorption, see Radiative capture 
Abundance of nuclei, 761-762 
Addition theorem for spherical har
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Ag109, (a,n) and (a;2n) reactions with, 

491 
AI, neutron cross section of, 466 

proton cross section of, 486 
Alpha-alpha collisions, 298, 500-501, 

534 
Alpha-decay, 9, 565-579, 638 

accompanied by gamma-rays, 638 
discussion of experimental data, 574-

579, 762-763 
energy relations, 567 
Geiger-Nuttallaw, 576 
lifetime, see Alpha-decay, transition 

probability 
radii from, 15, 574-579 
selection rules in, 571 
theory of, 568-574 
transition probability, and nuclear 

radii, 14-15 
and possibility of observation, 21 
estimate of, 569 
experimental data and discussion, 

575-579 
used to estimate lifetimes of iso

meric states, 634 
Alpha-particle, binding energy of, 49, 

191, 202-203 
radius of, 357-358, 574 
scattered from an even-even nucleus, 

336 
Alpha-particle model, 292-299 
Angular correlation of successive radi

ations, 635--{j39, 693; see also Beta
decay, angular correlation between 
beta-particle and neutrino; Multi
pole radiation, angular distribution 
of; Reactions, angular distribution 
of reaction products 

Angular distribution, see M ultipole radi
ation; Neutron-proton scattering; 
Reactions 

Angular momentum, 781-784; see also 
Multipole expansion; Rotations; 
Spin 

and multipole order, 584, 802 
in a plane light wave, 808 
in alpha-decay, 571 
in beta-decay, allowed transitions, 

678~79, 697 
forbidden transitions, 727-729, 738 
of light nuclei, 722-723 

in electromagnetic field, 802-803 
in gamma-ray emission, 589 
in neutron-proton system with tensor 

force, 99 
in nuclear reactions, at high and inter

mediate energies, 426-428 
with slow neutrons, 422-423 

of a pair of p-shell nucleons, 282 
operators for, 781-782, 796-797 
vector addition of, 788-793 

Atomic mass vs. nuclear mass, 3, 12 
Axial vector interaction, in beta-decay, 

709-711,715,736,746-747 

BIO, (n,a) reaction on, 497-498 
BU, (a,n) reaction on, 501-504 
Background, in nuclear reactions, 465 
Band spectrum, 43 
Barrier, and cross sections near thresh-

01d,395 
and size of deuteron, 52 
and widths of neutron reactions, 463-

464 
and widths of resonance levels, 389-

390,406,410,441 
centrifugal, 359-361, 463-464 
Coulomb, general discussion, 16-21 

mathematical discussion, 359-363, 
573,682 
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Barrier, effect of, in limiting the angular 
momenta in nuclear reactions, 533 

height of, 346, 352-353, 464 
dependence on angular momentum 

of alpha-particle, 577 
ir. alpha-decay, 7-9, 565-567, 570, 

573,577 
in beta-decay, 682, 730-732 
in fission, 7-9, 565-567 
in neutron-proton scattering, 173 
in neutron reactions, 359-361, 463-
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in nuclear reactions, 329, 345, 358-
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penetration coefficient of, in nuclear 
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464 
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Bartlett force, 136 
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Bessel functions, spherical, 784 
Beta-decay, allowed transitions, 678, 
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forbidden transitions; higher-order 
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experimental values and discussion, 
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double, 673 
energy relations in, 10-12, 18, 672, 

685-686,763 
favored and unfavored transitions, 

718-726, 746 

Beta-decay, Fermi selection rule for, 
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forbidden transitions, 678, 691, 705, 
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tions of order zero 
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Gamow-Teller selection rule for, 679, 
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higher-order transitions 701,726-749; 
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and nuclear matrix elements, 717, 
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consistent with experimental data, 
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theory, 699 
possible in the relativistic theory, 
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derivation, 694-697 
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mixed interactions in, 704, 709, 718, 
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718, 733, 746-747 



Index 851 
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in allowed and favored transi
tions, 722-725 

in higher~rder transitions, 727-
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in the relativistic theory, 710-713, 
717, 738 

of CI31 and possible interactions, 746-
747 
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orbital electron capture, see K capture 
order of, 727 
ordinary transitions, 711-713, 735-736 
recoil of daughter nucleus, 67~75, 

687 
relation to nuclear dynamics, 699-
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relativistic effects, on electron-neu

trino angular correlation, 702, 
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on selection rules, 679, 705, 713 
on spectrum shape (allowed transi
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relativistic theory of, 705-718, 735-

749 
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of, 682~83 
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sence of spin~rbit coupling, 
722-723 

in the non-relativistic theory, 702, 
727-729 

in the relativistic theory, 710-713, 
736-739 

shell structure effects in, 748-749, 
763, 773-774 

spectrum shape, Coulomb correction 
to, 673, 677, 68()-683, 702, 731-
732, 735, 74$-743 

in higher~rder transitions, 730-
732,734-735,741- 743,746-748 

in zero~rder transitions, 672, 674-
676,68()-684,689,715,717,720 

transitions of order zero, 701-718, 739 

Betll.-decay, Wigner-Critchfield inter
action in, 709, 718, 737,747-748 

with emission of two neutrinos, 683-
684 

Beta-spectrum, end point of, 683 
Beta-stability, see Stability, against 

beta-decay 
Bi, (a,n) and (a;2n) reactions on, 492 
Binary fission, see Fission 
Binding energy, 3~; see also Beta-decay, 

energy relations in; Separation 
energy; Stability 

in alpha-particle model, 293-295, 298 
in uniform model, 271, 278 
mass equivalence of, 4 
of alpha-particle, 202-203 
of deuteron, 51-56, 63, 101 
of electrons in atoms, 11-12, 617~18, 

685~87 

of He l , 204 
of last nucleon, see Separation energy 
of triton, 201, 204 
Weizsii.cker semi-empirical formula 

for, 225-233, 273-274, 565-567 
Binding fraction, 4, 6 
Bohr compound nucleus assumption, 

340-345, 379-394 
Bohr magneton, 31, 35 
Born approximation, 171 
Bose statistics, 39-43, 500 
Branching ratio, see Beta-decay; Reac

tions 
Breit-Wigner formula, see Reactions 

C l2, slow neutron cross section of, 460 
CH, beta-decay of, 284, 672, 694, 719, 

734 
(p,n) reaction on, 501-504 

Capture, see K capture; Neutron-proton 
capture; Radiative capture; Reac
tions 

Cd, neutron cross section of, 472 
Center~f-mass coordinates, 57, 314-

315 
Centrifugal barrier, 359-361, 463-464 
Channel, see Reactions 
Charge density, in nucleus, 24 
Charge independence of nuclear forces, 

see Mirror nuclei; Nuclear forces; 
Reactions, mirror 
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Chemical bond effect, in neutron-proton 
scattering, 56, 59, 71-80 

Clu, beta-decay of, 734-735, 746-747 
Clebsch-Gordan coefficients, 790-793 
Closest approach, distance of, 87, 346 
Coherent scattering, 80--86 
Comparative half-life, Bee Beta-decay 
Compound nucleus, Bee Bohr compound 

nucleus assumption; Reactions 
Conditional saturation, 149, 151 
Conjugate nuclei, Bee Mirror nuclei 
Conservation theorem, Bee Angular mo-

mentum; Parity; Reactions 
Correlation, angular, Bee Angular corre

lation 
of nucleons within nucleus, 133, 777-

779 
Cosmic rays, nuclear reactions in, 496 
Coulomb barrier, Bee Barrier, Coulomb 
Coulomb energy, and binding energy of 

heavy nuclei, 5 
and favored beta-decays, 719 
and fission, 304-305 
and liquid drop model, 303-305 
and supermultiplet theory, 236 
and systematics of stable nuclei, 223 
and threshold of (p,n) reactions, 485 
and uniform model, 273 
estimate of, 216-217 
exchange, 143, 229 
in collapsed state of nucleus, 143-144 
in mirror nuclei, 18, 228 
in Weizsacker semi-empirical formula, 

226 
of He l , 204-205 
operator for, 142 

Coulomb radius, 204-205, 216, 229, 274; 
Bee allo Stability, charge effect on 

Coulomb scattering, and nuclear scat
tering, 86-91, 336, 396, 429 

Coulomb wave functions, 88-89, SSO-
SSl,362 

CroBS section, 317; Bee allo Neutron
proton scattering; Radiative tran
sitions; Width 

capture, Bee CroBS section, radiative 
capture 

differential, Bee Neutron-proton scat
tering, angular distribution; Re
actions, angular distribution 

Cross section, elastic scattering, 317 
expressed in terms of conditions at 

the nuclear surface, 321, 328, 
334 

in continuum theory, 354, 433--434 
in resonance theory, 393, 401, 438 
near zero energy, 396 
of neutrons on intermediate nuclei, 

464--470 
of slow neutrons (with spins), 425-

426 
spin effects on, 425--426, 429--430, 

438 
expressed in terms of the scattering 

matrix, 520--521 
for formation of the compound nu-

cleus, by gamma-rays, 652--657 
continuum theory of, 345-358, 480 
dependence on spins, 540 
experimental data, 490-494 
general discuBSion, 342-345 
resonance theory of, 392 

for (n,p) reactions with high-energy 
neutrons, 481 

for (a,{3) reaction, 342, S91--!l94, 409-
4lO,558 

angular dependence of, 532-542 
with spins, 435--436 

for secondary reactions, 375 
geometrical limitations on, 317-325, 

439 
near threshold, 394-397 
neutron-proton scattering, Bee Neu

tron-proton scattering 
photodisintegration, 651--657 
radiative capture, and shell structure, 

763-766 
general theory of, 600--603 
near resonance (Breit-Wigner for

mula),394 
near resonance (Breit-Wigner for-

mula with spins), 437 
of fast neutrons, 467, 476--480, 764 
of neutrons by protons, 605--612 
of protons, 487 
of thermal neutrons, 470--476, 651 

reaction, 317 
expressed in terms of conditions at 

the nuclear surface, 321, 327-
329, 334 
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Cross section, reaction, for high-energy 
neutrons, 483 

nearre80nance, 408, 425, 430-433 
related to scattering length, 61 
scattering, Bee Cross section, elastic 

scattering 
total, 317 

and nuclear radii, 14-15 
at ultrahigh energies, 495-496 
for high-energy neutrons, 480-481 
measurement by attenuation of 

beam, 462 
Cs 137, beta-decay of, 748 
CU 63, (d,p) reaction on, 510 

(p,n), (p;pn), and (p;2n) reactions on, 
493 

D wave in neutron-proton scattering 
with tensor forces, 110-113 

de Broglie wavelength, and Fermi-Dirac 
statistics, 41 

and orbital angular momenta effec
tive in producing nuclear reac
tions, 319 

Decaying states, see Reactions 
Density, of nuclear matter, 120-122,225 

of states, see: Statistical factor 
Derivative matrix, 544-557 
Detailed balance, for absorption and 

emission of radiation, 601--002, S09 
in beta-decay, 677 
in nuclear reactions, 530-532 

Deuterium, radiofrequency spectrum of, 
94-95 

Deuteron, as incident particle in a nu-
clear reaction, 504-511 

binding energy of, 51-55, 63, 101 
D-state probability of, 100, 104-110 
electric quadrupole moment of, 95, 

105-1OS, 112 
magnetic moment of, 103, 1OS-11O 
photodisintegration of, 583, 601--003, 

60S--fJ14, 651 
radius of, 506 
relation to neutron-proton scattering, 

6:H>8 
singlet state of, 67, 607 
size of, 52, 103-104, 506 

and neutron-proton scattering 
length, 63, 83 

Deuteron, spin of, 66 
stripping of, 169, 504-511 
wave function of, with central forces, 

50-55, 604--006 
with tensor forces, 99-108 

Differential cross section, see Neutron
proton scattering, angular distribu
tion; Reactions, angular distribu
tion 

Diffraction of neutrons, SO, 84-85, 460, 
462 

Diffraction scattering, 324-325 
Di-neutron, instability of, 203 
Dipole moment, see Electrid dipole mo

ment; Magnetic moment; Radi
ative transitions 

Di-proton, instability of, 93 
Dirac equation, for electrons and neu

trinos in beta-decay, 695--696, 705-
718 

for nucleons in beta-decay, 697, 708, 
711-713 

Dirac theory of emission of light, 694-
695 

(d,n) reactions, 504-511 
Doppler effect, 464, 473, 477 
Double factorial, 783 
Double-valued wave functions, 783, 787 
(d,p) reactions, 504-511 
Dynamical stability, 7-9, 211, 565-568 

Eccentricity of nucleus, 29, 777 
Effective range, see Neutron-proton 

scattering; Proton-proton scatter
ing 

Elastic scattering, see Cross section; 
Reactions, resonance scattering 

Electric dipole moment, 23-25; see also 
Radiative transitions 

Electric quadrupole moment, 13, 26-30; 
see also Radiative transitions 

and lifetimes of isomeric states, 633 
and shell structure, 776-777 
measured values of, 29, 95, 776 
of deuteron, see Deuteron 

Electric radiation, see Multipole radia
tion 

Electron capture, see K capture 
Electrons, inside nuclei, 2, 9, 21, 43, 

670--fJ71 
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End point of beta-spectrum, 683 
Endoergic reaction, 316-317 
Energy, in electromagnetic field, 802 
Energy levels, see Isomerism; Level 

density; Spectroscopic classifica
tion of nuclear levels; Spin, of ex
cited states 

Energy surface, nuclear, 225-233 
Epithermal neutrons, 59, 71-72 
Evaporation theory, see Reactions 
Exchange forces, see also Neutron-proton 

scattering; Nuclear forces; Satura
tion 

and high-energy two-body scattering, 
168, 185-186 

and nature of ground state of two
body system, 95 

and photodisintegration of the deu
teron, 613 

and saturation (qualitative discus
sion), 127-135 

and structure of nucleons, 138 
and sum rules for radiative matrix 

elements, 643 
and symmetry effect on nuclear sta-

bility, 215, 233-237 
and three-nucleon systems, 192-193 
and uniform model, 267-269 
and velocity-dependent forces, 138-

139 
formal definition of, 135-138, 158-

160, 170 
values of exchange operators in states 

of the two-particle system, 137 
Exchange magnetic moment, 31, 251-

252 
Exclusion principle, see Pauli exclusion 

principle 
Exoergic reaction, 316 

Fermi-Dirac statistics, 39--43 
Fermi gas model, 142-143,269-270,370 
Fermi selection rule, 678, 692-~)93 
Finite range factor, 62-71,112-113,611 
Fission, and semi-empirical mass for-

mula, 232 
liquid drop model of, 304-305 
neutron-induced,471 
spontaneous, 9, 565-567 

Fission products, and nuclear shell 
structure, 767 

Flux, of gamma-rays, 596, 809-811 
of particles, 321, 601 

Forbidden processes, see Alpha-decay, 
selection rules in; Beta-decay, 
selection rules; Radiative transi
tions, selection rules for; Reactions, 
selection rules for 

Forces, see Nuclear forces 
Four-vector, 707 

Gamma-rays, see Isomerism; Multipole 
radiation; Radiative capture; Radi
ative transitions 

Gamow-Teller selection rules, 679, 692-
693 

Geiger-Nuttall rule, 576 
Green's function, 805 
Gyromagnetic ratio, of bare nucleon, 31 

of nucleus, 35-39 

H3, see Triton 
H 2, radiofrequency spectrum of, 94-95 
Half-life, see Alpha-decay, transition 

probability; Beta-decay; compare
tive half-life; lifetime; Radiativa 
transitions, transition probability; 
Width 

He3, Coulomb energy of, 204 
magnetic moment of, 31, 38, 207, 252-

253 
stability of, 219 

Heisenberg force, 136 
History of nuclear physics, 1-3 
Hole theory, in beta-decay, 714 

in nuclear spectroscopy, 225, 249, 283 
Homonuclear molecule, 43 
Hund's rule in atomic spectra, 769 
Hyperfine structure, 23 

Identity of particles, in alpha-particle 
decay of Bes, 500 

in proton-proton scattering, 87-88 
Impact parameter, 314, 319 
Independent-particle mode', 278-292, 

633 
and Bohr theory of the compound 

nucleus, 341-342 
and lifetimes of isomeric states, 625-

629,633 
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Independent-particle model, and nuclear 
shell structure, 767, 777-779 

and nuclear systematics, 213-222 
and Pauli exclusion principle, 42 
and radiative transitions involving 

highly excited states, 64H47 
and selection rules in nuclear reac

tions, 391 
used for the collapsed state, 141 
used to define partitions, 235-239 

Inelastic scattering, 312 
Internal conversion, 614-8S0, 627, 631, 

639 
in 0 --+ 0 transitions, 62~22 

Internal pair formation, 622 
Intrinsic range, 56, 63 

and binding energy of triton, 195-197 
Invariance, see Parity; Partition; Rela

tivistic invariance; Rotational in
variance 

Inversion, see Parity 
Isobars, 2 

adjacent, 12 
binding energy of, 229-233, 241-248, 

271-276 
Isomerism, 629-635 

and beta-decay, 689 
and nuclear shell model, 773-776 
islands of, 774 

Isotones,2 
and magic numbers, 762 

Isotopes, 1-2 
and magic numbers, 762 

Isotopic spin formalism, 158-16S, 696, 
723 

Isotopic spin multiplet, SSa-SSS, S55-
S56, 259-260, 725 

Isotopic spin operators, 158 
Isotopic spin quantum number, 158, 

S55-S56 

K capture, 684-687, 670 
branching ratio, 688-689, 732, 745 
energy relations in, 10 
inverse, 673 

K conversion, Bee Internal conversion 
Kinetic energy, and Fermi gas model, 

142-143,269-270 
and radiative transition probabilities, 

624, 643 ,655 

Kinetic energy, dependence on neutron 
exceBB, 269-270 

dependence on nuclear radius, 142, 
422 

of collapsed state, 143 
of nucleons inside nuclear matter, 

341, 345, 855 
of triton, 196-198 

Kurie plot, 683, 689 

Land6 factor, 38-39 
L conversion, Bee Internal conversion 
Legendre polynomials, 783' 
Level density, and alpha-decay, 569, 

571,578 
and analysis of neutron reactions, 

465-471 
and magic numbers, 763-766 
and neutron widths, 463 
and nuclear temperature, 367-368, 

372 
and radiative capture of neutrons, 

649-651, 763-766 
and radiative transition matrix ele-

ments, 646-647 
and reaction width, 411 
and reduced width, 390, 410, 434 
and width of resonances, mathemati-

cal discuBBion, 402-404 
qualitative discuBBion, 386-391 

experimental values of, 474-475, 578 
semi-empirical formula for, 371-372 
statistical theory of, 367-372 

Level width, Bee Width 
Levels, in light nuclei, S55-S61, 497-504 
Li7, proton reactions with, 498-501 

spin of excited state of, 632-633, 692-
693 

Light nuclei, beta-decay of, 718-726 
magnetic moments of, 248-254 
spectroscopy of, 254-262 

Liquid drop model, 300-305 
and radiative transitions, 628-629, 

634, 644, 647 
Lorentz transformation, 705-708 

Magic numbers, 761-767; Bee also Shell 
model; Shell structure 

and alpha-decay energies, 568 
and alpha-decay lifetimes, 579 
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Magic numbers, and energy differences 
between isobars, 275-276 

and level density, 471, 478 
and Weizsacker semi~mpirical mass 

formula, 233 
Magnetic moment, 9~5; Bee alBo 

Multipole moments; Multipole 
radiation; Oetupole moment, mag
netic; Radiative transitions; 
Schmidt model 

and beta-decay of light nuclei, 725 
and D-state probability of triton, 207 
and Dirac equation for nucleons, 697 
and shell model, 771-773 
computed with alpha-particle model, 

297 
computed with independent-particle 

model, 285, 289-290 
computed with Schmidt model, 36-39 
exchange, 31, 251-252 

and radiative transitions, 600, 607, 
613 

in mirror nuclei, 207 
in seif-conjugate nuclei, 251 

experimental values of, 37-38, 251-
253 

of deuteron, see Deuteron 
of light nuclei, 248-254 
of triton, 194 
Wigner theory of, 248-254 

Magnetic radiation, see Multipole radia
tion 

Magnetization, density of, 91-95, 591, 
598,624,803 

Magneton, Bohr, 31, 35 
Majorana force, 136 
Many-body forces, 48, 120, 125, 150, 

191,204 
Mass defect, 3 
Mass~nergy equivalence, 4 
Mass formula, empirical, 225-233 
Mass number, 1 
Matrix clement, Bee Beta-decay; Radia

tive transitions 
Maxwell velocity distribution of emitted 

neutrons, 368 
Mean free path of a nucleon in nuclear 

matter, 340--341, 459 
and nuclear shell structure, 778-779 
at ultrahigh energies, 495-496 

Mean life, see Alpha-decay, transition 
probability; Beta-decay: compara
tive half-life; lifetime; Radiative 
transitions, transition probability 

Meson field theory, 161, 170 
Meson production in nuclear collisions, 

496 
Metastable states, see Isomerism 
Mirror nuclei, and isotopic spin multi-

plets,222 
and neutron-neutron forces, 204 
and nuclear radii, 15-16, 228 
and thresholds of (p,n) reactions, 485 
beta-decay of, 692-693, 720--725 
energy levels of, 256-260 
magnetic moments of, 249 
spins of, 691-692 
stability relations between, 218-219 

Mirror reactions, 497-498 
Models of the nucleus, see Alpha-particle 

model; Fermi gas model; Independ
ent-particle model; Liquid drop 
model; Schmidt model; Uniform 
model 

Momentum, angular, see Angular mo
mentum; Spin 

Momentum conservation, in beta-decay, 
671-674 

Multipole expansion, of a plane light 
wave, 807-808 

of electromagnetic field in free space, 
799-801,810 

in the presence of sources, 804-805 
of vector field, 798-799 

Multipole moments, static electric, 30; 
see also Electric dipole moment; 
Electric quadrupole moment; Mag
netic moment; Octupole moment, 
magnetic; Radiative transitions 

static magnetic, 35 
Multipole radiation, 583-587, 796-811 

amplitude of, 800--801, 805-807 
angular distribution of, 599-594, 603, 

605-606, 610, 636-637 
angular momentum of, 584, 802-803 
long wavelength approximation for, 

806-807 
parity of, 585-586, 594, 800 
polarization of, 594, 608, 637 
sources of, 803-805 
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NIt, (n,p) and (n,a) reactions on, 501-
504 

statistics of, 43 
Negatron, see Electrons 
Negatron emission, see Beta-decay 
Neutrino, 10, 672--676; see also Beta-

decay 
Neutron, beta-decay of, 692 

spin of, 86 
Neutron cross section, see Cross section; 

and listings under chemical symbols 
of target nuclei 

Neutron-deuteron collisions, 206 
Neutron diffraction by crystals, SO, 84-

85,460,462 
Neutron-electron interaction, 671 
Neutron-neutron scattering, 203-205 
Neutron-proton capture, 56, 72, 84, 583, 

6()()-608 
Neutron-proton m8.8S difference, 216-

217 
Neutron-proton scattering, see also 

Cross section; Nuclear forces; 
Reactions 

amplitude of, 57, 172-183 
angular distribution of, at high ener

gies, 172-186 
at low energies, 57-58, 78, 112 

chemical binding effects in, 56, 59, 
71-80 

cross section, at below thermal ener
geies, 72, 78 

at "zero" energy, 61 
experimental values at high ener

gies, 171, 184, 340 
experimental values at low ener-

gies, 65, 70, 72 
in singlet state, 68 
in triplet state, 65--66 
with tensor forces, 112-113 

crystal effects on, see Neutrons, dif
fraction of 

effect of exchange forces, 136-137, 
168-170,178-186 

effective range for, experimental 
values of, 69--71, 84-85, 178, 186, 
607 

theory of, 62-71, 112-113, 611 
from a liquid mirror, 85 
high-energy, 168-186 

Neutron-proton scattering, orthohydro
gen and parahydrogen, 80--84 

phase shift analysis of, at high ener
gies, 174-176 

at low energies, 58 
with tensor forces, 111 

pseudopotential for, 76 
scattering length for, and existence of 

bound states, 68 
and size of deuteron, 63--64 
definition of, 60 
experimental values of, 67, 69--71 
in singlet state, 67--68, 606--607 
with tensor forces, 113 

singlet state, 66-71, 98, 605--607 
spin dependence of, 65--71, 82, 607 
virtual level in singlet state, 68 
with non-central forces, 110--113, 169, 

186 
with polarized neutrons, 66 

Neutrons, absorption of, see Radiative 
capture 

diffraction of, SO, 84-85, 460, 462 
epithermal, 59, 71-72 

Ni80, (a,n), (a;pn), and (a;2n) reactions 
on,493 

Nuclear forces, additivity of, 48 
and saturation, 120, 125, 150 
and three-body systems, 191, 204 

anti-Serber force, ISO 
between two neutrons, 203-206 
charge independence of, 220, 254-261 

and mirror reactions, 497-498 
and three-body systems, 203-206 
and two-body scattering data, 94, 

168, 187-188 
assumed in discussion of saturation, 

125, 138 
evidence from levels of light nuclei, 

259--261 
evidence from neutron-proton cap-

ture,607 
charged theory of, 161, 170 
conservative, 48 
conventional range of, 55, 196 
exchange forces, see Exchange forces; 

Isotopic spin formalism 
meson field theory of, 161, 170 
neutral theory, 170 
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Nuclear forces, non-central, 94-99 
and binding energy of nuclei, 125, 

278 
and ground state of deuteron, 50, 

99-110 
and independent-particle model, 

289 
and isotopic spin multiplets, 254, 

261 
and neutron-proton capture, 608 
and neutron-proton scattering, 111-

113, 186 
and saturation, 150--153 
and supermultiplet theory, 261 
and three-nucleon systems, 191, 

206-208 
exchange character of, 137 

potential of, and saturation, 125 
for central forces, 50--56 
for exchange forces, 138, 160 
for non-central forces, 96-99, 121 

range of, 2, 49, 108', 191; see also 
Intrinsic range; Neutron-proton 
scattering, effective range for 

repulsive core, 126, 188, 300 
saturation conditions on, 140--153,162 
Serber exchange force, 170, 179-1BO, 

185 
spin-dependence of, and ncutron

proton capture, 604, 607 
and neutron-proton scattering, 65-

71 
and stability of light odd-odd 

nuclei,220 
and three-nucleon systems, 194 

symmetrical theory of, 161, 170 
tensor force, see Nuclear forces, non

central 
velocity-dependent, 138-139 

and high-energy proton-proton 
scattering, 170, 188 

and saturation, 125-126, 150 
and three-nucleon systems, 200 
and two-body systems at low ener-

gies, 49 
well depth of, 55, 63, 196-197 
well parameters fitted to experimen

tal data, 54, 103, llO, 186, 201, 
208 

Nuclear forces, well shape of, 55-56 
and effective range theory, 63, 92 
and high-energy two-body scatter

ing, 186 
and three-nucleon systems, 192, 

195-196, 199-202, 205 
Wigner approximation of charge- and 

spin-independent, 234, 250, 721 
Nuclear matter, density of, 120--122,225 
Nuclear radius, see Coulomb radius; 

Radius of nucleus; Reactions, chan
nel radius 

Nuclear reactions, see Reactions 
Nuclear shell structure, see Magic num

bers; Shell model; Shell structure 
Nucleon, 2 

Octupole moment, magnetic, 36 
Odd-odd nuclei, instability of 217-225, 

231-232, 241-248 
spins of, 250-252, 691-£92, 748, 771 

Oppenheimer-Phillips process, 504-511 
Orbital electron capture, see K capture 
Order, of beta-decay, 727 

of multipole radiation, 584, 802-803 
Orthohydrogen, neutron scattering by, 

BO-84 

Packing fraction, 4 
Parahydrogen, neutron scattering by, 

BO-84 

Parity, and angular distribution of reac
tion products, 533-535, 541 

and Bose-Einstein statistics in the 
Li7 (p,a)a reaction, 500 

and exchange forces, 136 
and independent-particle model, 282-

285 
and level distance, 463 
and Schmidt model, 772 
and triplet states of neutron-proton 

system with tensor forces, 99 
and vanishing of static electric dipole 

moment, 24-25 
conservation of, in alpha-decay, 571 

in beta-decay, 678-£79, 701, 713 
in multi pole radiation, 588 
in nuclear reactions, 313, 340, 491-

441 
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Parity, of Dirac wave functions, 706 
of multipole radiation, 585-586, 594, 

800 
of vector spherical harmonics, 798 

Partial width, 343-344 
Partition, 237-241 

and alpha-particle model, 297 
and beta-decay, 719-722 
and independent-particle model, 281-

285 
and spectroscopic classification of nu

clear energy levels, 261 
and thresholds of (p,n) reactions, 485 
and uniform model, 27(}-271 

Pauli exclusion principle, 39-4S 
and independent-particle model, 341, 

779 
and isotopic spin formalism, 153-156 
and isotopic spin multiplets, 255 
and kinetic energy of nucleus, 141-

143,355 
and nuclear systematics, 214-215, 

241-248 
and number of symmetric pairs, 146-

147, 238-241 
and proton-proton scattering, 87-88, 

169 
Pauli spin matrices, 786 
Phase shift, see Neutron-proton scatter

ing; Proton-proton scattering 
Phase space, 41, 674-675, 683-684 
Photodisintegration, of deuteron, 583, 

601-603, 608-614, 651 
of nuclei, 639-640, 651-659 

Plane wave, expansion into spherical 
waves, 784-785, 807-808 

Positron capture, 685 
Positron decay, see Beta-decay 
Potential energy, as function of nuclear 

radius, 122-123, 131-132 
in collapsed state, 144, 148 

with tensor forces, 151-152 
in independent-particle model, 286-

287 
in uniform model, 267-269 
of three-nucleon system, 197 
with exchange forces, 128, 234 

Potential scattering, see Reactions 
Potential well, see Nuclear forces, well 

shape of 

Poynting vector, 802 
Proton-deuteron collisions, 206 
Proton-electron hypothesis, see Elec-

trons, inside nuclei 
Proton-proton scattering, effective range 

theory of, 91-94 
high energy, 168-171, 186-188 
low energy, 86-94 

Q value, 316; see also Reactions, energy 
balance 

Quadrupole moment, see Deuteron; 
Electric quadrupole moment; Radi
ative transitions 

Racah coefficients, 627, 793 
Radiation damping, 597 
Radiative capture, 600-603, 647-651; 

see also Cross section, radiative cap
ture; Neutron-proton capture 

and scattering matrix formalism, 524 
as a possible nuclear reaction, 311, 

639-640 
Breit-Wigner formula, 394, 437 
of charged particles, 485-487 
of fast neutrons, 476-480, 763-766 
of protons by Li7, 499-500 
of slow neutrons, 459, 470-476, 763-

766 
Radiative lifetime, see Radiative tran

sitions, transition probability 
Radiative transitions, see also Angu

lar correlation; Deuteron; Internal 
conversion; Isomerism; Multipole 
radiation; Neutron-proton capture; 
Radiative capture; Reactions; 
Width, radiation 

electric dipole moment for, 591-593, 
599, estimated 629, 635, 651, 
654-656 

in photodisintegration of the deu
teron,610 

sum rules, 641-643 
electric quadrupole moment for, 592, 

633-634, 654-656 
experimental data on transition prob

abilities, 632, 651 
magnetic dipole moment for, 591-593, 

605, 634, 654-656 
matrix elements for, 588, 597-600, 

640-647 
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Radiative transitions, multi pole mo
ments of, 590-593, 5~, 807 

estimated, 624--626, 646-647 
sum rules, 643 

photodisintegration of nuclei, 639-
640,651---659 

selection rules for, 587-589, 603-604, 
612,633 

sum rules for matrix elements, 640-
643, 646 

transition probability, and compound 
nucleus, 383-384 

expressed in terms of matrix ele
ments, 595-596, 694--695 

for absorption of radiation, 596, 
653,809-811 

for decay of highly excited states, 
648 

for decay of low-lying excited 
states, 12, 588-589, 623---629 

Radius of nucleus, 1, 13-16; see also 
Coulomb radius 

and alpha-decay, 578 
and Coulomb energy of mirror nuclei, 

228 
and reactions induced by charged par

ticles,490 
and saturation, 123, 133 
and stability relations between iso

bars, 219 
and total cross sections for fast neu

trons, 482 
RaE, beta-decay of, 748 
Range of fast nucleon in nuclear matter, 

340-341, 459, 495-496; see also 
Intrinsic range; Neutron-proton 
scattering, effective range for; 
Nuclear forces 

Rb 8s, beta-decay of, 748 
Reactance matrix, 530, 549 
Reactions, see also Alpha-alpha colli

sions; Barrier; Cross section; De
tailed balance; Fission; Level den
sity; Mean free path of a nucleon 
in nuclear matter; Neutron-deu
teron collisions; Proton-deuteron 
collisions; Radiative capture; Radi
ative transitions; Stripping reac
tions; Time-reversal; Width 

Reactions, angular distribution of elas
tically scattered particles, 323, 335-
336, 488-490 

angular distribution of reaction prod
ucts, 532-542, 

and angular correlation of succes
sive radiations, 537 

as a tool in nuclear spectroscopy, 
501,511 

in neutron-proton capture, 606 
branching ratios, and Bohr assump

tion, 342-345, 492-494, 558 
for charged-particle-induced reac

tions, 490-494 
for neutron-induced reactions, 480-

481 
for photodisintegration of nuclei, 

657--659 
in the statistical theory, 365-379 

Breit-Wigner formula, 392-394 
and B10(n,a) reaction, 497 

derivation of, 408-410, 555-559 
experimental verification of, 472 
with spins, 437-438 

channel, 313-315 
channel coordinate, 319 
channel energy, 315 
channel parity, 432 
channel radius, 325-326, 573-574 

for alpha-decay, 573-574, 576-579 
for alpha-particle-induced reac-

tions, 357 
for neutron-induced reactions, 482 
in continuum theory, 345 
indeterminacy of, 328, 547 

channel spin, 423 
compound nucleus, 340-345, 379-394 

and angular distribution of reaction 
products, 540 

experimental evidence regarding 
formation of, 484, 493-494, 
504, 658--659 

in formal theory of reactions, 542-
544 

in photodisintegration, 652, 658-
659 

in ultrahigh energy reactions, 495 
conservation theorems for, 521-525, 

549,555 
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Reactions, continuum theory of, 845-
368, 365 

and behavior near threshold, 397 
and spin effects, 425, 433-434 
used for average over resonances, 

480 
used for fast neutron cross sections, 

481-484 
used for (p,n) and (a,n) reactions, 

490 
decaying states of the compound 

nucleus, 383, 412-4£2, 572, 640, 
642 

derivative matrix, 544-557 
Doppler broadening of resonances, 

464, 473, 477 
effects of finite resolution, 464, 477, 

485 
elastic scattering, 312; Bee alao Reac

tions, resonance scattering 
energy balance in, 316-!J17, 376-377, 

390, 394, 502 
energy distribution of reaction prod

ucts,366-368,376-379,48O,649-
650 

energy regions, 458 
evaporation theory of, 866-!J74, 480-

484, 491--495 
for gamma-ray reactions, 652, 657-

659 
impact parameter, 814, 319 
induced by alpha-particles, 484-494 
induced by cosmic rays, 496 
induced by deuterons, 504-511 
induced by gamma-rays, 651--659 
induced by neutrons, 462-484, 763-

766 
induced by protons, 484-494 
induced by thermal neutrons, 470-

476, 650, 763 
inelastic scattering, 312 
mirror, 497-498 
notation for, 811, 374-375 
Oppenheimer-Phillips process, 505-

511 
potential scattering, 328, 334 

near resonance, 393, 469 
near threshold, 396 
off resonance, 382, 469, 473 
with spins, 425, 437 

Reaction, Q value of, 316 
reactance matrix, 530, 549 
reciprocity theorem for, 336-339, 

528-532 
and Bohr assumption, 344 
and Breit-Wigner formula, 408-409 
and test of compound nucleus 

theory, 503-504 
and Wigner many-level formula, 

555 
in inverse beta-decay, 677 

resonance, 406-411 
and decaying states, 421-422 
angular distribution of reaction 

products, 534, 540-542 
with light nuclei, 497-504 
with protons and alpha-particles, 

485-487 
with slow neutrons, 471-476 

resonance energy (formal definition), 
400, 405, 407-408, 415, 419-421, 
649-561 

resonance scattering, 398-408, 463-
470 

and decaying states, 418-421 
Breit-Wigner formula for, 393 
formal definition of, 328, 334 
of charged particles, 488-490 
with spins, 425-426, 437-441 

resonance theory of, 379-394, 398-422 
with spins, 425-426, 437-441 

scattering, Bee Reactions, resonance 
scattering 

scattering matrix, 617-621, 525, 529-
530 

and Wigner many-level formula, 
543, 548-549, 555-557 

secondary, 374-879, 459, 483-484, 
~494 

selection rules for, and angular dis
tribution of reaction products, 
533-534,539,541 

and conservation of parity, 435 
and estimates of level densities, 

465-466 
and lowest orbital angular momen

tum possible for a reaction, 
439-441 

and scattering with spin-flip, 431 
in light nuclei, 496, 500-501 



862 Index 

Reaction, shadow scattering, 324-325 
spin effects on, 4££-441, 529, 537-542 
"sticking probability" of a high

energy neutron, 347-349 
temperature of nucleus, 367-372, 484, 

492, 495 
wave guide junction analogy for, 363-

365, 386, 522, 528--529, 543-547, 
550 

width, see Width 
Wigner many-level formula for, 542-

559 
with light nuclei, 459, 496-504 

Reciprocity theorem, see Reactions 
Relativistic effects, see also Beta-decay, 

relativistic effects; Relativistic 
invarianee 

in triton, 192, 199,207 
in two-nucleon systems, at high ener

gies, 169---170 
at low energies, 48, 109 

on magnetic moments, 109,251 
Relativistic invariance, 6!J7, 705-709 
Resonances, see Reactions, resonance 
Itotational invariance, see aLso Angular 

momentum; Multipole radiation 
and angular distribution of reaction 

products, 535-542 
and angular momenta, 781 
and beta-decay theory, 698, 701 
and tensor force, 96-97 
and vector spherical harmonics, 796 

Rotations, and angular momenta, 781-
782, 7!J6-7!J7, 802-803 

finite, 787 
infinitesimal, 781, 786, 796 

Rutherford scattering, see Coulomb 
scattering 

S, neutron cross section of, 468 
Saturation, 3, 12(}-153, 185-186, 778 

eondition~I, 149 
Saturation conditions on nuclear forces, 

140-153, 162 
Scalar interaction in beta-decay, 708-

710, 713-714, 735-736, 746-747 
Scattering, see Cross section; Neutron

proton scattering; Proton-proton 
scattering; Reactions 

Scattering length, see Neutron-proton 
scattering 

Scattering matrix, see Reactions 
Schmidt model, 36-39, 252-254; Bee also 

Magnetic moment; Shell model 
and beta-decay, 722 
and nuclear shell structure, 771-773 

Secondary reactions, see Cross section, 
for secondary reactions; Reactions, 
secondary 

Semi-empirical mass formula, see Bind
ing energy 

Selection rules, Bee Alpha-decay; Beta
decay; Radiative transitions; Reac
tions 

Separation energy, 5-7, 16-21 
and compound nucleus assumption, 

341, 383-384 
and energetics of Oppenheimer

Phillips process, 508 
and energetics of secondary reactions, 

376-379 
and Q value of reactions, 316 

Serber force, 170, 179-180, 185 
Shadow scattering, 324-325 
Shape of nucleus, from quadrupole 

moment, 28--29 
Shell model, 767-777; see also Independ

ent-particle model; Magic numbers; 
Shell strueture 

and heta-decay, 722, 740, 748-749, 
773-774 

and isomerism, 635, 774-776 
coupling rules for, 769---770, 775-776 
pairing energy in, 770-771 

Shell structure, 761-779; see aLso Beta
decay, shell structure effects in; 
Magic numbers; Shell model 

and level density, 374 
and nuclear reactions, 462 
and uniform model, 276-277 

Ringlet state spin function, 787 
Spectroscopic classification of nuclear 

energy levels, 254-262, 284-289 
Spherical harmonics, 782-784; see aLso 

Vector spherical harmonics 
addition theorem for, 784, 793 

Spin, see also Angular momentum; 
Reactions, spin effects on 

mathematical description of, 785-789 
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Spin, nuclear, 21-22, 26 
and beta-decay, 692, 740 
and shell model, 770-776 
and structure of light nuclei, 248-

254 
of excited states, 22, 636, 691~92, 

774-776 
of vector field, 796--797 

Spin-angle functions, 790; see also Vec
tor spherical harmonics 

Spin-orbit coupling, and beta-decay, 
722,724 

and independent-particle model, 288-
289 

and magnetic moments of light nuclei, 
248, 252-254 

and nuclear reactions, 391 
and 'Ihell model, 768, 775-776 

Stability, see also Binding energy; 
Coulomb energy; Surface energy 

against beta-decay, 7, 9-13, 18,211-
225 

against collapse, 121-135 
charge effect on, 213, 216-217; see 

also Coulomb energy; Coulomb 
radius 

and nuclear systematics, 242-248 
and spectroscopic classification of 

energy levels, 254, 258-261 
and supermultiplets, 223 
of mirror nuclei, 219 

dynamical, 7-9, 211, 565-568 
empirical rules for, 217-225, 231-232, 

241-248, 761 
symmetry effect on, 213-226, 233-248 

272-277 
Star, cosmic-ray, 496 
Statistical factor, and reciprocity theo

rem, for nuclear reactions, 339 
for radiative transitions, 602 

for beta-decay spectrum shape, 674-
675 

for beta-decay with emission of two 
neutrinos, 684 

for K capture, 685-686 
for outgoing electron in internal con

version, 615 
for radiation field, 809-810 
in Fermi gas model, 143 

Statistics, Bose-Einstein, 39-43, 500 

Statistics, Fermi-Dirac, 39-43 
of nuclei in molecules, 42, 81 

Sticking probability, 347-349 
Stripping reactions, 169, 506--511 
Supermultiplets, £££-££3, 261, 720, 7£5; 

see also Isotopic spin multiplet; 
Partition 

Surface energy, 5, ££6-££7, 301-302 
Symmetry effect, 213-226, £33-248, 

272-277 
Systematics of stable nuclei, 217-2£5, 

231-232, 241-248, 761 

Tcgg , beta-decay of, 748 
Temperature of nucleus, see Reactions 
Tensor force, see Nuclear forces, non-

central 
Thermal neutrons, see Neutron diffrac

tion; Reactions, induced by thermal 
neutrons 

Threshold, see Cross section, near 
threshold; Reactions, energy bal
ance in 

Time reversal, 338-339, 525-528, 544 
and anti-neutrino theory of beta

decay, 714-715 
and phase relations between matrix 

elements, 737 
Transmission coefficient, see Barrier, 

penetration coefficient of 
Triplet state spin functions, 788 
Triton, 191-£08,219 

beta-decay of, 219, 676, 692 
experimental value of binding energy 

of,204 
magnetic moment of, 31, 37-38, 194, 

207, 252-253 

Uniform model, 252-254, 266-278 

Vector addition, see Angular momentum 
Vector spherical harmonics, 585, 594, 

797-799, 801 
Velocity-dependent forces, see Nuclear 

forces 
Virtual state, see Neutron-proton scat

tering; Reactions, decaying states 

Wave guide junction, see Reactions 
Weizsacker semi-empirical mass for

mula, see Binding energy 
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Width, 343-344 
and level distance, 386-391 
experimental values of, 467, 479-475, 

487 
for alpha-decay, 569 
for resonance reactions, 407-410 
for resonance scattering, 400, 405 
in formal theory of reactions, 554, 558 
neutron, 463-464, 471-472 
of decaying states, 415, 419-422 
of resonance level, 385-386 
partial, 343-344 
radiation, 465, 471, 476, 647-651 

Width, reduced, 390, 410, 558 
theoretical estimate of, 401-402, 463, 

651 
Wigner approximation, see Nuclear 

forces 
Wigner-Critchfield interaction, in beta

decay, 709, 718, 737,747-748 
Wigner force, 137 
Wigner nuclei, see Mirror nuclei 

X-rays, in K capture, 687 

Yield, see Cross section 
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