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Dclccminntion of the first two nonzero roots uf (l = tan Ill: 
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solve for the par.1melcrs " and b. We used the secant method to solve these 

equations. 
Consider the twO equations 

/'(11. ,.) = 0 and 1,(11.1') = 0 
(A,47) 

whi,h we wish to solve for u and v. We define the first partial d;";ded differences, 
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and. following Equ.uion (A.43), write for a first-order expansion 

1 .. (11. ,.) = 1 .. (110' "0) + (II - uulf ... + (v - '·o}f" .. 
and 1,(11. ,.) = 1,(110' ".) + (II - IIO)!., + (v - vo)! •• 

(A,48) 

(A.49) 
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If we assume thalf.. and!" arc linear in If and v. we can find a first approximalion 10 

the roots by sellingla(II, ,.) andJb(II. v) to zero in Equalion (A.49) and solving the 
two coupled linear equalions for If and ,.: 

Iff .. + "1".,. - "of" - '·ola .. + I,,(uo. "0) = 0 
IIf". + ,·f.., - "0/ .. - l·af .... + 1.(110. 1'0) = 0 

Solution by the deleonimlOt melhod gives 

and 

with 

II, ~ II - (AI .. - H/..)/D 
v, ~ ,. = (H/., - AI .. )/D 

D = !uJb~ - fa.Jbu 
A = -lIo/GM - '·ofoa~ + lillo. "0) 
B = -1I0/bu - ,.oJi,~ + Ib(lIo. l'o) 

(A.50) 

(A.51) 

(A.52) 

We then repeat the procedure with coordinate pairs (u,. ".) and (II! . "1). 10 obtain the 
next approximation, untillhe roots have been found to the desired degree of accur.1cy. 

A.6 DATA SMOOTHING 

The concept of smoolhing is nOl one that meets wilh universal approval. The dis
cussion Ihal follows should be considered with one caveat For rigorously valid 
lenst-squares filling, smoothing is neither desiroble nor permissible: however. there 
arc COlstS where smoothing can be beneficial. and. therefore. the techniqucs are 
introduced. 

Consider. for example. the discussion of Section 9.2 of the determinalion of 
the area under a peak from a least-squares fit to a histogram of the data. Least
squares fitling techniques applied to data that are distributed according 10 Poisson 
distributions. rathcr Ihan Gaussian distribUlions. underestimate the Iltea of II peak by 
an amount equal to the value of ,,2. We have seen that we can improve the result by 
decreasing the value of,,2 at its minimum. Similarly, if the shape oflhe filting func
tion does not eXllclly simulate that of the parent distribution, a beller fit to Ihe data 
by decreasing)(l can yield an improved estimate of the area under a peak. 

Another cXllmple Ihat might benefit from application of a smoothing algo
rithm is the par.lmeterization of data for use in a Monte Carlo or other proCr.:Im. In 
preparing experimental proposals, it is often necessary to estimate yields and distri
butions based on currently available data. Such data are often sparse and generollly 
must be expressed in parametric fann for ease and speed of use in the Monle Carlo 
simulation progrum. Smoothing can be useful 10 average out fluctuations and allow 
the data to be expressed with a few parameters by Ii least·squares fit or an interpo
lation procedure. 

In other words. if rigorously valid results are nOl. required. bul f'oI.lhcr no aver
aged estimate of the distribution. smoothing may help obtain more rc:lillble eSli
mates. TIle improvement in the estimate of one parameter musi. of course. be 
accompanied by a decrease in information of some other parameter or paramcters. 
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For example. an improved estimate of the area under a peak would be accompanied 
by 311 increased uncenainly in the estimates of the width and position of the peak. 

Whatever smoothing or orner manipulation is done must conserve the infor
mation pertaining to the desired pardmclcn. The a"crdging techniques that we shall 
discuss. for example, conserve the area under a peak but notlhe width of the peak 
Similarly. this method would be useful for improving the estimate of the constant 
term of a polynomial but not the coefficients of the other (enns. 

Data smoothing is similar to the data "smearing" introduced in Chapter j to 
simulate measuring uncertainties in "measurements" generated by Q Monte Carlo 
program. In the Monte Carlo program we used G\lussian sl11C4lring; that is. we al
lowed each event a Gaussian probability distribution \lbout its mean. 

In this section. we are dealing with binned data. and thus. ror Gaussian 
smoothing. could consider a Gaussian inlegration Ihat spreads each event over ad
jacent bins. Because our object here is to smooth the data. we me at liberty to 
choose the width or the smearing runction to produce the desired degree of unifor
mity in the data. limited by the requirement that we do not damage the very vnriable 
we are trying to study. 

The binomial disUibution is a useful smoothing function. Suppose we want to 
smooth low statislies experimenlal datil that follow a Gaussian peak: in a wily lhat 
preserves the area under lhe peak. let us 4lSsume that the background slope is gcn
lie enough that smoothing will not affect its delenninalion drastically. 

We can approximate the Gaussian peak: wilh a binomilll disuibution with p a ~ 

(see Section 2.1): 

y(x) ~ I e- I/, (X - JL)' ~ (!)" ---...!!! 
"yi,; " 2 X!(n - X)! 

We can relate the widths a and the means of the two distributions 

"i = "p(1 - p)= ,,/ 4 = '" Ka"p = . / 2 X - JL 

to find the relationships among the parameters 

,,=4a2 X=x-,... +u/2 ==x- ~+ 2a2 

We can then express the binomial distribution of Equation (A.53) as 

(I)" II! y(.<) = 2 .. -

(A.53) 

(A54) 

(A.55) 

(A.56) 

Let us smooth the data by averaging over adjacent channels with a binomial 
distribution spanning three channels: 

y'(X) = 1/4y(x-I)+ 1/2y(x) + 1/4y(x+ I) (A.57) 

If we fold this averaging into Ihe distribulion of Equation (A.53). Ihe result is also 
binomial: 

y'(x) (I)'" (/I + 2)! 
2 (,,/2 + I +x - JL)I(I//2 + I-x+ JL)I 

(A.58) 
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The new distribution has the same mean i = JL but a larger width a '} = ,,' /4 c 
(II + 2)/4 with the vllriance increased by Y.z: 

a '2 ~ a 2 + 'h (A.59) 

Similarly. we could smooth over five channels by using a ronnula similar 10 

Equation (A57) but with five terms with coeffICients given by the binomja1 expansion 

y"(x) - 1/ 16y(x - 2) + 1/4)'(x - I) + 3/ 8)'(x) 
+ 1/4y(x + I) + 1/16)'(x + 2) (A.60) 

A five-channel smooching is identical to two successive smoorhings over three 
channels and yields a variance that is increased accordingly, a"2 == a 2 + I. Any 
such smoothings over 211 + I ;)diaeent channels is equivalent to" smoothings over 
three channels. 

If we apply lhe smoothing of Equation (A.57) to a Gaussian distribution, the 
resulring distribution will also be nearly Gaussian becoIuse the shapes of the bino
mial and Gaussian distributions are nearly alike. In fact, if we are applying the 
smoothing because the original shape is not Gaussian enough. the overaging may 
make the shape more nearly Gaussian. If we apply binomial smoothing to a dislrib
ution th'll is not Gaussian, we should be aware that we are disloning the shape of the 
peak and making it more Gaussian. 

If lhe width of the original Gaussian is not too small (a > I). lhe incl'CilSe of 
Equation (A.59) shoUld no! be drastic because the addition is in quadrature. For a 
width a = 2, for example, the new width a' - 2 is only 5% larger. If the original 
width is very small (a < I), the approximation of Equation (A.53) is not valid be
CAUse the Gaussian and binomiill distributions are only similar in the limits of large 
n. A Gaussian fit 10 the data without smoothing would fiot be valid either, however. 
because the parameters of the fit are only meaningful if a ~ I. Because lhe averag
ing ilSelfis a binomial distribution, the result is still expected Co be a beuer approx. 
imlltion to a Gaussian disUibution than the Original data. For a smoothing over three 
channels, a Gaussian fit requires a ~ Vi72 for the original data. 

~~ .'.~'~'-~~-~: " ; : ''' :~' .. .. -.- . ~. "' :'~;1~--'-' 
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APPENDIX 

B 
MATRICES 

B.1 DETERMINANTS 
In applying the method of least squares to both linear and nonlinear funcUons. we 
required the solution of a sel of n simultaneous equations in n unknowns 0, simHar 

to the following: 

y, = U1XI1 + a l XIl+ a jXu 

)'2 = CJ.X21 + DIXU + CJ l Xll 

}'l = alX)1 + CJ1Xn + alX]] 

(B.1) 

where the constants)'j and Xii i1I'C known quantities calculated from the datil. 
The symmetry of the right-hand side suggests that we write elements of the 

equations in a two-dimensionlll array 

[

XII X" X''] '" = Xli Xu Xu (B.2) 
Xli Xu X)} 

and separate the other tenns and coefficients into one-dimensional arrays. 

a=[=:] and p=~:] (B.3) 
Such arrays arc called matrices, and we can write Equations (B.l) in matrix 

fonn as 

(i - a - a. 
(B.4) 
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Aherruuivcly. because in our problems the malrix a is always symmetric. Ihal is. (he 
element QiJ is equal 10 Ihe element ap' we can wrile Ihe matrices u ami p as row 
matrices 

a=[al al aj] 

and express Equation (B. I ) as 

and 

Il •. u 

b = [y, )", YJ] (8.5) 

(8.6) 

We shan be concerned primarily wilh linear one·dimensional matrices anl1 
with symmetric square two-dimensional matrices Ihal have Ihl! same number of 
rows and columns and are mirror-symmetric ahoUllhe diogonal. Consil1er a square 
malrix A: 

All All A" AI" 
A21 An A" A~, 

A - I : 
Ajl A" Aft 

: I 
A,. 

(B.7) 

A". A,,2 A .. A_ 

The degree of Ihe matrix A is the number II of rows and columns; the jklh d· 
ell/em (or compollent) of the matrix is Ajt; the (liagollallenus are All" If the malrix is 
diagonally symmelr;c. Ali " All and there arc ,,2 elements but only 1J(r1 + I )/2 dif
ferent clements. 

Matrix Aigeb .... 

If A and B are IWo square symmetric matrices of degree II, then their sum S is a 
square symmetric matrix of degree II wilh clements Ihat are the sums of lhe carre 
sponding elements of the two matrices 

A+B = S Sjl 0: All + BJl (B.8) 

The product P of the mauices A and 8 is a square matrix of degree II, wilh cl
ements determined in lhe followmg way: 

AB=P Ij. = ± (A j. B ... ) (B.9) .-, 
The elements of the jth row of A are multiplied by the elemenls of the kth column 
ofB and the producls are summed to obtain thejkth elemenl of P. In general, the 
matrix P will not be symmetric. 

If a is a linear one-dimensional matrix. the product of A and a is only well de
fined if the product is taken in a particular order. If u is a column matrix, it must be 
multiplied on the left by the squnre malrix to yield another column matrix c: 

'tf.;.,lf;f~(}"'~:'-C:' .. ~ ~ .. ... ':-r~. "/.; 

:. :})~,'. 
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;jl ::: Ajt . ~. A~" ~. =;j 9=±(AJi a. ) (B. lO) 

[

All'" ... A,,][a,,] [C',] 
: ••• :: : : #.-1 

A"I .•• . •• AM Un C" 

If D is i1 row matrix, it must multiply the squ.ve matrix on the left to yield another 

row matrix r. 

[

All 

[a, ... aj ••• a.l ~!' 
A" 

- [rl ,. . Tl ... r..] 

... A,,] 
Ail ". A ... 

A~ 

',= ± (a,Ai,) ,-, (B. II) 

The product of two linear matrices depends on the order of multiplication. The 
product of 11 row malrix U limes a column matrix. b is a scalar. If the order is re· 
versed. the result is a square mauix that is diagonal; that is. for which only the di
agonal tenns are nonzero: 

[a, ... a"l[~'] = ± (aA) 
b ,-I , 

[

a'b' 
bl ; [Jra, ... a,j= ! 

o 

1] (B.l2) aPi 

o 

Determinants 
The detem,i,101II of ill square matrix is defined in lenns of its algebra. The order of 
the dClcnninant of a square matrix is equal 10 the degree II of the matrix. In this sec
tion, we shall mainly use deu~nninants of order 3 as examples, although. unless oth
erwise specified. the comments apply to matrices of all orders. Marupulation of the 
rows may be substituted for columns throughout. 

1. The determinant of the 1111;1)' malrix is I where the unity matrix is defined as the 
diagonal matrix with all diagonal elements equnlto 1: 

II 0 0 

\1\ = 0 Ol ~ I (8.13) 

o 0 
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2. If a column matrix of degree II is added to one column of a square nUUnlt of de
gree II. the detcrntinant oC the result is the sum of the determinant of the origi
nal square matrix plus that of another square matrix obtained by substituting the 
column matrix for the modified column: 

All + (II AI2 AI) All t1 12 All (II All All 

A~I + (11 An An == A21 A:!2 t\13 + III A:!l A13 
A)I + 0) All Au All A]2 A)l u) All All 

(B.14) 

3. If one column of II square matrix is muhipliell by a scalar. the determinant of 
the result is the product of the scalar and lhe determinant oC the original malrix: 

cAli Au Aul It\11 All All 
cAli An Al) - C A21 A12 An 

CAli All AJl A)I AJ~ Al ) 

(B. 15) 

4. If two columns of a. square matrix are interchanged. die determinant retains the 
same magnitude but changes sign: 

/

A" All A"/ /AII A" A" 
An A21 Au = - All Au Au 
An All A l l All Al2 Au 

(8.16) 

S. The millor All of IlD elemenl Ail of a square millrix of degree II is defined as the 
determinant of the square matrix of degree" - I formed by removing Ihe j lh 
row and the kth column: 

All All All 
A = IAlI An All 

AJI Al2 Al ) 

All e IAIl AIlI 
All Al ) 

(B.17) 

6. The co/actor cof(Aj!) of an element Ajl; of a square matrix of degree" is defined 
as the product of the minor and a phase ractor. 

cof(Ai,) - (-I)'''A' ' (B.18) 

7. With the preceding definitions 5 nod 6. the delenninant of a square malrix of 
degree" can be e~pressed in terms or cofilctors of minors: 

IAI = ± [A"cof(A,,)] = ± ( -I )i'lAi,Ajlj 
!-I 1; " 1 

(B.19) 

Equation (8.19) is no iterative definition. because the cofilctor is itself a deter
minant The determinant of a matrix or degree J. however. is equal to the single 
element of that rruatrix . The determinant of a square matrix of degree 2 is en. 
countered often enough 10 make its explicit formula useful: 

I~ !I-ad -bc (B.20) 

and we can eva.lu.ne the determinant of a third-order mtllrix wilh the help of 
Equalio" (B.19): 
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IA" A" 
A21 A~ 

All All 

Computation 

A A An An -A All An +A A21 11 ,1 ,,\ I I I I I A I A~ = II An All 12 All An 11 A)I An 
(B.21) 

Matrix computation is genclJlly simpler if we can manipulate matrices into diago
nal fonn in which only the diagonal clements Aji are nonzero. TIle tietcnninanl of a 
diagonal matrix is equnllo the product of all the diagonal elements and the ,roce is 

their sum: 

iAd •• i- Ii AjJ 
j.~ 

(B.22) 

If wc combine rules 2. 3. and 4 of the algebra for determinants. we can show 
that the delenninant of a matrix is unchanged if the elements of any column. multi
plied by an arbitrJ.r)' scalar. are added to Ihe elements of any olber column. The de
lenninant of the sum is equal to the sum of the two determinants. but one of these 
dClcnninants hilS two identical columns except (or 0. scalar factor that muy be ex
tralcted. and is therefore equal to 0: 

All + cAn 
A21 + cAu 

All + cA)2 

All All All Al l A u All AI2 AI) 
An An = A21 Au All + C All All Au 
An A)l A)I An An An All An 

=iAi 

(B.23) 

Thus. it is possible to eliminate all clements except one from D row by suc
cessively subtrdcting onc column. appropriately scaled. from each of the others. For 
example. if we perform the subtraction 

. ~ Aji = Aji - All (8.24) 
A" 

on each row except the first. we eliminate all elements of the first column excepl A'l 
to obtain 

All Au AI3 
X-lOA;' A" 

o AlJ A'31 , 

(B.25) 

Similarly. if we subsequently start with elcment An and sublract W1 appropri
ately seatell second row from Ibe rest of (he rows, 

Ajt = A;. - A'ltAjdAu 
all the elements of the second column vanish e)(cept All: 

All 0 Ai) 
A" =10 Ah A'b 

o 0 A;, 

(B.26) 

(B.27) 
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Notc that/lh is not the original value An. but is modified as a result of the firsl 
sublrnclion. 

8y successively sublJDcting rows (or columns) scaled to their diagonal ele
menls, we can produce II matrix Ihat is diagonal. In practice. it is sufficiem to eHm
imlle only half of the nondiagonal elements so thai all elements on one side of a 
diagonal are 0: 

A" 0 0 
A" A" A"I 

A = IA" All 0 o An An = 
All An All o 0 An 

= A" AllAn 

D.2 SOLUTION OF SIMULTANEOUS 
EQUATIONS BY DETERMINANTS 

Au 0 0 
o All 0 
o 0 AH • 

(B.28) 

Consider the following set of three equations in three coefficients a •• aJ. and aJ. We 
shall consider the Y.l and Xit to be known quantities; thai is. constants: 

)'. = ",XII +aZX'1 + o)X I) 

)'2 - "IX21 + "2Xn + a)X21 

Y) = Q,X)I + 02X)1 + alX)) 

(B.29) 

LeI us consider the SCI of equations as if they were one rnalrix equation as in 
Equation (B. 10): 

[y,] [XU X" x"J[a,] 
Yl = XlI Xu Xl) 01 

Yl Xli Xll Xl) 0l 
(B.3O) 

wilh u and y represenled by linear mDtrices and X represented by a square matrix. If 
We multiply the first equation of Equations (8.29) by (he coraclor of Xu in Ihe ma
trix of Equalion (8.30). multiply the second equation by Ihe coCnclor of X, i. and 
muhiply the third by the cofactor of XlI. then the sum of the three equations is an 
equation involving detenninanlS according to Equation (B.18): 

y, X" X"/ Xu Xu X" Xu Xu Xu 
}'2 Xn Xn :;; OJ XlJ Xu Xn + 02 Xu Xu Xn 
)'1 Xu Xu Xli Xu Xu X)2 Xu Xl) r' X" X" +., X21 Xu X21 1 (B.3I) 

X)) X)2 X)) 

The determinants in the two rightmost terms of Equation (8.31) both vanish 
because they have two columns that are identical. Thus. the solution for the coeffi
cient aJ is the ratio of the two detenninants: 
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)" XI ~ XI) 
)'1 Xl! Xu 
Yl Xu Xl) 

al " I' 

X" X" XII 
(0 .32) 

Xu Xu Xu 
Xli Xu X)) 

The denominator is the detenninant of the square matrix. X of Equation (B.30) and 
the numerator is the detenninant of a matrix that is fonned by substituting the col· 
umn matrix}' for the first column of the X matrix. 

Similarly, emmer's mle gives the solution for thejlh coefficient aJ of il set of 
" simultaneous equations as the ratio of two determinants: 

)" = ± (a,X,, ) ,_, 
-'X'U)I 

a,- IXI 

k - 1," 

(8.33) 

The denominator is the determinant of the X matrix. The numerator I X'(j )1 is the 
determinant of the matrix formed by substituting the y matrix for the jlh column. 

A matrix is singular if its determinant is O. If the X mauix is singular, there is 
no solution for Equation (B.33). For example, if two of the" simultaneous eqUil
lions ore identicill, except for a scale foctor. there are really only IJ 1 independenl 
simultaneous equations, and therefore no solution for the n unknowns. In this case, 
the X matrix has two identical rows and therefore a 0 determinant. 

Solution by Malrix Equalions 

Let us consider Equation (B.33) as if it were a matrix equation as in Equation 
(8.30). If Ihe X matrix is square, we can coosider the y and 0 linear matrices ilS ei
ther column matrices as in Equation (B,IO) or row matrices ilS in Equation (B.II): 

[ ),,) a [a,)[X,,] (0.34) 

If we could multiply this matrix by another matrix X' such that the righl·hand side 
becomes just the linear matrix D, then we will have our solution for the coefficients 
uJ directly. The multiplication of matrices is associati ... e; lhilt is, 

A(OC) a (AO)C (8.35) 

Thert!fore, we require a matrix X' such that if it is multiplied by the matrix X. the 
result is the unity malrix: 

[X,J[X~,) ~ I (0.16) 

nle matrix X' that silusfies Equ'llion (B.36) is called the inverse matrix X - I 
of X. Equation (B.34) multiplied from the right by X- l gives the coefftcients aj ex
plicitly, because any matrix is unchanged when multiplied by the unity matrix: 
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[y,j[X,,) '= [a,) I = [a,) (8.37) 

We can express Equation (8.37) in more convcmionOlI fonn to give the solulion for 
each of the coefficients aJ: 

a, ~ ± (y,X;]) ,-, (0.38) 

Thus, the solution for the n unknowns with II simultaneous equations is reduced 10 
evaluating the elements of the inverse matrix X-', 

B-3 MATRIX INVERSION 

The adjoint A' of a matrix A is defined ilS the matrix obtained by subsliluling for 
each element AJI. the cofactor of the transposed element At;: 

AJ, = eof(A,,) (8.39) 

For a square symmetric matrix, the transposition makes no difference. 
The inverse matrix A - , defined in Equation (8.36) may be evalualed by dj. 

viding the adjoint matrix A f by the detenninant oC A: 

,!!k 
Aj, =IAI (OAO) 

To show thai this equality holds. we multiply both sides of Equiltion (B.40) by IAIA . 

IAIAA-' = IAII = AAt (OAI) 

Diagonal tenns oC the matrices in Equation (B.4I) are equivaJent to the Connula of 
Equation (B.19) for evaluating the detcmtinant: 

IAI= f (A"A},) - ± [A"eof(A" lI 
t _a t-. (OA2) 

Off-diagonal elements can be shown 10 vanish like those of the determinants of 
Equation (B.31). If the matrix. A is singular (that is. if I A I = 0), the inverse mauix 
A - I does not exist IUJd there is no solution to the matrix equiltion of Equation 
(0.34). 

GaUSS-Jordan EUminalion 

The formula of Equation (BAO) is generally too cumbersome for use in computing 
the inverse of a matrix. Instead, the Gauss-Jordan method of elimination is used to 
inven a matrix by building up the in ... erse matrix from a unity matrix while reduc
ing the: original mAtrix 10 unily. 

Consider the inverse matrix A - I as the IUriO of the unity matrix divided by the 
originaJ matrix. A'" • l/A. If we manipulate the numemtor and denominator of this 
muo in the same manner (multiplying rows or columns by the same conslJlnl factor 



, r 

246 Data Reduction and Error Analysis for me Physical Sciences 

Wld adding the same rows scaled to the snme constants). the ratio remains unchanged. 
If we perfonn the proper manipulation. we can change the denominator into the unity 
matrix; the numenUor must then become equal to the inverse matrix A - I , 

Let us write the 3 X 3 matrix A and the 3 x 3 unity matrix side by side and 
manipulate both 10 reduce the matrix A to the unity matrix. We start by using the 
fonnula of Equation (8.24) to eliminate the two off.diagonal elements of the first 

column: 

[ All A" AU] [~ 0 ~J Al l An All 
Al l An All 001 r ',. ,,,] [ "~l ~ ~ _A21 I 0 o Au - AI2 A An - Au A 

11 II All 

All A _ A21 0 1 
o An - All All All - Au ~ All 

Now. we divide the fll'St row by An to get a diagonal element of 

A" 
All 

~ 
All 

,!n ,!n o Au-AlIA An - AIJA 
II II 

All 
o 0 

,!n 
- All o 

A" ,!nJ l A" o An -A I2 -A An-AuA --A 0 
11 II II 

(0.43) 

(0.44) 

The left matrix now has the proper first column. Let us relabel the matrices 8 
(on the left) and B' (on the rigtu) and pedonn the corresponding manipulations to 
obtain zeros in place of Bu and Bn. and then divide the second row by Bu: 

B" B' - B' BIl _ BIl 0 o BIJ - Bn Bn II 21 Bn Bn 

~ B' I 
01 0 ~ (0.45) 

Bn Bn Bn 
I B" 8' - B' !!B. _ Bl2 o 0 Bll- Bll -

B" 1I II Bn Bu 

After similar manipulation of the third column. the mauix on the left becomes the 
unity matrix and that on the right, thererore. must be the inverse matrix. 

For computational purposes, even this method is somewhat inefficient in that 
two matrices mUSt be manipulated throughout. Note. however, that at each Siage or 
the reduction. mere are only II (or three) userul columns of infonnation in the two 
matrices. As each column is eliminated from the left matrix, the corresponding col
umn is accumulated on the right. 

Thererore. we can combine the manipUlation into the range of a single matrix. 
We stan with the matrix A and use the formula of Equation (8.24) as for Equation 
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(8.43). but instead of applying this fonnula to the first column. we divide the first 
column by -All to get the first column on the right of Equation (8.43); the diago. 
nal element musl be divided Iwice to become 11,0111' Divide the resl of the first row 
by All to get the composite of the two matrices of Equation (B.44): 

...!... ~ ~ 
Au All All 

~ A 21 ~ - A All -A I2A- Au -A IJA II Il II 
(0.46) 

A A A 
-A~ All - AIlA~ Al)-AIJA"ll 

II II II 

A corresponding manipulalion of the second column yields a matrix with the 
fll'S1 two columns identical to Ihose of the righl side of Equation (B.45) whereas the 
IllSl column is identical to that of the left side of Equation (B.45). Thus the inverse 
maim is accumulated in Ihe space vacated by the original matrix. 

Computer RouUne PROGRAM B.l MATRIX (WEBSITE) includes two 
routines, MATINV and LINEARBVSQUARE. MATINV inverts a sqUlUl: rna
lriI and calculates its detenni~ • .wbMituting the inverted matrix into the same W'r.ly 
D.S the original matrix.' Inpul vori.3.bles are ARRAY, lhe mutrix to be inverted. lind 
NOR DER, the order of its determinanl 

The inilial progr.un loop itemles through the n columns of the matrix. reorga. 
nizing the matrix 10 gel the largest element in the diagonal in order 10 reduce rounding 
enors and improve cornpuullionaJ precision. The inversion procedure discussed above 
is then carried out and the determinant OET of the matrix is calculated from the di.3.g
onatized matrix. After inversion,the invened matrix is Sl~ back in AR RAY and the 
v..nable DET. Ihe value of the delenninanl of the original matrix, is relumed. 

LINEARBYSQUARE multiplies a linear maui. (oa the right) by a sq~ 
matrix (on the lert). Foruample. see Equatioo (B.30). 

1Tbc: subrouline MATI NV foUow, lht pnxcdun: of the subroutine MlNV o( the IBM SySlernl360 Sci. 
cntific Subroutinc PilCUSC. 



, 

APPENDIX 

C 
GRAPHS 

AND 
TABLES 

T 
be ULbtes and graphs in thiS appendix are provided for easy reference. Computer 
routines for calculating several of the distributions and probability functions are 

listed in Appendix E. Routines are also available on the website for calculating 

probabilities. 

C.I GAUSSIAN PROBABILITY 
DISTRIBUTION 
1be probabilitY density function PoCr, ~. a) fot the Gaussian or normal error distri-

bution is given by 

PG(X; fL. a) = aVr,; exp H ~ ~ fL )'] 

If measurements of a quantity x are distribUted in this manner around a mean JL with 
sUlIldard deviation u. the probability dPG(r, ..... a) for observing a value of x. within 
an infinitesimally small interval dx, in a random sample measurement is given by 

dPG(x; fL. a) = PG(x; fL . a)d< 

Values of the probability density function Po (x; .... a) are tabulated in Table 

C. t as a function of the dimensionless deviation 

z =lx - fL l/a 
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TABLEC.l 

/1 
/ . 

/ 1 
/ . 

/ 1 
/ . 

p 

, 

pJx.JLa) 

Gaussian probablUty densUy dlslribut1on. The Gaussian or norma) error 
distributionpo(x; fl., 0') versus: = Lx - fl.l/a ... ... .., '.OJ a .. .... a .. ..07 .... . ... 
0.0 0.39894 0.39S92 0.39886 0.39116 0.39162 0.391+4 0.39822 0.39191 0.39767 
0.1 D.3969.5 0.3C}65.1 0.39608 0.39559 0.3950.5 o.J9.UI 0.39387 0.39322 0.39ll) 
(U 0.391G4 0.l9024 0.3190&0 O.Jll53 0.38761 0.31667 0.3136& 0.3&.466 0.31)61 
0.3 0.31139 0.3802l 0.37903 o.JnlO D.31654 0.37524 0.37391 0.37255 0.37115 
0.4 0.36127 0.36671 0.36526 0.)6)71 Q.J621l 0.l605J 0.35189 0..].5723 0.3.5553 

0.)97Jl 
0.39181 
0.31251 
0.36973 
0.)5381 

Ool 0.35107 G.35029 0.34849 0.J4667 O.J.l.t82 0.)4294 DJ4IM 0.33912 0.31711 0.33521 
0.6 D.3J322 1U3121 0.32918 0.31713 IUl106 OJ2l97 032086 Ojl814 031659 0.31443 
0.1 031225 0.31006 O.J01I!1 0.JQ.S63 0.30339 0.30114 0.29881 0.29659 0.294)1 0.19200 
0.1 0.28969 0.187)7 0.2151).1 0.28269 O.1lOl4 0.2n99 0.17561 0.2732-1 D.l1086 0.26848 
0.9 0.26609 0.l6369 0.26129 D.2S188 0.25647 O.lS406 0.15164 0.24923 0.24631 0.2-1439 

1.0 0.24191 0.23995 G.lJ71l D.ll-&71 0.23230 0.1l911 022747 O.l1506 D.l2266 0.llD25 
1.1 0.217ts 0.21S46 0.21307 0.11069 0.20131 O.lOS94 0.10]57 0.10122 0.19187 0.19652 
1.2 0.19419 0.19186 0.18955 0.18724 0.111494 0.18265 0.180)1 0.17111 0.17.515 0.11361 
1.3 0.17137 0.16915 0.16694 0.16475 0.16lS6 0.16039 0.15821 0.15609 0.1539.5 0.1$1114 
1.4 0.14913 0.14764 0.14557 0.14351 0.14147 0.1l9.U 0.13742 0.1354) 0.13344 0.13141 

1..5 0.12952 0.12759 0.12567 O.llln 0.12189 0.12002 0.11816 0.11633 0.114.51 0.11271 
1.6 0.11011] 0.10916 0.10741 0.111568 0.10397 0.10227 0.101159 0.09193 0.09729 0.09567 
1.7 0.09406 0.09247 0.09090 0.0I9J.4 0.01780 0.08629 0.OU71 0.03])0 0.081... 0.080]9 
1.1 0.07896 0.07155 0.07615 0.074n 0.07J.12 0.07l07 0.07075 0.06944 0.06815 0.06688 
1.9 G.06.56l 0.064]9 0.06l16 0.06196 D.06OT1 0.0l9W o.()}I4S 0.051)1 0.0.5619 O.o.sS09 

2.0 0.D.S400 0.0529] 0.W1I7 0.OS08J 0.0-1981 0.1>'180 0.0-1711 0.0-$683 0.0-1587 0.04-l92 
2.1 0.0.099 O.O-U01 O.o.t211 0.1>'129 0.Q.M).t1 0.0l9S6 0.03171 0.0)188 0.0)707 0.03627 
2.2 0.03548 0.03471 0.03395 0.03320 0.03247 0.0317.5 O.O]IGI 0.03DJ.I 0.02966 0.02899 
2.3 0.021)) 0.02169 Q.027()5 o..al64] o..ontl 0.(12522 0.02460& 0.02406 G.01l)o O.oz29.' 
2.4 0.02240 0.02187 0.Ol))5 0.0208] 0.0203) 0.019&4 0.01936 0.01889 0.01&43 0.01198 

1..5 O.oI7Sl 0.01110 0.01661 0.01626 O.OUIS o.OISoa.5 0.OU06 O.OH6I 0.01.0) 0.01]94 
2.6 0.Om9 0.01324 0.01290 0.01256 0.01224 0.01192 0.01160 0.01130 0.01100 0.01071 
2.1 0.011)12 0.01015 0.00917 0.00961 0.009]' 0.00910 O.OOUS 0.00161 O!108J7 0.00814 
28 0.00792 o.oono 0.00749 O.oona 0.00701 0.006S8 0.00668 0.~9 0.00631 0.00613 
2.9 0.011595 0.0078 0.01»62 0.00S46 O.QOj]Q 0.011514 0.()(Jj()Q 0.1)()485 0.00471 o.oom 

.... 
3.0 0.01»-1]18 
).5 0.000&7169 
4.0 O.In)I3JIl 
4.5 0.0000t.s984 
5.0 0.1)X)OO1486S 
5.!1 O.OOOOOOuml 

u. 
0.0032668 
0.00061191 
0.000089261 
0.000010141 
0.00000039730 
O.OOlOOD06IBJ 

'.20 

0.0IJl)841 
0.D0042479 
O.OOOOSB94$ 
0.000006J701 
0.000Xl05J614 
0.00000003514 

'.30 

0.0017226 
0.<1002919' 
0.0000l8536 
0.0D00019615 
0.00D000]17I6 
0.00000001978 

..... 
0.0011322 
0.000 ..... 
0.00002494] 
G.OOOOO24J91 
O.OODOOOI851.5 
0.00000001102 
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FIGUIlEC.l 
GoIJUl:lII ~i1iI" ... ti(y ~"nbulion. ,,~r. po.~) vcnll5. t - ~ - ~,#tr 

for;:: ranging from 0.0 \0 3.0 in increments of 0.01 and up 10 5.9 in increments 
of 0.1. This Cunction is graphed on tl semi-logGrithmic scale as a function of z in 

Figure C.l. 

C.2 INTEGRAL OF GAUSSIAN 
DISTRIBUTION 
The integral PJ,.:r. JL. a) of the probability density function PG(r: fl· a) for the 
Gaussian or normal error distribution is given by 

I r'+" [I(~)'L 
P(j(.r; fL. a) = a\l2'IT JIo'- ~ tlJ exp -'2 a J 

with 

Ix- ... I 
z= r.1 

II - .TT II II +."C1 , 
TABLE Col 
Inlegral of Guussian distribution. The integral of the Gaussiun probability 
densUy distribution. PG(x; 11, 0') versus t = Ix - p.1/a 

0.00 0.01 .. , '.OJ .... ~ .. ~06 '.01 .... . ... 
0.0 0.0 0.00798 0,01596 0.02393 0.03191 0.00981 0.a..784 0.05581 0.06376 0.07171 

0.1S069 
0.22818 
1.30J..I6 

0.17537 

0.1 0.01966 
0.2 o.15!S1 
0.3 0.23582 
0.4 0.11 .. 

0.08759 0.09552 0.10l-f) 
o 1M33 0 n.U3 0.18191 
O.l4W 0.2.5103 0.25860 
0.31119 0.32551 OJ32l1O 

O. IIIJ..I 0.11924 0.12712 0.1J..I99 0.14!85 
0 11961 0.19741 0.10514 O.:m:5-* o:uon 
0.26614 0.27366 0.28115 0.28362 0.296115 
O..).W06 0.l-f729 O.lS-M1 0.36164 0..l6&T1 

0..5 0.Jt292 D...li99S D..l~ 0...&0]19 0.41(180 U.41768 0.424!i2 0 .4]1)2 0 . .0809 M+l11 
0.6 0"-5149 0.·15814 0 .... 6174 0.41131 0.4T181 Msm 0.4907$ 0.49714 0..50350 0.50981 
0.1 0.51607 O.5llJO 0.52147 Ul461 0.54070 0..s4614 0.5527-' 0..55170 0.s6461 0.570A7 
0.8 0..57629 0..58206 0.58T18 0.59346 0.59909 0.6(U61 0.61021 0.61570 0.62114 0.626$3 
0.9 0.63181 0.63118 0.6424] 0.64763 0.6$278 0.6.5789 0.66294 0.66795 0.67291 O.6T181 

1.0 0.68269 0.68750 0.69227 0.69699 0.70166 0.70621 0.71085 0.71538 0.71985 o.una 
1.1 0.72866 0.73lOO 6.73728 0.74152 0.14571 0.14915 0.75]95 0.15799 0.16199 0.76595 
1.2 0.769&5 0.n371 0.n7.53 0.18130 0.78502 0.78869 0.79232 0.79591 0.799-15 0.110294 
I.J 0.806}9 0.S09S0 0.11316 0.11641 0.81975 0.82298 0.82616 O.INJO 0.11240 0.83546 
1.4 0.83&.18 0.8-1145 O.I-U]S 0.&.1727 0.M012 0.1S29J 0.&5510 0.8584) 0.86112 0.86]n 

1.5 0.86618 0.86895 0.8714B 0.87397 0.87~3 0.818&5 0.88123 0.88358 0.88588 0.88816 
1.6 0.B90]9 0.89259 0.89476 0.19639 0.89898 O.90IDS 0.90308 0.9Q500 0.90703 0.90&96 
1.7 0.91086 0.91172 0.914.56 0.91636 0.9181] 0.91987 0.92158 0.9D26 0.92491 0.9265..1 
1.8 0.92813 0.92969 0.9]123 0.93274 0.9).122 0.93563 0.93711 0.93851 0.93988 0.941!J 
1.9 0.1}4256 O.9-&lI6 0.9.&51] 0.946JI 0.94161 0 .94&12 0 .9S000 o.95\U 0.95229 0.9UtO 

2.0 0.9).1..19 0.93556 O.~l 0.95164 6.9586-1 0.95963 0.96059 0.961s.& 0.96247 0 .96J1B 
2.1 0.96-126 0.96.513 0.96.599 0.96682 0.961~ 0.968-M 0.96922 0.96999 0.97074 0.97147 
2.2 0.97219 0.97219 0.97)5' 0.97425 0.91490 0.97555 0.91611 0.91679 o.mJ9 0.917<J1 
2.J 0.97855 0.97911 0.97965 0.98019 0.98071 0.98122 0.98112 0.98221 0.98268 0.9&]" 
2..4 0.9&360 0.9J.W.J 0.98-W8 0.98-190 0.9&.531 0.9U71 0.98610 0.98~' 0.98686 0.98722 

2..5 0.98158 0.98792 0.981126 0.98859 0.98891 0.98922 0.98953 0.9893) 0.99012 O.1J9O.W 
16 0.99061 0.99(194 0.99120 0.99146 0.99171 0.99195 0.99218 0.9924' 0.99264 0.992&.s 
2.7 0.99]06 0.99327 0.99)41 0.99)66 0.99)8j O.~ 0.99-I:U 0.994]9 0.99456 0.99473 
11 0.9!N&9 099561 O.99S20 O.99S14 0.99549 0.99S6l 0.99S76 o.ml9 0.99602 0.99615 
2.9 0.99627 0.996)& 0996S0 099661 0.99672 0.996112 0.99692 0.99702 0.99112 0.99721 

3.0 

" ••• ., 
' .0 
" 

'.00 

0.9973002 
0.99953414 
0.9999l6656 
0999993204] 
0.99999942651 
0.9999999619) 

u. 
0.998064& 
0.99968178 
O.9999S86M 
0.999995T148 
0.99999966024 
0.99999997S.17 

0.10 

0.9986251 
0.9997J4.U1 
0.99997)308 
0.999991)982 
099999980061 
0.9999999879] 

o.JO 

0.9990))15 
0.999855]0 
0 . .....,.,.. 

0.9999914132 
0.99999985410 
099999999321 

..... 
0.999)2614 
0.999903805 
0.9999&917" 
0.999999(U149 
0.9999999))27 
0.99999999621 

lSI 

• 



252 Data Reduction and Error Analysis for the Physical Sciences 

il 
~ 

" ~. 

{ 
} 

0 .... 

0.0 

FlGURECl 

Jz-pJ 
, · ~o~ 

Integral or the Gaussian prooobitity density distribution, pc!.r. .... a) veBUS t - I.t - ILl/a 

If measurements of the quantity x are distributed according to the Gaussian distrib
ution around a mean j.L with standard deviation a. PG(x; j.L. a) is equal to the prob
ability for observing a value of x in a random snmple measurement thai is between 
j.L - za and IJ. + za; that is, it is the probability that Ix - j.LI < za. 

Values of the integral P dr. Il. a) IlTC tabulated in Table C.2 as a function of z, 
for z ranging from 0.0 to 3.0 in incremenlS of 0.0 I and up to 5.9 in incremenlS of 
O. J. This function is graphed on a probability scale as a function of z in Figure C.2. 

A related function is the error junclio" elf Z: 

er! Z = :7'" e- ' dz = Pa(z V 2; o. I) 1 fZ
' • r;:; 

V 'rf -z 

The function that is tabulated and grophed is the shaded 1U'C3 between the limits 
J.L z. za as indicated. 

C.3 LINEAR·CORRELATION 
COEFFICIENT 

The probability distribution p,(r. v) for the linear-correlation coefficient r for v 
degrees of freedom is given by 
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p,(r; v) = 1 fI(1' + 1 )/21 y.;; r("/2) (I - r'Y' lV' 

The probability of observing ;1 v.due of the correlation coefficient larger than r for 
Q. random sample of N observations with }' degrees of freedom is the imegr.d of Ihis 
probability Pt(r, N): 

p,(r; N) e :-~...rK'· + 1 )/211.' v" r(v/2) (I - x')('-""d< ", 1' ::'; N-2 

If two Variables of a parent population are uncorrtfutcd, the probability Ihal a 
random sample of N observations will yield a correlntion coefficient for lOOse two 
variables grenlcr in magnitude than Irl is given by Pf(r; N). 

Values of the coefficient Irlcorresponding to various values of the probability 
Pir; N) are tabuhUed in T"ble C.l for N ranging from 3 to 100, and values of 
Pir. N) ranging from 0.001 100.5. The functional dependence of r corresponding 
10 representative values of Pe(r, N) is graphed on a semi-logarithmic scale as a 
smooth variation with the number of observations N in Figure C.3. 

TIle function that is tabulated and graphed is the shaded area under the tails of 
the probabilily curve for values larger than Irl as indicated. 

C.4 X'DISTRIBUTION 

The probability density distribution pt(X?; v) for)(2 is given by 

P I .. '. v) 1 I .. l)(, - l)"e - , 'fl 
,\A • 2'''/"(1'/ 2) \A 

The probability of observing a value of X2 that is larger than n particular value for a 
mndom sample of N observations with I' degrees of freedom is the integral of thiS 
prob.bili,y P,tx'; v); 

1 J,e p. (vl
. 1') e (x')(·-')II e-""d( .. ') , • • 2'''r(v/2) ". .,-

Values of the reduced chi~square X~ c: X1/IlCOfTesponding to various values of 
the integral probability P:cCx:2

; v) of exceeding X2 in a measurement wilh v degrees 
of freedom nre tabulated in Table C.4 for v mnging from I to 200. The functional 
dependence of P:cCx:

2
; v) correSponding to representative values of v is graphed in 

Figure C.4 IlS a smooth variation with the reduced chi-square X~. 
The function that is tabulated and grnphed is the shaded area under the tail of 

the probability curve for values larger than X2 as indicated. 
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TABLE C.3 
Linear-correlolion coefficient. The linear-correlation coefficient r versus the 

!l 

number of observations N and the corRSpondlng probubility I!-(r; N) of 

~ 

exceeding r In u nmdom sumple of observations tukcn from un uncor~luted 
~ ... -

parent populolion (p = 0) 

,£ 

p 

~ 
~ 

5l ~ 
~ 

N 0.50 0.20 0.10 0.050 0.020 O.lUO 0.005 0,002 0.001 

l~ 

~ 

3 0.707 0.951 0.1)118 0.997 1.000 1.000 1.000 1.000 1.000 

c 

I 
4 o.soo 0.800 0.900 0.950 0.980 0.990 0.995 0.998 0.999 t 
, OAIH 0.687 0.805 0.878 O.9H 0.959 0.914 0.986 0.991 

0 

6 0.]-17 0.6011 0.729 0.811 0 .882 0.917 0.942 0.963 0,974 
:;;" 

u 

1 0.309 0.551 0.669 0.154 0.833 0.815 0.906 0.9]5 0.951 
~ ~ 

8 0 .281 oj()1 0.621 0.101 0.189 O .8~ OJI1O 0.905 0.915 

• ~ 

'e :; 

• 0.260 0..112 0.582 0.666 0.150 0 .198 0.836 D.aTS 0.898 " 
10 0.2-12 O.·, .. U 05"9 0.632 0.715 0.165 0.805 0.847 0.812 o • 

2 ... .g .2 

II 0.2211 0..119 0.S21 0.602 0.685 0.735 0.176 0.820 08-11 
.. j 

12 0.216 0.398 0..191 0.576 0.658 0.708 0.750 0.795 0.823 
li 

13 0.206 0.380 0..176 0.553 0.63-1 0.68-1 0.726 0.772 0.801 
E 

14 0.197 0.365 0.0158 0.532 0.612 0.661 0.703 0.750 0.780 
:f 0 

" 0.189 0.351 0.+11 0.514 0.592 0.641 0.683 0.730 0160 

0 

16 0.182 0.3)8 0.0126 0.0197 0.574 0.623 0.66-1 0.711 0.742 
~ 

11 0.176 0.327 0.0112 0.0182 0.s58 0.606 0.641 0.694 0.125 

• c 

18 0.170 0.317 0.0100 0..168 0.543 0.590 0.631 0.678 0.708 

u 

I. O.l6S 0.308 0.)89 0..156 0.529 0.575 0.616 0.662 0.693 

-5 

• 

20 0.160 0.299 0.378 0.444 0.516 0.561 0.602 O.~8 0.619 
5 

22 0.152 0:284 0.360 0..123 0,492 0.5)7 0.576 0.622 0.652 

> .-,; 

24 0.145 0.271 0.344 0.404 0.472 0.515 0.554 0.s99 0.629 

E ~ 

26 0.138 0.260 0.330 0.388 0.0153 0.0196 0.534 0578 0.601 ~i 
2H 0.133 0.250 0.317 0.374 0..137 0.0179 0515 0.559 0.588 

30 0.128 0.241 0.306 0.361 0..123 0.463 0..199 0.541 0.510 

~ ~ 
u 0 

32 0.124 0.233 0.296 0.349 0..109 0.449 OAs.i 0.526 0.554 

c c 

, . 34 0.120 U.225 0.287 0.339 0 .391 0..136 0..170 0.511 0.539 1~ 
3" 0.116 0.219 0.279 0329 0.386 0.424 0.0158 0.498 0.525 

Oo~ 

38 0.113 0.213 0.271 0.320 0 .316 0..113 0.+16 0.486 0.513 
't '5 

40 0.110 0 .:!O7 0264 0.312 0.367 0.0103 OA35 0.474 0.501 

~ N iii il > .,; d 

42 0.107 0.202 0.257 0.304 0.358 0.393 0.425 0.016) 0.490 

~:§.s 

44 0.10-1 0.197 0.251 0.297 0.350 0.)84 0.0116 0.453 0..&19 
.I ~;MJJ)();) UOJJeI:WOO-XIf1 

"u_ 

46 0.102 0.192 0.246 0.291 0.342 0.176 0.0101 0.444 0.469 

ii:~.s 

48 0.100 0.188 0.240 0.285 0.335 0.368 0.399 0.435 0..&60 

'0 0.098 0.184 0.235 0.279 0.328 0.361 0.391 0.0127 O.·Ut 

60 0.089 0.168 0.214 0.254 0 .300 0.310 0.)58 0.)91 0..&1" 

10 0.082 0.155 0.198 0.235 0.278 0.306 0.332 0.363 0.385 

80 0.071 0.1./05 0.185 0.220 0.260 0.286 0.311 0.340 0.361 .. 0.012 0.1)6 0.174 0.201 0.245 0.270 0.293 0.)22 0.3"1 

100 0.068 0.119 0.165 0.197 0.232 0.256 0.279 0.305 0.124 
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Or:>phs iIlld Tables 259 

c.s F DISTRIBUTION 

The probability distribution for F is given by 

_ f«", + ,',)121 (~),.n 1',.,-"" 
p,(j, 1',,",) - f(",/2)f(",/2) ", (I + 11',/",)''''''''" 

The probability of observing II value of F Ihal is larger than a particular value 
for n random sample wilh ~'I and 1'2 degrees of freedom is the inlcgral of this 
probability: 

PF(F; 1'" ".) = (~,(f; "" ",)dl • IF 
Values of F corresponding 10 various v.dues of the inlegr.zl probability 

PF(F; VI' v2) of exceeding Fin a measurement are tabulated in Table C.5 for "I • I 
and grnphcd in Figure C.S as a smooth variation with the prObability. Values of F 
corresponding (0 various values of \', and v2 ranging from I 10 co arc lisled in Table 
C.6 and graphed in Figure C.6 [or P,(F; v .. 1.11) = 0.05 and in Table C.? and Figure 
C.? for P,{F; VJ' "1) = O.OJ. lbese values were adapted by pennission from Dixon 
Dnd Massey (1969). 

The function that is tabulated and gnlphed is the shaded area under the tail of 
the probability curve for values larger than F os indicated. 

C,6 STUDENT'S t DISTRIBUTION 

The probability distribution for Siudent's t is given by' 

I ,,: I my + 1)/21(1 + ~)., .. IY' 
f{,) \I[.;j f(1'12) Y 

Student's t distribution describes, as a function of the number of degrees of freedom 
v, the distribution of the parameter t = Ix - xl/s", where I is the number of standard 
deviations s", of the sample distribution by which.t' differs from x. This distribution 
takes account of the fact that the sample standard deviation s'" is an estimate of the 
parent standard errora~ and, as such, will vary for different samples drawn from the 
SWDe parent distribution, just as lbc sample means vary. If.t represents the mean of 
N numbers and ... is nOI derived from the data, then ~ = N - I. If both ... and .i are 
means, s~ must be the jOint standard deviation of both x and X, and v muS( be the 10. 

tal number of degrees of freedom. In the limit of large numbers of degrees of free
dom, Student's t and Gaussian probability distributions agree; for small v, IhOit is, 
low-statistics experiments, the Gaussian distribution overestimates the probability 
and Student's I is preferred. 

Table C.S lists probilbilit;es obtained by integnuing Student's I distribution 
from x = x - IS" to.r = .f + IS,. where I = Ix - xlls",. The inlegrals are listed as 
functions of t and of the number of degrees of freedom v. The values corresponding 
10 Gaussian probability (which are independent of v) are .isled in the las( column. 

'''Review of Panicle Physics" Tht Europtan Physical JOuniat C. mt. 15 (2000" p. 193. 
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PJU.vl' ~l l 

F I '''IRTTI'''n.o«~ ..... _ ...................... 0 

TABLEC5 
F distribution, v = 1. Values oC F corresponding to the probability P~F;I, vz> 
of exceeding F (with VI ;I 1 degrees oC freedom) versus tbe larger number of 

degrees of freedom VI' 

I 
0...... <! 

or Probability (P) or ucetdln& F ci 

': rrmloru 
: ") 0.50 0.25 0.10 0.05 0.015 0.01 0.005 O.OOt 

.; (\. I 1.000 5.83 39.90 161.00 648.00 4OSO.00 16200.00 406000.0 

I 
,~-- 2 0.661 251 115] 18.50 38.j() 98.so 198.00 998.0 
ii' 3 0585 2.02 554 10.10 11.40 :W. IO 55.60 161.0 

" 0..549 1.81 4.s.t 1.71 12.20 21.20 31 .30 14.1 j 
5 0.528 1.69 4.06 6.61 10.00 16.30 22.80 41.2 r...; -: • 
6 0515 1.62 3,78 5,99 8.81 13.70 18.60 )5.5 f ~ 
7 0.506 1.57 3.59 5.59 8.01 12.20 16.20 29.2 c:! ~ ~ 
8 0.499 1.54 3.46 5.32 7..57 11.30 14.70 1M 0 a ~, 
9 0.4901 1.51 3.36 5.12 1.21 10.60 13.60 22.9 :.j '1:1 

10 0.490 1.49 3.28 4.96 6.94 10.00 12.80 2tO 8 l ~ 
II 0.486 1.47 3.23 4.84 6_72 9.65 12_20 19.7 ci ; 
12 0.484 1.46 3_18 4.75 6..55 9.33 11.80 18.6 ~ 
15 0.478 1.43 3.01 4.54 6.20 8.68 10.80 16.6 I.l., 

20 0.472 lAO 2.97 4.35 5.87 8.10 9_94 14.8 ~ 
24 0.469 U9 2.93 4.26 5,72 7_82 9.55 14.0 1i 
30 0.466 L38 2.88 4.17 5.57 7.56 9.18 13.1 ~ 
40 0.463 t.36 2.84 4.08 5.42 7.31 8.83 \2.6 '0 
60 0.461 1.35 2.79 400 5.29 7.08 8,49 )2.0 '? 

120 0.-158 1,34 2.75 3.92 .5.15 6.85 8.18 11 .4 ...: 
... 0.455 1.32 2.71 3,84 5.02 6.63 1.88 10.8 10.:' -.: 

Nott: foe WJer nlues ohbe probabilily P, the value or F is IPP"JI.\DWCJy F ... 11.15(1 - 1"»)1, ~ ;:J~ 

~ ~. H 
O · I'I)~ ~ ~ 
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TABLEC.6 
F distribution, S%. Vu)ues of F corresponding to the probability 
PiF; VI' VI) = 0.05 of exceeding F for VI nrsus "1 degrees of freedom 

Ik,Re5 
.r Decrees or freedom "I 

frndom 

'. 1 • • 8 I. l' I. 100 

200.00 225.00 234.00 239.00 242.00 246.00 248.00 253.00 

2. 19.00 19.10 19.30 19.40 19..10 19.40 19.40 19.50 

II 3 9.55 9.12 8.94 B.B5 8.19 8:ro 8." 855 

• '.94 6.39 6.16 '.04 5.96 S.86 5.80 5." 

5 5.79 5.19 4.95 4.82 4.13 4.62 4.56 4 .41 

• 5.14 ... S) 4.28 4.15 .... 3.94 3.87 3.71 

7 4.74 4.12 ).81 3.73 3.64 3.51 3.44 3.27 

8 4.46 3.84 ,58 1.44 )35 321 l.1S 2.97 

9 4.26 3.63 3.37 3.23 3.14 3.01 1.94 2.7. 

to 4.10 3,48 3.22 3.07 2.98 2.85 2.71 2.59 

11 3.98 3.36 3.09 2.95 2.85 2.12 2.65 2.46 

12 3.89 3.26 3.00 2.85 2.75 2.62 2.54 2.35 

" 
3.68 3.06 1.79 2.64 2.54 2.40 2.33 2.12 

20 3.49 2.87 2." 2.405 2.35 2.20 2.t2 L91 

24 3.40 2,18 2.51 2.36 2.25 2.11 2.03 1.80 

30 3.32 2.69 2.42 1.27 2.1' 2.01 1.93 1.70 

40 3.23 2.61 2.3. 2.18 1.08 1.92 1.84 1.59 

60 l .U 2.53 2.25 2.10 1.99 1.84 1.75 1.48 

120 3.07 2.405 2.18 2.02 1.91 1.15 1." 1.37 

= 3.00 2.31 2.10 1.94 1.83 1.61 1.57 1.24 

'0 
~ :; 
• 
~ 

,f 

" ~ 
~ 
:s • D 

~ 
• · a 
> 
~ • • .: 
e 
0 
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] 
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e • • u 
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TABLEC.7 
F distribution, 1 %. Values of F corresponding to the probability 
PF<F; VI, v%l = 0.01 of exceeding F for VI versus VI degrees of freedom 

0.,: .... 
.r Degrees of freedom VI 

freedom 

" 1 • • 8 I. IS 10 

I 5000.00 5620.00 5860.00 5980.00 6060.00 6160.00 6210.00 

2 99.00 99.20 99.30 99.'" 99.40 99.40 99.40 

3 30.110 28.70 27.90 27.50 27.20 26.90 26.70 

4 18.00 16.00 15.20 14.80 14.50 14.20 14.00 

5 13.30 11.40 10.70 10.30 10.10 9.72 0j5 

• 10,90 9.15 8.47 8.10 7.87 1j. 7.40 

1 9.55 7.85 7.19 .... 6.62 6.31 6.16 

8 8.65 1.01 6.37 6.03 5.81 5.52 53. 

0 8.02 6.42 5.80 5.47 5.26 '.% 4.81 

10 1.56 5.99 530 5.06 4.85 4.56 4.41 

\I 7.2t 5.67 5.07 4.74 "4 4.25 4.10 

12 6.93 5,41 4.82 4.50 4.30 4.01 3.86 

IS 6.36 4.89 4.32 '.00 3.80 3.52 3.37 

2. 5.85 4.43 ) ,87 3.56 3.37 3.09 2.94 

24 5.61 4.22 ) ,67 3.36 3.17 2.80 2.74 

3. 5.39 -1.02 3.-11 3.n 2,98 2.10 2j5 

•• 5.18 3.83 3.29 2.99 2.80 Oj2 2.31 

60 -1 ,98 3.65 3.12 2.82 2.63 2.35 2.10 

12. 4.19 3.48 2.% 2.66 2.41 2.19 2.03 

= 4.61 3.32 2.80 2.51 2.32 2." 1.88 

100 

6330.00 
99j. 
26.20 
13.60 
9.13 

•. 99 
5.75 
4.% 
4.42 
4.01 

3.11 
3.47 
2_98 
2.54 
2.33 

2.13 
1.94 
1.15 
1.56 
1.36 

q 
~ 
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TABLEC.8 P~.l'; ~ a) versus t = LX - p.l/a; Integral of Student's t distribution between 
.l' = .f - ts~ Dnd.f + IS ... expressed in percenL 

.=N-l 

10 11 .. 10 15 30 lS .. G ....... 
50 prob.blUI1 

1 , , 5 • • 
0.6 39.1 .. 0.9 "1.9 "2..5 "3.0 "3..5 43.8 ..... 0 ..... 3 .&4.5 ..... 6 44.7 
0.1 44.4 46..6 -17.1 -18.5 -19.0 -19.6 SO.O SO.3 SO.6 SO.8 51.0 .51.1 
0.8 -19.3 .51.8 53.1 5-1.0 54,6 55.3 5!i.1 56.' 56...5 56.7 .56.9 .57.0 
0.9 53.7 56.6 58.1 59.1 59.7 60.6 61.1 61.-1 61.9 61.1 61.3 62..5 
1.0 57.8 60.9 62.6 63.7 60' ." 6.5.3 6.5.9 66.3 66.8 67.1 67.3 6U 

1.1 61.4 60' .1 fA.7 619 68.7 69.7 '}O.3 70.7 1\.1 1U 11.! 72.0 
1.2 64.1 68." 70." 11.6 11.5 73.6 74.2 74.1 15.1 15.6 75 .9 76.0 
1.3 67.7 11.6 73.7 75.0 7S9 77.0 777 71.2 18.8 19.2 19.5 19.7 
1.4 70." 7"",, 76.6 7'.0 719 &0.1 10.1 11 .3 8\.9 8il 11.6 82.1 
1..5 72.11 17.0 79.2 10.6 81 .6 82.11 13.6 84.1 8-1.7 55.1 55.4 55.6 

1.6 75.0 79.2 81.3 81.0 83.9 85.2 1S9 16.4 n .l 81.5 81.8 118.0 
1.7 76.9 81 .3 8).6 55.0 16.0 81.3 18.0 1115.5 89.1 89.5 19.9 91U 
18 711.7 811 85.4 86.11 117.11 89.1 19.11 90.3 90.9 91.3 91 .6 91.8 
1.9 SO.2 .... 7 87.0 n ... 119.4 90.6 91.3 91.8 92.4 91.8 93.1 93.3 
2.0 111.7 86.1 811." 119.1 90.8 92.0 91.7 93.1 93.7 "'.1 94." 94..5 

2.1 83.0 87." 89.7 91.0 en.O 93.1 93.8 94.3 94.8 95.1 9S.4 9.5.6 
2.1 SU Uj 90.1 92..1 93.0 94.1 g.u 93.2 95.1 96.0 96.3 96." 
2.3 115.2 19.5 91 .7 93.0 939 95.0 95.6 96.0 96.5 96.8 91.0 97.\ 
2." 86.2 90.4 92.6 939 9-1.7 95,7 96.3 96.1 97.1 97.4 97.6 97,7 
2..5 87 1 91.3 93.3 94.6 95.4 96.3 96.9 97.2 91.6 97 9 98.1 98.2 

.... 
51.1 
51.1 .... 
61.6 

11.1 
7~1 

19.8 
Il~ 
85.1 

88.1 
90.1 
92.0 
93.4 
" .7 
95.1 .... 
", " .• 98' 
91.6 
98.9 .. , .... 
.. 3 

.... 
51.2 
m 
",7 
61.1 

7U 
7.., 
19.9 
Il.t 
1S.9 

88' 
903 
92.1 ,]3 ... 
95.8 .... 
", "., 
'" 91.1 
".0 .. , .... 
.. 3 

.... 
'" ,)3 ... 
61.1 

n.' 
16.4 
80.0 

'l' 
" .0 
88.4 
90' 
9ll 
93.1 .. , 
95.9 .... "., 
91.0 
98.4 

,U 

"I .. , .. , .... 
2.6 87,9 91.0 94.0 95.1 959 96.8 97.4 917 98.1 98.3 98.5 91.6 
2.7 88.6 92.6 94.6 95.1 96..5 91.3 97.8 98.1 98.4 98.6 91.8 98.9 
2.8 19.3 91.2 95.1 96.1 96.9 97.7 98.1 91.4 98.7 98.9 99.0 99.1 
1.9 89.9 93.8 95.6 96.6 97.3 98.0 98.4 9'.7 99.0 99.1 99.2 99.3 
3.0 90..5 9-1.3 96.0 91.0 97.6 98.3 98.7 98.9 99.1 99.3 99.4 99.5 

3.1 91.5 95.1 96.1 91.6 98.1 98.1 99.\ 99.2 99.4 99.6 99.6 99.7 
3." 91.4 958 97.3 98.1 98.6 99.1 99.3 99.5 99.6 99.1 99.8 99.8 
3.6 93.1 96.3 91.1 98.5 98.9 99.3 99.5 99.6 99.1 99.8 99.9 99.9 
1.8 931 96.1 98,1 9U 99.1 99.5 99.1 99.1 99.1 99.9 99.9 99.9 
4.0 94.3 91.2 98.4 99.0 99.3 99.6 99.8 99.8 99.9 99.9 100.0 1110.0 

99.1 99.1 99.8 
99.8 99.9 99.9 
99,9 99.9 99,9 
99,9 100.0 100.0 

100.0 100.0 100.0 

Hou: 1be GAuuUa pababl\i1)' (or eacb value or I is \istm iA I.bc lase column. 

45.1 
.51.6 
57.6 
63.2 
68' 
n. 
71.0 
B<>. 
13.8 
86.6 

89.0 
91.1 .U .. ' 
95.4 

06.' 
" .1 "., 
,SA 
98.8 

" .1 .. , .. , ... 
" .7 .... .... 
100.0 
100.0 
"no 

APPENDIX 

D 
HISTOGRAMS 

AND 
GRAPHS 

Graphs of experimental data and of Lheoreticill pn:diclions have always been im
ponant loois for scientists, in both the aclual perfonnance of research and in 

presentations of results. In recent years we have seen a proliferation of graphics dis
plays as fast inexpensive computers and printers have faciliUlled the display-making 
process. Scientists have benefited from the new techniques and equipment, with 
many excellent commercial programs available for erealing high·quality scienlific 
graphics suitable for publication. 

In science, Ihe objetl is 10 present results in a straighlforward manner so thai 
relevant points are illustrated cleMly and without bias. Glilphs with suppressed ze
ros, which arc common in advertisements, are nol often seen in scienlific papers. 
Bar graphs tend 10 be simple hislograms rather than the multibar, brightly colored 
displays of magazines and newspapers. In fact. ruthough the use of color is growing, 
especially in direct publication on the Internet. few scientific preprints and papers 
are printed in color, although discrele use can clarifY graphical presenLlllions signif
icandy. Error bars. which are rare indeed in advertisements, are essential in a scien
tific presentation. Exaggerated perspective and distorted scales have very limited 
use in scientific work whereas semilogarithmic plots that are of len used in science 
are not of len seen in business publications, 

II is orten convenient 10 have glilphics routines \hal are part of n simulation or 
an analysis program, rather than 10 usc a separ.ue graphing program. For example, 
in a Monte Carlo simulntion, it is essential 10 be able 10 produce hislograms :md data 
graphs quickJy al each stage of the study. Generations of scientists have made sim· 
pie histograms on monitors or printers to make preliminnry studies of their data. We 
provide some simple routines of lhis type in lhe source files associated with this 
book. 
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More elegant and detailed graphs can be CreD.ted by using the graphics fealures 
of panicular progi..amming languages, and those provided by data. analysis programs 
and spreadsheets. Such programs can produce high-qulllity graphs and charts suitable 
for presentations and publications. Many of the graphs in this book, such as chose in 
Chapter 2, were created by progr.uns wrinen in Fol'triUl and Pascal. Others, such as 
those in Chapter II, were created in Origin, a very powerful dam analysis program 
with strong graphing features. 

D.I MAKING A GRAPH 

Whether a scientific graph is produced by hand or by computer, there are several ba
sic principles that should be followed. 10e graph should be large enough to be read 
and understood easily, with appropriately proportioned abscissa and ordinate. Axes 
should be labeled with large. clean leners, and the axes scales should be clearly in
dicated. If more than a single function is displayed, or if both data and curves arc 
displayed. a boll. or legend, may be superimposed on the graph to indicate the 
meaning of different symbols. In scientific journals, a description of the glllph is 
generally included as text below the abscissa label. In internal papers and preprints, 
these descriptions are often collected in a separate section of the paper. For visual 
presentation. some descriptive materilll may be included in a box on the graph, but 
it is important that text be large enough to be clearly legible. One should avoid scat
tering too much materilll over any graph, which gives a busy appearance. A properly 
made graph should not require many words of explooation. 

II ;s generally advisable to plot the independent vari.able as tbe abscissa and 
the dependent variable as the ordinate. However, if the independent data have a high 
degree of uncertainty while the corresponding measurements of the dependent data 
can be made with high precision, Ihen it might be wise to interchange the two axes 
to simplify least-squares fining. 

Reasonable, convenient values and intervals should be chosen for the scale 
marks on the two axes. For example, if abscissa values range from 0 to 400, it might 
be reasonable to divide the x-axis into eight parts and thus 10 mark the abscissa with 
major, labeled ticks at 0, 100, 200, 300. and 400, with minor ticks half-way be
tween. Dividing the axis into six parts and putting ticks at 66.7. 133.3, and so forth. 
would make it very difficult for a reader to interpret. 

In general, error bats should be included for ordinate variables except for sim
ple hislograms where the text clearly specifies that the uncertAinties are statistical 
and therefore given by the square root of the value of the coordinate. Unless other
wise noted, error bars generally indicate the standard deviation. Error bars usually 
are not necessary for abscissa variDbles. However, if appropriate, they may be 
drawn to indicate the resolution of the measurement or setting, or they may simply 
indicate the range of the variDble over which data have been collected or grouped, 
as in the case of the width of a histogram bin. The text must ellplain the meaning of 
such error bars. If no error bar is shown for the abscissa. then it is useful to draw .0 

circle or other symbol at each data. point to indicate the position of the central val
ues of each coordinate pair. 

Histograms and Graphs 269 

D.2 GRAPHICAL ESTIl'rlATION OF 
PARAMETERS 

A groJph of y versus x oCren provides a convenient way of estimating pammelers of 
the relation), == )"(x). TIle simplesl example is the stca.igh, line 

y=A+Bx 
(D.I) 

where the slope and ,he inlcrcepf can be esrimaled by mak..ing a gmph and drawing 
a str..aightlinc that relates y 10 x. Clearly Ihe bener way 10 handle this problem is by 
a least-squares fiUing technique, but the graphical method can be usefUl in both re~ 
search and inslructionallaboratories for oblaining quick preliminary estimales of 
experimental reSUlts. 

If we wish to find from the graph the uncertWnly in our estimale of Ihe slope, 
then we should attempt 10 draw two lines through Ihe dala. corresponding to esti ~ 
mates of the largest and smaJ'est reasonable slopes. S, and Sl . We shOUld late ac
cou"' in the uncercainties in Ihe data points, if they are available, and, because we 
are trying to estimate the uncenainty as a standard deViation, we should auempt 10 
drnw these two 'ines to bracket about two-thirds of the dara points- not all the 
poinLs. Making Ibis estimate is often difficult and subjective, especially if there are 
few points nnd they exhibit a lot of SCaller. The mean slope s is jusl the average of our two slopes, 

of = (s, + s2)/2 
(D.2) 

and an approximate eslimate of the uncertainty is the magnitude of half lhe difference 

u=is,-s,jl2 
(D.l) 

To gain practice in dClennining parameters from a graph. it is a wonhwhile 
exercise 10 estimate the parnmeters from the graph and to compare those estimates 
with the results of a least-squllrCS filto the data. We shouk! note that the two lines 
setecced 10 give a reasonable estimate of lite uncertainty in the slope may not be the 
same two lines We might dmw 10 obtain a reasonable estimate of the uncenainty in 
the intercept Figure 0.1 displays the daUi of Figure 1.1 b, with lines brncketing the 
points to show (D) reasonable ranges for estimating lhe inlercept, and (b) reasonable 
ranges for estimating the slope. These lines were ac,ually calculated from the results 
of a least-squares fit of the equation Y :::r A + B:c 10 Ihe data, Which yielded the pa
rameters A and B and their uncertainties a .. and a,l. We calculated the two lines in 
Figure D.la from the equations Y = (A :t cr .. ) + Bx and .hose in Figure D.tb from 
I.he equations Y = A + (B ± a ,lx. We note that these Jines are just particular exam
ples of an infinite number of such lines corresponding 10 all combinations of the 
slope and intercept within one standard deviation nmges, and in any given grnph, a 
decision must be made on which lines to draw. In particular, allowing the lines to in. 
tersect at the intercepl as in Figure D.tb may not give the best solution, although it 
can be a good sillning point. 

tr1if;t~£ (2 2'" t· t . ' nt f . ) . ' . :ded -_. 
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Semilogarlthmic Graphs 

When dealing with an e~ponenlial decay function. it is convenient to display lhl! ae· 
tivilY as a funelion of lime on a semilogarilhmic graph. That is, if the relation is 

y(t) yoe·' (0.4) 

we plot a graph of log{),) versus.1'. Fonunluely semilogarilhmic groph Jl<Iper is read
ily available so that it is nol necessary actually to calculate any logarithms to make 
Ihis plol. We merely have to select paper Wilh Ihe appropriate number of powers of 
10 for our plOl, labellhe axes, and plol y versus.r on ahe graph. Such a graph is Il
lustrated in Figure 8.1 for Example 8.1. 

Semilogarilhmic groph paper comes in various cycles, corresponding 10 the 
number of decades or powers of lO thai can be ploued on a single sheet. Thus. for 
example, on lhree-cycle paper we can plot y values Ibat range from I to 1000 (or 
from O.OJ to 10.0, etc.). Note thul we can never plot}, values that an: zero or nega
tive on semilogarithmic paper. This is II problem when dealing with subtrdcted dis
tributions, such os the counting experiment of Example 8.1, where, if we wish 10 

plot the number of counts remaining after we have subtracted the average back
ground from cosmic rays, we discover that, at large times, some bins have negative 
nct counts. Those points. of course, cannot be displayed on a semilogarithmic 
graph. A fuU. leilSl-squoCCS lit to the total. unsubtmcted .bIOI sample is clearly the 
right way to solve this problem, but if we are to attempt a grophicaJ solution. we 
should be aware of this limitation. 

We can determine from our data the parameter u in Equation (0.4) by finding 
the slope aflhe slraightline on the semilogarithmic graph just as we found the slope 
on ordinary graph paper for a simple linear plot. Note that when calculating the 
slope we must compute the logarithms of the y values. Thus, if lhe two ends of ahe 
straight line have coordinates (XI' YI) and (Xl. }'2). the slope is given by 

s ~ In(£,) - In(£,) In(y,/y,) 
.rl - .rl .rl - XI 

(D.S) 

The uncenainlY in the slope can again be determined by drawing two straight 
lines that bracket the mean slope. although the logarithmic form of the plot de
creases the accuracy in Ihis detennination . 

Full-Logorithmlc Graphs 

If we wish to display a power relation of the fonn y = Ax". we may make a plot of 
y versus x on full-logarithmic paper or 10g·log paper. The result will be a straight 
line with slope II and we can obtain the slope. and therefore the exponent '1. from the 
graph. This technique could be used. for example. to check the IIr2 law for radia
tion intensity as a funclion of distance. by plouing a graph of intensity versus dis
tance on log-log pOlper. 

In Section 7.4 we discuss variable tronsfonnation as a method of converting 
a nonlinear fitting problem to a linear problem, and the distortions that may be 
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introduced into the unccrtainlies in the process. Plotting on semi logarithmic or 
full-logarithmic paper is equivalent to such a variable change and we should at
tempt to compensate for these distortions, if necessary. 

D.3 HISTOGRAMS AND FREQUENCY 
PLOTS 

If we wish to display the frequency distribution of a measured variable x, then a his
logram is genemlly the simplest and clenrest fonn of presentation. For example, we 
may have observed panicles emitted in the decay of an unstable state and wish (0 

prescntthe number detected in successi\le time intervals as in Example 2.4. Aller
natively, we may have measured secondary particles in a scattering experiment and 
wish to display the distribution of Iheir energies. In such cases, we can display the 
frequency distribution of the individual measurements, or evellls, as a histogram of 
j{x) versus x, wherej{x/) is the number of events that have values of x between x, and 
x, + dx, and at- is the histogram interval or bin width. 

An alternate procedure for displaying biMed data, which is especially useful 
for dislributions with Iwge numbers of bins, or for data with nonstatistical uncer
tainties, is to make a regular gropb of frequency versus the measured variable, alre
queucy plOl, with the data points indicated by crosses and uncertainties by elTor 
bars. This procedure is especially convenient when there are many bins or when er
ror bars must be displayed, as illustrated in Rgule 8.1. 

A convenient procedure for finding the frequency distribution of (or biml;"g) 
a continuous variable x is to label a bin with a tick mark at the lower limit XI of the 
bin and to count within a bin those events for which X, s X < X, + dx. This is suit
able for most, bUI nol all, data sets. Choice of the bin width depends on a number of 
factors. In the ideal siluation wilh a large quantity of high-precision data, the bin 
width could be chosen to be very sma.ll. However, in real experiments, the number 
of events may nOC be very large and each X coordinate will have some uncertainty. 
As a general rule. the bin width should not be less than the uncertainty in the mea
sured variable X and one should be very wary of any data structure that is narrower 
than the uncertainty in x.lfthe number of events is relatively small, then even wider 
binning may be necessary. With such data, the competition between statistical sig
nificance and resolulion of narrow effects in the histogram may become imponant. 
A histogram with less than ten events in its highest bin is not generally very infor
mative, considering that the uncertainty in thaI bin wilt be over 30%. 

A problem arises when the bin width of a histogram is close to or equal to the 
least count of the data. This can happen when the data IlI'e integral numbers or with 
data that have been collected by a digital device. 1l1e previous suggestions that 
the histogram bins be labeled with the lower limit at the len of the bin may not be 
reasonable for such data. and it may be better to place tick marks at the center 
of the bins. 

EXAMPLE D.1 A student in an introductory physics laboratory attempts to mea
sure the value or the acceleration of gravity by timing a ball that she drops ~o times 
rrom a height or 3 m. She uses lID electronic tlmcr with a least count or 0.01 s. The 
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HiscOJ;rwu or measured times ploUed with lhc bm width equaJ 10 lIIe leasl counl or a digital clock. The 
nurnben on the abscissa COIJ'e5pond 10 the lower lime limit of the bin. Tbc dashed Gaussian curve was 
~C:Ulatcd from the mean :and standatd deviation of lhc measurements. 1bt solid curve was calculated 
with the mean inmascd by haJflhe bin width 10 comel ror the truncation of the data. 

timer starts when the ball is released and SlOps when it hils the Hoor. Uncertainties in 
the measurements come malOly from vanatioru in the starting OUld Slopping times. 

The sludent's measurements have been plolted in the Iili:logJUm of Figure D.2 
where the bin wjdth is equal 10 the le.w coom (O.Olls). We assume th.u the digital 
(:Iock truocnles the measured times so each lime measuremenl (:(Hl'Csponds 10 the left
hand edge of a bin and the IIClual value or the time is someWhere Within lhe bin limits. 
Thus, in this case it is appropriate to indicate the lower value or the bin limit Blthe lerr
hllnd edge of the bin. 

The dashed Gaussian Curve was calculated from the mC4n (i • 0.431 s) and 
Standard deviation (s = 0.0184) of the measurements. The Curve clearly is shifted to 
the lerr relative 10 the data.. The discrepancy is caused by the ratt thai we neglccled to 
com:ct for the truncation of the daLl by rhe digilDl clock. To cOfTCcllhe mean we rnllSl 
odd to it hair the width of a bin 10 obtain ; - 0.431 + O.OOS = 0.436 s. The GaUSSian 
curve, caJculaled from the COlTe(ted mean, is shown as a solid line. 

Normalized Curves on Histograms 

When Superimposing a theoretical Curve on a data histogram, we ofren want to scale 
the area of the curve to that of the histogram, or to normalhe the curve. The re
quired scale faclor can be delennined in the following way. We assume that the 
Curve has been calculated from a probability distribution function that is normalized 

• 
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to unit area, such IlS lhe Gnussian probability function of Equation (2.23). The aren 
of one event on the histogr.un is cquallo I.be bin widlh dx multiplied by a unit in
terval on the ordinate. Thus, the total area of the histogram is equal to the bin width 
multiplied by the total number of events (A :::0. Ntu). To scnle the curve to the area 
of the histogrum, we multiply the values p(Xj), calculated from the equation of lhe 
probability distribution, by lhe product of lhe number of events on the plot and the 
bin widlb, so thai the plocted curve becomes 

y(x,) D p(x.) X NAx (D.6) 

D.4 GRAPHICS ROUTINES 
We include SOUfCC files on the website for routines which can be used to make sim
ple graph and histograms. Most of the sample computer routines in this book make 
calls 10 these routines. 

Prolnlm D.I QU 1KSCRP (website) accepts cWa llw define graphs nnd 
hislOgr:uns and writes a $Cript file that can be read and interpreted by the executable 
program QDISPl,.AY.EXE (website) to produce displays on the monitor. Details of 
the calling procedures can be seen in the routine PLOTIT in the prognun unit 
\CHAPT-6\FITUTIL (website) called from the progrwn \CHAPT-6\FITLIN E 
(APPENDIX E). ForthLsprognun QuikSap writeS iVJ OUlpuJ file FITLI N E.SCR. 

Program D.2 QUI KH I ST (websile) coUceLs datA and presents a character·based 
histogQffi on liIe monitor. Printed output is also available. PROGRAM 5.2: 
\CHAPT-5\POISDcAY iIlustnues use oflhis program. 

Program Dol QDISPLAY.EXE (wcbsile) is an exccutable program that reads a 
script lile written by QUI KSCRP IlRd intcrpreLs the file to create a graphics display 
on liIe monilor. The eommand line instruction for running QDISPl,.AY with the 
script file produced by the program FITLINE is QDISPLAY FITLINE. 

APPENDIX 

E 
COMPUTER 

ROUTINES 
IN FORTRAN 

This nppendix lists scver.lI rouUnes that iUustr.ue the material of the lext. The rou
tines ~ listed in Fottran 77, an old. but quite readable version of that ever

popular progranuning language. All routines have been tested; however, most of lhem 
requires subsidiary routines and drivers that are noc listed. Complete progroms ilnd 
routines arc available on Ihe Web in C++ as well as in Fortr.ut. Readers arc urged to 
log onto the website at www.mhhc.comlbevinglon 10 download these progrnms. 

We have tried to keep lhe routines simple, tr.Iding efficicncy for clarity whcre 
necessary. To make explicit which modules are required to fonn a complete pro
gram, and to avoid the need for command strings to link the object programs inlo an 
execuUlble program, we have chosen to use the INCLUDE SlD-lement to present the 
compiler with a single source file from which 10 compile II single object module in
corporating all required routines. We also use lhe INCLUDE stalemenllO copy 
blocks of COM MON and other variable-defining stulements inlo routines. 

Because readers may not be familiar wilh Fortnut, we list a few basic princi
ples th.u should help in understanding the instructions and following their Jogic. 
This list includes only tl selection of language elements tbat appear in the sample 
programs. 

STATEMENTS 

The fonnat of Fortran statements was defined in (enns of Ihe SO-column Hollerilh 
card: 

column 1: 
is a "Comment"; 

blank or wilh a "C" to indicate thai the infonruuion on the line 

275 
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columns 2-5: statement label (a number); 
column 6: reserved for a single digit number to indicate a continuation of 

the statement from the previous line; 
columns 7- 72: program statements; 

columns 73-80: not used. 

Although it is not necessary to follow rigorously this scheme with a modem 
interactive compiler on a personal computer (for example, "tabs" can be used), the 

general order must be followed. 

PROGRAM FLOW 
Program Dow can be controlled by IF statements, by IF THEN stalements (with 
ELSEIF and ENOl F), by DO AND DOWH ILE statements thai may refer to a 
termination label (all stalements labels are numerical) or to the DO lenninator; 
EN 000, and by GOTO statements. Excessive use of the GOTO statement can lead 
to very confusing programs. In order 10 facilitate following the program flow, we 
have indented groups of instructions that are accessed through a control statement, 

such as IF THEN, or DO. 

Examples 
DO 1001 = 1 TO 20 

x=1 
Y( I) = 5QRT(X) 

100 CONTINUE 

VARIABLE DEFINITIONS 

Dol=lT020 
x=1 
Y = SQRT(X) 

ENDOO 

x == 1 
DO WHILE X .LE. 20 

Y = SQRT(X) 
x=X+l 

ENDDO 

Fortran does nol require the rigorous variable Iyping of newer languages. As default 
typing, variables with names beginning with I, J, K, L, M, or N are defined as 
INTEGER; variable names beginning with other letters are identified as REAL. 
However, we have attempted to identify most of the variables in the routines and in 
some instances have violated the default typing for program clarity. 

Examples 
INTEGER 51, 53, Nil 01 
REAL x, T, TPRIME, SIGMATIl.OI 
LOGICAL NEXTVAR/.FALSE.I 

Note that the variables N, SIGMAT and. NEXTVAR in the preceding examples 
have been initialized to the values 10, t .0, and FALSE, respectively. The DATA 
statement also can be used to initialize variables. DATA SQRTPIIl.77245391 

Other types include: 

CHARACTER 

COMPLEX 

DOUBLE PRECISION 
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Variables defined in named COMMON statements are available 10 any routine 
thai includes the statement. Local variables can be defined in DIMENSION 
STATEMENTS. Array sizes may be defined in PARAMETER statements or di
rectly in a COMMON or DIMENSION statement. 

Examples 
PARAMETER(MAXPARAM 10) 
COMMON/FITVARSI NPTS, M, NFREE, MARRAY(MAXPARAM). 
ZARRAY(200) 
DIMENSION NPLAN(30). 

Fortran has several types of subprograms that can be called from anolher rou
tine: SUBROUTINE and FUNCTION are the mosl common. Data types defined 
in a subprogram must be consistent with the definitions in the calling routine. A 
function nrune must specify its own data type. 

ExompJes 
CALL SETRANDOMDEVIATESEED(S I, 52. S3) 
TPRIME = GAUSSSMEAR(T,SIGMAT) 
REAL FUNCTION GAUSSSMEAR(X.DX) 
SUBROUTINE SETRANDOMDEVIATESEED(SA,SB.SC) 

The INCLUDE statement copies the specified file into the body of the 
program. 

Example 
INCLUDE ,\CHAPT-5\MONTEINC.FOR' 

As well as comment statements that begin with a "C" in column I, comments 
may appear in statement lines, preceded by the exclamation point (!). 
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£.1 Roul(aa from aapeer 5 
c PROGRAM ~.I: \CHAI"T·~OTROD.FoR 
C SIMULATED VARIATION OF T EMP'ERATURE ALONG A METAL ROD 
C 10 CM ROO.TEMP'II!:RATURE IS ZERO AT ONE lEND , 100 DEGREES C AT OTHER. 

C USES MONTELI8 

1_ GENERATE 10 POINTS AT I CM INTERVALIO 
PROGRAM HOTROD 
INT EGER 5 1,52, $3, NIl 01 
REAL ., T, TP'RIME, SIGMAT/I ,0/1- WIT H AN UNCERTAINTY OF + · 1 DaG"EE 

RE ..... GAUSSSM!lAR 

51 ~ 117' 
sz .. 343 
s3~ 1322 
CALL SETRANDOMDEVIATESEEo(S 1 , 52, 53) 

PRINT *,' HOT ROO TEST DATA, SIGNA-', SIGMAT 

•• -0.5 
DO 1001_I,N 

X •• + 1 ,0 1- POSITION ALONG ROD 
T • 10.0*x 1--· CALCULATE MEAN TEMP'E"ATURE AT P'OINT 

Tp"IM£ _ GAU5SSMEAR(T,SIGMAT) 1- SMEAR IT 

PRINT *,1, X, T , T""IM£ 

100 CONTINUE 

CALL ElUT 

END 
INCLUDE C ;\CHAPT·5VrotONTELI8.FoR 

C PROCRAM 9.2: \CHAI"T·5\POISDCAY,FoR 

C SIMULATED DIECAY OF AN UNsTA8LE sTATIE. 

C USES QUIKHI5T, MONTELIB 

PROGRAM POISOCAY 

REAL LaIOI, INTIII, HII221 

1_ GENERATE A ZOO·IEVENT POISSON HISToCRAM 

INTEGER NEvENTSl4001, Pol&SONOEVIATE 

REAL Mu/8.41 
INTEGE" 51, 52, 53, I, K 

REAL X 
51 _ 1171 

52 .. 343 
s3 .. 1322 
CALL S£TRAHDOMOEVIATESEEo(S I , &2, 53, 
CALL HISTINITI' " I-OUTPUT FILE NAME OR" FOR MONITo" OUTPUT 

CALL HISTSnUP(1 ,LO,INT,HI,'POI5S0N • COUNTS/IO SEC') 
K_POI5S0NoaVIATEt MU,.TRUE.) 1- INITIALIZE ' MAK£ THE TAIIL& 

DO 100 I_ I. NEVIENTS 
K _ pOlsSONDEVIATEIMU •• FALSE. ) 

,. K 

CALL HISTOGltA ... C I,., 

100 CONTINUE 
CALL. HISTDISPLAYALL(.FALSE,) IDUMMY AltG·COMP'AT. WITH QUIICSCltP' 

CALL E.IT 

END 
INCLUDE \CHAPT·S\MONTELIB.FOlt 
INCLUDE \APP'END.D\QUIKHIST.FOlt IRIEPU.CE WITH QUIKSCRP FOR a,,"'''HICS 
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C PRoCRAM 9.3: \cHAI"T-5\MONTELIB.FOR 

C MONTE CARLO LIBRAftY ROUTINES 

SU8ROUTINE SI!:TRANOoMOEVIATESEED(SA,58.SC) 
INCLUDE '\CHAPT'S\MONTEINC.FDR' 
INTEGER SA, 58. SC 

SEEDI • SA 
SEED2 .. SB 

5£ED3 .. SC 

RETURN 

END 

SUBROUTINE G£TRANOOMDEVIATESEED(SA,5I!1,SCI 
INCLUDE '\CHAPT.5\IroIONTII1NC.FOR' 
INTECER SA, SB, SC 

SA ... SEEDI 
58 _ SEEOZ 

5C _ SEED3 

RETURN 

END 

REAL FUNCTION RANOOMOEVIATEIi 

'NCLUDE '\CHA,.,..5'\MDNTEINC.FOR' 
REAL TEMP 

1- WICHMANN AND HII .. L 

SEEDI - 171*MOD(SCe:OI,177 1. 2*CSEEDI / 177J 
IF (SEEDI .LT. O) SilEO 1 .. SEEDT + 3026Si1 

SEE02 ... 172*MOD(SE!.D2,178) _ 3S*(SEEDZ I 178) 
II" (SEE02 .LT. a J SEII!.DZ _ SEEDZ + 30307 

SEED3 .. 170*MOD(SU:D3,1781 • 63*(SE£D3 1 178) 
IF ' S£ED) .LT, 0 J 51:1103 .. SEED3 + 30323 

T£MP - SE£DI1302IlSil. + 5E1l02l30307 . + S££03130323. 
RANDDMDEV'ATE .. TE .. ,. .... ., .. TITEMP) 
RETURN 

END 

C ·FIND A ItANOOM VARIA8LE ORAWN I"ROM THE GAUSSIAN DISTRI8UTION. 

R£AL FUNCTION RANOO .. GAUSSDEVIATEO 1_ Box· MUELLER 

'DO 

INCLUDE "\CHAPT.S\MONTIiINC.FoR' 
LOCICAL NEXTVAJtI,"ALSE.1 

REAL R, F, ZI, Z2. XIRANGAUSS, RANDDMOEVIAT£ 
II" (NEX'TVAR) THEN 

NEXTVAR _ .FALSI:. 

RANOOMGAUSSDEVIATE _ 'l:ZRANGAUSS 
ELSE 

%1 ... , + Z*RAHOOMOEVIATEO 

%2 .. -r + 2*RANDO"OS:VIATEII 

" - Z'*ZI + 22*22 
IF fR .GE. I, CoTO 100 

F· SQRTI-2 .... LOGCftIlRI 
'I: 1 RANGAusS _ Z I * .. 

'l:2RANGAUss • Z2* .. 

RANDOMGAU5S0IlVIATS: _ 'I: 1 RANGAUss 
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HEXTVA" • • TRUE , 

ENDIF 

RETURN 

END 

REAL FUNCTION GAUSSSMEARUt,DJlI 

REAL X. OlIO 
REAL RANDOMGAuSSOEVIATE 
GAUSSSMEA" ... + RANOOMGAU55DEVIATE O • 0 .. 

RETURN 

END 

C _RECURSION METHOD FOR POISSON PRO.AII.LIT't (P(N,N). TO FINO PiN .... ' MUST 

C ALL WITH SUCCESSIVE ARGUMENTS JaO,I, •• N . M"x Nu_a5, NO LIMIT ON X 

REAL FUNCTION POISSONRECURU. M) 

INCLUDE '\CHAn·5\MONTEINC,FOR' 

INTEGER J 

REAL M 

IF (".EQ.O ) TttEN 
,.0155 • ILX,(-M) 

ELSE 
POI5S. ( I'OUliS-M)lJ 

ENOII" 

1_ POISS. (MA.lJE .. ,.'-MU/J) 

POISSONRl!!:cuR. PolSS 

RETURN 

END 

C -FINO'" RANDOM VARIABLe DRAWN FROM THE POUiSON DISTRIBUTION 

INTEGER FUNCTION POISSONDEVIATE(MU, INIT) 

INCLUDE '\CHAn_5\MONTEINC.FOR' 

)NTEGEI'! I, X, N 
REAL MU, ,. • II. POISSON RECUR 

LOGICAL INIT 

IF UNIT ) THEN 
N • AINTIMU + S- &QRT1MU)) 

IF I N ,GT. MAXBINS) THEN 

I _ MAKE T ABLE OF SUMS -

I -Ill" a-SIGMA 

~IUNT -, 'OVERFLOW ERROR IN ROUTINE POISSON DEVIATE' 

CALL ill",T 

ENDIF 
PTAaLEIO) • POISSOHRECUR(O,MU) 

DO 100 I • 1. H-l 
.. _ POISSOHR£CURU,MU) 

PTA.LCU) _ PTA8LEII-' )+P 

100 COHTINUE 

200 

PTABLEIN) • 

ELSE 

x· ., 
ft • RANDOMOEVIATEO 
x _ I + II 

t _ ASSURE UNIT PROSABILfn'

I - GEN£RAT£ AN EVENT-

IF (PTA8LIE(II) .LE. ft) GOTO ZOO 1- RI!:PUT UNTIL PTABL£(X) ,. •• 

POISSOND£VIATE •• 
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ENDIF 

RETURN 

END 

PROGRA" 5.4: \CHAI"T-5\KoIlCAY.FOR 

C ILLUSTRATION OF EXAM~LIl !S.7 

C PROGRA .. 5.5: \CHAI"T-SUloHTEINC.FoR 

C CO .... ON FOR MONTE CAftLO LI8RARY 

(WEBSITE) 

COMMON/MCI SEED1 , SI!I:DZ , 5EED3, XZRANGAUSS, POI a., PTABLE 
PARAMETER I M .... BIN •• 100) 

INTEGER SEED I, alli:ltOZ , SElED3 

REAL x2RANGAuss, PTA8LEIOlMAXBINS, 
REAL-S POISS 

C:-----END MONTEINC _______ _ 

E.l Rouliaa fro .. Cbapter' 
C PROGRAM lB. I : \CHAI"T-8 FITLINE.FoA 

C LEAST-SQUARES FIT TO A STltAICHT LINIE BY METHOD OF DETERMINANTS 
C USES FITUTIL 

PROOMAM FITLINE 

C MAIN ROUTINE 

INCLUDE '\CHA"T'& FITVARS.FoR' 

CHARACTER-40 TITLa 

CHARACTER-I VORG, RUDCHAR 

INTEGER I 

REAL DET, CHIZ, CALCCHISQ 

N-2 1- "'NO 2 PARAMETe R. 

000 

PRINT -, '(V)OLTS OR CG)£ICER1 ' 

VORG • REAOCHARO 

IF (VORG .EQ. 'V'I THEN 

CALL FETCHOATA('\CHA"-6\VOLTS. OAT' ,TITLE) 

ELSEIF ((YORG .EO. 'G', .OR. (YORG .EO. 'G'H THItN 

CALL FETCHOA TA( '\CHA"-6'GEIGE A • OAT', TITLE) 
DO 100 1_ I ,NPTa 

XII) - IIX(I)UZ 
CONTINUE 

ENDIF 

CALL LINEFIT(OET) 

1- EXAM"L£ 6.1 

1- EXAMPLE 6.Z 

1- FITTING IIRII2 

281 

CALL CALCULATEY 

CHI2 - CALCCHISall 
1- FILL ARRAY YCALC "OR CALCCHI5a ANa PLOTIT 

CALL OUTPUT(.FALSE. ,'CON', CHIZ, TITLEJ 1_ FALSE FOR NO ERROR MATRIX 
IF (VORG .EO. 'Y') THE" 

CALL PLOTtTt·FITLINE.SCR',.FALSE.,.FALSE., l-se""T FILE,LOOT,sPLINET 

'C', A8S(X(ZJ-X( I »)120, 1- DATA CIRCLE, "AD OF CIRCLE 

0.0,0.0,100.0,3.0, 1- XI,YI,xZ,YZ 2 
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5, 6, 1- "X-OIV,. Y-PIV 

'X (CM)', 'POT£NTIAL DIFFIERENCE IYOLTS)') 1- ... XIS LABELS 

ELSEIF (YORG .E.O. 'G') THEN 

C ... LL PLOTITI'FITLINE.SCR',.FALSE. , .FALSE., 

'C', "'85IXI2,-a( I nmo, 0.0, 0.0, 30.0, 1000.0, 6,5, 
'SQUARED INVIlRSIi DISTANCE (I/M"2)', 'NUM8ER OF COUNTS PER SEC' ) 

ENDIF 

REAO· 

CALL CLOSEGR"'PHICS 

END 

SUBROUTINE C"'LCULATEV 1- FILLS ... RR ... T YCALC 

INCLUOE '\CHAn_G\F'ITY ... RS.FoR' 

INTEGER I 

DO 100 I_ I • NPTS 
YCALCII) _ All, .. "'12,·xII) 

100 CONTINUE 

RETURN 

END 

REAL FUNCTION CALCCHISQO 1- ASSUMES AA ..... Y VC ... LC HAS BEEN FILLED 

INCLUOE '\CH"'~T·5\FITYARS.FoR' 

INTEGER I 

REAL CHI2 

CHI2-O. 
DO 100 I _ I ,NPTS 

CHI2 _ CHI2 ... ( (V(I)_yCALC(I))/SloY( IUUZ 

100 CONTINUE 
CALCCHISQ _ CHI2 

RETURN 

END 

SUBROUTINE I..INEFITIDETJ 

INCLUOE '\CHA"_5\FITVARS.FoR' 

REAL OET 

INTEGER I 
REAL SUNWT, SUMX. SUMY, SUMX2, sUMY2, SUMXY, WEIGHT 
SUMWT _ 0 

SUM .0 

SUMY DO 
SUMXZ _ 0 
SUMY2 _ 0 

SUMXY .0 
C ___ ACCUMULATE WEIGHTED SUNS ---

DO 100 I_ I , NPTS 

WEICHT • I/SIGYU'''Z 

SUMWT .. SUMWT + WEICHT 

SUMX • SUMX + WEIGHT· XII) 

SUMY 

SUMX2 

SUMY2 

SUMXY 

100 CONTINUE 
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- SUMY + WIlICHT • YII) 

.. 5UNXZ + WIi:IGI1T - XII)"2 

.. SUMY2 + WEICHT· YII)"2 

.. SUMXY .. WEIGHT. XII)*Y( I) 

C --CALCULATE THE PAR ... METERS • CUT OUT IF DETERMINANT IS NOT> a _ 
OET D SUMWT· 5UNX2 • !lUNX • 5UMX 

I' (OET .GT. 0) THI!N 

All) - ISUMXZ·SUMY _ SUMX.SUMXY)/DET 

A(2) • ISUMXY-IlUMWT • SUMX.SUMYI/DET 

SICAII, • SQRT(SUMX2JoET) 

SIGAIZ) • sQ.n(SUMWTfOET) 
ELSE 

CALL ERRORAaOIl:T('DETEII:MINANT < OR .. 0 IN LINI:Frr') 
ENDIF 

RETURN 

.ND 

INCLUDE '\CH ... PT·6\FITUTlL.FoR' I FITUTIL INCLUOI!$ QUII(SCRP.FoA 

C PROGRAM 8.2: \CHAI"'T.S\FITV ... "s.FOR 
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(WE.SITE' 
C INCl.UDE FILE OF CONSTANTa, VARIABLES AND ... ARAYS "0" LEAST.SQU"'RES " Ts 
CALL GLOB ... L TYPES, CONSTA,HTs AND YARI"'BLES ARE DECLARED HERE. 

C THE AAR ... Y LIN ITS NAXOATA. AND M"'XP"'RAN C ... N BE SRT AS REQUIRED 

C PROORAM 6.3: \CH"'I"'T.S\FITUTIL.FoR 

C GI!;HEA"'L U TILITY ROUTINES 

£.J RoutlDa rrom Cltapler 7 
C PROCRAM 7.1: \CHAPT.7\MULTREGR.FOR 

I'"OR ~AATICULA" PROBLENS. 

(WEB.IT!.:, 

C LE ... ST-SQUARES FIT TO A POWEA SEAlES AND TO LEGENDRE ~OLYNOM'A.L.5 . 
C U.£5 FITFUNC7, MA.MEA87, MAT'WI, FITUnL 

C 
C 

PROCRAM MULTRECR 

M • NUN OF PARANET'£R., NPTS_NUMBER 0' DATA PAI RI, 

DATA ... ND UNCERT"'INTIES ARE IN ARAAYS X, Y, OY. 

INCLUDE '\CH"'~T.6\FITVA"s.FOR' 
COMMON IFITYARS7/PAI! 

CHAR ... CTER • I PAE 

REAL DET, CHIZ, CALCCHISQ 

INTEGER I 

LOGICAL S~L 

CHARACTER- J R£AOCHA" 

CHARACTER-40 TITL£ 

PRINT·, 'IPIOWER SERIIlS, CA,LL LECENDA£ T£,,,oI.S TO L .. 4, ' 
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PRINT * , ' OR (E'VEN LEGENORE TERMS(L" 0,2,4) ,

PRINT *. 'TVPE P.A OR E • 

PAE = REAOCHARO 

1000 FORMAT(A I I 
IF (PAE .EQ. 'P') THEN 

CALL FETCH OAT ... ( '\CHAPT.7\THERMCOU.OAT', T ITLE) 

PRINT *, 'TVPE NUMBER OF PARAMETERS ' 

REAO *. M 
ELSEIF I PAE .EQ. ' A' ) TH IIN 

CALL FETCH OAT AI '\C HAPT' 7\LEGE N 0 RE.OA T' • TltL.E ) 

"a, 
" LSEIF ( PAE .EQ. 'E" THEN 

CALL FETCHOA.,A('\CHAPT·7\LIli.GENORE.OA'" .TITLe) 

"-, 
ENDIF 1- PAE 

CALL MAKEBETA 

C ... LL M ... KEALPH'" 

1_ SET UP THE L INE ... R BET ... M ... TRIX 
~_ $5T UP THE SQU ... RE ALPHA M ... TRIX 

1_ INVERT ... LPH TO GET EPSILON M ... TRIX C"'LL M"'TINV(N. ALPH .... DET) 
CAL I. LINE ... RBVSQU ... RIIi.( M.BET .... ALPH ....... ' 1- BET ... X EPS II P ... R ... METER M ... TRIX 

C ... LL C ... LCULATEY 
CHI2 _ C ... LCCHISQII 

001001"" I.M 
SIGAH ) _ SQRT(ALPHAII,I)) 

100 CONTINUE 

2 
3 
4 

• 
2 

CALL OUTPUTI .TRUE. , 'CON', CHI2, T ItLEI 1- TRUE TO PRINT E RROR M ... TRIX 

IF 1M .GT. 2 ) THEN 

SPL II .TRUE. 1- PLOT'" CURVE 

ELSE 
SPL = .FALSE. 1_ PLOT ... LINE 

ENOIF 
IF (PAE .EQ. 'P' t THEN 

C ... LL PLOTIT( ' MULTREGR.SCR·, .FALSE. , SPL. 1- FILE,LOG7.sPLINE 

'C'. IX(2)'X( I ))/12. 1- O"'T ... CIRCLES. RADIUS OF OAT ... CIR 

.10 ••• 2.,110 •• 4., 1- XI,vl. x2.V2 
6, 6. 1- X.V GRID M ... RKS 

'TEMPER ... TURE (DEGREES CELSIUS)' .·VOLT ... GE ' MV)' ) 

eLSE IF {(PAE .EQ. 'A') .OR. IP .... E .EQ. 'E' )) THEN 

C ... LL PLOTIT(·MULTREGR.SCR·, . FALSE., .TRUE. , 

.C •• ~ x(2 ).X(I))1I0, 0.,O., 180 •• ISOO_.6. 6, 

'THET"'(DEGREES'·, 'NUMBER OF COUNTS' ) 

~NDIF 1- PAE 

CALL CLosEGR ... PHICS 

END 
INCLUDE '\CHAPT-7'\FITFuNC7.FoR· 

INCLUDE '\CH ... PT-7\M ... KEAB7.FoR' 

INCLUDE '\CH ... PT-6\F"ITUTlL.FoR· 

INCLUDE '\APPEND·B\MATRIX.FoR· 

C PROGR ... M 7.2' '-CH ... PT-'1\FITFUNC7 .FDR 

C F ITTING FUNCTIONS FOR CH ... PTER 7 EX ... MPLl.!I. 

REAL FUNCTION POWERFUNC(K, XX) 

INTEGER K 

RE ... L XX 

REAL YY 

INTEGER I 

yy - • 
IF (K .GT. I ) THEN 

D01001_2,K 
yy_Xx*yy 
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100 CONTINUE 

ENOIF 
POWERFuNC _ YV 

RETURN 

END 

REAL FUNCTION LEGFUNC(K. xxI 

C DEFINE SEP"'RATE TERMS IN A SERIES. V II AO*LO(x l + A 1*1..1 ( XI + .. 
C NOTE K - I CORRESPONDS TO ZEROTH ORDER. 

C VAR P .... E : CHAR 'P"POWER SERIES, 

C 'A'-ALL LEGENDRE TERMS TO ORDER M, 

C 'E"EVEN LEGENDRE TERMS) 
C 

100 

COMMON IFITVARS7/PAE 

CHARACTER *1 PAE 

INTEGER K 

REAL XX 

INTEGER KK. I 

REAL C, PI/3.141 S9/, LEGPOLVII I ) 1- I.E ,. OTH T HRU 10TH O RD ER 
IF (PAE .EQ. 'E') KK _ 2*K _ I 

I " (PAE .EQ.'A·) KK _ K 

C - COS(PI*XXlI80) 

LEGPOLY( 1 J - I 1- ~OR BETTER EFFICIENCY. COULO CALC ONCE AND . Ave 
IF JKK .GT. I ) THEN 

LEGPOLV(2) _ C 

I F IKK .GT. 2) THEN 

DO 100 I =3, KK 

LEGPOLVjl)_((2 *1- 1 l*c*LEGPOLV(I· 1 H ~' I )*LEGPOLY(I_2)l/l 
CONTINUE 

ENDIF 1- KK>2 
ENOIF 1- KK> 
LEGFUNC _ LEGPOLYI KK I 

RETURN 

END 

REAL FUNCTION FUNCT(K, XX) 
INTEGER K 

REAL XX 

REAL LEGFUNC, POWERFUHC 

COMMON IFITVARS7/PAE 

CHAR ... CTER * I PAE 
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IF ((PAE .EO. 'A') .OR. CPAE.EQ.'E')) FUNCT" LEGFUNC(K,XXI 

IF (PAE .EQ. 'PI) FUNCT" POWERFUNC(K,Xl" 

RETURN 

END 

SUBROUTINE CALCULATEY 

INTEGER " K 
REAL VY. FUNCT 

INCLU DE '\CHAPT-6\F.TVARS.FOR' 

DO 100 , .. I, NPTS 
yy. a 
00200K-I , M 

YY II YY + A(lt) • FUNCT( K,XO)) 

CONTINUE 

veALell)" YY 

100 CONTINUE 

RETURN 

END 

REAL FUNCTION CALCCHISQI II- ASSUMES ARRAY VeALe HAS BEEN FILl-e.O 

INTEGER I 

REAL CHI2 
INCLUDe:: '\CHAPT-6\FITVARS .FOR' 

eHI2_0. 
DO 100 1 _ I, NPTS 

CHI2 .. CHI2 + ( (Vlo-yeALe(l)) I SIGYhlJ*"2 

100 CONTINUE 

CALCCHISQ" CHI2 

RETURN 

END 

C PROGRAM 7.3: \CH"PT-'7\MAKEAB7.FOR 
C ROUTINES TO SET UP THE BETA AND ALPHA MATRICES FOR L INEAR REGRESSION 

C USES MATRIX, FITFUNC7 

C 
SUBROUTINE MA.KEBETA 

INTEGER I, K 

REAL FUNCT 

1- MAKE THE 8£TA. MATRICES 

INCLUDE 'C:\CHAPT-6\FITVARS.FoR' 

DO 100 K-I,M 

BETA(KI_O 

DO ZOO I_I, NPTS 

BETA(K)-BETA(K) + Y(I)*FUNCT(K, x(I))/SIGYII)**Z 

ZOO CONTINUE 

100 CONTINUE 

RETURN 

END 

SUBROUTINE MAKEALPHA 

INTEGER I,J,K 

REAL FUNCT 

1- MAKE THE ALPHA MATRICES 

INCLUDE 'C:\CHAPT-6\FITVARS.FoR' 
OOIOOJ_l.M 

DO zoo K_I, 101 

ALPHA(J.K)aO 

DO 300 I_I, NPTS 
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ALPHAU,KI - ALPHAU,KI+FUNCT(.J, X(IU·FUNCT(K, XII))/SIGY(I)**Z 
300 CONTINUE 

200 CONTINUE 

I 00 CONTINUE 

RETURN 

END 

£.4 Routiaa from C"'pter 8 
C PROGRAM 8.0: \CHAPT-S\NONLINFT.FDR 

C MAIN CALLING ROUTINE FOR NON-LINEAR FInING METHODS 

C USES GRIDSEAR, GRADSEAR, EXPNDFIT, MARQFIT, FITFuNCS, MAKEABS, 
C NUMDERIV, MATRIX, FITUTIL 

PROGRAM NONLINFT 

INTEGER TRIAL,", METHOD 

REAL STEPOOWN, LAMBDA, CHISQR, CALCCHISQ 
CHARACTER*4Q TITLE 

REAL STEPSCALE1411O.49999, 0.99999, 0.001, 0.001/ 
INCLUDE '\CHo\PT-6\FITVARS.FOR' 

PRINT .,' (1 )GRID SEARCH, (Z)GRO\DIENT SEARCH' 

PRINT .,' (3)CHISQ EXPANSION, (4)FuNCTION EXPANSION' 
PRINT·. 'TYPE 1,2,3, OR 4 _, 

READ·, METHOD 
CHICUT II: 0.01 
STEPOOWN _ O. I 

LAMBDA a 0.00 I 
1- STEP DOWN THE GRADIENT IN GRADLS 

1- FOR MARQUARDT METHOD ONLY 
STEPSIZE • STEPSCALEIMETHODJ 1_ SCALES DELTAA(J) 

CALL FETCHOO\TAI'\CHAPT-8\RADIOOK.HST',TITLEJ 

CALL FETCH PARAMETERS 1- USES NPTS, MUST FOLLOW FETCH DATA 
TRIAL .0 
CHISQR _ CALCCHISQ() 

CHICLD = CHISQR + CHICUT + 

DO WHILE (AIIS(CHIOLO - CHISOR) .GE . CHICUT) 
CHIOLo II: CHISOR 

PRINT 1000, TRIAL, CHISQR 

1000 FORMo\T(' TRIAL "', 14,' CHISQ _', FIO.I) 
PRINT 1100, (AI.JI,.J. I,M) 

I too FORMAT(6FI2.4) 

110 

120 

130 

PRINT· 

GOTO(IIO, 120, 130, 1401 ,METHOD 
CALL GRIDLSICHISQR) 
GOTO ISO 

CALL GRADLS(CHISQR. STEPDOWN) 
GOTO ISO 

CALL CHIFIT(CHISQR) 
GOTO 150 



286 

200 

Data Reduction and Error Analysis for the Physical Sciences 

IF (lPAE .EQ. 'A', .OR . (PAE.EQ.'E' " f'UNCT - LECFUNCIIt, I:X) 
IF (PAE . EQ. 'PI) FUNCT. POWERFUNCIK.,U.) 

RETURN 

END 

SUBROUTINE CALCULATEY 

INTEGER I, K 
REAL TV, FUNCT 

INCLUDE '\CHAI'T-5\F'ITVARS.FoR' 

DO 100 I_I . NPTa 

YY.O 
002ooK-I,'" 

'fY. yy + Allt l • FUHaIK,xl l )) 

CONTINUE 

YCALC(l I • VY 

100 CONTINUE 

RETURN 

END 

REAL FUNCTION CALCCHISOO 1- A5SUNl!i:S ALltRAY veALe HAS BEEN ,ILLED 

INTEelER I 

REAL CHIZ 
INCLUDE '\CHAPT-6\FITVARS.FoR' 

CHI2=O. 
DO 100,_I,NPT5 

CHI2 • CHIZ + I (yen-VeALe!!)) I SICV(IUUZ 

100 CONTINUE 

CALCCHI50 • CHIZ 

RETURN 

END 

C PROGRAM 7.3 : \CHAn-7\NAKEAB7.FoR 
C ROUTINES TO SET UP' THE: BETA AND ALI'"" M"TRICES FOR LINEAR REGRIESSION 

C USES MATRIX, FITFuNC7 

C 
SUBROUTINE ""AKEBETA 

INTEOEII: I, K 

1_ MAKE THE BETA MATRICES 

REAL FUNCT 
INCLUDE 'C :\CHAPT-6\FITVARS.FoR' 

DO 100 K_I , M 

BETA(K)-O 

DO 200 1_1, NPTS 
BETA(K) _ SETA(KI + VCI)-FUNCT(K, JlH)J/SIOY(lJuZ 

200 CONTINUE 

100 CONTINUIi: 

RETURN 

END 

SUBROUTINE MAKEALPHA 

INTEOER I.J,K 

REAL FUNCT 

1- MAKIt THE ALPHA MATRICES 

'NCLUDE 'C :\CHAPT-8\FITVARS.FOR' 
DO lOO.J=I, M 

DO 200 K_I, M 

ALPHAI.J ... )_O 

DO 300 I_I, NPTS 
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ALPHA'.J,K) - ALPHA(J,K)+FUNCTC.J , XClJI-FUNCT(K, XCII)/SIGYII)U2 
300 CONTINUI!: 

200 CONTINUe 

100 CONTINUE 
RETURN 

END 

E... Routlaa froa Cupler 8 
C PROQIIAM 8.0: \CHAPT-8\NONLINFT.FOR 

C MAIN CALLINQ ROUTINE ,.011 HaN-LINEAR FItTING MeTHODS 

C USES GRIOSEAR. GRADSIi:AII. EXPNDFIT, MARQFIT, FITFuHC8, MA .. EAB8. 
C NUMDERIV. MATRIX. FITUTIL 

PROGRAM NONLINFT 

INTEGER TRIAL,.J, METHOD 

REAL STEPOOWN. LA .... DA. CHISQR, CALCCHISQ 
CHARACTE"·40 TITLIt 

REAL STEPSCALIi:1411O.49SHta, 0.99999. 0.001. 0 .0011 
INCLUDE '\,CHAPT-8\FITVARS.FOR' 

PRIHT •• ' (t )GRIO SEARCH. (2IGRAOIENT SEARCH' 

PRINT -,' (3)CHISO UPANSION. (4)FuHCTION £'xPANSION' 
PRINT -, 'TYPE 1.2,3, all 4 _, 

READ •• METHOD 
CHICUT _ 0.01 

STEPOOWN _ 0.1 

LAMSDA ~ 0.00 I 
1- STEP DOWN THE GR"OleNT IN GRADLS 
f- FOR MARQUARDT METHOD ONLY 

STEPSIZE - STEP5CALECNETHODJ 1_ SCA\.EII DELTAA(J) 

CALl. FETCHOATAC'\CHAPT-8\RADIOOK.H5T'.TIn.E) 

CALL FETCHPARANET.lRS 1- USES NPTS. MUST 'OLLOW FETCH DATA 
TRIAL _ a 
CHISQR _ CALCCNISQII 

CHIOLD _ CHISQR + CHICUT + 
DO WHILE (ABSICHIOLD - CNISOR) .GE. CNICUT) 

CHIOLD • CHISOR 

PRINT 1000. TRIAL, CHISQA 

1000 FORMAT(' TRIAL .'.14.' CHISO .'. FIO.I) 

PRINT 1100, (AUI, J. I.M) 
1100 FO"MAT(6FI2.4J 

110 

120 

130 

PRINT -

GOTO (110,120.130, 140), METHOD 

CA.LL GRIDLS(CNISQR) 
GOTO ISO 

CALL GRA.DLS(CHISQIt, STEPOOWN) 
GOTO 150 

CALL CHIFIT(CHISQItI 
GOTO ISO 
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CALL MARQU""OTICHISQR. CHICUT. LAM.aA) 

TRIAL _ TlUAL + I 
ENODO 
CALL CALCULATIEY 

IF ((METHOD .EO. II .OR. 'METHOD .EO. 2)) THEN 

D02oo.l-1,N 
SlcA(J) .5ICPARADIJI 1- OCHI2_ 1 

CONTINUE 
CALL OUTPUT(.FALSE., 'CON' ,CHISOR, T\n..) 1- NO ERRO" MATRIX 

II.LSEIF UIoII£TtlOD .EO. 3) .OR. ( METHOD .EQ. AU THEN 

IF (NII!:THOD .EO. 4 ) THEN 

CALL MAilQUARDT(CHISOR,CHICUT,O) 

£NDIF 

oo300ol_I,N 

SIGAU) • SIGMATRX(J } 

1- GET ERROR NATRI 

1- ERROR MATRIX 

300 CONTINUE 
CALL OUTPUT( .TRUE ., 'CON', CHISOR, TITLE) 1- WITH £,,"OR NATRIX 

ENDIF 
CALL PLOTITC'NONLIN .SCR' • • TRUE., .TRUE., 1- SCRI"T FILE, LOC1, SI"LINlI.l 

'C', ( x(2)-XC 1 Jlr..'I, 1- DATA CIRCLES, IIADIUS OF CIRCLES 

2 0.,1,,900,, 1000., 1- RANGES-xl,VI,x2,,,2 

3 6, e, 1- NUM X-AXIS DIY, NUN V-AJ.IS DIV 

4 'TINE ISEC)', 'NUNBEII: OF COUNTS') 1- AXIS LABELS 

CALL CLOSEG"AI"HICS 

END 

C SAMPLE FITTING ,.UNCTION FOR NON-LINEAR ,.IT. 

C EXAMPLE IS SUM 0" 2 EXI"ONENTIALS ON A CONSTANT BACKGROUND 

REAL FUNCTION EXI"F( A,X) 

REAL A,X 

REAL 'N, ARG 

ARG .. ABSIKlA) 

IF (ARG .GT. 60 I THEN 

'N,O 

ELSE 

'N .. EXP(-ARG) 

ENDIF 
ExpF _ YV 

RETURN 

END 

FUNCTION yFUNCTIOHlxx)1- REAL 

REAL VFUNCTION, XX, Ex,.F 

INCLUDE '\CHAI'T-G\FITVARS.FoR' 

YFUNCTIOH _ A( I' ... A(2)·ExPF(A(4),XX) ... A(3)·ExpF(A(S),XX) 

RET1JRN 

END 

INCLUDE '\CHAI"T-8\GRIDSEAR.FoR' 

INCLUDE '\CHAI"T-8\GRADSEAR,FoR' 

INCLUDE '\CHAPT-8\EXI'NDFIT.FoR' 

1_ I-GII:ID SEARCH .... ETHOD 

1_ 2·QIIADIENT SEARCH .... IETHOD 

1_ 3-fuNCTIOH EXPANSION METHOD 
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INCLUDE '\CHA"T-8\M"RQFIT.FoR' 1- 4·MARQUARDT METHOD 

INCLUDE '\CHA"T·5\FITUTIL.FoR' 

INCLUDE '\CHAn-8\FITFuNca.FoR' 1_ USED 8'( ALL METHODS 

INCLUDE '\CHAPT·B\MAK£ABB.FoR' 1- Us!:o 8'( METHODS 4 AND 5 

INCLUDE '\CHAPT-B\NUNDERIV.FoR' J- USED BY METHODS 4 "'NO 5 

INCLUDE "IAPPEND·D\MATRIX.FOR' 1_ USED ey METHODS 4 AND 5 

C P"OCR"M 8.1: \cHAPT-8\QAIOSEAR.FOR 

C NON-LINEAR FIT BY THE GIUD-SEARCH METHOD 

C USES FITFuHC8, FITUTIL 

SUBROUTINE GRIOLSICHISQR) 

REAL CHISQR 

REAL CALCCHISQ 

REAL SAVE,DELTA, DELTA I,DEL T ,DEL2,"",BB,CC,DISC,ALI"H,X I ,X:! 
INTEGER J 

INCLUDE "\CHAI"T-O\FITVARS.FoR' 
CHISO:! _ CALCCHISOIl 

C -FIND LOCAL MINIMUM ,.011: EACH PARAMETER-

DoIOOJ_I,M 

DELTA _ DELTAA«J) 

AIJ) - A(J) .. DELTA 
CHIS03 _ CALCCHISOO 

IF (CHISQ3 .GT. CHISQ2 ) THEN 

DELTA - -DII!:LTA 1- STARTED IN WIIONG DIRECTION 
A(ol) _ A(ol) ... DELTA 

SAVE _ CHISo2 

CHISo2 _ CHISQ3 

CHIS03 iii SAVE 

ENDIF 

1- INTERCHANGE 2 AND 3 SO 3 IS LOWER 

1- IF (CHISo3 ... 

C - INCREMENT OR DECR .. MII:NT ACol) UNTIL CHI SQUARED INCII:£ASES-
110 CONTINUE 

CHlsol _ CHIS02 

CHISo2 .. CNIS03 

AU) a A(ol) .. DELTA 

CHISo3 - CALCCHISoll 

1- NOVE BACK TO I"RIEI'AII:E FOR QUAD FIT 

IF (CHI5Q3 .LE. CHISQ2, GOTO 110 

C -FIND MINIMUM OF PAII:ABOLA DEFINED SV LAST THR~E POINTS

DELI. ClilS02 - CHISol 

DEL:! - CHISo3 - 2·CH,So2 .. CHISQI 

DELTAI - DELTA· (DELI/DEL:! .. 1.5) 
AU) - ACJ) - DELTAI 
CHISo2 _ CALCCHISO() 1- AT NEW LOCAL NINIMUM 

C -AD.JUST DELTA FOR CHANGE OF 2 FROM CHISO AT .... INIMUM-
AA. _ OEL212 

1- CHI5Q. ""-"'(.I,H2 + 8S-A(.I) + cc 
as • DEL I - DEL2J2 

CC· CHISQI-CHIS02 

DISC c 8S"2 -4·",,-ccc·2, 1- CHISQR DII"FCEIlIi:HCE) _ 2 

IF (DISC .GT. 0 ) THIi:N 1- IF NOT, THEH .. ROBABLY NOT PARABOLIC VET 
DISC -SQRT(DISC' 

ALPH .. (-BB - DUiC)/(2-AA.) 
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xl • ALPH*DELTA + A(I) - 2-DELTA 1- A(J) AT CHISQ MINIMUM+Z 

DISC'" BO u "2 - 4*AA·CC 

IF (DISC.GT.O) THEN 

DISC" SQRT(DISC) 

ELSE 

DISC'" 0 

ENDIF 

1_ ELI'" ROUNDING ERR 

ALPH • (-DB - DISC)IIZ*AA) 

x2. ALPH*DELTA + All) - 2-0ELTA 1- AU) AT CHISQ MINIMUM 

DELTA. XI - X2 

DELTAA(J) '" DELTA 

£NDIF 

100 CONTINUE 

CHISQR '" CHISQI! 

RETURN 

,.- IF (DISC .GT. 0 ••• 

1- DOJ 

END 

C PRoCRAM B.2: \CHAPT-8\GRADSEAR.FOR 

C NON-LINEAR LEAST-SQUARES FIT BY GRADIENT SEARCH METHOD 

C USES FITFuNC8, FITUTIL 

SUBROUTINE CALCGRAO 

INTEGER J 

REAL SUM, DELTA, FRACTIO.OOI/, CALCCHISQ 

INCLUDE '\CHAPT-6\FITVARS.FoR' 

SUM" 0 

OOIOOJ-I,M 

CHISQ2 .. CALCCHISOI) 
DELTA '" FAA-CT· OELTAA(J) 1- DIFF(ERENTIAL ELEMENT FOR GRADENT 

AU) • A(J) + DELTA 

CH.sol - CALCCH'sOO 
A(J) _ AU) - DELTA 

GRADU) _ CHISOZ ~ CHISol 

SUM II SUM + GRADU)**Z 

1- Z*DELT"*GRAD 

100 CONTINUE 

DO zoo JIII,M 
GRAO(J) _ OELTAAU)*GRAO(J)/SORT(SUM) 

ZOO CONTINUE 

RETURN 

END 

SUBROUTINE GRADLS(CHISOR, STEPOOWN) 

REAL CHISQR, STEPOOWN 

REAL STEPSUM, STEPI, CALCCHISQ 

INTEGER J 

INCLUDE '\CHAPT-6\FITVARS.FoR' 

1- STEP * GRAD 

CALL CALCGRAD 1- CALCULATE THE GRADIENT 

C -EVALUATE CHISOR AT NEW POINT AND MAKE SURE CHISOR DECREASES

CHISQ3 .. CHISQZ + 1 

00 WHILE ICHISQ3 .GT. CHISOZ) 

DOJ_I,M 

A(J) II A(J) + STEPOOWN * GRADU) I SLIDE DOWN 
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ENODO 

CHISo3 _ CALCCHISO() 

IF (CHISo3 ,GE. CHISQ2 ) THEN 

00 J .. I, 101 I MUST HAVE OVERSHOT MINIMUM 

AU) - AU) • STEPOOWN • GRAD(J) I RESTORE 

ENDOO 

STEPOOWN II STEPOOWNI2 

ENOIF 

EN DOD 

STEPSUM .. 0 

I DECREASE STEPSIZE 

C -INCREMENT PARAMETERS UNTIL CHISOR STARTS TO INCREASE-

00 WHILE (CHISo3 .LT. CHISQ2) 

STEPSUM - STEPSUM + STEPOOWN I COUNTS TOTAL INCREMENT 
CHISQI .. CHISQ2 

CHISQ2 _ CHISQ3 

OOJ II I,M 

A(J) .. AU) + STEPDoWN * GRADIJ) 

ENOOO 

CHISo3 = CALCCHISO() 

ENDOO IDOWHILE 

C -FINO MINIMUM OF PARABOLA DEFINED BY LAST THREE POINTS-

STEP I =STEPDOWN·«CHIS03-CHISQZ"(CHISO 1-2.CHISQ2+CHISQ3)+O.5, 
DOJ_l,M 

A(J'" A(J' - STEPI • GRAD(J) I MOVE TO MINIMUM 
ENOOO 

CHISQR II CALCCHISQO 
STEPOOWN _ STEPSUM 

RETURN 

END 

I START WITH THIS NEXT TIME 

C PROGRAM B.3: \CHAPT-B\EXPNDFIT.FOR 

C NON-LINEAR LEAST-SQUARES FIT BY EXPANSION OF THE FITTING FUNCTION 

C USES FITFuNCB, MAKEABB, MATRIX 

SUBROUTINE CHIFIT(CHISQR) 

INTEGER J 

REAL DET, CALCCHISQ 

INCLUDE '\CHAPT-6\FITVARS.FOR' 

CALL MAKE BETA 

CALL MAKEALPHA 

CALL MATINVIM, ALPHA, DET) 1- INVERT MATRIX 

CALL LINEARBYSQUAREIM,BETA,ALPHA,DAI 1 __ EVALULATE PARAM 
INCREMENTS 

D0100Jllt,M 

A(J) .. AU) + OA(J) 

100 CONTINUE 

PRINT *,'A',(A(J),JIII,M) 

CH,SQR = CALCCHISO() 

RETURN 

END 

1- INCREMENT TO NEXT SOLUTION. 
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C PRoeRAM e ."' : \CHAPT-S\MARQFIT. FoR 

CHON -LINEAR FIT BY THE eitADIENT-EXPANSION tMAIilQUARDT) METHOD 

C U5E5 FITFuNCe, MAKEAS8, MATRIX 

Sua ROUTINE: MARQUARDTICHISQR, XICUT , LAMIIIDA) 

INTEGER ~ 

REAL CHISQR, XICUT, LAMIliDA 

REAL DET, CALCCHISQ 

INCLUDE '\CHAPT-6\JI"ITVAR5.FoR' 

DO 
CALL MAKKOE:TA 

CALL MAKE:ALPHA 

DOIOO~ . I,M 

ALPHAU,J) • II + LAMBDA) " ALPHAI~,~ I 

lOa CONTINUi: 

200 

300 

CALL MATINV("'. "'LPHA, DET) 1- INV ERT MATRIX 

IF ILAMBDA .LE. 0 ) RETURN 1- FINAL CALL TO GET T HE ERROR "'AT"IX. 

CALL LINEAROl'SQUARE(M,BETA,ALPHA,oAJI- EVAL PARAM INCRK"' ilNTS 

CHISQ I • CHISQR 

D0200~_I , M 

"'I~J - A(J' + DAI~I 1- INCR TO NIi:XT SOLU TION 

CONTINUE 
CMISQR _ CALCCHISQI) 

IF (CHISOR .L!: . CHISQI + XICUT) RETUII:N 

00300~.I, .. 

AU) • AU)-DAU ) 1- RETURN TO PRIEV 50LUTION 

CONTINUE 

CHISQR • CALceHISoo 
LAMBDA _ IO"LAMBDA 1- AND REPEAT THE CALC, WITH LARG!!:R LAMIliDA 

END DO 

END 

C PROGRAM 8 . !!5: ~HAPT-8\FITFUHC8.FOR 

C USES FITYARS 

C -THE FOLLOWING ItOUTINES ARE GENERAL FOR "nINC ANY FUNCTION

SUBROUTINE CALCULATEY 

REAL YFUNCTION 

INCLUDE '\CHAI"T- S/FITVARS.FoR' 
DO 100 I _ I , NPTS 

l'CALCUI _ Y'UNCTIONIX(I)) 

I 00 CONTINUE 

RETURN 

END 

REAL FUNCTION CALCCHISO(I 

REAL CHI2 , YFUNCTION 

INCLUDE '\CHAPT· 51FITVARS.FoR' 

CHIZ_O. 

DO 100 ,_ I, NPTS 

CHIZ. CHI2 + I IY(I)-YFUNCTIONlxU)))/SIGYUUuZ 

100 CONTINUE 
C ... LCCHISO _ CHIZ 
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RETURN 

END 

C , STANDARD DEVIATION CALC'D I"ROM CHISO CHANGE O F 

REAL FUNCTION SIGPARABI~I 
INTEGER ~ 

REAL CALCCHISO 

INCLUDE '\CHAPT-Cl/FITVAR5.FoR' 

CHISgZ '= CALCCHISOI) 

AIJ) _ AUI ... OELTAA(J ) 

CHIS03 .. CALCCHI SOO 

AUI • AI~) - Z"DELTAAU) 

CHISO I - CALCCHISOf) 

AU) .. A(~) + DELTAAI~) 

1 (PARABOLA FIT) 

SIGPARAB = DELTA"'I~)'SgRTI2IlcHISO I-Z'CHIS02+CHIS03» 
RETURN 

END 

C -STANDARD DEVIATION C"'LC;'O FROM DIAGONAL TEAM. IN ~AROA MATRIX 
RIiAL FUNCTION SIGMATAX(~) 
INTEGER ~ 

RE:AL SIG 

INCLUDE '\CHAPT.6IFITVAIIS.FoR' 

S IC D SQRT(AIII5(ALPHAI~,J))) 

IF IALPHAI~,~J .LT. 0 I S IG. - SIG 1- NOTE- AN ~ltROA 
SIGMATRX D SIC 

RETURN 

END 

C PIllOGIllAM 8.8: \CHAn-8\MAKIEAB8.FOR 

C MATltlX SET-UP FOR NON· LIN£A.A FITS 

C USES FITFUNce, NUMOILRIV 

C 

'00 

SUBROUTINE MAK~BE:TA 
INTEGER ~ 

I-MAKE BETA MATRICILS I"OR NON-LINEAR FITTING 

INCLUDE '\CHAPT-U/ FITVA'Ui. FOR' 

DO IOO~", I . M 

BETA(J) • -0.5.DXI50_0A(~) 

CONTINUE 

RETURN 

END 

SUBROUTINE MAKEAL"HA 1- AL"HA MATRICES .. OR NON-LINEAR FITTING 
INTEGER J, K 

INCLUDE "\CHAfOT'6\FITVARS. FOR' 

DO IOO~_I,M 

ALPHA(~,JJ _ 0 .5 • D2XtSO_ DAZ(J) 

IF IALPHA(~"'J .EQ. 0 ) THEN 

PRINT -, 'DIAGONAL ~LIi:MENT IS ZERO, ~ -',J 
STOP 

ENDIF 
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200 

100 

400 

IF IJ .GT. I ) THEN 

oo2ooK a l,J·1 

AL. .. HA(J,K) = 0.S·02XISO_ 0A.JKIJ.K) 

AL."HA(K,..JI" AL."HA(.J.KI 

CONTINUE t·- 00 K 

ENOl,. 

CONTINUIit 

,.- IF J 

1- 00.1 

00300.1 a 1.104 

IF IAL.PHA(.J,.J) . LT. 0) THEN 

AL.I"HAIJ.J) • ·AL.PHA(.J • .J) 

IF U .GT . I ) THEN 

004ooK-I,.J·1 

ALPHAiJ,K) = 0 
AL"HAIK • .J ) • 0 

CONTINUE: 1- 00 K 

ENOII" 1-- I" 
ENDIF 1--

300 CONTINUE I --

IF AL .. HA 

FOR J 

RETURN 

END 

E.5 RowUaes rl1HD Chlpln!t 
C PROGRAM 9 . 1: \CH ..... T·D\LORENFI T , FoR 

C M ... IN C ... LL.ING ROUTINE FOR FIT TO LORENnl ... N + ,"OL.VNOMI ... L 

C USES F ITFUNC9 ....... ROFIT. MATRIX. NUMDERIV. M"KEAB8. FITUTIL 

PROGRAM LORENI"IT 

CHARACTER·40 TITLE: 

INTEGER TRIAL. J 

RE ... L XSHIFT. CHISOR, LAMBDA, YFUNCTIO'" 

RE"'L STEPSCALE(4)1 0 .49999, 0 .9999D, 0 .00 I, 0.0011 

INCLUDE -C ,.\P'\CHAPT-6\FITVARS,FOR' 

CHICUT .0.01 

LAMBDA aD 001 I FOR MARQUARDT "ETHOD ONLY 

ST£ .. SIZE • aTE"SCAI..EI41 I SC"LE5 DELTAA[J) 

CA LL FETC H D'" TI.l '\F\C HApT -9\5 I NG Lt:. H ar. TITLE) 

XSHIFT. (X( ZI ' XI 1))12 
DO ~. I. NPTS 

x(..Il • J:IJ' + J:5HIFT 

ENDDO 

CALL FETCHPARAMI!!:TERS 

TRIAl. .0 

CHISOR • CALCCHISOII 

CHIOLO. CHISOA + CHICUT + 1 

I MOVE TO IIIN CENTER 

I USEa NPTa. MUST FOLLOW FETCH DATA 

DO WHILE (A8tUCHIOLD • CHISOAI .GT. CHICUn 

CHIOLD. CHISOR 

PRINT -,'TIIIAL .',TRI"'L.' CHISO. ',CHISOR 

PRINT 0, ,AIJ), J • I, M) 

CALL MARQUARDT(CHISOA. CHICUT. LA .. 8D ... ) 

TRI ... l. ., 1 + T AIAL 

ENODo 

CAl.L C ... LCULATE:Y 

CALL MAAQUAROTtCHISOR,CHICUT.O) 

DOJ_'.M 

SIGAI.J) • SIGM ... TfUI(.JI 

ENDDo 
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I GET ERROR MATRIX 

I EAROR "' ... TRIX 

C"'l.L OUTPUTI.TRUE., 'CON'. CHISOR,TITLE)I WITH ERROR MATRIX 
DOJ. 1, NPTa 

xl.J) = XIJ) • J:5HI" I RESTOAE TO LEFT EDCE 
E"'DOo 

C ... LL PLOl'ITI'LOAENFIT.SCR· •• FALSE.,.TRUE •• I SC"I~l' FILE, LOG1. SPL.INIi: ' 

'H'.O.O, I HIST, OINOT USEDI 

Z 0.0.0,0. 3.0. 220.0, I XI, '1'1, x2. '1'2 FOR "LOT 

3 5,6, I HU .. GRID MARKS X,Y 

4 'E IGEV)', 'NUMBER OF COUNTS') 1 LABELS 

c: ·PL.OT THE 8ACKGROUND. 

1r.(4).0.0 

"'(7).0.0 

DOJ. I. NPTS 

VCALCI.J) • YFUNCTIONlxl.lJ) 

ENDDo 

CALL SPLINEM"'KE(NPTS,O.O,X,VC"'LC) 

C ... L.L §CURVEt I. 40. 5, 0 .025, XI I S .. LINE CURVE 

CAL.L CLOSEGR ..... HIC. 

END 

C LOAENTZIAN PE ... K ON A QUADA"'TIC B"'CKGROUND 

REAl. FUNCTION YFUNCTIONIXJ:) I LOAENnlAN ON flOLVNOMIAL 
REAL XX 

REAl. VY. PI13.141!59271 

INCLUDE '\F\CH ..... T.G\F"ITVA .. S.FoA' 

YV - All) + AI2JoJ:J: + AI3J·xx··2 + ... (4) .... '6J/IZ.pl) 
I«JIX'AISII"2 + "'(6)"214) 
VFUNCTIQN • YY 

RETURN 

END 
INCLUDE '\F'\CHAPT'G\P'ITUTIL.FoR' 

INCLUDE '\F\CHAPT.9\FITFuNca.FDR' 

INCLUDE '\F\CH ... PT.B\MARQFIT.FoR' 

INCLUDE '\F\CHAPT.S\M ... KEABS.FoR' 

INCLUDE '\F\CH ... PT.8\NUMDERIV.FoR' 

INCLUDE '\F\APPEND-B\MATRIX.FoR' 

E.6 Routlaa IrD. Cbplcr 10 
C PROIlAA .. 10.1: \CNAPT.1O\NAXLIKE.FoR 

C DIRECT MAXI"UM LIKELIHOOD EX ..... pLE 

C USES FITUTlL, QUIKSCA .. 

PROGR ... M MAXLIKE 

I MA"QUARDT .. ETHDD 

I USED 8'1' MARQFIT 

I USI!D BY M"'ROFIT 

I USED 8'1' MARQFIT 

REAL SIIlTAU. TAUMAX, "AX,", 1_ '"' 15 LOG 01' LIKELIHOOD FUNCTION 
INCLUDE '\CHAPT-1O\M ... xLINCL.FoR' 
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CALL GETDATA('\CHAI"T-lo\TEST.DAY') I-WAS DASO 

CALL SEARCH(TAUMAX, MAXM) 

CALL WRITEOUTPUT(SIGTAU , TAUM ... X, M ... xM) 

CALL PLaTLIKECURVI[(TAUMAX, SIGTAU, MAXM) 

CALL CLasEGRAPKICS 

END 

SUBROUTINE G£TDAT ... (INFII..E I 

INTEGER IEvNUM 

CHAR ... CTER*I" } IN'-L!. 

CH ... RACTER TfTLI!(801 
INCLuaE '\CH ..... T·l O'I.MAJ.LlHCL.FaR' 

c.3.00 
Lo6EARCH _ 0.50 

HISEARCH _ I.S 

TAUSTE ... D .O' 

,LO 

,H' 
.0.50 

.. 1.2 

vLO '" 0 .0 
vHI .. 1.2 

,~ SEARCH RANGE 

1_ .. LOT RAHGI. 

NTRIALS • ( HISEARCH • LOSEARCH)lTAUSTEP 

OPENIS,INFILE) 1- INPUT DATA FILE 

REAa(S, *) TITLS; 

PRINT *,' ' ,TITLE 
R£AD(5. *) NEV&NTS, MASS, 01, 02 

IEVNUM. 1 
NEvENTS • 0 
DO WHILE IIEvNUM .GT.O) 

READ(S, .) IEVNUM, kPRaDUCTION , pLAB, llDECAV 

IF IIEVNUM .0T.O' THEN 
IF U xDECAV .CE. DI) .AHD. (XOECA'f .LT. D2)) TH!N 

NEvENTS • 1 + HEVENTS 
LTOTsCALiE _ MASs/IC*"U.) I~ • "IC*UItTA"CAMMA) 

TIMES(NEVENTS)-lxDECA'f _ llPAOOUCTION)*LTaTSCALE I-"RO .. I R T 

C CONVERT 01 AND aZ TO TIME LIMITS, LoTLIM AHa HITLIM, 
C I. E .. INTEGRATION LIMITS IN PROPER TINE ,,,ON THE PRODUCTION VERTEX. 

LoTLIMINEvENTS) _ ( DI - XPRDOUCTION)"LTOTSCALE 

HITL IMINEvENTS)" 102 _ llPRODUCTION)*LTOT5CALE 

ENDIF 

ENDIF 

ENDDo 
PRINT", 'END 0" FILE -', IEVNUM.· &VENTS READ' 

PAUIlE 

RETURN 

END 

REAL FUNCTION LOGPROBIK, TAU) 

INTEGER K 

REAL TAU 

REAL A, B 
INCLUDE '\CHAPT_IO\MAllLINCL.FoR' 

c 

c 
c 

c 
c 
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01 ANa D2 ARE BEGINNING AND END OF THE FIDUCIAL REGION. 

MUST CVT TO LoTLIM AND HITLIM WHICH ARi!: INTEGR ... TION LIMITS IN "ROPER 
TIME, 

MEASU'U.O FROM "ROOUCTION VERTEX. 

Now. CALC .. ROBABILITY-

B. EXP(-HITLIM(KI/TAU) 

... - EX .. (-LOTLIM(K)fr ... U) 

Pftoa - EXP(-TIMES(K)fT ... U)/(TAU*(A - DH 
LOGPRO,. • ALOG(PROB) 

RETURN 

END 

REAL FUNCTION LocLlflEIT) 

REAL T, LoePRoB 

INTEe~It I 

REAL M, PitOS 

INCLua!: '\CHAPT-IO'\MAXLINCL.FOR' 
M -0.0 

00 100 I. I, NEvENTS 

.. ROll a LOCPR0811,TI 
Jot _ PROII + M 

100 CONTINUE 

LoaLIKIf. M 

RETURN 

END 

SUII"OUTINJ: SEARCH(T ... UATMAX, MAXM) 
REAL T ... UATMAX. MAXM 

INTEGE" TRIAL 

RE"'L M., M2, M3, DE L ', 0£L 2, DELTA I, TAU, MLIKELI, LOCLIKI! 

'NCLUDE '\CHA"T' 1 O\MAXLINCL. FoR' 
M2 a .1000 
MAXM _ -1.OE20 

TAU _ LOSEARCH 

DO 100 TRIAL a 0, NTRIALS 

MLIKELI a LOCLIKE(TAU I 

PRINT ",'TRIAL' ,TRI ... L,' TAUa', TAU,' LOG LIK&:LIHOOD_',MLIKELI 
M3 _ NLIKELI 

IF 1M3 .GT. M2) THEN 1- REMEMIIER. THESE ARE NEGATIVE 
MI. M2 
M2 _ M3 

ELS& 1- LJ:AVING MAJ.INUM 

FIND M ... XIMUM OF PARABOLA DEFINED BY LAST THftE£ POINTS-
D~Ll -MZ-M, 

DEL2. • "'3 - Z*M2 + M I 
OJ:LTAI - TAUSTEP' * (D&:LlloEL2 + 1.5. 
TAU • TAU - DELTA 1 
T ... UATMAX _ TAU 

M ... ll'" _ LOCL'KEITAU) 

RETURN 

ENOl,. 

1- ... T M ... XIMUM OF P ... RABOLA 
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TAU a TAU + TAU STEP 

100 CONTINUE 

RETURN 

END 

R.li:AL FUNCTION ERROR(T, OT) 1·- U SOIIT( -ZND D~AI"A.TI"£ OF LocIL)) 

REAL T , DT 

R£AL TI, T2, DZVDT2, ERR, LoaLIKE 

TlaT - DT 

T2 aT+ DT 

D2VDT2 .. (LoaLIKEITZI - 2-LoGLIKEIT) + LoaLIKEITI ))/DTUZ 

IERft a USQRT(-D2YDT2) 

EAROR = ERR 

RIETURN 

END 

C PAOGRAM 10.2 \CHAPT- lo\MAXLINCL.FOR 

C INCLUDE FILE 'OR MAXLIKE 

(WEIISITE) 

Eo 7 Iloutillet (rom Ch.pler 11 
C PROGRAM I 1 . 1: \CHAPT-I I\CHI2PROO.FoR 

C CALCULATE CHI"'2 PROB . DENS. &: THE CHI"'2 PROB . INTeGRAL 

C USES CH1PROOOENS AND CHIPROB 

PfiOGfiAM CHI2PROO 

R.li:AL CHI2. CHIPROB 

INTEGER NFREE 

PfllNT • , 'CALCULATE CHI2 PROO ... 8IUTY DENSITY ,.UNCTION 6: INTECRAL' , 

, PROBABILITY' 

PRINT· , 'TVPE NUM DEG OF FREEDO'" AND CHIZ . (EXIT ON "cl' 
READ - , NFREE, CHI2 

PftlNT 1000, CHIPROBDENS(CHI2 , NFREE). CHIPRoalNFREE o CHIZ) 

1000 FORMATI' CHI"'Z PROD. DENS." ',F7.3,'. CHI"2 PROBABILITY_ '.F7.3) 

PRINT · 0' ..... NOTE THAT TABLE C .4 REFERS TO CH1 ... 21NFftIEE· ... ·' 

END 

C THE FOLLOWING THREE ROUTINES ARE INCLUDED 

C IN THIE PROGRAN UNIT C:\CHAPT-6\FITUTIL. FOR (WE BSITE) 

2 
3 

REAL FUNCTION CHIPROB(NFREE. CHI2) 1- MAX NFREE _ 58 

EXTERNAL CHIX 

COMMON/uTILI GLSIMPS 

REAL CH1X, SIMPSON, GLSINPS 

INTEGER NFREE 

REAL PI. CHI2, CLIM, INTFRO ... LIM 

DATA cLIM 121, 1- EXPANSION LIMIT "OR NFREE _ 

lNTI"'RO ... LI ... IO. 157/. 1-- INTEGRAL FROM CLnoi TO INFINITY 

axO JO.2J 

PI/3. 141591 
INTEGEfi NINT 

'F (cHt2 .G£ . 1) THEN 

1·- DETER ... INES ... CCUR ... CY 0' INTEGRATION 

NI"'T . (CHIZ+O.OOOI )/01.0 

ELSE 

NINT. S 

ENOl I" 
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I~ (CHI2 .GT, I !!I-SQRTCNFREE) ) THEN 1_ 
CHIPRoa .. 0 

au ICK CUTOUT 

<e .. 
OLSI"'~S .. FLDATINFREEII2 

I,.. ("'FltEE. . EO. I) THEN 

"ICHI2 .LT. CLIM ) THEN 

1- GL5IM~5 15 C;LDeAL Fa .. CHIX 

CNIPROB .. I-SQRT(CHI2/2JPII_ 

12 - CHIZ·(113 - CHIZ·CI120 _ CHIZ.( 1116B _ CHIZlI72BI))) 
Ke .. 

CHtPROB = INTFROMLIM .SI ... PSDN(CHIX.NINT.CI..I .... CH.21 

IGAN "'AI NFR EE/2 ,0112.0·· (N FR EE/2 ,0, 
IENDIF 

!:LSE IF (NFREE .EO. 2 I THEN 

CHIPRoa • il!XPC-CHI2l21 
ELSE 

1- IF (CHI2 ••• 1 

1- INTEGRABLE 

CtUPROB - I - SIMPSDN(CHIX. "'INT, 0, CHI2) 

/GA'" ...... ( N FA EEI2.0112.0·. (N FRE EI2.01 
II:Nol, 

END,," 

RETURN 

END 

1- IF (NFREE ••• 1 

1- IF (NFREE .,. J 

REAL prUNCTION CHIPROBOENS(X,NFREE) 
REAL. NUM, DEN , H, X 

'NTIIOIA NFRIEE 

" .. N"REEI2 .0 
NUM •• ··CH- O • EIIP,-XI2, 

DEN a 2--H· C;AMMA(HI 

CHIPIIOBDENS aNUM/DEN 
RETURN 

END 

C USED B" CHIPRO. (FOR SI"'PSON WHICH ALLOWS ONLY 
REAL. prUNCTION CHIXfll) 

CONMON/UTILJ CLS'NPS 
RE"'L OLSINPS 

REAL. II 

IF IX.EO.O) THEN 

CNIX.O.O 

.en 

I ARQUMIINT. ) 

CHIX .. X"CGLSI ..... S-O-EXP(_XI2) 1_ GLSI"'PS _ H" NFREII2 
IENDII" 

RETURN 

END 

C THI. FOLLOWING ROUTINE IS INCLUDED 

C IN TNE ""OORAM UNIT \CHAPT-6\FITU1'IL.FOR (WEBSITE) 
C APPROII''''ATI. GA"M ... FUNCTIO", W'TH H .. NFREE12 

REAL FUNCTION O"''''MAIH) 
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RIIAL H, "113.1415&271 
GAMMA _ SQRT{2.0-pU - EXP(·H,-,HU(H·0.5)) • (1.0 + 0.0833/H) 

RItTURN 

END 

C PROGRAM' I.Z: 'CHAPT" I\LCORPR08.FoR 

C CALCULATE LINEAR CORRELATION PROBABILITY INTEGRAL 

CU .... LCDRLATE 

PROGRAM LCGRPROB 

INTEGER NOBSERY 

R .. AL LINCORPROB. RCORR 
PRINT., 'TEST INTEGRAL OF LINEAR CORftELATION FUNCTION' 

PRINT., 'TYPE·. OBSERYATIONS, LINEAR CORRilLATION COEf"f"ICIENT:' 

R&AO -, NOaSERY, RCORR 

PAINT ., 'INTEGRAL CORRELATION FUNCTION- '. 

LlNCORPROBINOBSERY·Z. RCORR) 

<ND 
INCLUDE ,\CHAPT·II\LCORLATE.FOR' 

C LlN .. AR·CORRELATION PROBABILITY FUNCTION AND INTIEDRAL 

C UaK. FITUTIL 
REAL f"UNCTION LINCORPROB(NFREE, HILlM, 

EXTERNAL LINCORREL 1- FOR USE IN FUNCTION SIM"sDN 

INTEGER NFREE 

REA'" HILIM 
REAL OX 10.011, "'OLlMIO.Of. LINCORREL. SIMPSON 

INTEGER NINT 

COMMON/UTIUGLSIMPS 
oLSIMPS _ NFREE 1- GLOaAL FOR FUNCTION LINCORREL CFOR SIMPSON) 

NINT _ INTUHILIM · LoLIM)/OX, 

LINCORPROB _ I·Z.SIMPSOHCLINCORREL. HINT. LoLIM, HILIM) 

RETURN 

END 

REAL FUNCTION LINCORREL(R) 

REAL R 
CO .... ON/UTIUGLSIMPS 1- GLSIMS _ NFREI: MUST BE GLOBAL FOR 

DATA SQRTPIII.772453BI I FUNCT -SIMPSONS- WHICH ALLOWS ONLY I ARG 

LINCORREL _ GAMMAHGLSI .. PS+ 1 ,IZ"GAMMA(GLSIMPaI2.) 

.EXPI IGL51 .. "s·2)1Z· ALOGI I • RUZ)J/SQftTPI 

RETURN 

END 

E.8 Routines from Appa>dlx A 
PROGRA" 14.1 SIMPSON 

C THE f"DLLDWING ROUTINE IS INCLUDED 

C IN THE PROGRAM UNIT \CHAPT·8\FITUTIL IWEIlSITIt' 

C . 51 ... "sDN'. RULE FOR ·FUHCTX(X:REAL':REAL-

C IF FUNCTX HAS OTHER PARAMETERS, THEY MUST sa GLO.AL, E.O. , GLSIMPS 
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REA" FUNCTION SI"""SONIFuNCTX. NINTS. LOLIN. HILI"', 1_ 2 CALCSlINTE"VAL 

EltTIRNA" FUNCTX 1-. THIS STATEMENT REQ'O IN C ....... ING PCM ALSO 

R" ... 1. FUNCTX. SU .... It. D.II:, "OLIN. HILIN 

100 

INTEoaR NINTS, I 

I{ - 1.0LIN 

OX - CHILIN ·LoLIM)lCZ-HINTS) 
SYM_FuNCTIUX) 

SUM_ SUN· FUHCTXCHILIM) 

00100 I. I. HINTS 

It-X+:Z-Oll: 

SYM_SUM + 4-FYHCTXClt·01ll . + Z-FUNCTXIIII' 
CONTINUE 

SUM _ SUM 

61MlfSON • SUM-0lV3.0 

HItTURN 

END 

PRoe"AN A . Z SPUN!!: INTERPOLATION 

C PRODR ...... 14 . 1: \APPENO.A\SPLINTsT.FoR 

C TEST CUBIC S ..... N!!: INTERPOLATION 

PROGRAM S .... INTsT 

CHARACTER TITLE(80) 

RIlA" 02A. OZB, XS. XIIOO). Ylloo), SPLINEINT 
INTEDER N, I 

OPIlNIS,'\APP!!:HD·A\SPI.INE.DAT" 1_ TEST DATA ' ILl!: 
RUDIS,IOOD) TlTL£ 

PRINT 1000. ' ',TITl.E 
1000 FORN"'T(80A I, 

REAO,S,'I H, OZ .... DZB 1- NO. OF POINTS. ZNO OERIVATIVES ... T aOUNO"'R"!' 
PRINt - .'O"'TA T ... Bl.E : N:'. N 

PRINT -.' X V' 
001 001_1 ... 

RE"'o(S,·, lillI), YII) 

PRINT -, x(1), yel) 
100 CONTI NUll 

C"'LL SPLINEMAKE(N. OZ .... DZB. x, V) 
CLOSII.(SJ 

ZOO PRINT · .'TYPE A V"' l.UE OF X lEx" WITH AC) ' 
READ· , xa 
PRINT ., ' INTERPOLATED V _ ' . SP"INEINT(XS) 
GOTO 200 

END 

C ROUTINII.. "0" CUBIC SPLINE INTERPOLATION. 

C CONSTANT INTERVAL5 IN THE INDEPENDENT VARIABLE ARE ASSU"'ED. 

SU.ROUTINE SPI.INEMAKE(NN. D2VDltZA. OZVDx2B, xiN. V'N, 
INTEG"" NN 

RE..... OZVD.II:2A. OZYOXZB. X'NOoo) . YIN(IOO, 

C ,CO"'NON V"'RIABl.IE:S SET IN SPLINEMAKE. USED IN SPLIN£INT. 

COMMOHlS"' .. INE5IN . H . ullOO" YY( 100,. 0270x211oo, 
'NT£CI!A N 
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REAl. H, JUt, YV, D2YDX2 

INTEGIUII 
REAl. AIIOOI, DEl.TIIIOO), DEl.T2tIOO), 8(100) 
N _ HN 1- USED BY SP'l.IHINT, THROUGH COMMDN/SPl.INESI 

H _ IxlNIN' - XIH( IH/IN-I, 

DO 1001-I,N 
X"'(II _ XIN(I) 

YVtI) - YINIH 

100 CONTINUIL 
D2yox211 I _ 02yoxZA 1- END VAl.UES OF 2ND D~RIVATIVES I'"ROM INPUT 

D2YDX2IN) _ 02yox28 
AI2, _ 4 

DO 200 I _ 3, N-I 

AII).4-IIA(I-1) 1- COEFFICIENTS 

200 CONTINUE 

003OOI-2,N 
OEl.TIU) _ YINCI) - '(IN(I-I) t_ 1ST DIFFERENCES 

300 CONTINUE 
DO 400 I _ 2, N-I 1- 2ND DIFFERENCES X 6 

DILl.T2(1) • 6-IDELTI(I+ I) - DEl.TIII))I(H-H' 

400 CONTINUE: 
8(2) • DEl.T212, - D2YOXZ! I) 1- 8 COEFFICIENTS 

DO SOD I_ 3, N-l 
BUI _ OEl.T2(1) - 1!I(1-I,/AII-1) 

500 CONTINOE 
8(N-I,. B(N-I, -DZYDX2(N) 

D2YDX2IN-I, .. 8(N-1 ,/A(N-I, 

DO aoo 1: . N-Z. 2. - 1 
OZya.ZU' _ (B(II - D2YO.ZII+ I»)/AO) 1- 2ND DERIVATIVES 

600 CONTINUE 

RETURN 

END 

REAl. FUNCTION DYOX(I) 1- FIRST DIERIVATIVE (WeBSITIE) 

INTEGER I 

COMJoUJN/Spl.IHESlN. H. XXI 100), YVC 1001. DZYDXZt 100) 

INTEGER N 

REAL H, XX, YY. DZYDIl2 
DYDx. (YY(I+II-YVCII)/H - H-CD2YDX2(I)I3+D2YDx2(1+ I )/6) 

RETURN 

END 

REAL FUNCTION D3YDX3(1) J-- THIRD DERIVATIVE (WEBSITE' 

INTEGER I 
COMMON/Sp'l.INEslN, H. xxC 100), yy( 100), D2YDX2( 100, 

INTEGER III 

REAl. H, XX, YV, D2YDX2 

D3YDx3 - (a2YDX211+ I) - D2YDXZII"/N 

RETURN 

END 
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REAl. FUNCTION SP'LIHEINT(X' 1- INTERP'OU,TE IN TABLE (FROM SPLINEMA"'EJ 
REAl. x 
COMMON/SP'LINESlN, H, XX( 100,. nl' DO), DZYDX2! 100) 
INTEGER N 

REAL H, XX, YY. D2YDX2. DYDx. D3YDX3. OX 
INTEGER I 

I - INTCC"'-XX( ll1/HI+ I 
IFCC.LT.I I 1_\ 

IF (I .GT. N-I ) 1_ N-I 

ox - x -XXII, 
C -INTERP'OLATE 

IF (I .EO. N ) THEN 

SPLINIEINT. YVUI 
ELSE 

SPl.INEINT. nil) + IDYDx(l) + IDZYDI2(IJ12 +D3YOX3(1)/S"DX)-DX)"DX 
ENDIF 

RETURN 

END 

E.9 Rolltiaa fro ... Appeadh B 
C PR:OGRAM B.I: ,",PP'END-B\MATIIIX.FOR 
C INVEfilT A SOUARE MATRIX 
C USES FITVARS 

SU"ROUTINE MAn,.. ... IM. MARRAY. OET) 
INTEGER J,( 

REAL MARRAYClO.IO), DET 

INTEGER 1",(10) • .IK( la, 
INTEGER 1,.1. K. L 
REAL AMAX, SAVE 
Dn_o 

C -FIND L.ARGEST El.EMENT 

00100 .... I.M 

AMAX_O 
1500 

3DD 
2DO 

00200 1_ ... , !of 

D0300.l_K.M 

IF I ABSIMARAAYU,.J" .GT. ABSIAMAX) THEN 
AMAX _ MARRAYO ... ) 

II(K, _I 

.I",(K) _.I 

ENDI' 
CONTINUE 1- 00.1 

CONTINUE 1- DOl 

IF (AMAX .IEO. 0) RETURN 1- WITH 0 DETERMINANT AS SIGNAl. 
DET" I 

C -INTERCHANGE ROWS AND COLUMNIi TO "UT AMAX IN MARRAY( .... K) 
I_ I"'(K) 

IF II .LT .... , THEN 

COTO ISOO 

ELSEIF (I .QT. K) THEN 

D0400.l_I,M 
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.00 

'00 
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SAVE. ",AARAY(K,..I) 

... ARRAYIK,J) • MARRAYO,..l) 

MAARAYJI.J) - - SAVE 

CONTINUE: 1-- DOJ 

ENOIF 1- II"I 

J .. JK(K) 

II" IJ .LT. K I THEN 

GOTO tOO 
ELSEIF (J .GT. K) THEN 

005001.1,'" 
SAVE _ MARRAYO.IC) 

MARRAyel,K) _ MARRAyel.J) 

MARRA'T" ,J) _ -SAVE 

CONTINUE 1- DO I 

E:NDIF 1- IP J 

C -ACCUMULATE ELEMIiNTS OF INVERSE MATRIX 

006001_ t .... 

1 

000 

BOO 

700 

000 

IF II .NE. IC ) 

NARRAYCI,K) • -NARRAY(I.IC)/AMAX 

CONTINUE 1- 00 I 

007001-1,'" 
00800J_I .... 

IF ((I .NE. K) .AND. I J . NE. KI ) 
MAA"AYII,J) _ MARRAYII,..II + MARRAY!I.K} · ... A .... AYI K • .I1 

CONTINUE 

CONTINUE 

oo900J_I . M 

IF (J .NE. K 1 

1_ DDJ 

1- 001 

MARRAYIK.J) _ MARRAY(K,J)/AJotAlt 

CONTINUE 
MARRAYIK,KI _ I/AMAX 

DET _ DET • AMAX 

1- DOJ 

100 CONTINUE 1- DOK 

C -RESTO"': ORDERING orr MATRIX 

DO 1000L. I . ... 

1100 

1200 

K_M+ I-L 
J _ IK(K) 

II" IJ .GT. K) THEN 

OOII00I_I,M 

SAVIi _ ... ARRAY(I.KI 

MAAAAYII.K) _ -MARRAyel,J) 

MARRAY"",) _ SAVE 

CONTINUE 

ENDIF 

I_ JK(K) 

IF II .GT. K ) THEN 

DO 1200J _ I. M 

1- 001 

1- II"J 

SAVE _ "'''RRAY(K,J) 

",ARRAYIK,..I) _ -MARRAYU.J) 

MARRAY(I,..I I . SAVE 

CONTINUE 1- DO J 

IiNDII" 

I oao CONTINUE: 

RETURN 

END 

1- II"I 

1- DoL 
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SUBROUTINE LINEARBYSQUAREIM. A, a, C) 1- MATRIX PRODUCT 
INTEGER M 

REAL Ae 10). Be la, 101, C( 10) 
INTEOER I,J 

DO IDOI_I.M 

C(I)_O 

DO 200J. I ... 
CU)-CU, +A(J)-S(I,..I) 

200 CONTINUE 

100 CONTINUE 

RETUIIN 

END 

£.10 Ro.tilla lnm Appaadh C 
C PROGRAM C . I: \APPEND-C\STUDENTST.FDR 

C CALCULATES 80TH THE GAUSSIAN PROBABILITY 

C AND THE STUDENT'S T P"OBABILITY FOR EXCEEDING A GIVEN VALUe: 

C OF (NU-XI/SIGMA. WHERE ... U IS 'THE MEAN VALUE OF X AND SIGMA IS 
C THE UNCERTAINTY IN THE "'EAN. 

C FOR SPEED, AND TO REDUCE POSSIBILITY OF OVERFLOW. WE 

C CALCULAT.£ THE RATIO OF' THE GAMMA FONCTIONS DIRECTLY 
C IN FUNCTION GA"''''ACONST. 

C To IMPROVE SPEED AND ACCURACY BY OSING SIMPSON'S FOR INTEGRATION 
C 

PROG"A'" STUDENTS_T 

REAL GP.TP. l' 

INTEGIE'" NU 

PRINT -, 'TYPE NOOF AND T -IMU _ XitSIGMA 
READ - . NO, T 

CAt.t. GTPIlOB(CP, TP. NU, TI 

PRINT 1100. 'OO-TP. 'OO-"-YP) 

PRINT '200, 100-GP, lOO.(I-oP) 

1100 FOR"'AT(' PROB (STUDENT'S T) • ',1"5.2 ...... I-PROS. ',F:I5.2 ...... ) 

1200 FOR"'ATI' PilOS (GAUSSIAN) • ·,F5.2, ' .... I-PROB. '.F5.2.' .... ' 
END 

REAL FUNCTION STUDENTSTINU, T, G) 
INTEGER NU 

REAL T, G. X 

ISTUDENT'S T DISTRI8UTION 

ex_ IlIsQRT(NU·PI) - (GAM"'AIINU+ 1 )12)/GANMA(NUI2))-( 1 +TO\21NU)O\I-(NU+ I )12) 
x • G·~XP( (-(NU+I'r.!:)- ALOGII +T-T/NU)) 
STUOIi:NTST. X 

END 

REAL FUNCTION aAUS5(X) 
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REAL PIi3.14IS9/,x 
GAUSS. Exp(-x*XI2,/SQRT(2*"') 

RETURN 
END 

C GAUSSIAN AND STUDENT'S T PROBABILITIES 

c 

SUBROUTINE GTPROB(GPROB, TPRoa, N, TI IINTEGRAL FRO~ 'T TO +T 

REAL aPRoa. TPRoe,T 

INTEGER N 
REAL GAM, TI. SUMT. SUMG, OT 
GAM .. GAMMACONST(N) IRATIO OF GAMMAS - FOR SPEED 

DT 

T' 
II 0.0001 IINTEGRATION STEP 

_0 

SUMT .. 0 

SUMG .. 0 
DOWHIL£ ClTI .LT. T ) .AND. (sUNT-oT .LT. 0.5)) ISIMPLE INTEGRATION. 

REPLACE BV SIMPSON'S RULE FOR BETTER SPEED AND ACCURACY 

SUMT .. 5UMT + STUDENTSTIN,T! ,GAM) 

SUMG .. SUMG + GAUSS(T!) 

T1 .. TI + OT 

ENDDo 
TPROB .2*SUMT*DT 

aPRoe .. 2*SUMG*DT 

RETURN 

END 

REAL FUNCTiON GAMMACONST(N) 

C G .. GAMMAiCH+I)l2)/GAMMA(HI2)/sQRT(H*PI) 

C PRE-CALCULATE RATIO FOR SPEED AND TO AVOID OVERFLOW 

INTEGER N 
REAL PII3.141591 

REAL H. '1'1,'1'2. G 

HaN 
'1'1 .. -0.5-(H+ I) + O.S-(H) -ALOG(O.S-(H+ I)) 

'1'2. -O.S-H + O.S-(H-I)-ALOGCO.S-H) 

G • EXp(yl-y21-( 1+0.0833110.5-(H+ 1)1)/« I +0.08331(0.5-H)1 

I -SQRTIH-PI)) 

GAMMACONST" G 

RETURN 

END 
END 

£.11 Kouba from Appeadb D 
C PROGRAM 0.1: \APPEND-O\QUIKSCRP.FoR 

C CREATE A SCRIPT FILE TO DIS .. LAY SIMPLE GRAPHS AND HISTOGRAMS 

C THE FILE IS READ AND INTERPRETED By\APPEND-D\QDISPLAY.EXE 

C PROGRAM 0.2: \APPEND-O\QUIKHIST.FoR 
C ASSIGNS DATA TO HISTOGRAM BINS AND PLOTS HISTOGRAM EITHER 

C AS SCREEN CHARACTERS DR IN SCREEN GRAPHISC THROUGH QUIKSCRP 
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