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1. Introduction

In [3], Border not only gave a wide list of applications of fixed point theorems to,
general equilibrium theorem in economics, but, more interesting, it is also proved tha
result appearing in economics about the existence of equilibria is indeed equivalent t
classical fixed point theorem coming from pure mathematics. Thus, in a way, we
say that not only such results in pure mathematics (namely, fixed point theorems
applications in some other sciences or disciplines (e.g., game theory, optimization
and economics), but actually starting from contexts of other disciplines (e.g., econo
we can restate and reobtain classical results in mathematics.

It is well known that the famous Browder fixed point theorem [4] is equivalent
maximal element theorem (see [28]). In the last decade, many generalized forms of
der fixed point theorem are used to establish the maximal element theorems for a
of multivalued maps. Such kind of maximal element theorems are useful to establi
existence of a solution of abstract economies or generalized games, system of var
inequalities, etc; see, for example, [6–9,15–19,27,29,30]and references therein. The
der fixed point theorem has also been generalized for a family of multivalued map
applications to maximal elements theory, generalized games or abstract economies
of variational inequalities, etc; see, for example, [1,2,7,8,14,23,29] and references t

Motivated by the fact that any preference of a real agent could be unstable b
fuzziness of consumers’ behaviour or market situations, Kim and Tan [13] introduce
generalized abstract economies with general preference correspondences and pr
existence of their solution by using the Himmelberg fixed point theorem and the Eilen
Montgomery fixed point theorem.

In this paper, we establish some fixed point theorems for a family of multivalued
under weaker assumptions than in [1,14] and references therein. Our fixed point
can be seen as generalizations of Browder fixed point theorem. By using our fixed
results, we derive some maximal element theorems for a particular family of multiv
maps, namely theΦ-condensing multivalued maps. As applications of our maximal
ment theorems, we prove some general equilibrium existence theorems in the gene
abstract economies with preference correspondences. Further applications of our
are also given to minimax inequalities for a family of functions. The results of this p
are more general than the ones given in the literature.

2. Preliminaries

Let X andY be nonempty sets. LetM be a nonempty subset ofX andT :X → 2Y

a multivalued map. Then for allx ∈X andy ∈ Y , we haveT (M)=⋃{T (x): x ∈M} and
x ∈ T −1(y) if and only if y ∈ T (x).

For a nonempty setD, we denote by 2D (respectively,〈D〉) the family of all subsets
(respectively, family of all nonempty finite subsets) ofD. If D is a nonempty subset o
a vector space, then coD denotes the convex hull ofD. WhenD is a nonempty subse
of a topological space,̄D denotes the closure ofD.
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A nonempty subsetD of a topological spaceX is said to becompactly open(respec-
tively, compactly closed) if for every nonempty compact subsetC of X, D ∩ C is open
(respectively, compactly closed) inC. Thecompact interiorof D [11] is defined by

cintD =
⋃

{G: G⊆D andG is compactly open inX}.
It is easy to see that cintD is a compactly open set inX and for each nonempty compa

subsetC of X with D ∩C = ∅, we have(cintD) ∩C = intC(D ∩C), where intC(D ∩C)
denotes the interior ofD ∩C in C. It is clear that a subsetD of X is compactly open inX
if and only if cintD =D.

LetX andY be topological spaces andT :X→ 2Y a multivalued map, thenT is said to
be transfer compactly open valued onX (see [12]) if for everyx ∈X and for all compac
subsetD of Y with T (x) ∩D = ∅, y ∈ T (x) ∩D implies that there exists a pointx̂ ∈ X
such thaty ∈ intD(T (x̂)∩D). T is said to betransfer open valued onX if for everyx ∈X,
y ∈ T (x), there exists a point̂x ∈X such thaty ∈ intT (x̂).

Let X be a topological space. A real-valued functionf :X → R is said to belower
semicontinuous at̄x ∈X if for everyε > 0, there exists an open neighborhoodU of x̄ such
thatf (x) > f (x̄)− ε for eachx ∈ U ∩X.
f is said to belower semicontinuous onX if it is lower semicontinuous at each poi

of X.
Let X be a convex subset of a vector space. A functionf :X → R is said to be

quasiconvexon X if for any x1, x2 ∈ X andλ ∈ [0,1], we havef (λx1 + (1 − λ)x2) �
max{f (x1), f (x2)}.

Throughout this paper, all topological spaces are assumed to be Hausdorff.
By using the argument of Lemma 2.1 in [5], it is easy to derive the following resul

Lemma 2.1. LetX andY be two topological spaces and letG :X→ 2Y be a multivalued
map. ThenG is transfer compactly open valued if and only if⋃

x∈X
G(x)=

⋃
x∈X

cintG(x).

By applying Lemma 2.1 and following the argument of Proposition 1 in [15], we h
the following lemma.

Lemma 2.2. LetX andY be two topological spaces and letG :X→ 2Y be a multivalued
map. Then the following statements are equivalent:

(i) G−1 :Y → 2X is transfer compactly open valued and for allx ∈X,G(x) is nonempty;
(ii) X =⋃

y∈Y cintG−1(y).

Definition 2.1 [21]. LetE be a topological vector space and letC be a lattice with a mini-
mal element, denoted by0. A mappingΦ : 2E →C is called ameasure of noncompactne
provided that the following conditions hold for anyM,N ∈ 2E :

(a) Φ (coM)=Φ(M), wherecoM denotes the closed convex hull ofM;
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(b) Φ(M)= 0 if and only ifM is precompact;
(c) Φ(M ∪N)= max{Φ(M),Φ(N)}.

Definition 2.2 [21]. Let E be a topological vector space,X ⊆ E, and letΦ be a mea-
sure of noncompactness onE. A multivalued map (correspondence)T :X→ 2E is called
Φ-condensingprovided that ifM ⊆ X with Φ(T (M)) � Φ(M) thenM is relative com-
pact, that is,M̄ is compact.

Remark 2.1. Note that every multivalued map defined on a compact set isΦ-condensing
for any measure of noncompactnessΦ. If E is locally convex, then a compact multivalu
map (i.e.,T (X) is precompact) isΦ-condensing for any measure of noncompactnesΦ.
Obviously, ifT :X→ 2E isΦ-condensing andT ′ :X→ 2E satisfiesT ′(x)⊆ T (x) for all
x ∈X, thenT ′ is alsoΦ-condensing.

Lemma 2.3 [18]. LetX be a nonempty, closed, and convex subset of a topological v
spaceE. LetΦ be a measure of noncompactness onX. LetT :X→ 2X be aΦ-condensing
multivalued map. Then there exists a nonempty compact convex subsetK of X such that
T (K)⊆K.

Remark 2.2. In [18], E is assumed to be a locally convex topological vector space
Lemma 2.3 is true for any topological vector space as we can see in the proof.

3. Fixed point theorems for a family of multivalued maps

Throughout the paper, we shall use the following notations.
Let I be any index set. For eachi ∈ I , let Ei be a topological vector space and

Xi be a nonempty subset ofEi . Let X =∏
i∈I Xi andXi =∏

j∈I, j =i Xj , and we write

X =Xi ⊗Xi .
Theorem 3.1. For eachi ∈ I , let Xi be a nonempty convex set in a topological vec
spaceEi and letKi be a nonempty compact subset ofXi . Let X = ∏

i∈I Xi andK =∏
i∈I Ki . For eachi ∈ I , let Si, Ti :X→ 2Xi be multivalued maps satisfying the followi

conditions:

(i) For eachi ∈ I and for allx ∈X, coSi(x)⊆ Ti(x);
(ii) For eachi ∈ I , X=⋃{cintS−1

i (yi): yi ∈Xi};
(iii) For eachi ∈ I and for allMi ∈ 〈Xi〉, there exists a compact convex subsetLMi ⊆Xi

containingMi such that for allx ∈ X \K and for eachi ∈ I , there exists̃yi ∈ LMi
such thatx ∈ cintS−1

i (ỹi).

Then there exists̄x ∈X such thatx̄i ∈ Ti(x̄) for eachi ∈ I .

Proof. Since for eachi ∈ I ,
X =

⋃{
cintS−1(yi): yi ∈Xi

}
,
i
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andK is a nonempty compact subset ofX, for eachi ∈ I , there existsMi ∈ 〈Xi〉 such that

K ⊆
⋃{

cintS−1
i (yi): yi ∈Mi

}
.

ForMi , consider the compact convex setLMi ⊆Xi as in condition (iii) such thatMi ⊆ LMi
and

X \K ⊆
⋃{

cintS−1
i (yi): yi ∈LMi

}
for eachi ∈ I. (3.1)

LetM =∏
i∈I Mi andLM =∏

i∈I LMi . ThenLM is a compact and convex subset ofX
containingM. SinceLM \K ⊆X \K, by (3.1) we have

LM \K ⊆
⋃{

cintS−1
i (yi): yi ∈LMi

}
for eachi ∈ I.

SinceMi ⊆ LMi , we have

LM ⊆
⋃{

cintS−1
i (yi): yi ∈ LMi

}
for eachi ∈ I.

SinceLM is compact, for eachi ∈ I , there exists a finite setNi = {y(1)i , . . . , y(ni+1)
i } of

LMi for someni ∈ N such that

LM ⊆
ni+1⋃
j=1

{
cintS−1

i

(
y
(j)

i

)}
.

SinceLM is compact, there also exists a continuous partition of unity{β(1)i , . . . , β(ni+1)
i }

subordinated to the compactly open covering{cintS−1
i (y

(j)

i )}ni+1
j=1 , that is, for eachj =

1, . . . , ni + 1, β(j)i :LM → [0,1] is continuous such that for allx ∈ LM ,
∑ni+1
j=1 β

(j)

i (x)

= 1 and for eachj = 1, . . . , ni + 1, β(j)i (x) = 0 for x /∈ cintS−1
i (y

(j)
i ). In other words,

β
(j)
i (x) = 0 implies x ∈ cintS−1

i (y
(j)
i ) ⊆ S−1

i (y
(j)
i ), that is, y(j)i ∈ Si(x) for all j =

1, . . . , ni + 1 and for eachi ∈ I .
For eachi ∈ I , let ϕi :LM →∆ni be a map defined by

ϕi(x)=
ni+1∑
j=1

β
(j)
i (x)e

(j)
i for all x ∈ LM,

wheree(j)i is thej th unit vector inR
ni+1 and∆ni denotes the standardni -simplex. Then

clearly for eachi ∈ I , ϕi is continuous.
For eachi ∈ I , define a mapgi :∆ni → coAi ⊆ LMi by

gi

(
ni+1∑
j=1

α
(j)
i e

(j)
i

)
=
ni+1∑
j=1

α
(j)
i y

(j)
i ,

whereα(j)i � 0 for eachi ∈ I , 1� j � ni + 1 and
∑ni+1
j=1 α

(j)
i = 1. Then for eachi ∈ I ,

gi is also continuous.
Let Ji(x)= {j ∈ {1, . . . , ni + 1}: β(j)(x) = 0}. Then for allx ∈ LM ,
i
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giϕi(x)= gi
(
ni+1∑
j=1

β
(j)
i (x)e

(j)
i

)
=
ni+1∑
j=1

β
(j)
i (x)y

(j)
i

=
∑
j∈Ji(x)

β
(j)

i (x)y
(j)

i ∈ coSi(x)⊆ Ti(x)= Ti |LM (x).

For eachi ∈ I , let Ei be the smallest finite-dimensional vector space containing∆ni and
C =∏

i∈I ∆ni . ThenC is a compact convex subset of a locally convex Hausdorff topo
ical vector space. Define two mapsh :C→LM andΨ :LM → C by

h(z)= (
gi(zi)

)
i∈I for all z ∈C

and

Ψ (x)= (
ϕi(x)

)
i∈I for all x ∈ LM,

wherezi is theith projection ofz. Since for eachi ∈ I , gi andϕi are continuous,h andΨ
are also continuous.

Let F = Ψ ◦ h; thenF :C → C is a well-defined and continuous function. By T
chonoff’s fixed point theorem [26], there existsū ∈C such that̄u= F(ū)= Ψ ◦ h(ū). Let
x̄ = (x̄i)i∈I = h(ū); thenū= Ψ (x̄), that is, for eachi ∈ I , ūi = ϕi(x̄). Therefore, for each
i ∈ I , x̄i = gi(ūi)= gi(ϕi(x̄)) ∈ Ti(x̄). ✷
Remark 3.1. (a) Theorem 3.1 generalizes Theorem 1 in [1] and thus Theorem 2.1 in
in several ways.

(b) WhenI is a singleton set, Theorem 3.1 generalizes Corollary 1 in [1] and thus
Browder fixed point theorem [4], Theorem 2 in [10], Theorem 1 in [24], Corollary
[27] and Theorem 3.2 in [28].

Remark 3.2. In view of Lemma 2.2, condition (ii) of Theorem 3.1 can be replaced by e
of the following conditions:

(ii)(a) For eachi ∈ I , S−1
i is transfer compactly open valued onX and for allx ∈X, Si(x)

is nonempty;
(ii)(b) For eachi ∈ I and for allyi ∈Xi , S−1

i (yi) is compactly open inX and for allx ∈X,
Si(x) is nonempty.

Corollary 3.1. For eachi ∈ I , let Xi be a nonempty convex set in a topological vec
spaceEi andX = ∏

i∈I Xi . For eachi ∈ I , let Si, Ti :X → 2Xi be multivalued map
satisfying the following conditions:

(i) For eachi ∈ I and for allx ∈X, coSi(x)⊆ Ti(x);
(ii) For eachi ∈ I , X=⋃{cintS−1

i (yi): yi ∈Xi};
(iii) For eachi ∈ I , there exist a nonempty compact convex subsetCi ⊆Xi and a nonempty

compact subsetK of X such that for allx ∈ X \ K and for eachi ∈ I , there exists
ỹi ∈ Ci such thatx ∈ cintS−1

i (ỹi).

Then there exists̄x ∈X such thatx̄i ∈ Ti(x̄) for eachi ∈ I .
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Proof. For eachi ∈ I and for allMi ∈ 〈Xi〉, letLMi = co(Ci∪Mi). ThenLMi is a compact
convex subset ofXi containingMi . The result follows from Theorem 3.1.✷

WhenI is a singleton set, the following result is a consequence of Corollary 3.1.

Corollary 3.2. LetX be a nonempty convex subset of a topological vector spaceE. Let
S,T :X→ 2X be multivalued maps satisfying the following conditions:

(i) For all x ∈X, coS(x)⊆ T (x);
(ii) For all x ∈X, x /∈ T (x) andS−1 is transfer compactly open valued onX;
(iii) There exist a nonempty compact convex subsetC ⊆X and a nonempty compact subs

K ofX such that for eachx ∈X \K, there exists̃y ∈ C such thatx ∈ cintS−1(ỹ).

Then there exists̄x ∈X such thatS(x̄)= ∅.

4. Maximal element theorems for a family of multivalued maps

If we have a multivalued map (correspondence)S on a setX and there is an elemen
x ∈X such thatS(x) is empty, then, in a way, such elementx is “maximal.” This situation
is specially interesting when the multivalued map (correspondence)S is associated to
strict ordering≺ defined onX so thatS(x) is the “upper contour set” of the elementx,
i.e.,S(x)= {z ∈X: x ≺ z}. This scope is frequently encountered in the literature conc
ing ordered sets, see, for example, [19,25,28,29] and references therein. The exist
maximal elements for multivalued mappings in topological vector spaces and its imp
applications to mathematical economies have been studied by many authors in both
ematics and economies, see, for example, [6–10,16,18,19,28–30] and references th

In 1983, Yannelis and Prabhakar [28] generalized the previous results in the lite
on the existence of maximal elements over compact subsets of Hausdorff topologic
tor spaces. It is well known that each fixed point theorem has an equivalent versio
maximal element theorem. Recently, Deguire and Yuan [8] and Deguire et al. [9] e
lished several results for the existence of a maximal element for the family of multiv
maps.

In this section, we prove the existence of a maximal element for a particular fam
multivalued maps, namely theΦ-condensing multivalued maps defined on a produc
noncompact sets.

Theorem 4.1. For eachi ∈ I , letXi be a nonempty convex subset of a topological ve
spaceEi andX = ∏

i∈I Xi . For eachi ∈ I , let Si, Ti :X → 2Xi be multivalued map
satisfying the following conditions:

(i) For eachi ∈ I and for allx ∈X, coSi(x)⊆ Ti(x);
(ii) For eachi ∈ I and for all x ∈ X, xi /∈ Ti(x) and S−1

i is transfer compactly ope
valued onXi;

(iii) For all x ∈X, I (x)= {i ∈ I : Si(x) = ∅} is finite;
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(iv) For eachi ∈ I , there exist a nonempty compact convex subsetCi ⊆Xi and a nonempty
compact subsetK ofX such that for allx ∈X \K and for eachi ∈ I (x), there exists
ỹi ∈ Ci such thatx ∈ cintS−1

i (ỹi).

Then there exists̄x ∈X such thatSi(x̄)= ∅ for eachi ∈ I .

Proof. For allx ∈X and for eachi ∈ I (x), define two multivalued mapsAi,Bi :X→ 2X

by

Ai(x)=Xi ⊗ Si(x) and Bi(x)=Xi ⊗ Ti(x).
Further, we define other two multivalued mapsF,G :X→ 2X by

F(x)=
{⋂

i∈I (x) Ai(x) if I (x) = ∅,
∅ if I (x)= ∅,

and

G(x)=
{⋂

i∈I (x) Bi(x) if I (x) = ∅,
∅ if I (x)= ∅.

To complete the proof, it is sufficient to show thatI (x̄) = ∅ for somex̄ ∈ X. Suppose
otherwise thatI (x) = ∅ for all x ∈X. Fix an arbitraryx ∈X; sinceI (x) = ∅, there exists
i ∈ I (x) such thatSi(x) = ∅. By condition (i), for eachy ∈ X, coF(y) ⊆ G(y). Condi-
tion (ii) implies that for eachy ∈X, y /∈G(y) andF−1 is transfer compactly open value
onX.

Indeed, for any nonempty compact subsetD of X, if x ∈ F−1(y) ∩D, theny ∈Ai(x)
for all i ∈ I (x) andx ∈D. This implies thatyi ∈ Si(x) for all i ∈ I (x) andx ∈D. There-
fore,x ∈ S−1

i (yi) ∩D for all i ∈ I (x).
SinceS−1

i is transfer compactly open valued onXi , there existŝyi ∈Xi such that

x ∈ intD
(
S−1
i (ŷi)∩D

)
for all i ∈ I (x). (4.1)

For eachi ∈ I (x), let ŷ = (yi, ŷi), whereyi ∈Xi is a fixed element. Now

u ∈A−1
i (ŷ) ⇔ ŷ ∈Ai(u)=Xi ⊗ Si(u)

⇔ ŷi ∈ Si(u) andyi ∈Xi
⇔ u ∈ S−1

i (ŷi) andyi ∈Xi.
This shows thatA−1

i (ŷ)= S−1
i (ŷi) for each fixedyi ∈Xi . Therefore,

x ∈ intD
[
(Ai)

−1(ŷ)∩D] for all i ∈ I (x),
and thus

x ∈
⋂
i∈I (x)

intD
[
A−1
i (ŷ)∩D

]⊆ intD
[
F−1(ŷ)∩D].

HenceF−1 is transfer compactly open valued onX.
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By condition (iv), for allx ∈X \K and for eachi ∈ I (x), there exists̃yi ∈Ci such that
x ∈ cintS−1

i (ỹi)= cintA−1
i (ỹ). Therefore,

x ∈
⋂
i∈I (x)

{
cintA−1

i (ỹ)
}⊆ cint

( ⋂
i∈I (x)

A−1
i (ỹ)

)
= cintF−1(ỹ).

It follows from Corollary 3.2 that there existŝz ∈ X such thatF(ẑ)= ∅. SinceI (ẑ) = ∅,
Si(ẑ) = ∅ andAi(ẑ) = ∅ for all i ∈ I (ẑ), and thereforeF(ẑ) =⋂

i∈I (ẑ) Ai(ẑ) = ∅ which
contradicts withF(ẑ)= ∅. Therefore, there exists̄x ∈X such thatI (x̄)= ∅ which implies
thatSi(x̄)= ∅ for eachi ∈ I . ✷
Remark 4.1. If for each i ∈ I , Xi is nonempty compact convex subset of a topolog
vector space then the conclusion of Theorem 4.1 holds without condition (iv).

Theorem 4.2. For eachi ∈ I , letXi be a nonempty closed convex subset of a topolog
vector spaceEi . LetX = ∏

i∈I Xi and letΦ be a measure of noncompactness onE =∏
i∈I Ei . For eachi ∈ I , let Si, Ti :X→ 2Xi be multivalued maps satisfying the followi

conditions:

(i) For eachi ∈ I and for allx ∈X, coSi(x)⊆ Ti(x);
(ii) For eachi ∈ I and for all x ∈ X, xi /∈ Ti(x) and S−1

i is transfer compactly ope
valued onXi;

(iii) For all x ∈X, I (x)= {i ∈ I : Si(x) = ∅} is finite;
(iv) T :=∏

i∈I Ti :X→ 2X defined asT (x)=∏
i∈I Ti(x), isΦ-condensing.

Then there exists̄x ∈X such thatSi(x̄)= ∅ for eachi ∈ I .

Proof. SinceT :X→ 2X is Φ-condensing, it follows from Lemma 2.3 that there exis
compact convex subsetK of X such thatT (K) ⊆ K. Then the conclusion follows from
Theorem 4.1. ✷
Theorem 4.3. For eachi ∈ I , letXi be a nonempty closed convex subset of a topolog
vector spaceEi . LetX = ∏

i∈I Xi and letΦ be a measure of noncompactness onE =∏
i∈I Ei . For eachi ∈ I , let Si :X→ 2Xi be a multivalued map satisfying the followin

conditions:

(i) For eachi ∈ I and for allx ∈X, xi /∈ coSi(x);
(ii) For eachi ∈ I , S−1

i is transfer compactly open valued onXi;
(iii) For all x ∈X, I (x)= {i ∈ I : Si(x) = ∅} is finite;
(iv) S :=∏

i∈I Si :X→ 2X defined asS(x)=∏
i∈I Si(x), isΦ-condensing.

Then there exists̄x ∈X such thatSi(x̄)= ∅ for eachi ∈ I .

Proof. For eachi ∈ I , defineTi :X → 2Xi by Ti(x) = coSi(x). By condition (iv) and
Lemma 2.3, there exists a nonempty compact convex subsetK of X such thatS(K)⊆K.
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Let Ki be the ith projection ofK. ThenKi is a compact convex subset ofXi and
Si :K → 2Ki . ThereforeTi(K)=⋃{coSi(x): x ∈K} ⊆Ki and conclusion follows from
Theorem 4.1. ✷
Remark 4.2. Condition (ii) in Theorem 4.3 can be replaced by the following condition

(ii ′) For eachi ∈ I and for allx ∈ X such thatSi(x) = ∅, there existsy ′
i ∈ Xi such that

x ∈ cintS−1
i (y

′
i ).

Indeed, letx ∈ X and x ∈ S−1
i (yi) for someyi ∈ Xi . Thenyi ∈ Si(x) = ∅, and by

condition (ii′), there existsy ′
i ∈ Xi such thatx ∈ cintS−1

i (y
′
i ). This shows thatS−1

i is
compactly transfer open valued onXi .

WhenI is a singleton, we have the following result.

Corollary 4.1. LetX be a nonempty closed convex subset of a topological vector spaE
and letΦ be a measure of noncompactness onE. Let S :X→ 2X be a multivalued map
satisfying the following conditions:

(i) For all x ∈X, x /∈ coS(x);
(ii) S−1 is transfer compactly open valued onX;
(iii) S isΦ-condensing.

Then there exists̄x ∈X such thatS(x̄)= ∅.

Remark 4.3. (a) Since every transfer compactly open valued map is transfer open
Theorem 4.3 and Corollary 4.1 give a positive answer to an open question of Mehta

(b) Corollary 4.1 generalizes Corollary 2 in [6], Theorem 2 in [16], Theorem 2.2 in [
and Theorem 3.1 in [30] in several ways.

5. Generalized abstract economies

Because of the fuzziness of consumers’ behaviour or market situations, in a real m
any preference of a real agent would be unstable. Therefore, Kim and Tan [13] intro
the fuzzy constraint correspondences in defining the following generalized abstrac
omy.

Let I be any set of agents (countable or uncountable). For eachi ∈ I , letXi be a non-
empty set of actions available to the agenti in a topological vector spaceEi andX =∏
i∈I Xi . A generalized abstract economy(or generalized game) Γ = (Xi,Ai,Fi,Pi)i∈I

[13] is defined as a family of ordered quadruples(Xi,Ai,Fi,Pi), whereAi :X→ 2Xi is
a constraint correspondence such thatAi(x) is the state attainable for the agenti at x,
Fi :X→ 2Xi is a fuzzy constraint correspondence such thatFi(x) is the unstable state fo
the agenti, andPi :X × X→ 2Xi is a preference correspondence such thatPi(x) is the
state preference by the agenti at x. An equilibrium for Γ is a point(x̄, ȳ) ∈X ×X such
that for eachi ∈ I , x̄i ∈Ai(x̄), ȳi ∈ Fi(x̄), andPi(x̄, ȳ)∩Ai(x̄)= ∅.
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If for each i ∈ I and eachx ∈ X, Fi(x) = Xi and the preference correspondencePi
satisfiesPi(x, y)= Pi(x, y ′) for eachx, y, y ′ ∈X, our definitions of a generalized abstra
economy and an equilibrium coincide with the usual definitions of an abstract eco
and an equilibrium due to Shafer and Sonnenschein [22].

As applications of Theorem 4.1, we derive the following general equilibrium exist
results for the generalized abstract economies with infinitely many commodities an
nitely many agents, and with general preference correspondences.

Theorem 5.1. For eachi ∈ I , letXi be a nonempty convex subset of a topological ve
spaceEi , X = ∏

i∈I Xi , Ai :X → 2Xi a multivalued map,Pi :X × X → 2Xi a prefer-
ence correspondence, andFi :X→ 2Xi a fuzzy constraint correspondence. For eachi ∈ I ,
assume that the following conditions hold:

(i) For all x ∈X, Ai(x) andFi(x) are nonempty and convex;
(ii) For all yi ∈Xi , A−1

i (yi), F
−1
i (yi), andP−1

i (yi) are compactly open sets;
(iii) For all (x, y) ∈X×X, xi /∈ coPi(x, y);
(iv) The setWi = {(x, y) ∈ X × X: xi ∈ Ai(x) and yi ∈ Fi(x)} is compactly closed in

X×X;
(v) For (x, y) ∈X×X, I (x, y)= {i ∈ I : Ai(x)∩ Pi(x, y) = ∅} is finite;
(vi) There exist nonempty compact convex setsCi , Di ⊆ Xi and a nonempty compa

subsetK of X such that for all(x, y) ∈ X × X \ K ×K and for eachi ∈ I (x, y),
there existũi ∈Ci and ṽi ∈Di satisfyingũi ∈ Pi(x, y)∩Ai(x) and ṽi ∈ Fi(x).

Then there exists(x̄, ȳ) ∈ X × X such that for eachi ∈ I , x̄i ∈ Ai(x̄), ȳi ∈ Fi(x̄), and
Ai(x̄)∩ Pi(x̄, ȳ)= ∅.

Proof. For eachi ∈ I , defineSi, Ti :X×X→ 2Xi×Xi by

Si(x, y)=
{ [Pi(x, y)∩Ai(x)] × Fi(x) if (x, y) ∈Wi,
Ai(x)× Fi(x) if (x, y) /∈Wi,

and

Ti(x, y)=
{ [coPi(x, y)∩Ai(x)] × Fi(x) if (x, y) ∈Wi,
Ai(x)× Fi(x) if (x, y) /∈Wi.

From conditions (i) and (iii), we have coSi(x, y)⊆ Ti(x, y) and(xi, yi) /∈ Ti(x, y) for each
i ∈ I and for all(x, y) ∈X×X. For eachi ∈ I and for any(ui, vi) ∈Xi ×Xi , we have

S−1
i (ui, vi)=

[
P−1
i (ui)∩

(
A−1
i (ui)×X

)∩ (F−1
i (vi )×X

)]
∪ [(X×X \Wi)∩

(
A−1
i (ui)×X

)∩ (F−1
i (vi )×X

)]
.

By conditions (ii) and (iv),S−1
i (ui , vi) is compactly open and thereforeS−1

i is transfer
compactly open valued onXi ×Xi . From condition (iv), we obtain

X×X \K ×K ⊆
⋃{

S−1
i (ui, vi): ui, vi ∈ Ci

}
⊆
⋃{

cintS−1(ui , vi): ui, vi ∈ Ci
}
.
i
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Theorem 4.1 implies that there exists(x̄, ȳ) ∈X×X such thatSi(x̄, ȳ)= ∅ for eachi ∈ I .
If (x̄, ȳ) /∈Wj for somej ∈ I , then eitherAi(x̄) = ∅ or Fi(x̄) = ∅ which contradicts the
fact of Ai(x) andFi(x) being nonempty for allx ∈ X. Therefore(x̄, ȳ) ∈ Wi for each
i ∈ I , and thus̄xi ∈Ai(x̄), ȳi ∈ Fi(x̄), andAi(x̄)∩ Pi(x̄, ȳ)= ∅. ✷
Theorem 5.2. For eachi ∈ I , letXi be a nonempty closed convex subset of a topolog
vector spaceEi ,X =∏

i∈I Xi ,Ai :X→ 2Xi a multivalued map,Pi :X×X→ 2Xi a pref-
erence correspondence, andFi :X → 2Xi a fuzzy constraint correspondence. LetΦ be
a measure of noncompactness onE =∏

i∈I Ei . For eachi ∈ I , assume that the followin
conditions hold:

(i) For all x ∈X, Ai(x) andFi(x) are nonempty and convex;
(ii) For all yi ∈Xi , A−1

i (yi), F
−1
i (yi), andP−1

i (yi) are compactly open sets;
(iii) For all (x, y) ∈X×X, xi /∈ coPi(x, y);
(iv) The setWi = {(x, y) ∈ X × X: xi ∈ Ai(x) and yi ∈ Fi(x)} is compactly closed in

X×X;
(v) For (x, y) ∈X×X, I (x, y)= {i ∈ I : Ai(x)∩ Pi(x, y) = ∅} is finite;
(vi) The multivalued map(A× F) = (∏i∈I Ai ×

∏
i∈I Fi) :X × X→ 2X×X defined as

(A× F)(x, y)=∏
i∈I Ai(x)×

∏
i∈I Fi(y), isΦ-condensing.

Then there exists(x̄, ȳ) ∈ X × X such that for eachi ∈ I , x̄i ∈ Ai(x̄), ȳi ∈ Fi(x̄), and
Ai(x̄)∩ Pi(x̄, ȳ)= ∅.

Proof. In view of Theorem 4.2, it is sufficient to show that the multivalued mapT :=∏
i∈I Ti :X×X→ 2X×X defined asT (x, y)=∏

i∈I Ti(x, y), isΦ-condensing, whereTi ’s
are the same as defined in the proof of Theorem 5.1. By the definition ofTi , Ti(x, y) ⊆
Ai(x)× Fi(x) for eachi ∈ I and for all(x, y) ∈X ×X and thereforeT (x, y)⊆ A(x)×
F(x). SinceA×F isΦ-condensing, by Remark 2.1, we haveT is alsoΦ-condensing. ✷

From Theorems 5.1 and 5.2, we can easily derive the following equilibrium exis
results for the abstract economies with or without involvingΦ-condensing maps.

Corollary 5.1. For eachi ∈ I , let Xi be a nonempty convex subset of a topological v
tor spaceEi , X =∏

i∈I Xi , Ai :X→ 2Xi a multivalued map with nonempty values, a
Pi :X→ 2Xi a preference correspondence. For eachi ∈ I , assume that the following con
ditions hold:

(i) For all x ∈X, Ai(x) is convex;
(ii) For all yi ∈Xi , A−1

i (yi) andP−1
i (yi) are compactly open;

(iii) For all x ∈X, xi /∈ Pi(x);
(iv) The setWi = {x ∈X: xi ∈Ai(x)} is compactly closed inX;
(v) For all x ∈X, I (x)= {i ∈ I : Ai(x)∩Pi(x) = ∅} is finite;
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(vi) There exist a nonempty compact convex subsetCi ⊆ Xi and a nonempty compa
subsetK ofX such that for allx ∈X \K and for eachi ∈ I (x), there exists̃yi ∈ Ci
satisfying

ỹi ∈ Pi(x)∩Ai(x).

Then there exists̄x ∈X such that for eachi ∈ I , x̄i ∈Ai(x̄) andAi(x̄) ∩Pi(x̄)= ∅.

Proof. The result follows from Theorem 5.1 by takingFi(x)= Xi andPi(x, y)= Pi(x)
for all x, y ∈X and for eachi ∈ I . ✷
Corollary 5.2. For eachi ∈ I , letXi be a nonempty closed convex subset of a topolog
vector spaceEi ,X =∏

i∈I Xi ,Ai :X→ 2Xi a multivalued map, andPi :X→ 2Xi a pref-
erence correspondence. LetΦ be a measure of noncompactness onE =∏

i∈I Ei . For each
i ∈ I , assume that the following conditions hold:

(i) For all x ∈X, Ai(x) is nonempty and convex;
(ii) For all yi ∈Xi , A−1

i (yi) andP−1
i (yi) are compactly open sets;.

(iii) For all x ∈X, xi /∈ coPi(x);
(iv) The setWi = {x ∈X: xi ∈Ai(x)} is compactly closed inX;
(v) For all x ∈X, I (x)= {i ∈ I : Ai(x)∩Pi(x) = ∅} is finite;
(vi) The multivalued mapA := (∏i∈I Ai) :X → 2X defined asA(x) = ∏

i∈I Ai(x), is
Φ-condensing.

Then there exists̄x ∈X such that for eachi ∈ I , x̄i ∈Ai(x̄) andAi(x̄) ∩Pi(x̄)= ∅.

6. Minimax inequalities

From now on, unless otherwise specified, we shall assume that the setFi = {x ∈ X:
xi ∈ Bi(x)} is compactly closed.

Theorem 6.1. For eachi ∈ I , letXi be a nonempty convex subset of a topological ve
spaceEi , X = ∏

i∈I Xi , fi : Xi × Xi → R a real function,Bi :X → 2Xi a multival-
ued map, andAi :X→ 2Xi a multivalued map with nonempty values such that for e
yi ∈Xi ,A−1

i (yi) is compactly open inX. For eachi ∈ I , assume that the following cond
tions hold:

(i) For all x ∈X, coAi(x)⊆ Bi(x);
(ii) For all xi ∈Xi , yi �→ fi(x

i, yi) is quasiconcave;
(iii) For all xi ∈Xi , xi �→ fi(x

i, xi) is lower semicontinuous onXi;
(iv) For all yi ∈Xi , xi �→ fi(x

i, yi) is continuous onXi;
(v) For all x ∈X, I (x)= {i ∈ I : Ai(x) = ∅} is finite;
(vi) There exist a nonempty compact convex subsetCi ⊆ Xi and a nonempty compa

subsetK of X such that for allx ∈ X \K and eachi ∈ I , there exists̃yi ∈ Ci such
thatx ∈A−1(ỹi) andfi(xi, ỹi) > fi(xi, xi).
i
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Then there exists̄x ∈X such that for eachi ∈ I , x̄i ∈Bi(x̄) andfi(x̄i , yi)� fi(x̄i , x̄i) for
all yi ∈Ai(x̄).

Proof. For eachi ∈ I and for allx ∈X, definePi :X→ 2Xi by

Pi(x)=
{
yi ∈Xi : fi(xi, yi) > fi(xi, xi)

}
.

By condition (ii), for eachx ∈ X and for eachi ∈ I , Pi(x) is convex andxi /∈ Pi(x).
Condition (iii) implies thatP−1

i (yi) is open inX for all yi ∈Xi and for eachi ∈ I .
For eachi ∈ I , we define other multivalued mapsTi, Si :X→ 2Xi by

Ti(x)=
{
Bi(x)∩ Pi(x) if x ∈ Fi ,
Bi(x) if x ∈X \Fi ,

and

Si(x)=
{
Ai(x)∩ Pi(x) if x ∈ Fi ,
Ai(x) if x ∈X \Fi .

Since for eachi ∈ I and for allx ∈X, Pi(x) is convex, it follows from condition (i) tha
coSi(x)⊆ Ti(x). Since for eachi ∈ I , Fi is compactly closed inX, it is easy to see that

S−1
i (yi)=

(
A−1
i (yi)∩P−1

i (yi)
)∪ ((X \Fi )∩A−1

i (yi)
)

is compactly open inX for everyyi ∈ Xi and also for eachi ∈ I and for allx ∈ X, xi /∈
Ti(x). Theorem 4.1 implies that there existsx̄ ∈ X such thatSi(x̄) = ∅ for eachi ∈ I .
If x̄ ∈ X \ Fj , for somej ∈ I , thenAj(x̄) = Sj (x̄) = ∅ which contradicts withAi(x)
is nonempty for alli ∈ I andx ∈ X. Thereforex̄ ∈ Fi for all i ∈ I . Hencex̄i ∈ Bi(x̄)
andAi(x̄) ∩ Pi(x̄) = ∅ for all i ∈ I and thusx̄i ∈ Bi(x̄), fi(x̄i , yi) � fi(x̄i, x̄i) for all
yi ∈Ai(x̄) and alli ∈ I . ✷
Theorem 6.2. For eachi ∈ I , letXi be a nonempty closed convex subset of a topolog
vector spaceEi , X = ∏

i∈I Xi , fi :Xi × Xi → R a real function,Bi :X → 2Xi a mul-
tivalued map, andAi :X → 2Xi a multivalued map with nonempty values such that
eachyi ∈Xi ,A−1

i (yi) is compactly open inX. LetΦ be a measure of noncompactness
E =∏

i∈I Ei . For eachi ∈ I , assume that conditions(i)–(v) of Theorem6.1hold. Further
assume that the multivalued mapA =∏

i∈I Ai :X→ 2X defined asA(x)=∏
i∈I Ai(x)

for all x ∈X, isΦ-condensing. Then there existsx̄ ∈X such that for eachi ∈ I , x̄i ∈Bi(x̄)
andfi(x̄i , yi)� fi(x̄i, x̄i) for all yi ∈Ai(x̄).

Proof. In view of Theorem 4.2, it is sufficient to show that the multivalued m
S :X → 2X defined asS(x) = ∏

i∈I Si(x) for all x ∈ X, is Φ-condensing, whereSi ’s
are the same as defined in the proof of Theorem 6.1. By the definition ofSi , Si(x)⊆Ai(x)
for all i ∈ I and for all x ∈ K and thereforeS(x) ⊆ A(x) for all x ∈ X. SinceA is
Φ-condensing, by Remark 2.1, we have thatS is alsoΦ-condensing. ✷
Remark 6.1. (a) If for eachi ∈ I , Xi is a compact convex subset of topological vec
space and for allx ∈ X, Ai(x) = Bi(x) = Xi , then Theorems 6.1 and 6.2 reduce to
theorem of equilibria of Nash [20].

(b) Theorems 6.1 and 6.2 generalize Theorem 4.2 in [2] for noncompact setting.
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Theorem 6.3. For each i ∈ I , let Xi be a nonempty convex subset of a topolog
vector spaceEi , X = ∏

i∈I Xi , fi :X × Xi → R a real function,ai a real number,
Bi :X→ 2Xi a multivalued map, andAi :X→ 2Xi a multivalued map such that for eac
yi ∈X,A−1

i (yi) is compactly open inX. For eachi ∈ I , assume that the following cond
tions hold:

(i) For all x ∈X, coAi(x)⊆ Bi(x);
(ii) For all x ∈X, yi �→ fi(x, yi) is quasiconcave;
(iii) For all yi ∈Xi , x �→ fi(x, yi) is lower semicontinuous onX;
(iv) For all x ∈X, fi(x, xi)� ai;
(v) For all x ∈X, I (x)= {i ∈ I : Ai(x) = ∅} is finite;
(vi) There exist a nonempty compact convex subsetCi ⊆ Xi and a nonempty compa

subsetK ofX such that for allx ∈X \K and eachi ∈ I (x), there exists̃yi ∈Ci such
thatx ∈A−1

i (ỹi) andfi(x, ỹi) > ai .

Then there exists̄x ∈X such that for eachi ∈ I , x̄i ∈ Bi(x̄) and

fi(x̄, yi)� ai for all yi ∈Ai(x̄).

Proof. For eachi ∈ I and for allx ∈X, definePi :X→ 2Xi by

Pi(x)=
{
yi ∈Xi : fi(x, yi) > ai

}
.

Following the argument of Theorem 6.1, it is easy to show that there existsx̄ ∈X such that
x̄i ∈ Bi(x̄) andAi(x̄) ∩ Pi(x̄) = ∅. Thereforefi(x̄, yi) � ai for all yi ∈ Ai(x̄) and each
i ∈ I . ✷
Theorem 6.4. For eachi ∈ I , let Xi be a nonempty closed convex subset of a topo
ical vector spaceEi , X =∏

i∈I Xi , fi :X × Xi → R a real function,ai a real number,
Bi :X→ 2Xi a multivalued map, andAi :X→ 2Xi a multivalued map such that for eac
yi ∈ X,A−1

i (yi) is compactly open inX. Let Φ be a measure of noncompactness
E =∏

i∈I Ei . For eachi ∈ I , assume that conditions(i)–(v) of Theorem6.3hold. Further
assume that the multivalued mapA =∏

i∈I Ai :X→ 2X defined asA(x)=∏
i∈I Ai(x)

for all x ∈X isΦ-condensing. Then there existsx̄ ∈X such that for eachi ∈ I , x̄i ∈Bi(x̄)
and

fi(x̄, yi)� ai for all yi ∈Ai(x̄).

Proof. Following the argument of Theorems 6.2 and 6.3, we get the conclusion.✷
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