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CHAPTER TWO
LIMITS AND CONTINUITY

2.1 LIMITS (AN INTUITIVE APPROACH)

Objectives:
e One sided limits
e The Relationship Between One-Sided limit
and Two-Sided Limits
e [nfinity limit and Vertical Asymptotes
e Limit at Infinity and Horizontal Asymptotes

2.1.1 LIMITS (AN INFORM VIEW). If the value of

f(x) can be made as close as we like to L by taking values

of x sufficiently close to a (but not equal to a), then we
write

lim f(x)=L

xX—>a
which is read “the limit of f(x) as x approaches a is L.
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2.1.2 ONE- SIDED LIMITS
lim f(x)=L

x—)Cl+
which 1s read “the limit of f(x) as x approaches a from
the rightis L”

lim f(x)=L

x—a

which 1s read “the limit of f(x) as x approaches a from

the leftis L.

2.1.3 THE RELATIONSHIP BETWEEN ONE-SIDED
AND TWO-SIDED LIMITS
lim f(x)=L if and only if lim f(x)=L= lim f(x)
_|_

X—a x—a x—a

2.1.5 DEFINITION. 4 line x = a is called a vertical
asymptote of the graph of a function f

if f(x)—> 40 or f(x)—> - as x approaches a from
the left or right.

2.1.7 DEFINITION. A4 line y =L is called a

horizontal asymptote of the graph of a function f
if lim f(x)=L or lim f(x)=L

X—>+00 X—>—0
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2.2 COMPUTING LIMITS

Objectives:

e Some Basic Limits

e Limits of Polynomials and Rational
Functions as x — a

e [ndeterminate Forms of Type 0/0

e Limits involving Radicals

o Limits of Piecewise-Defined Functions

2.2.1THEOREM. Leta and k be real numbers.

Iim k=k Iimx=a
X—a X—>a

. 1 . 1

Iim —=-— Iim — =+

x—(0" X x—(Qt X
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2.2.2 THEOREM. Let a be a real number, and suppose that
lim f(x)=L; and lim g(x)=1L,. Then:

xX—>a xX—>a

a) lim[ f(x)+g(x)]=1lm f(x)+ lim g(x)=L; + L,
by lim{ /(1) - g(9)] = lim /(x)~ lim g(x)= £, ~ L,
o) lim[ £ (0g(0] = lim /() lim ()] = 1L,

lim f(x)
d) hm f( ) x—)a Ll

x—>a g(x) lim g(x) L2

, provided L, # 0

e) lim 8/ (x) = oflim /(x) =41,

REMARK:
a) lim [f(x) +g(x)+ h(x)] = lim f(x)+ lim g(x)+ lim /(x)
b) lim [ f(x) g(x)h(x)] = lim f(x) lim g(x) lim A(x)

n
¢) lim x" = ( lim x) =a"
X—>a X—>a

d)lim (k- f(x))=k-lim f(x)

xX—>a X—>a




Instructor: Yaqoub Shehadeh

2.2.3 THEOREM. For any polynomial
p(x)=cy+cx+-+c,x"
and any real number a,

lim p(x)=cy+ca+---c,a" = p(a)
X—>a

2.2.4 THEOREM. Consider the rational function

p(x)
f(x)=
q(x)
where p(x) and q(x) are polynomials. For any real number a,

a)if qa) %0, then lim £(x)= f(a) =22
xX—>a Q(Cl)

b)if g(a)=0 but p(a) #0, then lim f(x) does not exist

X—>a
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2.3 COMPUTING LIMITS: END BEHAVIOR

Objectives:

e Some Basic Limits

e Limits x" as x — Fo

e Limits of Polynomials as x — oo

e Limits of Rational Functions as x — to
e Limits Involving Radicals

2.3.1 THEOREM. Let k be a real number
Iim k=k lim k=k

X—>—00 X—>00
Iim x=—o0 Iim x =0
X—>—00 X—>00
. 1 |
Iim —=0 Iim —=0

X—>—0 X X—wo X
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2.3.2 THEOREM. Suppose that
lim f(x)=L; and lim g(x)=L,. Then:

X—>0 X—>0

a) lIim[f(x)+g(x)]=lm f(x)+ lim g(x)=L;+ L,
b) lim /() ~ g(x)] = lim /() lim g(x) =1, ~ L,
o) lim [ (g ()] = im /()| lim g()) =14,

lim f(x)
d) llm f(x) — X—>0 _ Ll

x>0 g(x)  lim g(x) L,

, provided L, # 0

X—>00
e) lim 2/ f(x) = »[lim f(x) =2/L;
X—>0 X—>0
REMARK:
mhm(ﬂmfz(mnfuﬂ
X—>0 X—>00
b)limL:(liml) =0 lim L:(lim lj =0
X—>00 xn xX—0 X x——o0 xt xX—>—00 X

¢) lim (k- f(x)) =k lim f(x)

X—>00 X—>0
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REMARK:
a) lim x" =+oo,
X—>+00
b) lim x"={
X—>—00 —+00

9

If ¢, #0 then

c) Iim (cy+cpx+
X—>—00

d) lim (cq+cpx+
X—>+00

n=123,...
n=13,5,...
n=2,4.0,...

ny _ 1: n
e4c,x")= lm c,x
X—>—00

nN_ 1: n
e4c,x" )= lim ¢, x
X—>+00
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2.4 LIMITS (DISCUSSED MORE RIGOROUSLY)

Objectives:
e Motivation For The Definition of Limit.

2.4.1 LIMIT DEFINITION. Let f(x) be defined for all x in some

open interval containing the number a, with the possible

exception that f(x) need not be defined at a. We will write
lim f(x)=L
xX—>a
if given any number & >0 we can find a number 6 >0 such that

f(x)-L|<e if |x—a|<S
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2.5 CONTINUITY

Objectives:

e Definition of Continuity

e Continuity on an Interval and Continuity of Polynomials
e Some Properties of Continuous Functions

Continuity of Rational Functions

Continuity of Compositions

Continuity From The Left and Right

The Intermediate-Value Theorem

2.5.1 DEFINITION. 4 function fis said to be continuous at
x = c provided the following conditions are satisfied:
1. f(c) 1s defined.

2. lim f(x) exists.

X—>C

3. lim f(x) = f(c).

X—>C

2.5.2 THEOREM. Polynomials are Continuous everywhere.

10
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2.5.3 THEOREM. If the functions f and g are continuous at c,
then

a) f + g is continuous at c.

b) f— g is continuous at c.

c) f g is continuous at c.

d) f/g is continuous at c if g(c)#0.

2.5.4 THEOREM. 4 rational function is continuous at
every number where the denominator is nonzero.

2.5.5 THEOREM. [If lim g(x) = L and if the function f

X—>C
is continuous at L, then lim f(g(x))= f(L). That is
X—>C
lim f(g(x)) = f(lim g(x)).
X—>C X—>C

2.5.6 THEOREM.

a)  Ifthe function g is continuous at c, and the
function f is continuous at g(c), then the
composition fog is continuous at c.

b)  If the function g is continuous everywhere,
and the function f is continuous everywhere, then
the composition fog is continuous everywhere.

11




Instructor: Yaqoub Shehadeh

2.5.7 DEFINITION. 4 function fis said to be
continuous on a closed interval |a,b| if the following

conditions are satisfied.:
1 fis continuous on(a,b).

2 f'is continuous from the right at a.
3 fis continuous from the left at b.

2.5.8 THEOREM. (Intermediate-Value Theorem). If f
is continuous on closed interval [a,bland k is any

number between f(a) and f(b), then there is at least
one number x in the interval |a,b| such that f(x)=k.

2.5.9 THEOREM. Iff'is continuous on [a,b), and if

f(a) and f(b) are nonzero have opposite signs, then
there is at least one solution of the equation f(x)=0
in the interval (a,b).

12
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2.6 LIMITS AND CUNTINUITY OF
TRIGONOMETRIC FUNCTION

Objectives:
o Continuity of Trigonometric Functions
e Obtaining Limits by Squeezing

2.6.1 THEOREM. If ¢ is any number in the interval

domain of the stated trigonometric function, then
limsinx =sinc limcosx =cosc limtanx=tanc

X—>C X—>C X—>C
limcscx=cscc limsecx=secc limcotx=cotc
X—>C X—>C X—>C

2.6.2 THEOREM (The Squeezing Theorem). Let f,g,
and h be functions satisfying

g(x) < f(x) < h(x)
for all x in some interval containing the number c,
with the possible exception that the inequalities need
not hold at c. If g and h have the same limit as x

approaches c, say
lim g(x)=lim A(x)=L

X—>C X—>C
then f has also this limit as x approaches c, that is,
lim f(x)=L

X—>C

13
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2.6.3 THEOREM.

a) lim 2%~ b) lim
x>0 X x—0 X

l—cosx

0




