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6.3 Inverse Tigonometnc Function
e In this section we define an inverse function of
trigonometric function.
e For example f(x)=sinx, because the graph of y =sinx

1s not one-to-one function. So f does not have an
inverse function.

e f(x)=sinx over the interval {—%%} , the graph of fis

one-to-one function. So f has an inverse function.
e y=sin"'x isread y is the inverse sine of x.

e Some textbooks use the notation arcsin x instead of
sin™! x

Definition of sin™' x
y=sin"' x if and only if x =siny

where -1<x<1 and —Zﬁysg.

b N

45 bia
2 7 5 y=sin"x

Yy =sinx -

b
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Table 7.2 Inverse Trigonometric Functions

Function Domain Range Quadrant
y=sin"x [-1,1] {—ﬁ 5} 1,IV
y=csc'x (—o0,—1]U[1,) [—— —} I,IV
y=cos 'x [-1,1] [0, 7] I,1I
y=sec'x (—o0,—1]U[1,0) [0, 7] - {g} I,1I
—tan! o, Lz I,IV
y=tan x (—o0,0) ( 3
y=cot'x (—o0,0) 0,7) 1,11

Example #1 Find the exact value of the following
a) y= sin‘l(%) b) y=tan'(-1) ¢) y= cos_l(—%)
Solution

a) y=sin"' (%) , is the angle in the interval {—%g} whose
S| T

sine 1s 5" Therefore y==—

b) y=tan"'(-1), is the angle in the interval (—ggj whose

tangent is —1. Therefore y = —%.

c) y= cos‘l(—%), is the angle 1n the interval [0,7] whose

2
cosine 1S —% Therefore y = 7[—%2—7[.

3
Do exr. 9, 15, and 19, page 513.
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Identities for csc™' x,sec x,and tan™' x
If x<-1orx=>1,then

. | ) 1
csc'x=sin"'— and sec'x=cos'—
x x

If x1is a real number, then

o1
tan"' —, for x>0
X

Vo

1
cot' (x)=4tan"' —+ 7, for x<0
X

T

, forx=0
5 J

Composition of Trigonometric Function and Their Inverses
e sin(sin”' x) = x and cos(cos ' x)=x if —1<x<1

e tan(tan' x)=x, foranyreal number x.

1y . T T
® sin 1(smx):x,zf——SxSE.

e cos '(cosx)=ux,if0<x<7.
° tan_l(tanx)zx,if—§<x<z.
Example #2 Find the exact value of the following

a) sin‘l(sin%) b) tan(tan'—4) ¢) cos_l(cos%[)

d) sin(sin™ g) e) tan_l(tan%[)

Solution

a) Sin_l(sinz) =”  becuase — in the interval | -—,—
5 5 5 2 2
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b) tan(tan'—4) = —4, becuase -4 is a real number.
C) cos_l(cos%z),

I . : :
? 1s not in the interval [O,ﬂ];however, the reference angle

r . 2« T, :
for - 1S = becuase the value of cos? is negative,

. 2 L
the angle is in Quadrant II. So 8 = r - o 3—7[Wh1Ch is

. . 3 3
in the interval [0,7], cos™ (0057?7?) =cos ™' (cos ?ﬂ) -

5
d)
.. N5 5. : C
sin(sin 7), becuase EY is not in the domain sin" x,
.. NS,
sin(sin 7) is undefined.
e) tan_l(tan%[)

i : : T T
e 1s not in the interval (—E,Ej;however, the reference angle

Tr . 2rx T . ..
for - is ~ becuase the value of tan— is positive,

the angle is in Quadrant I. So 6’=2?7zwhich is in the interval

2
—z,z ,tan "' (tan 7—”) = tan ' (tan 2—ﬁ): iy
22 5 5 5

Do exr.21, 31, and 32 , page 513.
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Example #3 Find the exact value of the following
a) sin(2sin”' %) b) cos(sinl(—§)+cos1 %)
Solution

a) sin(2sin™' %)

Let @ =sin™ % —sin(2sin”’ %) = sin(26) = 2sinfcosd

0 =sin”"' %,take sine both sides — sin@=sin(sin™ %)

sin6’=i
4 3
~ &
ﬁ
sin260 = 2§£:ﬂ
4 4 8
b)

Let a = sin_l(—é),and S =cos” %.Thus

1 2
sina = -3 and cos f =

5
j =cos(a + f) =cosacos B —sinasin

(:os(sin1 (—l) +cos 12
3 5
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8 5

2o _\/"2_1
\I_l /B
2

_lgj_gﬁ_—_wi:zﬁwi

|
cos| sin” (—=)+cos =
3 5) 53 35 15

Do exr.26, 51, 53, and 56, page 513.

Example #4 Solve the equation cos™ % +sin”' x =% for x.
Solution H.W.

: : : 1
Example #5 Verify the identity tan™' x +tan™' — = %, x>0
X
Solution

1
Let o =tan"' x and [ =tan”'—
X

1
—>tana =x and tan f =—
X

_ 1
tan”' x+tan —=a + B
X
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— tan

=tan

z
2

- :tan(a+,8)]
_tana+tan,8
| 1-tana tan S
1] [ x? 41 |
X+—
2| =tan”' N
1 1 1-1
X
X L .

% ,whichisundefined

Do exr.72 and 74, page 514.
H.W. Evaluate the expression y =tan(cos' x)

Example #6 Graph y = tan~' (x +1) — 2

First graph y = tan~' x, then shifting one unit to the left and two

units downward.
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