3.9 Related Rates
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.z?:xz—l—y? = Qz—z:2x—+2y—

o o AV _dVdz _, ,de

S it dwdt . dt

. Let 5 denote the side of a square. The square’s area A is given by A = s2. Differentiating with respect to ¢ gives us
% =23 %. When A = 16, s = 4. Substitution 4 for s and € for % gives us % = 2(4)(6) = 48 em?/s.

. V=mr’h=n(5)2h=257h = C;: = QSHE = 3=257 % = % = 2;_ m/min.

y=2" 42z = % = %% = (32 + 2)(5) = 5(3z + 2). Whenz = 2, % = 5(14) = 70.

dz dy = dz ](xﬁ—l—y@).ﬁ’henx:&andyzlz

dat dt a @\ a@ dt

dx dy dz 1 46
2 _ k2 2 L2 _ _ Lar _ _ . o oy _
z°=5"4+12° = 2z°=169 = z==13 For — —Eand—dt =3, = = 13(0 2412 3}—i—13.

(a) Given: a plane flying horizontally at an altitude of 1 mi and a speed of 500 mi/h passes directly over a radar station.

If we let ¢ be time (in hours) and x be the horizontal distance traveled by the plane (in mi). then we are given

that dz /dt = 500 mi/h.

(b) Unknown: the rate at which the distance from the plane to the station 1s inereasing (c) z

when it is 2 mi from the station. If we let y be the distance from the plane to the station. ! ‘ :}.

then we want to find dy /dt when y = 2 mi.
(d) By the Pythagorean Theorem. 3* = 2> +1 = 2y (dy/dt) = 2x (dx/dt).

= E(En(]l]}. Since y? =2 + 1. wheny = 2.2 = V3.0 dy = ﬂ(500]1 = 250/3 2~ 433 mi/h.

zdz
ydt vy dt 2
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(a) Given: a man € fi tall walks away from a street light mounted on a 15-ft-tall pole at a rate of 5 ft/s. If we let ¢ be time (in s)

and x be the distance from the pole to the man (in ft). then we are given that dz/dt = 5 ft/s.



(b) Unknown: the rate at which the tip of his shadow is moving when he is 40 ft ()

from the pole. If we let y be the distance from the man to the tip of his

15
shadow (in ft), then we want to find % (z + y) when = = 40 ft.
X
. . 15 x4y 2
(d) By similar triangles, 5= = ly=6z+6y = 9Yy=6z = y=3z
v
(e) The tip of the shadow moves at a rate of %(x +y)= ;i (x + 29:) = %% =2(5)=2 fi/s.
; dz - 2 2, 2
15. Y We are given that — i =60mi/h a.ncl =25mi/h 2" =z" +y- =
dz _ dzx dy ’dz_ dx dy dz_l dx
z * YEZTEE Ve T faT e Ve T @ (

V)

After 2 hours, z = 2 (60) =120 and y = 2(25) =50 = z = /1202 +50° = 130.

dz 1 dz  dy\ _ 120(60)+ 50(25) .
- = — _ _ = = Gr 1
s0— z(xdt +ydt) 130 5mi/h
17. I We are given that % =4 ft/sand % =51ft)s. 22 = (x +y)* + 5001 =
X
iy z 2z dz _ 2z +y) de E . 15 minutes after the woman starts, we have
’p dt dt dt
¥ x = (41t/s)(20 min)(60 s/min) = 4800 ftandy = 5- 15- 60 = 4500 =-
o z = /(4800 + 4500)2 + 500° = +/56.740.000. so
dz _z+y(dz  dy) _ 4800+ 4500 837
a2 ( dt dt) sera0000 " ) = Jsord /e

. . . . dh . dA .
19. A = 1bh. where b is the base and h is the altitude. We are given that T 1 em/min and i 2 em® /min.

. _dA 1/ dh db _ _ ) ) o
Product Rule. we have = =3 (b 7 + dt) . When h = 10 and A = 100. we have 100 = $b(10) =
_ 1 db . db db_4-20 .
b_20.502_§(20 1+1(]E) = 4_20+]GE = -0 - 1.6 cm/min.
100 e ol o d_y — 951 2 _ 2 2
21. B We are given tha ;= 35 km/h and o 25km/h. z° = (z +y)” +100° =
¥ ¥

d:rdy

dt

-

z = /(140 + 100)2 + 1002 = /67.600 = 260. so

dz _z+y(de  dy) _ 1404100 720
£ - (354 25) = =
A (dt dt) 260 ot BI=T3

. =~ 554 km/h.

b=

2z% Z(x—i—y)(dt—l— ).At400PM:r——1(3LJ] 140 andy = 4(25) = 100 =
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If C' = the rate at which water is pumped in, then — = € — 10,000, where 2

dt —
s 1.2 . . . T h 1 r, ]
V = sar~h is the volume at time ¢. By similar triangles, 5= = = §h =
6
- h
F_ 1 (1332, _ w3 av._m ,dh _ J-
V=1n(3nr) A h —— = gh’ = When h =200 cm.
dh 7 £00.000
i 20 em/min. so C' — 10.000 = %(200}2(20) = C =10.000+ g "~ 289.253 em®/min.
025 03 025 The figure is labeled in meters. The area A of a trapezoid is
\ 2 / 1(base; +base;)(height). and the volume V of the 10-meter-long trough is 10A.
0.5
h
Thus. the volume of the trapezoid with height 2 is V' = (10)£[0.3 + (0.3 + 2a)]h.
0.3
L a 025 1 ) s
By similar triangles, ~ =05 — 3% 2a=h = V =5(0.6+ h)h =3h+ 5h°.
2
dVv dV dh dh dh 0.2
Now — = —— > 02=(34+10h)— = — =—— Whenh =023.
V& T amw CHIMZE = F =371 e
dh 0.2

dh 02 02 m/min = L m/min or 10 cm/min
dt ~ 3+10(03) 6 ' 30 3 ‘

. dV . 1 1 /R\?2 h?
We are given that =30 f° /min. V = §';r*r?h = —‘FI'(_—) h=or =

dt 3°\2 1
@ _avdh _ o aidn | dh_ 120
dt ~ dhdt T4t dt ~ wh?
dh 120 € .
When A = 10 ft. =TT 5 0.38 ft/min.
A=Zbh.butb=5mandsinf = % = h=4sin6.s0 A= 1(5)(4sin6) = 10siné.
4
. df dA  dAde
We are given - = 0.06 rad/s. so S E (10cos 8)(0.06) = 0.6 cos B.
5
T dA T 1 3
When 6 = T 0.6 (Cl)b 5) =(0.6)(3) =0.3m?s.
. _ ‘ . . . dV dP
Differentiating both sides of PV = C with respect to ¢ and using the Product Rule gives us P v +V i 0 =
7 rs rs
av _ —l—g When V' = 600, P = 150 'md — = 20. so we have dv._ 600 ) = —80. Thus, the volume is

dt P dt dt 150

decreasing at a rate of 80 em®/min.

11 1 _1 1 180 9 400 11 1
With R, = 80 and R, = 100, — _— - — 4 — = —— — —_ o R = —. Differentiat —
A md e = R =R TR 30 100 s000 200 ° g - Differentiating 7 = 2= + 7~
1 dR 1 dR, 1 dR, dR ./ 1 dR, 1 dR,
with respect to ¢, \\eha\e—R2 7 _R_f = R2 e = T (R_$E + = & ) When Ry = 80 and
dR 400 107
R, = 100, 22 03 02 ~01320
2 rA 30? 5oz (03 + 100? 1007 >?| = 370 /s



35.

37.

39.

41.

43.

We are given df/dt = 2°/min = Z rad/min. By the Law of Cosines,

12
2% =122 4152 —2(12)(15) cos § = 369 — 360 cos§ = \
o dr ., df dr _ 180sin@ df P T
2z = = 360sin@ = = = = p = When 6 = 60°,
_ dr 180sin60° 7 7v3 _inw ‘
x = /369 — 360 cos60° = /189 = 321,50 — = — = = =~ 0.396 m/min.
dt 3v21 90 3,51 21 !
(a) By the Pythagorean Theorem, 40002 + y* = (2. Differentiating with respect to ¢,
< obtain 2y ¥ — 2¢ % - that %Y — /s, so when y = ¢
we obtain 2y 7 2( pre We know that 2 600 ft/s. so when y = 3000 ft, y
¢ = /40002 + 30002 = /25,000,000 = 5000 ft
4000
df  ydy 3000 1800 ,
and prily i 5000(600)——5 = 360 fi/s.
y d d( v ) 5, df 1 dy df  cos’fdy
Heretanfd = —=—— = —(tanf)=—(-—— = sec’l—=——— = —=-———- Wh
(b) Here tan 6 = 750 % = 4 (5000 €€ a T 1000 dt dat 4000 dt

4000 4000 4 de (4/5)2 B
T T 35000 ~ 5 % = 000 (600) = 0.096 rad/s.

y = 3000 ft. % = 600 ft/s, £ = 5000 and cos 8 =

cutt‘}—:r = cse? 6 _la = (c%cﬂ—)?( Tr)_]dx =
T 5 | T 5t 3 6/ 5dt
- 2

fi_:; = a_ﬁ?‘r(%) = ]—9071' km/min [~ 130 mi/h]

We are given that % = 300 kin/h. By the Law of Cosines,

=2 + 17— 2(1)(x) cos120° =2° + 1 —2z(-1) =2® +z+ L. so

. dy dr dx dy 2x+1dx ) . -
2yE:2€cE+E = i 5y E.Aﬂm]nmure.x:%:okm = 1
dy  2(5)+1 1650
— ./52 +5+1= Nk = — =21 __(300)= =~ 296 km /h.
Y =+5 i Vv at 231 ( ) 1 /

Let the distance between the runner and the friend be £. Then by the Law of Cosines.

£% =200 +100® —2-200- 100 - cos # = 50.000 — 40.000 cos # (). Differentiating

implicitly with respect to ¢, we obtain 2¢ % = —40.000(— sin ) % Now if D is the

distance run when the angle 1s # radians, then by the formula for the length of an arc

de 1 dD 7 . . .
= ——. To substitute into the expression for

. 1
on a circle, 5 = r8. we have D = IOOB.SOB_ED < = 003 = 100

df . .
7 e must know sin @ at the time when ¢ = 200, which we find from (*): 200% = 50.000 — 40.000cos 8 =

= 4000042 (L) =

oo df
cos@ =21 = sinf= \/1 - (}‘)2 = @ Substituting, we get 2(200) 5

i at
dt/dt = 7"Tﬁ = 6.78 m/s. Whether the distance between them is increasing or decreasing depends on the direction in which

the runner is running.



