General objective for Sections 11.3 to 11.7

We have mainly done convergence of infinite series using pattial
sUms method which gives

O convergence/divergence

0 sum (in case of convergence).
But is impractical.

We only did one direct test namely “divergence test”.

\What next?

Now we start learning some convergence/divergence tests. These
only give
O convergence/divergence,

but are easy & practical

Aim: To master the use of tests in the following manner

Which test to apply?

How to apply the selected/chosen test?
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Section 11.3 The integral test and estimation of sums

Learning outcomes

After completing this section, you will inshaAllah be able to

1. apply integral test to determine convergence/divergence of a positive term
infinite series

2. use integral test to estimate sum of an infinite series
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Integral test

- Given aseries » a,, with .
n=a

e Let f(x)be the function obtained by replacing nwith x in the general term

a, of the series.

R IR OCRTieal f (X) is decreasing and continuousg{dgElINEeX-¥

Applying the tes
= Check if the series is a positive term

series

= Show f is decreasing for x>a

= Apply the test.

7

See examples 1, 2, 3, 4 done in class
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Some comments on integral test

hen to try this tes

= |fassociated function f(x) is easy to integrate

{Check positive, decreasing & apply test}

Good test but may not be able to apply if

= integration is too difficult

= f(x) is not decreasing

= f(x) is not integrable e.g. for the series Z%
k=1 ™=
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/ Estimation of sum of a series \

- The integral test only tells about convergence but does not give the

sum of series.

- Once a series has been found to be convergent, its sum can be

estimated.

« We next discuss two methods of estimating sum of a series whose

Kconvergence has been obtained by integral test /
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Estimating sum of a series by adding first ‘n’ terms

Given a series Zan which is convergent due to integral test.

n=1

We use the following notation.

O s: sum of series I.e. Zan =S
=1
n

o S,: sumof first n terms l.e. Zan =158
=1

o R,: Remainder after n terms

Then obviously s=S,,+ R, where R,=a ,+a_,+

n+1 n+2

S, : Estimate of sum R, : Error in estimate

= Q: How much error is involved?
A:  See explanation given in class and summary below.

= Given a series Zan which is convergent due to integral test.
n=1
= One way to estimate its sum is to add sufficiently many terms i.e. to find
Sp=aq+a,+-eeee +a,

= The corresponding error R, is given by
j f(X)dx<R, < j f (x)dx

n+1 n

where f(x) is the function obtained by replacing ‘n” with ‘X’ in a,.

See Example 5 done in class
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2" method to estimate the sum of a series: A Better Method

= Given a convergent series with S=S,,+R,,. Then from above

Oof d_R_wf d
] FO0dc<R, = [ (0

= Adding S, implies

sn+]o f(x)desSSn+T f (x)dx (*)

n+1

This gives an upper and lower bound
of the sum of series and gives a better

estimate of the sum.

/ \What would be the error? \
e Eq. (*) gives an [[EIYEIRETITR. i.c.

o0

: E{Sn b [ FO0dx S+ | (x)dx]

n+1

e So we can approximately [EUCIIESRUER e [olol i o) LRI EIYEL i.c.

average of two numbers.

L BB TglelIESferror is at most half of the length of above interval K3
!{Sn +j f (x)dx}-(sn + I f(x)dxﬂ
n

error < n+l
2

See Examples 6 done in class

End of 11.3




