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PREFACE 

The last twenty years have witnessed an enormous development of 
nuclear physics. A large number of data have accumulated and 
many experimental facts are known. As the experimental techniques 
have achieved greater and greater perfection, the theoretical analysis 
and interpretation of these data have become correspondingly more 
accurate and detailed. The development of nuclear physics has 
depended on the development of physics as a whole. While there 
were interesting speculations about nuclear constitution as early as 
1922, it was impossible to make any quantitative theory of even the 
simplest nucleus until the discovery of quantum mechanics on the 
one hand, and the development of experimental methods sufficiently 
sensitive to detect the presence of a neutral particle (the neutron) on 
the other hand. The further development of our understanding of 
the nucleus has depended, and still depends, on the development of 
ever more powerful experimental techniques for measuring nuclear 
properties and more powerful theoretical techniques for correlating 
these properties. Practically every "simple," "reasonable," and 
"plausible" assumption made in theoretical nuclear physics has turned 
out to be in need of refinement; and the numerous attempts to derive 
nuclear forces and the properties of nuclei from a more" fundamental" 
approach than the analysis of the data have proved unsuccessful so 
far. Nuclear physics is by no means a finished edifice. It is very 
much to be hoped that simple fundamental laws can be discovered 
which will account for all the known properties of nuclei, and will 
allow us to predict new, unknown properties successfully. At present 
we must restrict ourselves to the investigation and correlation of all 
known nuclear properties on a semi-empirical basis. 

This book is devoted in its entirety to this task. Its subject matter 
is theoretical nuclear physics, by which we mean the theoretical con­
cepts, methods, and considerations which have been devised in order 
to interpret the experimental material and to advance our ability to 
predict and control nuclear phenomena. 

Obviously, this book does not pretend to cover all aspects of theo­
retical nuclear physics. We are forced to omit many details and 
special developments. The omissions are due partly to the lack of 
space and partly to the authors' lack of special knowledge. We hope 

v 



VI Preface 

that the study of this book will mak~ it somewhat easier for the reader 
to understand the original literature containing the material which is 
not covered in this book. 

We have restricted ourselves to phenomena involving energies 
below about 50 Mev, a region which is sometimes called classical 
nuclear physics. Thus we exclude the nuclear phenomena in cosmic 
rays as well as the phenomena associated with the production and 
absorption of mesons. The only exception to this rule is Chapter IV, 
which deals with nucleon-nucleon scattering experiments at energies 
up to 350 Mev and their interpretation in terms of nuclear forces. 

In general, we have omitted theoretical considerations which are 
not concerned directly with the properties of the nucleus itself. Thus 
we exclude, for example, the theory of the stopping of charged particles 
in matter, the theory of the diffraction and slowing down of neutrons, 
the theory underlying molecular beam and magnetic resonance 
experiments, and the theory of atomic hyperfine structure. Although 
all these subjects are important from an experimental point of view, 
their inclusion would have lengthened the book too much. We have 
also excluded subjects generally referred to as nuclear engineering, 
such as the theory of nuclear reactors. In so far as the relevant mate­
rial has been declassified, adequate textbooks are already available. 
Unfortunately, the theory of nuclear fission (which properly belongs in 
this book) could be treated only in a very cursory manner, since too 
many relevant facts are still unavailable. 

We have completely omitted the discussion of the theories of nuclear 
forces based on the various meson field theories. The numerous 
attempts to predict nuclear forces on the basis of meson fields have 
led to brilliant insights and predictions regarding mesons, but they 
have failed so far to reproduce quantitatively the observed forces 
between nuclear particles. This subject seemed to us not yet suffi­
ciently developed to warrant a systematic treatment in this book. 

It was our constant aim throughout the book to keep it on a level 
which is understandable to the experimental physicist who works in 
the field of nuclear physics or to a graduate student who knows the 
essential concepts and problems of nuclear physics. A one-term 
course in quantum mechanics, based on a book such as Schiff (49) 
should suffice as a prerequisite. Some parts of the book may be hard 
reading for students unaccustomed to theoretical work. Sections 
which are difficult and can be omitted without loss of understanding 
of subsequent material are indicated by the symbol ~. 

We have concentrated our efforts on a better understanding and a 
critical analysis of the different subjects. This has led in some cases 
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to new developments which are not yet published elsewhere. Since 
we are dealing with a growing and changing part of science, we must 
expect that many ideas which today are considered valid will turn 
out to be incorrect before long. Hence, many assumptions and state­
ments found in this book should be regarded as preliminary. It 
contains a great deal of information of which we are far from sure, 
and which is included only because nothing better is available at 
present. A characteristic example is the information about nuclear 
level densities given in Chapter VIII. In some instances recent 
developments have changed the emphasis from one way of description 
to another more successful one. For example, nuclear spectroscopy 
today is being based to an increasing extent upon the shell theory of 
nuclear structure, as indicated in Chapter XIV. At the time this 
book was conceived the concepts of Wigner's supermultiplet theory 
were the main tools for the understanding of nuclear spectra; they 
are the basis of the discussions in Chapter VI. 

We make no pretense of having a complete list of references. We 
have tried to include the basic theoretical papers in each field, such 
other theoretical papers as we happened to come across, and experi­
mental papers only in so far as they illustrate some points made in 
the discussion or substantiate values of nuclear constants used in 
the text. We have not made a systematic search of the whole litera­
ture. This applies especially to papers which appeared in journals 
other than The Physical Review. If a relevant reference is missing, it 
is very probable that we did not know of its existence. The manu­
script was revised for the last time in the spring of 1951; it contains 
only occasional references to later work. 

We are quite aware of the possibility that this book contains errors, 
not all of which may be trivial or typographical in nature. We have 
tried to keep a reasonable balance between the effort to eliminate 
errors and the effort to understand the subject matter and to clarify 
its presentation. 

At the end of every chapter is a list of symbols with a short explana­
tion of the meaning of each symbol, and the number of the equation 
in which the symbol is introduced and defined. If the symbol in 
question is defined in the body of the text, the section number is given 
in the symbol list. We have made an effort to have these lists of 
symbols comprehensive, but some minor symbols, which occur only a 
few times in the chapter, have been omitted. 

It would be impossible to acknowledge in detail the enormous 
amount of generous help and constructive criticism which we have 
received from friends and colleagues. We would like, however, to 
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express our special gratitude to H. Bethe, M. Deutsch, H. Feshbach, 
and E. Wigner for their extensive advice. We are greatly indebted 
to Miss lnge Reethof for her constant help and patience in the typing 
and retyping of the manuscript. 

J. M. BLATT 

V. F. WEISSKOPF 

June, 1952 
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CHAPTER I 

General Properties of the Nucleus 

1. INTRODUCTION 

In spite of the tremendous amount of information now available 
about atomic nuclei, nuclear physics is a very young science. The 
existence of a nucleus in each atom was discovered by Rutherford (11) 1 

in the year 1911. Some of the fundamental properties of nuclei were 
found at that time: 

(1) They have radii very small compared to atomic dimensions; 
Rutherford showed that the nucleus acts like a point charge down to 
distances of the order of 10-11 cm, at least. 

(2) They are charged. The charge on each nucleus turned out to 
be an integral multiple of the charge on the electron, i.e., nuclear 
charge = Ze, where Z = 1,2,3," is called the atomic number. 

(3) Nuclei are very heavy compared to electrons. Most of the 
mass in an atom resides in the nucleus. 

Since atoms are neutral entities, it was necessary to assume that the 
charge on the nucleus is exactly neutralized by the charges of the sur­
rounding electrons. The charge Z of the nucleus then determines the 
number of the electrons in the atom and is the only property of the 
nucleus of importance for atomic physics, and consequently for most of 
the properties of matter as we know it. 

The next important quantity of the nucleus is its mass. J. J. 
Thomson (13) discovered that the mass of the nucleus is not deter­
mined by its charge. Rather, there exist nuclei of the same charge Z 
but of different masses. Such nuclei are called isotopes. The mass 
of each isotope is nearly (but not precisely) equal to an integral num­
ber of proton masses. 2 The nearest inte'ger is called the "mass num­
ber" and is denoted by A. 

1 References are listed according to the name of the first author and the year of 
publication, i.e., a paper by Smith and Jones, published in 1939, is referred to as 
Smith (39). All references are collected at the end of the book. 

2 The unit of mass in mass-spectroscopic work is not the mass of the proton, but 
716 of the mass of the oxygen isotope with mass number A = 16. 

1 



2 r. General Properties of the Nucleus 

The simplest hypothesis regarding nuclear constitution would be 
that all nuclei are made up of protons. This is contradicted by the 
fact that the mass number A is at least twice the atomic number Z 
in practically all nuclei. Thus other particles are needed in the nucleus 
besides protons. 

The next hypothesis, which was current until 1932, postulated 
that nuclei are made up of protons and electrons. Tile nucleus 
N 14 (Z = 7, A = 14), for example, was thought to consist of 14 protons 
(to give the correct mass) and 7 electrons (to give the correct charge). 
Ehrenfest and Oppenheimer (31) pointed out that this hypothesis 
leads to a serious contradiction with known properties of N 14 (see 
Section 8). 

The experimental discovery of the neutron (Curie-Joliot 32, Chad­
wick 32) led Heisenberg (32) to suggest the hypothesis that nuclei are 
made up of neutrons and protons and to explore the consequences of 
this assumption. Thus nuclear physics, as we know it today, dates 
back no farther than 1932. I 

Under the assumption (which is very well confirmed by now) 
that nuclei are made up of neutrons and protons, the number of neu­
trons, N, in the nucleus is equal to A -Z. Neutrons and protons 
have nearly equal masses, and both will be referred to as "nucleons." 
Nuclei with equal mass number A but different atomic number Z 
are called isobars or isobaric nuclei. Nuclei with equal Z but different 
A are called isotopes or isotopic nuclei. Nuclei with equal N =A-Z 
but different Z are called isotones. Isotopes are chemically equal and 
therefore hard to separate. From the point of view of nuclear physics, 
however, isotopes are nuclei with a different number of constituents. 
Isobars are chemically different because of their different atomic 
number Z. They are, however, more similar than isotopes from 
the nuclear point of view, since they consist of the same number of 
nucleons, and protons and neutrons have very similar properties 
within the nucleus. 

The forces which hold a nucleus together cannot be ordinary electro­
static forces, since the (electrically neutral) neutrons are bound in the 
nucleus. The "nuclear forces," unlike the forces which hold an 
atom together, have no analogy in classical physics. The fundamental 
steps in the exploration of nuclear forces were taken by Wigner (33a, 
33b), who showed that they must have a very short range of action 
but must be very strong (millions of times as strong as the electrostatic 
forces in an atom) within this range; and by Heisenberg (32) and 

1 There were some interesting speculations as early as 1922 (Harkins 22), but at 
that time no quantitative theory could be given. 
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Majorana (33), who showed that the nuclear forces must be "satu­
rated," i.e., that not all pairs of nucleons within a nucleus can exert 
attractive forces upon each other. These matters will be discussed in 
Chapters II and III, respectively. 

2. QUANTUM STATES, BINDING ENERGY, 
BINDING FRACTION 

A nucleus is a system of A elementary particles held together by 
attractive forces. There is reason for the belief that the mechanics of 
such a system can be treated to a good approximation by the methods 
of non-relativistic quantum mechanics. A nucleus can be found in a 
series of quantum states of different energy (a property of any bound 
system in quantum mechanics). The state of lowest energy is called 
the ground state. Under normal conditions nuclei are always found 
in their ground states. If a nucleus is brought into a higher" excited" 
quantum state, it returns to the ground state with the emission of one 
or several light quanta. 

Exact measurements of atomic weights (Aston 27) have shown that 
the weight of a nucleus is not equal to the sum of the weights of its 
constituents but is actually smaller by a few tenths of a percent. The 
mass M nuel of the nucleus is given by 

Mnucl = ZMp + (A-Z)Mn - 11 1(2.1) 

where M p and M n are the masses of the proton and the neutron, 
respectively, and 11 is the "mass defect" of the nucleus. In most 
experiments the magnitude measured is the atomic weight Mat, which 
differs from the nuclear weight by the weight of the electrons. Since 
the number of electrons in the atom is always equal to the number of 
protons in the nucleus, the atomic weight can also be written in the 
form 

Mat = ZMH + (A-Z)Mn - 11 

where M H is the mass of the hydrogen atom: 

MH = Mp + me 

(2.2) 

(2.3) 

(me = electron mass). The binding energy of the electrons in the 

1 The formulas are numbered separately in each section. The formula reference 
(3.6), for example, refers to equation 6 in Section 3 of the chapter in which the 
reference is made. References to formulas in chapters other than the one in 
which the reference is made contain the number of the chapter in Roman numerals. 
For example, (111,2.8) refers to equation 8 in Section 2 of Chapter III. Figures 
and tables are also numbered separately in each section. 
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atom is negligible compared to nuclear binding energies and has been 
neglected in (2.2) and (2.3). 

The mass defect can be explained by the Einstein mass-energy 
relation and constitutes the most obvious proof of the equivalence of 
energy and mass. We introduce the total energy U of the nucleus 
through 

(2.4) 

It follows from (2.1) that there is a difference between the energy U 
of the actual nucleus and the energy [ZM pc2 + (A - Z)M nc2] of its 
constituents when they are at rest but separated from each other. 
This difference is equal to the work necessary to tear the nucleus apart 
into its separated constituents. It represents, therefore, the total 
binding energy B of the nucieus: 

B = ZM pc2 + (A -Z)M nc2 - U = C2d (2.5) 

and can be obtained from the observed value of d. If not otherwise 
specified, the quantities U and B always refer to the nucleus in its 
ground state. The energy U* of an excited state is higher, and the 
binding energy B* lower, than the respective values for the ground 
state. The difference U* - U = B - B* is equal to the excitation 
energy. It is useful to introduce another magnitude, the binding 
fraction,! 

B 
j=­

A 
(2.6) 

which represents the total binding energy per nuclear particle. In 
Fig. 2.1, j is plotted as a function of the mass number A for stable 
nuclei. After some irregular smaller values at the beginning, j 
varies very little over the range of A. I t increases slowly up to A = 50 
and then stays around 8.5 Mev up to A = 150. For higher A it drops 
slightly and reaches 7.4 Mev for uranium. 

It follows from this curve that the total binding energy of a nucleus 
is roughly proportional to the number A of its constituents. Every 
constituent of the nucleus is more or less equally strongly bound. 
This property shows a similarity between a nucleus and a liquid drop 
or a piece of a solid material; for either of the latter every added 
molecule increases the total binding energy by the same amount. 
The behavior of the electronic shell of an atom exhibits a contrasting 
property. The average binding energy of an electron is very much 
larger for a heavy atom than for a lighter one. 

1 This quantity is related to, but not identical with, the ".packing fraction" 
used in mass spectroscopy (Bethe 36a). 
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The small decrease of f for high A and for low A can be accounted 
for qualitatively. The protons repel each other within a nucleus 
because of their electric charge. This repul!lion is weak compared to 
the nuclear binding forces. It becomes, however, more and more 
important for nuclei of higher Z, since it increases with Z2, the square 
of the number of protons, whereas the binding energy, as we saw 
above, is roughly proportional to the first power of the number of 
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FIG. 2.1. Binding fraction f of stable nuclei as a function of A. 

constituents. The electrostatic repulsion is opposed to the binding 
effect of the nuclear forces and hence decreases the binding energy 
for high A. The decrease of f for small A is a surface effect. It is 
evident that the particles at the surface are less strongly bound than 
those in the interior. The smaller the nucleus, the larger is the per­
centage of constituents at the nuclear surface; this effect reduces the 
average binding energy per particle for low A (Chapter VI, Section 2). 

Another useful concept is the "separation energy" Sa of a par­
ticle a from a given nucleus X. Sa(X) is the energy necessary to 
remove to infinity the particle a from the nucleus X in its ground 
state, leaving the residual nucleus Y (Y +a = X) also in its ground 
state. Sn(016), for example, is the energy necessary to remove a 
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neutron from 0 16 to infinity and consequently to leave the nucleus 015 
behind. The particle a need not be a nucleon; it can also be a nucleus 
itself, e.g., an alpha-particle. 

The energy Sa(X) can be computed from the difference between the 
mass of the nucleus X and the sum of the masses of a and the residual 
nucleus Y (Y +a = X). The values of S for nucleons are close to the 
value of the binding fraction f""",8 Mev. The energy necessary to 
remove one nucleon is approximately equal to the average binding 
energy per nucleon. Strong deviations are found in special cases; 
for example, Sn=16.8±0.4 Mev in Si28 (McElhinney 49); the sepa­
ration energy of a proton, Sp = 1.95 Mev in N 13 (Tollestrup 50). 

In addition to these special cases, there is a general tendency for the 
separation energy of a nucleon to deviate from the binding fraction in a 
region of mass numbers where the binding fraction varies appreciably 
with mass number. This can be seen from the following: The neutron 
separation energy Sn from the nucleus with Z protons and N neutrons 
is defined by 

Sn = B(Z,N) - B(Z, N -I) (2.7) 

This expression can be rewritten in the form 

Sft = f(Z,N) + (A -I) [f(Z,N) - f(Z, N -1)] (2.8) 

To a first approximation, we may assume thatf(Z,N) for the stable 
nuclei is a function of A only (see Fig. 2.1; this, however, is a very 
poor approximation in detail) and that it is a smooth enough func­
tion so that its derivative exists. Then (2.8) becomes 

Sn(A) '" f + (A - 1) :~ (2.9) 

Formula (2.9) shows that the separation energy is approximately equal 
to the binding fraction f only in the region of medium weight nuclei 
where f is nearly independent of A. For heavy nuclei the binding 
fraction decreases with increasing A so that the separation energies 
are systematically smaller than the binding fractions. For A> 200, 
the separation energies are of the order of 5.5 to 6 Mev, whereas f is 
of the order of 7.5 Mev. Formula (2.9) also predicts that the separa­
tion energies are systematically larger than the binding fractions for 
light nuclei, where f increases with A. However, the approximations 
used here are not applicable in this region: the binding fraction varies 
much too erratically with Z and N to be t,reated as a smooth function of 
the mass number only. 
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We can use the same approximation to estimate alpha separation 
energies. The result is 

Sa "-' 4f(A) - B(a) + 4(A -4) :~ (2.10) 

where B(a) = 28.23 Mev is the binding energy of the alpha-particle. 
It is interesting to compare this expression with (2.9). For heavy 
nuclei, the binding fraction f is of the order of 7.5 Mev. Thus the 
difference 4f - B(a) is of the order of 2 Mev, which is much smaller 
than the corresponding term f in (2.9). Furthermore, the (negative) 
derivative df/dA is multiplied by a much larger factor in (2.10) than 
in (2.9). For both these reasons then, the alpha separation energies 
for heavy nuclei may be expected to be much lower than the neutron 
or proton separation energies: 

(for heavy nuclei) (2.11) 

Indeed, very many heavy nuclei are unstable against alpha-particle 
emission from their ground states, i.e., Sa is actually negative. 

3. STABLE AND UNSTABLE NUCLEI, FISSION, ALPHA-DECAY, 
BETA-DECAY 

An aggregation of nucleons can hold together and form a bound unit 
only if the number of one type of nucleon does not appreciably exceed 
the number of the other. There is, for example, no nucleus known to 
consist exclusively of neutrons or exclusively of protons. The prob­
able reasons for this will be discussed in Chapter VI, but even among 
the combinations of neutrons and protons which form bound units 
only a relatively small fraction are stable. There are two forms of 
instability: (1) "dynamical" instability, which leads to the spon­
taneous breaking up of the nucleus into two or more parts (alpha­
decay, fission, and similar phenomena); (2) "beta "-instability, which 
leads to the spontaneous change of charge by one unit with a simul­
taneous emission or absorption of an electron (beta-decay, electron 
capture). 

A. "Dynamical" Instability 

Some nuclei are unstable against a split into two (or more) parts. 
Such instability occurs if the binding energy of a nucleus A is smaller 
than the sum of the binding energies of the two separated parts B 
and C. Then arises the question how the two parts Band C can hold 
together, even temporarily, to form the nucleus A. In order to discuss 
the mechanism of splitting we consider the potential energy of this 
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system as a function of the distance between the two parts Band C as 
plotted in Fig. 3.1. This plot is to be understood in a schematic way 
only, especially for small distances, since the potential energy of a 
many-body problem cannot be given exactly as a function of one 
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FIG. 3.1. The energy of two nuclei Band C as a function of their distance r. In 
case (a), the combined nucleus A =B+C is stable against breakup into Band Cj 
in case (b), A is metastablej in case (c), no combined nucleus A is formed. R is 

the distance wherein the two nuclei Band C merge. 

coordinate. If the two constituents Band C are brought together 
from infinite distance, the potential energy increases, mainly because of 
the Coulomb repulsion between two positive charges. Finally, how­
ever, when the distance is of the order of the range of the attractive 
nuclear forces, the repulsion can be overcompensated and the potential 
energy may drop again. We distinguish three cases as illustrated in 
Fig.3.1. If the energy of the system after complete assembly reaches 
a point lower than the value E .. at infinity, the nucleus A is stable 
against the split into Band C. If the energy reaches a point hig~er 
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than E oo , but lower than the highest point of the curve, the nucleus A 
is unstable with respect to the split into Band C; the two parts Band 
C are held together temporarily by a potential barrier and form an 
unstable nucleus A. If the energy does not drop at all for small values 
of r, Band C do not form a nucleus A. 

The potential barrier in the second case does not hold the nucleus A 
together for an indefinite time. Because of the quantum-mechanical 
penetration effect (see Chapter VIII), there is a small but finite proba­
bility II per unit time for the penetration, which leads to a splitting of 
the nucleus. If N specimens of the nucleus A are assembled at a given 
time, there will be a time interval T = II-I after which on the average 
N Ie are left, the rest having decayed. The probability II decreases 
with an increase in the height of the barrier and with an increase in 
the masses of the penetrating parts. 1 

The most common result of dynamical instability is the splitting off 
of an alpha-particle, a partition against which a number of heavy nuclei 
are unstable (Becquerel 96, Rutherford 08). A detailed discussion of 
alpha-decay is found in Chapter XI. A split into two parts of com­
parable size is generally called fission. Because of the characteristic 
decrease of the packing fraction toward higher A, the sum of the bind­
ing energies of two nuclei with intermediate mass numbers A 1 and A 2 

may become larger than the binding energy of the composite nucleus 
A = A 1 + A 2. Then the nucleus A would be unstable against fission 
into A 1 and A 2. The probability of spontaneous fission is extremely 
small because of the high mass of the fragments and the consequent 
small quantum-mechanical penetration of the barrier. 

B. Beta-Radioactivity 
A large number of nuclei have been found to emit positive or nega­

tive electrons, and in some kinds of atoms the nucleus has been 
observed to absorb one of the orbital electrons. 

Since there are a number of reasons why electrons cannot be present 
in the nucleus (see Chapter XIII), we must conclude that the electron 
is created in the act of emission. A change of charge by one unit 
takes place in the nucleus, and the surplus charge leaves or enters the 
nucleus in the form of an electron. In this process the nucleus is 
transformed into a different one with one proton more and one neutron 
less, or one proton less and one neutron more. In the former case, a 
negative electron is emitted; in the latter case, a positron is emitted or 
an orbital electron absorbed. 

I The importance of the barrier effect for nuclear physics was first recognized by 
Gamow (28) and Condon and Gurney (Condon 29). 
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Beta-radioactive decay is considered to originate from a fundamental 
property of nucleons, i.e., their ability to transform from one type to 
the other. A proton can change to a neutron, and a neutron to a 
proton. Because of the conservation of charge, these transformations 
are accompanied by the emission or absorption of an electron: the 
emission of a positive one or the absorption of a negative one if a 
proton changes to a neutron; the emission of a negative one if a neutron 
changes to a proton. As shown in Chapter XIII, conservation of 
angular momentum, as well as the continuous distribution-in-energy of 
the emitted electrons, requires that, together with the electron, a second 
particle be emitted which has no charge. This particle is called a 
neutrino. Its rest mass m. has been found to be very much smaller 
than the mass of an electron, and it is probable that m. is exactly zero. 

The transformation processes can be written in the form of equations: 

n-+ p + e- + II 

p-+n + e+ + II 

(3.1) 

(3.2) 

where n, p, e+, e-, and II stand for neutron, proton, positive and nega­
tive electron, and neutrino, respectively. The following transforma­
tion is also possible: 

p + e--+ n + II (3.3) 

in which the proton absorbs a negative electron instead of emitting a 
positive one. This negative electron is taken from the electronic shell 
around the nucleus. The corresponding neutron process 

n + e+-+ p + II 

should be theoretically possible, but no positive electron is available 
near the nucleus to make it occur. 

The processes described in (3.1) and (3.2) are called negative and 
positive beta-decay, respectively; the process in (3.3) is called electron 
capture. 

Naturally, these processes occur only if there is enough energy avail­
able. The creation of an electron-neutrino pair requires a minimum 
energy of 0.511 Mev, which is equivalent to the rest mass of the elec­
tron. The creation of a neutrino does not require any energy since its 
rest mass is zero. The mass difference between the neutron and the 
proton corresponds to an energy difference E = (M n - M p)c2 = 1.293 Mev 
(Tollestrup 50). Thus in process (3.1) the difference between the 
energy of the initial state and that of the final state is 0.782 Mev. 
The corresponding differences are -1.804 Mev in process (3.2) and 
-0.782 Mev in process (3.3). Therefore only process (3.1) occurs 
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spontaneously without energy supply from the outside. Hence the 
isolated neutron is beta-unstable,l whereas the isolated proton is 
beta-stable even if it is surrounded by an electron as in the hydrogen 
atom [neither process (3.2) nor (3.3) occurs spontaneously]. 

These rules no longer apply if the neutron or the proton is not iso­
lated but forms part of a nucleus. Energy may then be supplied to or 
removed from the nucleon which undergoes the transformation by the 
rest of the nucleons in the nucleus. Consider a nucleus X with Z 
protons and N neutrons and a nucleus Y with (Z + 1) protons and 
(N -1) neutrons. We study the following three processes: 

zX = Z+lY + e- + II 

Z+lY = zX + e+ + II 

Z+lY + e- = zX + II 

(3.1') 

(3.2') 

(3.3') 

in which the elementary processes (3.1), (3.2) and (3.3), respectively, 
are occurring within a nucleus. 

These processes can take place only if certain energy relations are 
fulfilled. Let us introduce the difference 

dz,Z+l = U(Z,N) - U(Z+ 1,N -1) 

= B(Z+ 1,N -1) - B(Z,N) + (M nC2 - M pc2) (3.4) 

between the energies U(Z,N) of the nucleus X and U(Z + I,N -1) 
of the nucleus Y as defined by (2.4). The following conditions must 
be fulfilled in order to provide enough energy for the three processes: 

d > 0.511 Mev [for (3.1')] (3.5) 

d < -0.511 Mev [for (3.2')] (3.6) 

d < 0.511-e Mev [for (3.3')] (3.7) 

where e is the binding energy of the electron in the quantum state from 
which it is captured. Any energy available in excess of the minimum 
appears as kinetic energy of the created electron and neutrino in 
(3.1') and (3.2') and as kinetic energy of the neutrino in (3.3'). Hence 
a nucleus X with a charge Z is beta-stable only if two conditions are 
fulfilled: 

(a) The difference dz,Z+l between its energy and the energy of the 
isobar with a charge Z + 1 must be smaller than 0.511 Mev, i.e., 
dz,Z+l <mec2. 

I The instability of the neutron has been confirmed experimentally by Robson 
(SO) and Snell et a1. (50). 
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(b) The difference dz.Z-l between its energy and the energy of the 
isobar with a charge Z -1 must be smaller than -0.511 Mev, i.e., 
dz.Z-l < - (m.c2 - e). (Notice that dZ.Z-l = - ~Z-l.Z') 

If dZ.Z+l > m.c2, the nucleus is unstable against negative beta­
decay; if dz.Z-l> -(m.c2 -e), it is unstable against electron capture; 
if dz.Z_l > m.c2, it is unstable against positive beta-decay. 

These stability relations can be expressed more succinctly in terms of 
the atomic mass Mat. (2.2). We have the relation 

Mat(Z,N) = c-2 U(Z,N) + Zm. (3.8) 

so that the difference d, (3.4), becomes 

d = c2[Mat(Z,N) - M at(Z+1,N -1)] + m.c2 (3.9) 

When this form is substituted into the stability relations, (3.5), 
(3.6), and (3.7), they assume the very simple forms 

(for ,s--decay) (3.5') 

Mat(Z,N) < M at(Z+1,N-1) - 2m. (for~+-decay) (3.6') 

!v!at(Z,N) < M at(Z+1,N-l) - e (for electron capture) (3.7') 

Since the tables of "nuclear" masses usually give the atomic 
masses (in units such that the atomic mass of 0 16 is 16.0000), stability 
relations (3.5') to (3.7') are more convenient to employ than the 
equivalent relations (3.5) to (3.7). 

Most of the. nuclei that can be formed of A nucleons (isobaric 
nuclei) are beta-unstable, and only one or two or, in some rare cases, 
three isobaric nuclei are known to be beta-stable. In almost all cases, 
two stable isobaric nuclei differ by more than one unit in Z. Two 
nuclei X and Y differing by only one unit in Z cannot both be stable, 
according to the energy rules given above, unless d is equal to 0.511 
Mev. 1 This is very improbable, and in the few cases in which such 
apparently stable pairs have been found one nucleus is very probably 
unstable with an extremely long half-life. 

The transformations discussed here take an extremely long time 
compared to any other nuclear processes except alpha-decay. The 
shortest observed lives of nuclei which are unstable against beta-decay 
are of the order of fractions of seconds. 2 These times should be com­
pared with the lifetimes of excited nuclear states, which are of the 

I A slight correction to this consideration is caused by the binding energy E of the 
captured electron in the atom. 

S The shortest half-life known is that of B12: t~2 = 0.025 sec (Seaborg 48). 
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order of 10-13 sec or less, except if transitions from these states are 
"highly forbidden." 

For A <44, there is only one stable isobar for each A. For odd 
A, Z =t(A -1); for even A, Z is either tA or tA -1. For higher A, 
there may be more than one stable isobar but only if A is even. The 
Z for which the isobars are stable is consistently smaller than -lA, and 
this difference increases with higher A. A critical discussion and 
explanation of nuclear stability is found in Chapter VI. 

4. SIZE OF THE NUCLEI 

All experimental evidence points to the fact that nuclei have a well­
defined size, in contrast to the electronic shells of atoms. In an atom 
the probability of the presence of an electron gradually goes to zero 
with increasing distance from the center. The structure of nuclei is 
quite different. The surface of a nucleus is relatively well defined: the 
probability of the presence of nuclear constituents is high inside the 
surface and drops to zero outside in an interval which in heavy nuclei 
is small compared to the radius. This makes it possible to define a 
nuclear radius with some degree of accuracy. The concept of a 
nuclear surface is not applicable to very light nuclei (A <20), however. 

The size of nuclei is not too well known. All experiments from 
which the size can be deduced show that the volume is approximately 
proportional to the number A of constituents. The shape is, most 
probably, spherical. Small deviations from sphericity, however, have 
been observed in some nuclei in the form of electric quadrupole 
moments (see Section 7). The radius R of the nucleus is approxi­
mately proportional to A 1/3, and the relation that fits the experimental 
data best is 

R = ToA 1/3 (4.1) 

where TO'" 1.5 X 10-13 cm. The value of TO is probably subject to 
variations from element to element. There is some evidence that TO 

is smaller for high values of A, whereas the value given here is valid 
for medium-weight nuclei only. Since the surface of the nucleus is 
not accurately defined, the value of TO also depends on the way the 
nuclear radius was measured. Some measurements indicate an 
additional constant term in the expression (4.1). 

There are several methods by means of which the nuclear radius 
can be measured. They are enumerated here, and the detailed dis­
cussion of each method is given wherever the process used in the 
measurement is treated. 
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A. Scattering of High-Energy Neutrons by Nuclei 
The total cross section of very fast neutrons reaches the value 2rR2, 

which is just twice the target area which the nucleus offers to the beam. 
This limit should be reached when the wavelength of the neutron 
becomes much smaller than the radius. From the wave theory of 
neutron scattering the expected total cross section can be calculated 
more accurately as a function of the radius. The comparison of 
experiments and theory therefore provides a determination of the 
radius (see Chapter IX, Section 2). 

B. The Yield of Nuclear Reactions Initiated by Protons or Alpha­
Particles 

When charged particles produce nuclear reactions, they must run 
against the electrostatic repulsion of the nucleus before they reach the 
nuclear surface. The electrostatic potential at the nuclear surface is 
inversely proportional to the nuclear radius, and the probability of 
reaching the surface is therefore a function of the radius. This 
function is very sensitive, especially for lower energies where the 
surface can be reached only because of the quantum-mechanical pene­
tration effect. Hence the comparison. of observed reaction yields 
with the expected ones can be used to determine nuclear radii. 

c. Alpha-Decay Lifetimes 
The spontaneous emission of an alpha-particle by some of the heavier 

nuclei is connected with a penetration by this alpha-particle through a 
region of very high poten tial energy near the nuclear surf ace; the region 
owes its existence to the repulsive potential between the nucleus and 
the alpha-particle and would act, in classical mechanics, as a barrier 
preventing emission. The penetration is a quantum-mechanical effect. 
Its probability depends very critically on the shape and the height of 
the potential energy barrier and on the kinetic energy of the alpha­
particle after penetration. The height is given by the nuclear radius 
R, since the alpha-particle is under the influence of the Coulomb repul­
sion without any compensating nuclear attraction when its distance 
from the center is larger than R. The probability of penetration of 
the barrier is closely connected with the lifetime of the decaying 
nucleus. The theory (Chapter XI) allows a determination of the 
radius R from this lifetime and from the kinetic energy of the alpha­
particle. 

D. Maximum Energy of Some Beta-Rays 
In some radioactive elements, it is reasonably certain that the 

nuclear structure of the radioactive nucleus and the product nucleus are 



4. Size of the Nuclei 15 

TABLE 4.1 
NUCLEAR RADII 

The nuclear radii are listed according to the four methods of determination. 
R is the nuclear radius in 10-13 cm. TO is the constant defined by (4.1), in 10-13 

cm. Method A uses the scattering of high-energy neutrons (Feshbach 49a); 
method B, the yield of (p,n) reactions (Blaser 51, and private communication from 
same authors). These results are very inaccurate. Method C uses the lifetime-
energy relation of alpha-decay (Devaney 50); method D uses the beta-ray energy 
of mirror nuclei. The effective radius of the alpha-particle was arbitrarily assumed 
to be 1.2 X 10-13 cm. 

METHOD A METHOD B 
Nucleus R TO Nucleus R TO Nucleus R TO 

Be 2.4 1.17 Zn 5.9 1.48 Ni 81 5 1.3 

B 3.4 1.54 Se 6.3 1.46 Ni 62 6 1.5 

C 3.8 1.65 Ag 6.8 1.44 CU 65 6 1.6 

0 4.3 1. 71 Cd 7.2 1.48 Zn68 7 1.6 

Mg 4.5 1.57 Sn 7.4 1.52 Se 80 6 1.6 

AI 4.6 1.53 Sb 7.3 1.46 Rb 85 7 1.6 

S 4.1 1.30 Au 7.5 1.33 Zr92 6 1.4 

CI 4.7 1.44 Hg 8.3 1.42 Zr 96 7 1.6 

Fe 5.6 1.46 Pb 7.8 1.32 Sn l20 8 1.6 

Cu 5.5 1.38 Bi 7.9 1.34 1127 8 1.5 

METHOD C METHOD D 
Nucleus R TO Nucleus R TO Nucleus R TO 

Tl 208 6.5 1.10 Po218 8.5 1.40 Bl1 3.2 1.42 

T1 210 7.0 l. 19 Em 219 8.5 l.40 C l3 3.4 1.46 

Pb 206 7.2 1.21 Em 220 8.1 .34 NI5 3.5 1. 41 

Pb 208 7.8 1. 31 Em 222 8.7 1. 44 0 17 3.6 1.39 

Pb 210 8.1 1.35 Fr223 8.4 1.39 FI9 3.9 1. 47 

Pb211 8.3 1.40 Ra223 7.6 1.26 Na23 4.1 1.46 

Pb212 8.1 1.35 Ra224 8.3 1.36 Al27 4.2 1.39 

Pb 214 8.4 1.39 Ra228 8.3 1.36 Si29 4.5 1.46 

Bi 211 8.1 1.35 Ra228 8.6 1.43 p 29 4.6 1.47 

P0216 8.4 1.39 Th 230 8.3 1.35 S3a 4.7 1.46 
P0218 8.!) 1.40 Th 234 8.4 1.36 Cl 36 4.8 1.46 

Cau 5.2 1.50 
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very similar, so that the only reason for the difference in energy is 
the difference in electric charge. The energy difference can be com­
puted from the maximum energy of the emitted beta-rays. The 
energy due to the electric charge is proportional to l/R; it is actually 
equal to (!)[Z(Z-I)e2/R). The radius R can thus be deduced from 
the measured maximum energy of the beta-rays. Details can be 
found in Chapter VI. 

The results obtained for nuclear radii by these various methods do 
not agree too well, as indicated in Table 4.1. They differ sometimes 
by as much as 2 X 10-13 cm. Better agreement should not be 
expected, however. The definition of the radius is necessarily inac­
curate to within an interval of the order of the range of nuclear forces 
and of the average relative distance of nucleons in the nucleus. Both 
lengths are of the order of 2 X 10-13 cm. Actually the different 
methods measure different quantities. Methods A, B, and C measure 
the distance at which an incoming particle falls under the influence of 
the nuclear forces, whereas method D determines the radius of the 
actual charge distribution. The last method would be expected to 
gi ve smaller radii. 

6. THE COULOMB BARRIER 

Let us consider the energy necessary to remove a proton or a neutron 
from a nucleus to infinity. We have called this energy Sp or Sra, the 
separation energy of a proton or a neutron. The neutron separation 
energy is the energy necessary to break the boods of the nuclear 
forces which keep the neutron within the nucleus. The proton 
separation energy consists of two parts, Sp = S.-S.. The nuclear 
part S. is analogous to the neutron separation energy and is the energy 
necessary to break the nuclear bonds; the Coulomb part-S. is the 
additional effect of the electrostatic repulsion between the proton and 
the residual nucleus, after the bonds are broken. 

Consider first the conditions in some light nuclei, i.e., those with 
Z =N and A <40. Because of the equality of neutron-neutron and 
proton-proton forces, the energy necessary to carry a proton from 
inside the nuclear surface to just outside the nuclear surface, S., is 
not very different l from the energy necessary to do the same for a 
neutron: 

S. "" Sra Z=N (5.1) 

1 A small systematic difference, making S. slightly less than Sn, is caused by the 
proton being repelled by the rest of the charge in the nucleus already inside the 
nuclear surface. 
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In the case of a neutron this is already the separation energy. But a 
proton is repelled by the residual nucleus and hence gains energy as it 
goes farther away. This is illustrated in Fig. 5.1. The final separa­
tion energy for the proton is smaller than the neutron separation energy 
8" approximately by the Coulomb effect: 

Se = (Z -1)e2 (5.2) 
R 

where Z -1 is the charge of the residual nucleus after the proton has 
been emitted, and R is the radius of the residual nucleus. 
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FIG_ 5.1. If S. ~ S .. , the proton separation energy S,. is smaller than the neutron 
separation energy S .. by an amount Se = (Z -1)(e2 / R). If the nucleus is excited 

to some energy E* >S", it will emit protons more easily than neutrons. 

The electrostatic potential energy of the proton outside the nuclear 
surface is usually called the "Coulomb barrier." In the present case, 
however, it is rather artificial to speak of a Coulomb barrier. For a 
certain amount of excitation energy E* inside the nucleus, it is actually 
easier for a proton to emerge than for a neutron. The Coulomb effect 
does act as a barrier, however, if a neutron and a proton are compared, 
not with the same excitation energy in the original nucleus, but rather 
with the same kinetic energy far away, after complete separation or 
before assembly. Then the proton has to overcome a potential barrier 
before it can enter into the nucleus, whereas the neutron can enter 
without barrier. 

For light nuclei other than those with Z = N, no such simple rule as 
(5.1) can be made. For example, the neutron separation energy from 
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0 17 is 8 n (017) =4.155 Mev, whereas the proton separation energy is 
8 p (017) = 13.4 Mev. The large difference is caused by the much 
weaker binding of N 16 as compared to 0 16. The emission of a proton 
from an excited 0 17 nucleus is impossible until the excitation energy 
is at least 13.4 Mev, whereas neutron emission occurs at much lower 
energies. This effect, however, can hardly be described as a barrier 
effect. In general, the light nuclei with Z;r!c N have to be treated as 
special cases. 

We now turn to the heavier nuclei. We shall show that (5.1) fails 
to hold even approximately for nuclei in the beta-stable region of the 
periodic table. Rather these nuclei satisfy the approximate relation 

A > 40, beta-stable (5.3) 

This can be seen from the following: The neutron and proton separation 
energies are given by 

8 n = B(Z,N) - B(Z, N -1) 

8 p = B(Z,N) - B(Z -1, N) 

Taking the difference of these equations, we obtain 

Sp - Sn = B(Z, N-I) - B(Z-I, N) (5.4) 

This energy is closely related to the energy of the beta-rays in the 
beta-decay (Z, N -1) --+ (Z -1, N) or vice versa, depending on the 
sign of the energy difference. In fact, 

Sp - Sn = Az,Z-l - (M nc2 - M pc2 ) 

The beta-ray energies for heavier nuclei which differ by only one 
nucleon from a beta-stable nucleus are of the order of a few Mev, 
mostly even less than 1 Mev. Hence the difference Sp-Sn does not 
exceed a few Mev. On the other hand, the Coulomb effect Se as 
given by (5.2) becomes quite large. It is about 7 Mev for copper 
(Z = 29) and larger for heavier elements. Hence (5.1) can no longer be 
fulfilled and (5.3) is valid within a few Mev. We get, instead of (5.1), 

S. > Sn } 
S. - Sn "'-J Se A > 40, beta-stable (5.5) 

This relation shows that it takes more energy to break the nuclear 
bond of a proton than to separate a neutron from a medium or heavy 
nucleus. The difference is roughly equal to Se. The protons are 
more strongly bound by the nuclear forces in order to compensate for 
the electric repulsion energy. This situation is illustrated in Fig. 5.2. 
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The figure shows that we are now justified in talking of a Coulomb 
barrier. Given the same excitation energy E* in the original nucleus, 
a proton has to surmount a barrier of height: 

Barrier height = Sp + Sc - E* (5.6) 

whereas a neutron has no barrier to surmount and emerges at r = R wi th 
an energy equal to its final energy far away: 

Neutron energy = E* - Sn 

The final proton energy at r ~ 00, 

Proton energy = E* - Sp 

(5.7) 

(5.8) 

is not very different from the final neutron energy, but the proton has 

Energy 

" 
" 
" 
" E' ----4-
" 
" ri I , Sp 

"'~n'!-, _______ ---=====:;:: 
I ~ , 
I 
I 
I 
I 
I 
I 
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FIG. 5.2. For heavy nuclei in the beta-stable region, Sn~Sp. The Coulomb 
effect Se then acts as a barrier against proton emission. If the nucleus is excited 
to an energy E*, neutrons emerge with E neut = E* - Sn; protons have to go through 
a barrier of maximum height Sp+Sc-E*, The surface separation energy S. for 
protons systematically exceeds the surface (=6.nal) separation energy Sn for 

neutrons. 

to penetrate the barrier in order to get outside, Thus in the heavier 
nuclei proton emission (compared to neutron emission) is inhibited. 

There is thus a rather complete reversal of the role of the Coulomb 
repulsion between light nuclei with N = Z on the one hand, and heavy 
nuclei on the other hand. In the first case (Fig. 5.1) the Coulomb 
repulsion makes it easier for a proton to leave the nucleus; in the 
second case the Coulomb repulsion, coupled with the need for beta­
stability, produces a "barrier" which inhibits proton emission from an 
excited nucleus. In either case, however, the Coulomb effect acts as 
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a "barrier" to protons if we compare neutrons and protons with the 
same kinetic energy far away rather than with the same excitation 
energy in the compound nucleus. 

The situation is similar for the case of alpha-particles. The separa­
tion energy Sa of an alpha-particle can be split into two parts, 

(5.9) 

where S.a is the energy necessary to remove the alpha-particle from 

E 

s, ... 

OL-~~~~----------------~~------r7-r 

FIG. 5.3. Potential barrier in alpha-decay. Energy zero corresponds to the 
parent nucleus (Z,N), and energy -Sa to the daughter nucleus (Z -2, N -2) plus 

the alpha-particle at rest. 

the nucleus (Z,N) to a point just outside the nuclear surface. The 
Coulomb effect is given by 

Sc(a) 
2 (Z-2) e2 

R' 
(5.10) 

where R' is the radius of the residual nucleus (Z -2,N _2).1 In 
general S.a is somewhat smaller than the corresponding magnitude S. 
for protons in light elements. In very heavy nuclei it often happens 
that Sa is negative, so that the nucleus even in its ground state is 
unstable against alpha-decay. 

Sa can get as low as -8.95 Mev, corresponding to a nucleus 

1 Strictly speaking, R' is the sum of the radius of the residual nucleus and the 
radius of the alpha-particle. See Chapter XI for a discussion of this point. 
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which emits alpha-particles of 8.95 Mev (Po2l2) (Perlman 50). Sc(a), 
however, for these very heavy nuclei is about 25 to 29 Mev, so that 

S.a = So + Sc(a) "-' 16 to 28 Mev (5.11) 

for alpha-unstable nuclei. l The alpha-particle, before escaping from 
the nucleus, must overcome a potential barrier whose height at the 
nuclear surface is 16 to 28 Mev (see Fig. 5.3). This high barrier is 
responsible for the long lifetimes of alpha-decaying nuclei, as will be 
shown in detail in Chapter XI. 

6. ANGULAR MOMENTUM, SPIN 

It has been found that the neutron and the proton possess an 
intrinsic angular momentum of magnitude j-h just as the electron 
does. This intrinsic angular momentum of the proton or of the 
neutron is commonly referred to as its "spin." The quantum­
mechanical properties of an angular momentum of magnitude j-h are 
such that its orientation can be described by only two states, in which 
it is either" parallel" or "anti-parallel" to any given direction. The 
component of the spin along a given direction, say the z axis, is either 
+lh or -tho 

Since nuclei are built up of neutrons and protons, each possesses an 
angular momentum I which is the combined effect of the intrinsic spin 
of the constituents and of the angular momentum of the orbital motion 
within the nucleus. The angular momentum of the orbital motion 
must be an integral multiple of h. The intrinsic spin of any nucleon 
can add or subtract i-h, depending on its orientation relative to the axis 
of reference (parallel or anti-parallel). Thus the total angular 
momentum of a nucleus is an integral multiple of h for nuclei with an 
even number A of constituents, and it is an odd multiple of jh fOT 
nuclei with odd A. This rule has been verified in all measurements. 

This result is one of the reasons for assuming that nuclei consist of 
neutrons and protons, and not of electrons and protons. I t has been 
found, for example, that the nuclei H2, LiS, N 14 all have spins equal to 
h, an observation in accordance with our conclusions, since each of 
these nuclei consists of an even number of nucleons. If these nuclei 
were built up of protons and electrons, the number of constituents 
would have to be odd in each case in order to account for the charge: 

1 Of course, not all alpha-unstable nuclei are observed to be alpha-radioactive. 
In practice, a nucleus with an alpha-decay energy (= -Sa) of less than about 4 to 
5 Mev has a half-life so long that the decay is never observed in the laboratory. 
Thus the upper limit in (5.11) ought to be reduced to about 24 Mev if we confine 
ourselves to nuclei which are not merely alpha-unstable but also have observable 
alpha-radioactivity. 
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2 protons and 1 electron in H2; 6 protons and 3 electrons in Li6 ; 14 
protons and 7 electrons in N14. The total spin would be a half­
integral multiple of h. 

The total angular momentum of a nucleus is currently referred to as 
its "spin," even though the total angular momentum includes both 
orbital and intrinsic angular momenta whereas the term "spin" is 
usually reserved for intrinsic angular momenta of elementary particles. 
This unfortunate terminology for the angular momentum of nuclei 
was introduced at a time when their internal structure was not yet in 
the center of interest. 

The angular momentum in an excited state of a nucleus can be 
different from the one in the ground state. The contribution of the 
orbital angular momenta and the relative orientation of the intrinsic 
spins of the constituents differ, in general, from state to state in one 
nucleus. Either effect changes the total angular momentum by an 
integral multiple of h. Thus the spins of excited states may differ 
from the spin of the ground state by integral multiples of h. The 
term "spin of the nucleus," without any specification, always 
refers to the state of lowest energy. 

Most measurements of nuclear spins are based on the so-called 
"space quantization of angular momenta." Any angular momentum 
I can be oriented in space with respect to a given axis in only (21 + 1) 
directions. The component of the angular momentum along the 
axis of reference in any of these states has the magnitude mh, where the 
integer or half-integer m, called the magnetic quantum number, is 
any member of the sequence -I, -1+1, "', +1. Most observable 
effects of the spin are based on the magnetic moment (see Section 7) 
which invariably is connected with any angular momentum. The 
21 + 1 orientations of this magnetic moment in a magnetic field give 
rise to (21 + 1) different energy values which can be observed in many 
ways.l 

It has been found that all nuclei with even mass number A have no 
angular momentum (l =0), with the exception of the so-called odd-odd 
nuclei in which Z and N are both odd. There are only four stable 
odd-odd nuclei, i.e., H2, Li6, BIO, and N 14. 

The nuclear spins are relatively small; the largest measured value is 
%, and there is only one nucleus (LU176) with 1?:.7. These values are 
much less than the value -lA which could be expected if all intrinsic 
spins were parallel. This indicates that there is a tendency in nuclei 
for intrinsic spins to cancel, an effect which will be explained later in 
Chapter VI as a consequence of the nature of the nuclear forces. 

I An exhaustive account of all methods and results is given by Kopferman (45). 
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7. ELECTRIC AND MAGNETIC MOMENTS 

The electric moments of a nucleus are determined by the distribu­
tion of the electric charge within the nucleus, the magnetic moments 
by the distribution of the electric currents. These quantities are 

. defined for a bare nucleus in a definite quantum state (usually its 
ground state). To the extent that external electric or magnetic fields 
do not perturb the internal distribution of charge and current in the 
nucleus, the electric and magnetic moments completely determine the 
interaction of the nucleus with these external fields. The external 
fields in question are usually caused by the electrons in the atom, or 
by the electrons and other nuclei in the molecule, of which the nucleus 
forms a part. The energies of interaction perturb the atomic or 
molecular energy levels and give rise to the "hyperfine structure" 
of spectral lines emitted by the atom or molecule. The explanation of 
the observed hyperfine structure in terms of nuclear properties was 
given by Pauli (24). The quantum theory of the interaction between 
nuclei and the electric and magnetic fields in atoms and molecules is 
summarized by Casimir (36). 

A. Electric Moments 
We first define the meaning of electric moments for a classical charge 

distribution p(x,y,z), which is given as a function of position in space 
and confined within some small volume. We are interested in the 
energy E of this charge distribution in the electric field produced by 
the atom. Let us make a first approximation in which we neglect 
the variation of the field over the dimensions of the nucleus. We 
take the direction of the constant field E as our z direction. Then 
the electrostatic potential cp(x,y,z) giving rise to this field can be 
written as 

cp(x,y,z) = cp(O) - E z (7.1) 

and the energy E of the charge distribution in this potential is 

E = f cp(x,y,z) p(x,y,z) dV = cp(O) E - E D. (7.2) 

where E is the charge and D. is the z component of the dipole moment, 
defined by 

E = f p(x,y,z) dV 

D. = f z p(x,y,z) dV 

(7.3) 

(7.4) 

z in (7.4) is measured from the center of mass of the distribution (the 
nucleus). 
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Unfortunately this simple approximation is not sufficient for our 
purposes. We shall now show that the. electric dipole moment is 
necessarily zero for any quantum-mechanical system in a stationary 
state. We need the quantum-mechanical analogue of the classical 
definition (7.4). Let !J'(rl,r2,"',rz ; rZ+h"'h) be the wave function of 
our stationary state. The first Z coordinates are proton coordinates; 
the remaining ones are neutron coordinates. The probability of 
finding the ith nucleon in the volume element dV around the position 
r is given by Pi dV, where 

P,(r) = fl!J'(rh···,rA)12 dV 1 ••• dVi_ 1 dVi+1 ••• dVA (7.5) 

The integration extends over the coordinates of all particles except 
the ith, and the coordinate ri has to be given the value r. The charge 
density p(x,y,z) which has to be substituted into (7.4) is glven by 

z 
p(x,y,z) = L e Pi(x,y,z) 

i-I 

(7.6) 

This sum extends over the protons only, since the neutrons do not 
contribute to the density of electric charge in the nucleus. Through 
(7.4), (7.5), and (7.6), the quantum-mechanical value of the electric 
dipole moment (say the z component) is given by 

z 

Dz = L J eZi 1!J'(rh"'h)12 dT (7.7) 
i-I 

where dT stands for an integration over the whole of configuration 
space (all the coordinates). 

We shall now show that every term of the sum (7.7) vanishes in a 
stationary state!J'. A stationary state of a quantum-mechanical 
system has a definite parity,l i.e., a definite behavior under an inversion 
of the coordinate system. Either 

or 
!J'( -rh-r2,"', -rA) 

In either case we have 

1!J'(rl,r2,"',rA)i2 = 1!J'(-rh- r2"",-rA)12 

(7.8) 

(7.9) 

(7.10) 

Each integrand in (7.7) is therefore the product of an even function and 

1 This is, strictly speaking, true only for non-degenerate states. It is true for 
the ground states of nuclei provided that the center of gravity is at rest. See 
Wigner (27). 
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an odd function (Zi) under inversion, so that the integral vanishes. 
Quantum-mechanical systems in stationary states do not have permanent 
electric dipole moments. 

In molecular physics, one often uses the concept of an electric dipole 
moment of a polar molecule such as N aCI. As long as the molecule 
is not subject to external forces, however, this electric dipole moment is 
effectively zero since it is "smeared out" over all directions. It 
becomes observable only in electric fields of such strength that the 
motion of the molecule is seriously affected (the dipole is lined up 
along the electric field). Although this effect is possible in principle 
for nuclei also, we do not have available electric fields of the requisite 
strength; even the field produced by the atomic electrons near the 
nucleus is not strong enough to perturb the internal nuclear motion 
appreciably. Some very small discrepancies have been observed in 
microwave spectroscopy which may be attributed to effects of this 
kind (Geschwind 51, Gunther-Mohr 51). 

Since the electric dipole moment of the nucleus vanishes, the 
approximation, (7.1), (7.2), of a constant electric field over the nuclear 
volume gives no useful information. We must take the variation of 
the electric field over the nuclear volume into account explicitly. 
Let us assume for the sake of simplicity that the field is cylindrically 
symmetrical about the Z direction. We can then write 

(a8:) 
8. = - Z = Kz az 0 

(7.11) 

(we put the electric field equal to zero at the origin since the effect of a 
constant electric field has already been investigated). The electric 
field (7.11) is produced by charges at some distance, and hence the 
divergence of 8 must vanish. Thus we must have 

(7.12) 

to give zero divergence as well as cylindrical symmetry. The potential 
",(x,y,z) associated with this field is 

",(X,y,z) -t K (2Z2-x2_y2) 

-t K (3z 2-r2) 

The energy of a charge distribution p(x,y,z) in this field is given by 

E = f ",(x,y,z) p(x,y,z) dV 

(7.13) 

(7.14) 
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The integral which occurs in (7.14) is called the quadrupole moment 
of the charge distribution p. By use of the quantum-mechanical 
charge distribution, (7.5), (7.6), the quadrupole moment in the state 
1/1 is defined by 

z 
Q(1/I) = 2 J e (3z;2-r;2) !1/I(rl"",l4)!2 dT (7.15) 

;= 1 

The sum goes over all the protons. In terms of the quadrupole 
moment Q(1/I), the additional energy produced by placing the nucleus 
in an inhomogeneous electric field, (7.11), (7.12), is given by 

E= - ~ (08) Q(1/I) 
4 oz 0 

(7.16) 

We note that a prolate (cigar-shaped) charge distribution with its 
axis parallel to the z axis will give rise to a positive quadrupole moment, 
and an oblate (pancake-shaped) distribution will give rise to a negative 
quadrupole moment. A spheroid with semi-axes c parallel to z and a 
perpendicular to z and uniform charge density everywhere inside 
produces the quadrupole moment 

(7.17) 

where E is the total charge, '7= (c 2_a2)j(c2+a2), and R2=!(a2+c2) is 
the mean square radius. 

We will now show that a nucleus can have a quadrupole moment only 
if its angular momentum I is equal to or larger than unity. To prove 
this, consider the first term of the sum (7.15). We can write it in the 
form 

f1/l*(r1!"',rA ) [e (3z 12 -r12) 1/I(r1!"',rA)] dT 

= f 1/I*Cr1!···,rA) FCr1!"',rA ) dT C7.18) 

where F denotes the quantity in the square brackets. 1/1 is a wave 
function with an angular momentum I. The quantity C3z2-r2) 

would have an angular momentum 1 = 2 if it were considered as a wave 
function. According to the combination rule of angular momenta the 
product F can be split into a sum 

1+2 

F = 2 FJ (7.19) 
J-I1-21 

where each FJ is a wave function with angular momentum J. 
Since two wave functions with different total angular momenta are 
necessarily orthogonal to each other, the integral C7.18) vanishes unless 
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one of the J values in the sum (7.19) is equal to I. This is impossible 
for I =0 [the lowest J in (7.19), indeed the only J, is then equal to 2] 
and for I =j [the lowest J in (7.19) is! in that case], but it is possible 
for 1=1 or more. Hence quadrupole moments are necessarily zero 
in states whose angular momentum is zero or i-. 

Unlike the electric dipole moment, the quadrupole moment operator 
e (3z 2 - r2) is an even function under inversion of the coordinate 
system. Hence the parity rule does not prevent nuclei from having a 
permanent quadrupole moment. 

The quadrupole moment Q(1/I) , (7.15), is a function of the state 1/1 
of the nucleus. In practice we are interested in only one special case, 
where 1/1 is the ground state. This does not specify the wave function 
completely, however. A nucleus with angular momentum I can have 
this angular momentum oriented in anyone of 21 + 1 different ways, 
corresponding to I. = m = I, I-I, 1-2, "', -I. Thus there are 
2I + 1 different "quadrupole moments" associated with a nucleus 
in its ground state. We shall show now that these 2I + 1 quantities 
are related to each other, so that all of them can be expressed in terms 
of anyone of them. 

Let us first consider a classical charge distribution with cylindrical 
symmetry, which is the closest classical analogue to the quantum­
mechanical ca'le. We shall study the dependence of the quadrupole 
moment 

Q(p) = f (3z2 - r2) p(x,Y,z) dV (7.20) 

upon the angle {3 between the z axis and the body axis (z') of the 
(cylindrically symmetric) charge distribution. We introduce polar 
coordinates, r, (J, !p centered around the z axis in space, as well as 
r, (J', !p' centered around the body axis z'. The quadrupole moment is 

Q(p) = J r2 (3 cos2 (J - 1) p(x,Y,z) dV (7.20') 

Let the body axis point in the direction (J = {3, !p = 1/>. Then we use 
the identity 

cos (J = cos (J' cos {3 + sin (J' sin (3 cos (!p-I/» (7.21) 

Substitution into (7.20') gives 

Q(p) = -l(3 cos2 (3 - 1) Qo(p) (7.22) 
where 

Qo(p) = f r2 (3 cos2 (J' - 1) p(x',y',z') dV' 

is the quadrupole moment of the charge distribution p when the 
z direction is chosen along the body axis. 

We now return to an actual nucleus in a quantum state with angular 



28 1. General Properties of the Nucleus 

momentum 1 and study the dependence of the quadrupole moment 
Q(Vt) on the magnetic quantum number m. The value of m specifies 
the orientation of the angular momentum 1 with respect to the z axis. 
The angle fJ between the z axis and 1 is a well-defined magnitude given 
by 

m 
cos fJ = -y'''I=(1=+=I=) (7.23) 

Thus the quadrupole moments in the different substates m should have 
the same relation to one another as the values Q(p) in (7.22) for the 
corresponding angles fJ. In particular, the ratio of two quadrupole 
moments Q(ml) and Q(m2) for the substates Vt, with m =ml and m =m2, 
is, according to (7.22): 

Q(md 3 cos2 fJl - 1 
--= 
Q(m2) 3 cos2 fJ2 - 1 

3m 12 - 1(1+1) 

3m22 - 1(1+1) 
(7.24) 

The best alignment possible between 1 and the z axis is attained for 
m = 1; therefore Q(m = I) is the largest observable quadrupole moment, 
and it is the one that comes nearest to what we have called Qo in the 
classical case. The quadrupole moment Q(m) in the state m is related 
to the quadrupole moment in the state m2 = 1 through 

Q(m) = 3m 2 - 1(1+1) Q 
1(21 -1) 

(7.25) 

where Q, without any special notation, refers to the quadrupole 
moment Q(Vt), (7.15), in the state Vt with m = I. Q is usually called 
"the quadrupole moment" of the nucleus. 

Nuclear quadrupole moments are usually divided by the charge e 
of one proton and are then given in square centimeters. Table 7.1 
(Feld 49) gives the values of Q for a number of nuclei. These values 
are often quite uncertain for the following reason: It is possible to 
measure the interaction energy (7.17), between the nucleus and the 
electric field produced by the surrounding electrons, with high accu­
racy; but the gradient of the electric field, (aez/az)o, at the position of 
the nucleus is very hard to determine. It can be measured accurately 
in most atoms (Davis 48) but can only be estimated in most molecules 
(Townes 47). These estimates are not always reliable, and the 
quoted values of the quadrupole moments are doubtful in these cases 
(Sternheimer 50). 

If we assume that the nuclear charge is distributed uniformly over 
the nucleus, we may use (7.17) to get an idea of the shape of the 



7. Electric and Magnetic Moments 

TABLE 7.1 
QUADRUPOLE MOMENTS Q AND ECCENTRICITIES 

29 

For the calculation of 'I, the nuclear radius R was determined from formula 
(4.1) using TO = 1.5 X 10-13 cm. This table is taken from Feld (49). 

Nucleus 

N14 

A\!7 

CI'6 

CI37 

CU63 

CU66 

Ga69 

Ga71 

As76 

Br79 

Br 81 

Kr83 

In1l6 

1127 

EuUI 

Eu 163 

Yb l 73 

Lu 176 

LU l76 

Ta l81 

Re l86 

Re l87 

Hg 201 

Bi209 

z 

7 

13 

17 

17 

29 

29 

31 

31 

33 

35 

35 

36 

49 

53 

63 

63 

70 

7I 

7I 

73 

75 

75 

80 

83 

Q 
(10-26 cm 2) 

2 

15.6 

-7.92 

-6.19 

-10 

-10 

23.24 

14.68 

30 

28 

23 

15 

117 

-46 

120 

250 

390 

590 

600--800 

600 

280 

260 

50 

-40 

0.028 

0.074 

-0.024 

-0.018 

-0.012 

-0.012 

0.024 

0.015 

0.028 

0.024 

0.020 

0.012 

0.056 

-0.019 

0.038 

0.078 

0.10 

0.15 

0.15-0.20 

0.14 

0.064 

0.058 

0.010 

-0.008 

nucleus. We can infer that the deviations from the spherical shape 
are quite small. If we insert the nuclear radius for R in (7.17), we 
obtain very small values of the eccentricity parameter 1]. The 
largest quadrupole moment is observed in LU126, and it corresponds to a 
value of 1] =0.2 only. 
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The concepts of electric dipole and quadrupole moments can be generalized hy 
introducing the" electric multi pole moments" Qlm through I 

Qlm = J rl Vim ·(8,rp) p{X,y,Z) dV (7.26) 

Here YI",{8,rp) is the normalized spherical harmonic function defined in Appendix A. 
The quantum-mechanical equivalent of (7.26) is 

Z 

Qlm(,y) = l e J r/ Ylm·(8"rp.) 1,y(rltr2,···,rA)i2dT 
i-I 

We find the following relations 

• = y'4,;. Qo.o 

D, = ~¥ Q!.o 

Dz ± iDu = ± ~~ QI.'f! 

16..-~
-

Q = 5 Q2.O 

(7.27) 

(7.28) 

The parity rule implies that all electric multipole moments with odd values of l 
vanish. The composition law of angular momenta implies that electric multipole 
moments of (even) order l vanish unless the angular momentum I of the wave 
function ,y is at least as large as l/2. The vanishing of the electric dipole moment 
and the fact that the electric quadrupole moment vanishes for I =0 and I=! are 
special cases of these two general rules. So far no effects of electric moments of an 
order higher than 2 have been found experimentally. 

B. Magnetic Moments 
The orbital motion of the charged particles within the nucleus pro­

duces a certain electric current density which gives rise to magnetic 
effects. The orbital motion is not the only source of magnetism, 
however. Each nucleon (proton or neutron) possesses an intrinsic 
magnetic moment which is parallel to its spin. It is probably caused 
by the rotation of the nucleon. 2 

There may be contributions to the magnetism of a nucleus from 

1 These "static" multi pole moments refer to the charge distribution in one 
nuclear state and should not be confused with the multipole moments of Chapter 
XII, which determine transitions between two different states. 

I It may seem surprising that an uncharged particle produces a magnetic moment 
upon rotation. However, the lack of charge means only that the integral of the 
charge density is zero. A sphere, for example, whose surface is negatively charged, 
and in whose center an equal but positive charge is concentrated, would appear 
uncharged, but it would produce a negative magnetic moment upon rotation. 
This picture serves as an illustration and is not meant as an actual model of the 
neutron. 
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sources besides those mentioned. It is possible that the intrinsic 
magnetism of a nucleon is different when it is in close proximity to 
another nucleon. It is also possible that the "field" which pro­
duces the nuclear forces carries a magnetic moment. Some evidence 
for such effects have been found in H3 and Re3 (Lamb 38, Siegert 37, 
Sachs 48, Avery 48, Villars 47, Thellung 48). We shall not discuss 
them here. 

According to the latest experiments (Poss 49, Gardner 49) the 
observed value of the magnetic moment of the proton is 

eh 
IJ.p = (2.7934 ± 0.0(03) 2M pC 

It is 2.79 times larger than would be expected from the analogy with 
the electron whose magnetic moment is eh/2m.c. 

The magnetic moment of the neutron is (Bloch 48, Arnold 47, 
Rogers 49) 

eh 
IJ.n = (-1.9135 ± 0.0003) 2Mp c 

The negative sign indicates that it is directed opposite to the angular 
momentum of the neutron. It is useful to introduce the gyromagnetic 
factors gp, gn by expressing the proportionality of the magnetic 
moment vector t' and the spin vector S in the form 1 

eh 
t' = g 2Mc S (7.29) 

Since the spin is ! for nucleons, we find 

gp = 5.59 gn = -3.83 (7.30) 

for the proton and neutron gyromagnetic ratio, respectively. 2 

In the actual nucleus the magnetic moment is spread over the whole 
volume. We therefore introduce the magnetization density M(r), 
which is a vector depending on the space coordinates. We consider 
two sources of magnetization: the orbital motion of the charged 
particles (protons) and the magnetic moments associated with the 
spins of all the particles. The orbital motion of the protons gives rise 

1 We measure angular momenta in units of fl. 
t It is easy to construct a charge distribution which would give a gyromagnetic 

ratio different from unity when rotated. If the charge density is proportional to the 
mass density everywhere, the ratio of magnetic to mechanical moment is e/2Mc; 
for proof, see (7.39). Any factor higher than e/2M c can be obtained by attributing 
more charge density to the surface layers. 
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to a (convection) current density j(r). The corresponding magnetic 
moment density Mc(r) is defined by 

j(r) = c curl Mc(r) (7.31) 

For application to nuclei the quantum-mechanical form for the con­
vection current density has to be used: 

Z 

j(r) = I Mr) 
"-I 

j,,(r) = f "'*(rh···,rA) ~ p" ",(rh···,rA) dTI ... dT"_1 dT"+1 ... dTA (7.32) 

The sum here is taken over all the protons, k = 1,2,··,Z. The integra­
tion extends over all the coordinates except that of the proton in 
question, r,,! which must be set equal to r. The operator p" = -ihV" 
is the momentum operator for the kth proton. 

We now turn to the spin contribution to the magnetic moment 
density M. Let S,,(r) be the "spin density" of particle k. It is 
defined by an integral similar to (7.32) but with (e/ M)p" replaced by 
the spin operator SAo for the kth particle. Then the magnetic moment 
density M.(r) due to the spins can be written as 

Z A 

M.(r) = 2~C [up 2: S,,(r) + Un 2: S,,(r)] 

"-I "-Z+1 

(7.33) 

The first sum extends over all the protons, the second sum over all 
the neutrons. 

The entire magnetic moment density M(r) is made up of the two 
contributions, Mc(r) from the convection currents and M,(r) from the 
spins: 

M(r) = Mc(r) + M.(r) (7.34) 

Let :JC(r) be an external magnetic field acting on the nucleus. 
The energy of the nucleus in this field is given by 

E = - IM(r).:JC(r) dV (7.35) 

since M(r) is a magnetic moment density. The most important case 
is a constant magnetic field :JC(r) =:JC. The energy is then 

E = -v·:JC (7.36) 

where V is the" magnetic dipole moment" of the nucleus: 

V = IM(r) dV (7.37) 
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Unlike the electric case, the parity rule does not force the magnetic 
dipole moment to vanish. The spin operators Slo which enter into the 
spin part of the magnetic moment are unchanged by an inversion of 
the coordinate system (parity), and we shall see right away that the 
convection current part of tI also can be written in terms of operators 
which are unchanged under inversion. The angular momentum rule 
implies that the magnetic dipole moment vanishes if the nucleus has an 
angular momentum 1=0, but not otherwise. The proof is completely 
analogous to the one given earlier for the electric quadrupole moment. 

We decompose the magnetic moment tI into an orbital (convection) 
part and a spin part: 

tI = tic + tI. 
where tic = IMc(r) dV and tI. = IM.(r) dV. The orbital part can 
be written in a different form by means of the following identities 
(which can be proved by integration by parts): 

tic = f Mc(r) dV = ~ f rxcurl Mc dV = 21c f (rxj) dV (7.38) 

If we recall the quantum-mechanical definition of j(r), (7.32), we 
see that the last integral is the expectation value in the state 1/1 of 
the following operator: 

Z 

[tlclop = 2~ c L rlo X PA: 
lo-1 

Z 

= 2~cLLA: 
A:-1 

(7.39) 

where Llo in the second sum is the orbital angular momentum operator 
(in units of h) for the kth proton. The magnetic moment contributed 
by the convection current of each proton is proportional to its orbital 
angular momentum, the proportionality constant being eh/2M c. The 
form (7.39) for the orbital part of the magnetic moment tic shows that 
the operator does not change sign under inversion of the coordinate 
system: r goes into - r, P goes into - p; hence L = r X p goes into + L. 

Similarly the spin part of the magnetic moment can be written as the 
expectation value of an operator [tI.lop in the state 1/1, where 

Z A 

[tI.lop = 2~C [gp L Slo + gn L Slo] 
A:-1 lo-Z+1 

(7.40) 
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where SA: is the spin operator for the kth particle, and the first sum 
extends over the protons, the second over the neutrons, in the nucleus. 
The total magnetic moment P is the expectation value in the state 1/1: 

(7.41) 
of the operator: 

(7.42) 

We compare the magnetic moment operator (7.42) with the operator I 
of the total angular momentum: 

A A 

1= L LA: + L SA: 
A:-l A:-l 

(7.43) 

where the sums are extended over all the nucleons. The operators 
(7.43) and (7.42) are similar in form. However, LA: and SA: are multi­
plied with different factors in POp and therefore the magnetic moment is 
not necessarily parallel to the angular momentum I. Since the vector 
I is a constant of motion, the magnetic moment is generally not con­
stant in time and its significant value is its time average. Hence, as 
far as the expectation value (7.41) is concerned, we can replace the 
operator Pop by 

(7.44) 

The "effective" magnetic moment Pe/l is parallel to I and has all 
properties of a vector in this direction. Only the z component, 
(Pe/l)., has a non-vanishing expectation value. Furthermore, there is 
a well-known relation between the expectation values of (Pe/l). in the 
21 + 1 substates of a given nuclear state of angular momentum I. 
The substates differ only by the orientation of I with respect to the 
z axis. The angle f3 between I and the z axis is given by (7.23), so that 
the expectation values IJ.. in the different sub states with magnetic 
quantum numbers m are proportional to m: 

m 
IJ.. = const cos f3 = const _ / 

v 1(1+1) 

Hence IJ.. attain3 the maximum value in the substate 1/I(m) with m=I, 
and this maximum value is commonly called the magnetic moment IJ. 

of the nucleus: 

Here 1/1(1) is the wave function of the substate m = I, and (pop). is 
the z component of the operator (7.42). 
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The gyromagnetic ratio g of the nucleus is defined by 

eh 
J.I. = g 2Mc I 

35 

(7.45) 

It is customary to measure magnetic moments in units of the Bohr 
magneton for a proton, where 

eh 
1 Bohr magneton = J.l.o = -- = 5.049 X 10-24 erg/gauss (7.46) 

2M pc 

The nuclear magnetic moment in these units is then given by 

Magnetic moment in Bohr magnetons = .!!... = gI 
J.l.o 

(7.47) 

The present precision methods of measuring magnetic moments 
were initiated by Rabi and his group (Kellogg 36,46). These methods 
provide a direct measurement of the gyromagnetic ratio g. In order 
to obtain the magnetic moment J.I. itself, the nuclear angular momentum 
must be found separately. 

The formula for the magnetic dipole moment of the magnetic moment distribu­
tion M(r) can be generalized as follows. We use the" magnetic charge density" 

Pm(r) = -div M(r) (7.48) 

to define the generalized magnetic multi pole moment Mlm in analogy with the 
generalized electric multipole moment Qlm, (7.26): 

Mlm = J rl Ylm ·(8,,,,) Pm(x,y,z) dV (7.49) 

For the special case l = 1 we find the relations 

M1.±l = + (8:Y' (Il% + i Ilv) 

(7.50) 

The following rules hold for these generalized magnetic multipole moments: (I) 
they are zero for even values of l (because of the parity rule); (2) for odd l they 
vanish unless the angular momentum I of the nucleus is greater than or equal to 
Jl (because of the law of composition of angular momenta); (3) they vanish unless 
m =0 (the vanishing of the components Il% and Ilv of the magnetic dipole moment 
is a special case of this rule); (4) the non-vanishing component M/,o in the state,y 
depends on the z-component m of the angular momentum of the nucleus; the values 
of MI,o for different m are related, however, so that there is only one independent 
value, which is commonly taken as MI,o in the state with m = I and referred to as 
the magnetic multipole moment of order l. (There are various conventional 
definitions of the higher moments which differ from each other by factors, however, 
80 care should be taken to make sure which definition is used in any special case.) 
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At present there exists some evidence for a magnetic octupole moment (l =3) 
in only one nucleus (iodine; see Tolansky 39). But the advances in precision 
measurements of magnetic moments should make it possible to find magnetic 
octupole moments of reasonable orders of magnitude before long. 

It is impossible, in general, to find an expression for the gyromagnetic 
ratio g of the nucleus in analogy to the Lande factor used in atomic 
spectroscopy. The interactions between the nucleons in the nucleus 
depend significantly on their spin directions in contrast to the electron­
electron interaction in atoms. Hence the individual spins of the 
nucleons are not constant, even to a first approximation. Neither 

z 
the total proton orbital angular momentum L Lk nor the proton or 

k-l 
neutron spin angular momenta are constants or even nearly constants. 
They can assume all values compatible with the total angular momen­
tum I. 

Hence any theoretical attempt to determine the gyromagnetic 
factor g must start from certain assumptions about the way the total 
magnetic moment J.L is made up by the orbital and intrinsic angular 
momenta of the constituents. 

Let us illustrate this point with a very simple assumption: We 
assume that the angular momentum I is due to the motion of one 
nucleon only and that the angular momenta (orbital and intrinsic) of 
all other nu'cleons add up to zero. This assumption is usually referred 
to as the "Schmidt model" (Schmidt 37). We get 

(7.51) 

where gL = 1, gs = gp if the nucleon is a proton, and gL = 0, gs = gn if 
the nucleon is a neutron. In general only I has a definite value, but 
neither Lk nor Sk has a sharp value. Since only one particle contributes 
to I, we have necessarily S = ±t and there are only two possibilities for 
L: L = I +} or L = I -}, or perhaps linear combinations thereof. Since 
the state of the nucleus must have a well-defined parity (even or odd, 
but not both), the nucleon k cannot be in a state which is a mixture of 
the two possibilities. It therefore must have a well-defined orbital 
angular momentum given by the quantum number l = I +i or l = I -i. 
The situation is then completely analogous to the conditions prevailing 
with electron orbits, and we get for the g factor 

(7.52) 
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where as and aL are the quantum-mechanical values of (S·I)/12 and 
(L. I) / 12, respectively: 

1(1+1) + S(S+l) - l(l+l) 
as = 

21(1+1) 

1(1+1) + l(l+l) - S(S+l) 
(7.53) 

aL = 
2/(/+1) 

In the case of the Schmidt model we must put S=} and l=l±l 
The expressions are particularly simple when the orbital and spin 
angular momenta of nucleon k line up: 1 =l+l Then (7.53) gives 
as=S/1 and aL=l/I, so that 

}gs + (I-})gL 
g = 1 (Schmidt model, l=1 -i) (7.54) 

The other possibility is that land S are anti-parallel: 1 =l-}. We 
then get from (7.52) and (7.53) 

g = 
-}gs + (I +i)gL 

1+1 
(Schmidt model, l=I+}) (7.55) 

A study of the known magnetic moments of odd-mass-number 
nuclei (Poss 49, Goldsmith 48, Mack 50) shows that these moments 
cannot be fitted by either (7.53) or (7.54). It is true, however, that 
practically all the magnetic moments for a given 1 fall between the 
results of the two formulas above. Figures 7.1 and 7.2 (both taken 
from the report of Poss) show measured magnetic moments J.t =gI, 
plotted against the nuclear angular momentum I, for nuclei with an 
odd number of protons and neutrons, respectively. The solid lines 
connect the values given by the Schmidt model. 

8. STATISTICS 

The properties of quantum-mechanical systems composed of many 
particles are determined by the "statistics" of the constituents. 
There are two alternatives: Bose-Einstein statistics and Fermi-Dirac 
statistics. It is impossible to give a classical explanation of the sig­
nificance of the choice of statistics. The consequences of this choice 
manifest themselves only in typical quantum phenomena, and they 
disappear in the classical limit. 

Let us consider a system of A particles of which some are "equal" 
or indistinguishable, for instance a. nucleus of A constituents of which 
the protons and the neutrons are both groups of "equal" particles. 
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The Schrodinger equation of this system has the form 

H 1/1(1,2,3,"') = E 1/1(1,2,3,"') (8.1) 

where H is the Hamiltonian operator and 1/1(1,2,3,"') is the eigenfunc-
tion depending on the coordinates of the first, second, third, ... particle, 
and we abbreviate our notation by writing the figures 1,2,3, ... instead 
of the coordinates of these particles. Evidently the Hamiltonian 
operator H remains unchanged if the coordinates of any two equal 
particles are exchanged. It can be shown (Pauli 33) that the 
eigenfunctions 1/1 must be either symmetric or anti-symmetric with 
respect to the exchange of coordinates of any pair of equal particles. 

If the wave function is symmetric under the exchange of the coor­
dinates of any two equal particles, the particles are said to obey Bose­
Einstein statistics. If the wave function is anti-symmetric (changes 
sign) under the exchange of the coordinates of two equal particles, 
the particles are said to obey Fermi-Dirac statistics. It has been 
established that protons and neutrons obey Fermi-Dirac statistics. 
All wave functions which describe states of a system of protons and 
neutrons must be such that they change sign if the coordinates of two 
protons are interchanged, or if the coordinates of two neutrons are 
interchanged. There is no special condition upon the behavior of the 
wave function under an interchange of the coordinates of a neutron 
and a proton, since these are not identical particles. I There are 
certain consequences of the Fermi-Dirac statistics which can be stated 
in less formal terms. 

It follows directly from the anti-symmetry that the wave function 
vanishes if the coordinates of two equal particles assume the same 
value. This means physically that two equal particles can never be 
found exactly at the same place. It is also very improbable that they 
are found a small distance apart since the wave function is still small 
if the coordinates are almost equal. Actually they are found mostly 
at distances larger than a characteristic distance d which depends on 
their relative momentum p and is of the order d",h/p. This can be 
shown as follows: Let us write the eigenfunction 1/1 as a function of the 
distance rl2 between the two particles in the form 

C . r12 1/1'" em-­
"(r12) 

(8.2) 

I In Chapter III we shall introduce a method of writing nuclear wave functions 
in which neutrons and protons appear formally as identical particles. We shall 
show, however, that this is merely a formal device, not an additional assumption 
about the nature of the particles. 
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where l'.(r12) is an even function of r12, and C depends on all variables 
except r12. Any function which is anti-symmetric in r12 can be written 
in this form. We now make the special assumption that l'.(ru) is a 
slowly varying function, i.e., that it does not change much over the 
distance l'.(0): 

l'.'(O) « 1 l'."(0)·l'.(0) « 1 (8.3) 

The significance of this assumption becomes evident when we apply 
the operator -h2(a2/Or122) which corresponds to P122, the square of 
the relative momentum. If (8.3) is valid, we get 

(8.4) 

In this approximation, the operator P122 is equivalent to multiplication 
by h2/l'.2(0), and we can interpret h/l'.(O) as the value of P12 in the 
neighborhood of r12 =0. Thus (8.3) gives the conditions under which 
it is possible to speak of a definite "value" of the relative momen­
tum in the neighborhood of r12=O. l'.=h/P12 is the de Broglie wave­
length corresponding to the momentum P12. Equation (8.2) shows 
that the wave function is small as long as the distance r12 between two 
equal particles is small compared to l'.. We thus conclude that 
identical particles are rarely found at distances small compared to 
the wavelength l'. = h/P12, where P12 is of the order of their relative 
momentum. In order to bring two identical particles very close 
together, say withjn a distance d, their relative momentum must be at 
least of the order hid. 

This effect of the Fermi statistics can also be derived from the more 
familiar formulation that not more than one particle of a given type 
can fill a "cell" in phase space. The phase space is a six-dimen­
sional space whose coordinates are the three ordinary space coordinates 
and the three components of the momentum. One" cell" is a 
volume of the order of magnitude h3• If the linear dimensions Ilq of a 
cell are chosen of the order d, the momentum spread IIp must be of the 
order hid so that Ilq3.llp3,....,h3. If the cell is filled with a particle, a 
second particle at a linear distance d must differ in momentum by at 
least IIp in order to be found in a different cell. 

Another well-known consequence of the Fermi-Dirac statistics is 
found in systems of several equal particles of weak interaction. In 
this case, the particles can be considered alI1lost independent and sub­
ject to the same potential V. They occupy energy levels which are 
the stationary levels of a single particle in the potential V, whose 
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eigenfunctions we call t/li and whose eigenvalues are E i . We shall call 
this way of describing a system of many particles the" independent­
particle picture." It follows, then (Pauli 33), that not more than one 
particle can occupy the same level i if the particles obey Fermi statis­
tics. This formulation is called the" Pauli exclusion principle." 

It is necessary to take account of spin in the application of the 
Fermi-Dirac statistics to nucleons. The spin introduces into the 
description of a particle a new coordinate which can assume only two 
values, corresponding to the two possible orientations of the spin. 
The wave functions must be anti-symmetric with respect to the 
exchange of all coordinates of two equal particles, including the spin 
coordinates. Some of the consequences discussed above must be 
reformulated when the spin is taken into account. The rule that two 
identical particles are never found at a distance small compared to l\. 
as defined above can be applied only if the particles are in the same 
spin state. Only then are all coordinates identical or almost identical. 
If the spins are opposite, the rule no longer holds since the spin coordi­
nates do not coincide. The particles can approach one another just 
as if they were not identical. 

In the independent-particle description, a level in the potential V 
is not completely defined by the eigenfunction t/li which depends only 
on the spatial variables. The levels are completely described only if 
the spin coordinate is included. This becomes particularly simple if 
the potential V does not depend on the spin. The form of t/li and the 
energy Ei are then independent of the spin. If we define a "level" 
by t/li and E; only, without specification of the spin, the Pa'..lli exclusion 
principle does not exclude two identical particles, provided that their 
spin orientations are different. Again, two identical particles of 
opposite spin must be considered "different." 

The Fermi-Dirac statistics of nucleons has numerous and important 
consequences in the structure of nuclei which will be discussed 
especially in Chapter VI. 

It is also interesting to determine the statistics which follow for 
entire nuclei, when they are considered entities (rigid bodies) them­
selves. This is of importance in the study of the interaction of nuclei 
with other nuclei in molecules. For this purpose the internal structure 
of the nucleus is irrelevant, because the energies in the molecule are 
very small compared with the excitation energies of nuclei. Consider 
two identical nuclei, each consisting of A nucleons. Let us assume 
that they are part of a dynamical system, say a diatomic molecule. 
An example is the oxygen molecule, both nuclei being 0 16• Con­
versely, an oxygen molecule with one 0 16 nucleus and one 0 17 nucleus 
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is not of the type under consideration (even though its chemical 
behavior is not very much different). The wave function of this 
molecule depends on the coordinates of the two nuclei as well as on the 
coordinates of all the electrons. Let us consider its behavior under an 
interchange of the coordinates of the two nuclei, leaving the electron 
coordinates unchanged. An interchange of the two nuclei is equiva­
lent to A (the mass number) interchanges of individual nucleons. 
The exchange of each pair of identical nucleons multiplies the wave 
function by -1 (Fermi-Dirac statistics); hence A such exchanges give 
rise to multiplication by (-I)A. We conclude that nuclei with odd A 
obey Fermi-Dirac statistics and nuclei with even A obey Bose-Einstein 
statistics. A rigorous proof of this theorem was given by Ehrenfest and 
Oppenheimer (Ehrenfest 31). 

The statistics of nuclei have important consequences for the spec­
troscopy of molecules. Take the oxygen molecule as an example. 
Among the quantum states of the 0 16_0 17 molecule, there are some 
which are symmetric under an interchange of the nuclear coordinates 
and others which are anti-symmetric under this operation. Both 
kinds can be observed spectroscopically. In the 0 16_016 molecule 
only the symmetric states are allowed by the nuclear statistics, so 
that certain states are missing; in the 0 17_0 17 molecule, only the anti­
symmetric states are allowed. It is apparent that a detailed study of 
the spectra of homonuclear diatomic molecules allows determination 
of the statistics of the nuclei of those molecules. For details, the 
reader is referred to the books by Herzberg (39), Fluegge (46), and 
Kopfermann (45). 

Historically, the most important determination of the statistics of a 
nucleus was that of N 14 (Heitler 29, Rasetti 30). N 14 was found to 
obey Bose-Einstein statistics. This provided a crucial test against 
the proton-electron hypothesis of nuclear constitution: according to 
this hypothesis, N 14 should consist of 14 protons and 7 electrons, i.e., 
21 particles everyone of which is known to obey Fermi-Dirac statistics. 
According to the theorem of Ehrenfest and Oppenheimer, the entire 
nucleus must then obey Fermi-Dirac statistics, in contradiction to 
experiment. On the other hand, the statistics of N 14 is predicted 
correctly by the neutron-proton hypothesis of nuclear constitution, 
according to which N 14 contains an even number (14) of Fermi-Dirac 
particles. Incidentally, the considerations of Ehrenfest and Oppen­
heimer also show that a neutron can not be considered a closely bound 
composite particle consisting of a proton and an electron: such a com­
pound particle would have to obey Bose-Einstein statistics, whereas 
the neutrons are known to obey Fermi-Dirac statistics. 
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SYMBOLS 

The numbers in parentheses ( ) are the. numbers of the equations 
in which the symbol is first used or defined. 

a Semi-axis of a spheroid, perpendicular to its symmetry (z) 
axis (7.17) 

aL Lande factor for the orbital motion (7.52), (7.53) 
as Lande factor for the spin motion (7.52), (7.53) 
A Mass number (Section 1) 
B Binding energy of a nucleus (2.5) 
B* Binding energy of an excited nuclear state (Section 2) 
B(a) Binding energy of an alpha-particle [ = 28.2 Mev] (2.10) 
c Semi-axis of a spheroid, parallel to the symmetry (z) axis 

(7.17) 
c Velocity of light [=3X 1010 em/sec] 7.15 
Dz Dipole moment of the charge distribution (z component) 

(7.4) 
e Electronic charge [=4.8XlO-10 esu] (Section 1) 
e Negative electron (3.1) 
e+ Positive electron (positron) (3.2) 
E Energy associated with the charge distribution p in the 

external field with potential If' (Section 7) 
E* Nuclear excitation energy before emission of a particle 

(5.6) 
E"" Value of the potential energy VCr) between two nuclei B 

and C at infinite separation (Section 3) 
8 Electric field vector (Section 7) 
f Binding fraction [= B / A] (Section 2) 
g Gyromagnetic ratio of a particle (7.29) 
g Gyromagnetic ratio of a nucleus (7 Ai)) 
gL Gyromagnetic ratio associated with the orbital motion 

(7.51) 
gn Gyromagnetic ratio of a neutron [= -3.83] (7.30) 
gp Gyromagnetic ratio of a proton [= +5.58] (7.30) 
g. Gyromagnetic ratio associated with the spin motion (7.51) 
h Planck's constant divided by 211" (Section 6) 
H Hamiltonian of the nucleus (8.1) 
:re = :re(r) for a constant magnetic field (7.36) 
:re(r) Magnetic field vector at position r (7.35) 
I Total angular momentum (" spin") of a nucleus, usually 

in its ground state (Section 6) 
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Angular momentum operator for the nucleus as a whole 
(7.43) 
Current density at position r (7.31) 
Current density associated with the motion of the kth 
proton (7.32) 
Electric field gradient evaluated at the center of the 
nucleus [= (aE.fa.)] (7.11) 
Orbital angular momentum operator for the kth nucleon 
(7.39) 
Magnetic quantum number (Section 6) 
Mass of the electron (2.3) 
Mass of the neutrino [=o?] (Section 3) 
Mass of a nucleon, used when the difference between M n 

and M p is not important (Section 7) 
Mass of an atom containing the nucleus (Z,N) and Z elec-
trons (2.2) 
Mass of the hydrogen atom (2.3) 
Generalized static magnetic multi pole moment of order 
l,m (7.49) 
Mass of the neutron (Section 2) 
Mass of the nucleus (Z,N), without atomic electrons 
(2.1) 
Mass of the proton (Section 2) 
Magnetization density vector at position r (Section 7) 
Magnetization density associated with the convection cur-
rent j(r) (7.31) 
Magnetization density associated with the intrinsic spins 
of the nucleons (7.33) 
Neutron (3.1) 
Number of neutrons in a nucleus [=A -Z] (Section 1) 
Proton (3.1) 
Probability of finding the ith nucleon in the volume ele­
ment dV at position r with respect to the center of gravity 
of the nucleus (7.5) 
Linear momentum operator for the kth nucleon [= -ihVk] 
(7.32) 
Relative momentum of particles 1 and 2 (Section 8) 
Electric quadrupole moment (7.17), (7.25) 
Generalized electric multi pole moment (static) of order 
l,m (7.26) 
Electric quadrupole moment in the state y,. with angular 
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momentum I and magnetic quantum number I. =m 
(7.24), (7.25) 
Electric quadrupole moment in the quantum state .Jt 
(7.15) 

Nuclear radius parameter [=R/~] 
Position vector of the kth nucleon 
Nuclear radius (Section 4) 

(4.1) 
(Section 7) 

Radius of residual (daughter) nucleus after alpha-particle 
emISSIOn (5.10) 
Spin vector of a particle (7.29) 
Separation energy of a particle a from the nucleus X 
(Section 2) 
Separation energy of an alpha-particle (2.10) 
Coulomb part of the separation energy of a proton, equal to 
the "height of the Coulomb barrier" for a proton (5.2) 
Coulomb part of the separation energy of an alpha-particle, 
equal to the "height of the Coulomb barrier" for an 
alpha-particle (5.9), (5.10) 
Spin vector for the kth particle (Section 7) 
Spin density at position r associated with the kth particle 
(Section 7) . 
Separation energy of a neutron (Section 2) 
Nuclear part of the separation energy of a proton [=Sp+Sc] 
(Section 5) 
Nuclear part of the separation energy of an alpha-particle 
[=Sa+Sc(a)] (5.9) 
Separation energy of a proton (Section 2) 
Half-life of a radioactive nucleus (footnote 2, page 12) 
Mean life of an excited state [=0-1] (Section 3) 
Total energy of a nucleus (2.4) 
Total energy of an excited state of a nucleus (Section 2) 
Symbol for a nucleus with mass number A, containing Z 
protons and N = A - Z neutrons [ = zX = X A] (3.1') • 
Residual nucleus after separation of particle a from nucleus 
X (Section 2) 
Normalized spherical harmonic of order l, m, as defined in 
Appendix A (7.26) 
Nuclear charge in units of e [= atomic number = number 
of protons in the nucleus] (Section 1) 

Angle between the z axis and the body (z') axis of the charge 
distribution p (7.21), (7.22) 
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Mass defect (2.1) 
= dz,Z+l (3.5) ff. 
Total energy difference between isobaric nuclei (Z,N) 
and (Z+I,N-l) (3.4) 
Atomic binding energy of an electron before capture 
(3.7) 
Total charge of the charge distribution p [= fp(x,y,z) dVl 
(7.4) 
Eccentricity parameter of a spheroid [= (c2 -a2)j(c2+a2)l 
(7.17) 
de Broglie wavelength associated with the relative motion 
of particles 1 and 2 (8.2) 
Magnetic moment of a nucleus (Section 7) 
Magnetic moment vector (7.29), (7.37) 
Bohr magneton for a proton (7.46) 
Magnetic moment of a neutron (Section 7) 
Magnetic moment of a proton (Section 7) 
Magnetic moment operator (7.40), (7.41), (7.42) 
Magnetic moment operator associated with the convection 
current (7.39) 
Magnetic moment operator associated with the intrinsic 
spins (7.40) 
Neutrino (3.1) 

II Barrier penetration probability per unit time (Section 3) 
p A classical charge density (Section 7) 
p",(r) "Magnetic charge density" at point r (7.48) 
I(J Electrostatic potential (Section 7) 
'" W ave function of the nucleus (Section 7) 



CHAPTER II 

Two-Body Problems at Low Energies 

1. INTRODUCTION 

Compared to the rest of nuclear physics, the phenomena involving 
only two nucleons have received an extraordinary amount of attention 
in the literature and in textbooks. This appears to be due to two 
causes: (1) the mathematical simplicity of two-body problems, and 
(2) the expectation that the forces between nucleons are additive, 
so that (in principle at least) a complete knowledge of the two-nucleon 
systems would allow computation of all nuclear properties. Evidence 
that the nuclear forces are not additive seems to be accumulating: if 
more than two nucleons are close together, the forces between each 
pair are perhaps not equal to those acting between isolated pairs. 
Hence it appears that the knowledge gained from the study of two­
body problems is not so fundamental for nuclear physics as a whole as 
anticipated. Still the two-nucleon problems are the basic problems of 
nuclear physics and are our best source of knowledge regarding the 
nature of nuclear forces. 

This chapter will deal with two-body systems with relatively small 
energies on a nuclear scale (i.e., energies below 10 Mev). The recent 
high-energy results will be discussed in Chapter IV. Since we restrict 
ourselves to energies low compared to the rest energy of a nucleon, 
all relativistic effects can be neglected. Other uncertainties are much 
larger than the likely relativistic corrections (Feenberg 36, Share 37). 

Since the nature of the force between two nucleons cannot yet be 
derived from a fundamental theory, the theory of the two-body sys­
tems must include certain heuristic assumptions regarding these 
forces. The correctness of these assumptions can be tested only by 
comparing the results with experiments. 

Most treatments of the two-body systems assume that nuclear 
forces are conservative and can be described by a potential function 
V(r), r being the internucleon distance. Although there is little 
doubt about the validity of the conservation laws, the description by 
means of a nuclear potential function assumes that internucleon forces 

48 
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are independent of the relative velocity of the particles. It is entirely 
possible that future experiments may lead to the recognition of the 
existence of velocity-dependent forces. However, it will turn out 
that the low-energy two-body problems are rather insensitive to the 
assumptions made about the laws of force. 

The reason for this independence lies in the extremely short range 
and great strength (within the range) of the nuclear forces. [This 
was first pointed out by Wigner (33a,b) in connection with the large 
binding energy of the alpha-particle compared to that of the deuteron]. 
For energies below 10 Mev, the range of the force is small compared 
to the de Broglie wavelength of the particles; hence the actual nuclear 
force is very nearly equivalent (in its action upon the wave function of 
the system) to an idealized force which has a zero range and an infinite 
strength. The details of the law of force are correspondingly unimpor­
tant. Of course, the finite range has some effects and the ensuing 
range corrections can be determined from experiment. However, 
even very refined experiments at low energies do not suffice to deter­
mine more than an "effective range" and "depth" of the potential 
well, leaving the detailed shape completely indeterminate. 

This chapter begins with a discussion of the ground state of a deu­
teron under the simplified assumption of spin-independent central 
forces. There follows a discussion of neutron-proton scattering which 
leads to the necessity of a spin dependence of the nuclear potential. 
The scattering of neutrons by protons bound in molecules is treated in 
some detail. The ensuing discussion of the nuclear interaction 
between two protons leads to the following remarkable result: while 
neither the proton-proton potential nor the neutron-proton potential 
is determined uniquely by the experimental data, it is possible to 
fit all the low-energy results by the assumption that the nuclear force 
between two protons is the same as that between a neutron and a 
proton. The last section is devoted to the modifications of the nuclear 
potential which the discovery of the quadrupole moment of the 
deuteron has introduced (Kellogg 39, 40). The force between two 
nucleons is no longer a central force but must contain a part which 
depends on the relative direction of the spins and the radius vector 
between the nucleons. 

2. THE GROUND STATE OF THE DEUTERON; 
SIMPLIFIED DISCUSSION (CENTRAL FORCES ASSUMED) 

The deuteron is a system of two particles of roughly equal mass M, 
held together by an attractive, short-range force. In this section we 
shall assume that this force acts along the line joining the two particles, 
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i.e., that it is a central force. This assumption has turned out to be 
incorrect. There is a spin-orbit coupling term in the actual force (the 
so-called tensor force) whose inclusion makes the wave equation con­
siderably more complicated. However, the simple central force prob­
lem exhibits many qualitative features of the actual case without the 

Energy 

Aliowed~ ... .j.I"",,,,,--__ Forbidden zone --------i ... ~ 
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FIG. 2.1. The potential energy V(r) caused by the attractive nuclear forces 
becomes negligible when the interparticle separation r exceeds the range b. In the 
deuteron the region E - V (r) > 0 is the "allowed zone," E - V (r) < 0 the "for-

bidden zone." 

complications introduced by the coupling between the spin and 
orbital motions. 

The (assumed) central force can be derived from a potential V(r). 
Since the force is attractive, V(r) is negative and decreases with 
decreasing r. It is assumed that it is different from zero only within a 
short range b of the order b,..,.,2 X 10-13 cm, as indicated in Fig. 2.1. 
The wave equation for the relative motion in this system of two 
particles is 

-(:J V21/1(r) + V(r) 1/I(r) = E 1/I(r) (2.1) 
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where II- is the reduced mass: II- =iM and E is the energy of the relative 
motion; r is the vector distance between the two particles. Since 
VCr) is supposed to describe a central force, it depends only on the 
absolute value of the vector distance r=lrl. 

We are interested in the ground state of this system whose energy 
E is equal to - B, where B = 2.226 ± 0.003 Mev is the observed binding 
energy of the deuteron (Mobley 50, Tollestrup 50, Bell 48, Smith 48, 
Myers 42) . We expect the ground state to be spherically symmetric 
(8 state), so that 1/t(r) depends only on r=lrl. We put 1/t=u(r)/r. 
Then u 2(r) dr is the probability of finding the two particles at a distance 
between rand r+dr. The equation for u(r) becomes 

- (~)(~:~) + VCr) u(r) = E u(r) 

with the boundary conditions 

u(r) = 0 for r = 0 and for r -+ ao 

It is useful to rewrite (2.2) ill the form 

d2u 
-2 + K2(r) u(r) = 0 
dr 

where K(r) is the "local" wave number defined by 

K(r) = ±h-1[M(E - V(r))]l!2 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

The potential energy VCr) is lower than the total energy E for small 
values of r (see Fig. 2.1). The function VCr) increases with increasing 
r, so that there will be a distance. r1 of the order b for which 

(2.6) 

K(r) is real for r<r1 and imaginary for r>r1. The region r<r1 is the 
"allowed zone," the region where we would expect to find the distance r 
if the particles obeyed the laws of classical mechanics. r> rl is the 
"forbidden zone," the region where the system would never be found 
if it obeyed classical mechanics. 

We shall now estimate the potential energy necessary to give the 
observed binding energy of the deuteron. For this purpose we study 
the shape of the eigenfunction u(r) as given by (2.4). Going out 
from r =0, u(r) will behave roughly like sin Kr where K is some average 
value of K(r) in the allowed region. This general behavior persists 
within the range of the nuclear force until the forbidden zone is 
reached. In the forbidden zone VCr) rapidly becomes negligible, the 
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kinetic energy T = E - V is negative, and the wave number is 
k = ± (i/h)(2p.B) 1/2 according to (2.5). Then the wave function u(r) 
behaves like exp (-r/R), with R given by 

R = jkj-l = h(2p.B)-1/2 = 4.31 X 10-13 cm (2.7) 

The othfOlr solution, exp (+r/R), is excluded by the boundary con­
dition at infinity. 

A few radial wave functions u(r) with this general behavior are 
shown in Fig. (2.2).1 The inside region must contain slightly more 
than one-quarter wavelength (a), three-quarter wavelength (b), and 
so on, since it must join with an exponential whose tangent is directed 
toward the abscissa. The wave function is smoothest in case (a) and 
therefore corresponds to the lowest kinetic energy. Hence case (a) 
represents the ground state of the deuteron. 

It is remarkable that the wave function u(r) decays with increasing r 
exponentially with a decay length R which is considerably larger than 
the range b of the nuclear forces. The "size" of the deuteron exceeds 
the range, and there is a considerable probability of finding the two 
nucleons in the bound state at a distance larger than the range of the 
forces which hold them together. This is caused by the quantum­
mechanical" tunnel effect" which is analogous to the diffraction of a 
light wave into a region where geometrical optics would predict a 
sharp shadow. The wave function leaks into the" forbidden" region; 
the distance of this "leakage" is given by (2.7). Since R>b, the 
"size" of the deuteron is determined by R rather than by b; by the 
wave-mechanical diffraction effect rather than by the range of the 
force. Therefore the deuteron is a rather weakly bound, extended 
structure. The nuclear force is effective only part (of the order of 
one-half) of the time, since the rest of the time the particles are outside 
the range of each other. In heavier nuclei the particles are pulled 
much closer together, so that better use is made of the full strength 
of the nuclear force. The binding energy per particle is therefore 
much larger (Wigner 33a). 

We can get a lower limit for the depth of the potential necessary for 
a bound deuteron by assuming that the deuteron binding energy is 
very near zero. The decay length R in the outside region is then very 
large compared to the range of the nuclear forces, and u(r) is essentially 
horizontal for r?b, b being the range. Figure 2.3 shows that we must 
then have one-quarter wavelength inside the well, i.e., 

1 In nature only the first of these exists. The potential of the actual neutron­
proton force is not deep enough to allow more than one bound state (Bethe 36a). 
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where K, V are appropriate averages of the local wave number and the 
potential energy inside the well (it should be observed that the expecta­
tion value of the potential energy in the ground state is considerably 
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FIG. 2.2. Two stationary states in a short-range potential lI(r). The radial 
wave function u(r) (=Tl/t) behaves like exp (-r/R) in the "forbidden zone," 
where R = (MB/At) lit, B =binding energy. u(r) has slightly more than one­
quarter wavelength inside the well (r <b) for the ground state (a), slightly more 
than three-quarter wavelength for the next excited state (b). In the deuteron, 
state (b) does not exist as a bound state since the force is just barely strong enough 

to make state (a) a bound state. 

less in absolute value than I vi, since the particles are outside each 
other's range so much of the time). We have neglected the binding 
energy of the deuteron compared to IVI in (2.8), in accordance with 
our intention of getting a lower limit on the magnitude of I vi. Equa­
tion (2.8) can be rewritten in the form 
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(2.9) 

Thus the potential energy inside the range of the forces has to be 
quite large to keep the deuteron together: for b of the order 2 X 10-13 

em, I vi must be at least of the order of 25 Mev. 
To this approximation a knowledge of the binding energy of the 

deuteron allows us to find the product b2 1 vi but not each factor 
separately. Thus we can get the same binding energy from a rela-
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FIG. 2.3. In the limit, as the binding energy approaches zero, the radial wave 
function u(r) has one-quarter wavelength inside the well (r <b) and approaches 

a horizontal straight line outside the well. 

tively weak force with a long range as from a strong force with a short 
range. 

The relation (2.9) was based on the assumption that the binding 
energy of the deuteron is very small compared to the average potential 
energy inside the well. This is an excellent approximation for very 
short ranges b. However, for ranges b long enough so that I vi com­
puted from (2.9) becomes comparable to the binding energy B, (2.9) 
needs correction. The corrections are two-fold: (1) the wave number 
K(r) inside the well, (2.5), is smaller than the approximation (2.8), 
hence the inside wavelength is longer, for the same strength of the 
potential; (2) the wave function inside the well has to join properly 
to the decreasing exponential solution outside, not to a horizontal 
straight line; hence we need slightly more than a quarter wavelength 
inside the well for proper joining. Both these corrections tend to 
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increase the strength of potential necessary to give the observed 
binding, making the true IV/larger than the estimate (2.9).1 

It will be useful to express this correction in terms of a parameter 8, 

the "well depth parameter" which is defined as follows: 8 is the num­
ber by which the actual potential V(r) must be divided in order to 
reduce the binding energy to zero. Thus the fictitious potential 
V(r)/8 gives rise to a binding energy B=O and therefore satisfies (2.9) 
for all ranges b. The actual potential V(r) in the deuteron has 8> 1, 
and the deviation of 8 from unity gives a measure of the inaccuracy of 
the approximation (2.9). It is plausible that 8 depends on the ratio 
b/R of the range of the well to the "size" of the deuteron, and is unity 
for b/ R = O. The deviation of the well depth parameter 8 from unity is 
often called the" range correction" to the simple estimate (2.9). 

The value of 8 for a given b/ R depends on the shape of the potential. 
The variation of 8 with b/ R is strongest for a shape which is sharply 
cut off like a rectangular well, and weakest for a force with a "tail." 
For conventional well shapes, the simple estimate (2.9) is too low by 
between 30 and 50 percent if a range b::iR=2.15XlO-13 cm is 
assumed. For details, see Table V in Blatt and Jackson (Blatt 49). 

For purposes of calculation, it is necessary to assume some definite 
form for the radial dependence of the potential. The following forms 
have been used most widely in the literature (Bethe 36a, Rarita 37,38, 
Sachs 38, Hulthen 42, Ramsey 48, Breit 36, 39, Feenberg 35, Hatcher 
49, Hoisington 39, and many others): 

Square well: 

Gaussian well: 

Exponential well: 

Yukawa well: 

V(r)=-Vo 

V(r) = 0 

r < b 

r > b 

V(r) = - Vo exp ( - ~) 

V(r) = - Vo exp ( _ 2;) 

VCr) = _ V exp (-r/{3) 
o (r/{3) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

In terms of these conventional well parameters, the well depth 
parameter 8 becomes 

Square well: 4 AlVo 2 
8 = r2--,;y-b (2.14) 

1 An exact formula which is a generalization of (2.9) for finite ranges has been 
given by Low (48). 


