6.1.2 Power Series Solutions

Objectives:

e Power Series Method to solve ODEs with polynomial and non
polynomial coefficients
e Define Ordinary and Singular Points of an ODE

e Conditions under which the series solutions exist

Consider the linear second-order ODE
a,(x)y"+a(x)y ' +a,(x)y =0 (1)
We first write the standard form of ODE by dividing by the leading

coefficient a,(X ), then we have

y"+P(x)y'+Q(x)y =0 (2)
Definitions:

e Anpoint X, is called an ordinary point of ODE (1) if both P (X )and
Q (X)) are analytic at X, (A function is analytic at a point if it can be
expressed in power series in(X —X,)).

e Apoint X ,is called an singular point of ODE (1) if at least one of the

functions P (X )and Q (X ) is not analytic at X ,.



e If X =X,isan ordinary point of (1), then we can always find two
linearly independent solutions of the form of a power series centered
at X,, thatis, y = icn (x —x)". The solution converges in

n=0
|x =X, <R.

e A solution of the form y = icn (x —x)"is said to be a solution

n=0

about the ordinary point X,



Step-wise construction of
Power Series Solutions of an ODE
Example

e Find power series solution of the ODE y"+xy =0

e No singular points, hence power series solution with x,, = 0 guaranteed.

00
o Stepl: Let y= chxn be solution of the ODE.
n=0
00 o0
e Step2 y'= chnxn_l, and y"= chn(n —l)xn_2
n=0 n=2
e Step2 The ODE becomes:
o0 o0
Z cpn(n — l)xn_2 + Z cnan
n=2 n=0

(e8] o0
= ch+2(k +2)k +1) xk + ch—l xk
k=0 k=1

o0 o0
=2¢, + 20k+2(k+2)(k+1)xk + ch—l N

o0
= Y [(k+2)(k+Degyp +cp—1 k¥ + 2
k=2
=0

e Step3 Compare the coefficients of constant term an the powers of x
° c) = 0

(k+2)k+Dcpyn +cf—1=0

Ck—1
(k+1)(k +2)

= Ck+2 =~

This relation is called a Recursive relation. It determines values of
constants appearing in solution of the ODE. We see this in next steps.




e Step4. Use of ¢4 =—

e Step5

Ck—1

(k+1)(k +2)
k Ck+2
Co
c3=—%
11937703
1
c4=——-
2| 4T T34
:O ° :0
= 2 | 570V
3 45
C _—c_3 CAR = 1 C
4107 56 | 0T 0356
> C __C_4 Cc7 = 1 C
776717734671
08:_0_5 cg=0"c5=0
6 7.8
! C __c_6 C _—1 C
97789 |9 7235689°
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Solution of the ODE becomes:

to determine solution for different “k”.

y=cytclx+ c2x2 +c3x” + C4x4 + 05x5 + c6x6 + c7x7 + chg + C9x9 + .

y=cytclx—

I
=cl|x——x
4 1[ 34

‘o

2.3

4

X

+

3—01 ‘A4, % 6, 9 .7, €0 P
3.4 23.5.6 3.4.6.6 2.3.45.6.8.9
1 xl +co I—Lx3+ 1 x6—;x
3.4.6.6 2.3 23.5.6 2.3.4.5.6.8.9

Y=C1Y1 TCo)2

9+..}



Exercise 6.1.2

Q 19 Find series solution of y"'-2xy'+y = 0 about the ordinary pointx = 0.

Solution:
o0
e Stepl: Let y = chxn be solution of the ODE.
n=0
00 00
e Step2 y'= chnxn_l ,and y''= chn(n — l)xn_2
n=l n=2
e Step2 The ODE becomes:
o0 o0 o0
chn(n — 1)xn_2 -2 chnxn + chxn
o0 00 e 8}
= ch+2(k+ 2)(k+1) k2 ch kxk 4 chxk

e e} o0 o0
=2c, + ch+2(k+2)(k+l)xk —Zch kxk +cop + chxk
k=1 k=1 k=1

o0
= Y [tk +2)(k + Deg1o —cp 2k =D +2¢p +¢5 =0
k=1

¢ Step3 Compare coefficients to get:
o) =—c,/2

PP CL it ) [ SRR W
LTk + D)k +2) "

e Step4 Evaluation of coefficients from recursive relation
c)=—cp/2

A

T (2)3)

€3



3co _ _Co _ _Co

“4TGy4) T 24 8

~(8)ez 3

ST 45 4 234

(5)(6) 5.6.8
e Step5 Plug the above values in the polynomial and writing solutions:

y=cy +tcyx+ c2x2 + c3x3 + c4x4 + c5x5 + c6x6 + e

7
yzco+c1x—070x2+c—1x3—C—0x4+c—1x5—ﬁx6+m

6 8 24 240
y:co(l—;—x2 —:g—x4 —ﬁx6 +--~)+cl(x+é—x3 +ix5 + )
Y=Co0 T 1)1
where
Y0 =1—Lx2—1x4— ! x0 4 =1—1—x2—ix4+3'—7x6+

2 8 240 2! 4! 6!
and
y1 =)c-|-—x3 +1—x5 + .- =x+ix3 +—x5 +
6 24 3! 5!
e Step6 Particular Solutions

When c] = 0 we get one particular solution )

When c() = 0 we get one particular solution yq



Q27 Find series solution of (x2 + 2)y"+3xy'—y = 0about the ordinary pointx = 0.

Solution:
00
e Stepl: Let y = Z cnxn be solution of the ODE.
n=0
o0 o0
* Step2 y'= chnxn_l’and y''= chn(n—l)xn_2
n=1 n=2
e Step2 The ODE becomes:

o0 o0 o0 o0
chn(n—l)xn +2 Z:cnn(n—l)xn_2 +3chnxn - chxn =0
n=0

n=2 n=2 n=1
e Step3 Change "1 —2"to" k" in the middle term so that we can take "X’ " common
o0 (e8] o0 o0
S epkk=DxF 423 cpipth+ 2k +D)xF 433 cprxk = S epxk =0
k=2 k=0 k=1 k=0
o Step4 Open summation over "k = 0"above as below

Q0 o0
3 cpk(k=1)xF +acy +12¢3x 42 Y ey p (k+2) (k+1)xF +
k=2 k=2

o0 o0
+3c1x+3 chkxk —cp—c]x— chxk =0

k=2 k=2
e Step5 Simplify above expression:
o0
S Lexk(k =1+ 2¢f 2k + 1)k +2) + 3k —cp 1xF +
k=2

4cy +12¢3x+2c1x—cp =0



e Step6

o Step7

e Step8

e Step9

e Step10

Compare coefficients of"xk ", "x"and constant term to get:

ek (k2 + 2k 1)+ 2¢f 0 (k +1)(k +2) =0

2 _
:>Ck+2:_ k +2k 1 Ck,k:2,3,"'
2k +1)(k+2)
4cy —cp =0
6c3+c1 =0

From the last two equations we get:
co=4c) =>cp=cy,/4
c] =—-6c3 =>c3=-c1/6
Use recursive relation x to determine solutions as follows:

7 -7 -7
° k:2:>C4:—ﬂC2:%CO:H

k=3=c¢ ——lc —Lc —lc
377203 T 120 Ty
-23 -23
co = c
240 2.5!

ok:4:>c6=—%c4= 0

Writing solution

y=c( +clx+02x2 +c3x3 +C4x4 + 05x5 + -

Co
=co +cpx+—2%x
Yo TarTy, 6 96 120 240

y:co(1+lx2—lx4—£ 6 3,7
4 96 240 6 120

y=coy1t+cxi
Particular Solutions

When ¢] = 0 we get one particular solution y

When c() = 0 we get one particular solution y

x +---)+cl(x—lx +—x



Q31 Use power series method to solve y"—2x)'+8y =0 when y(0) =0, »'(0) =0

Solution:
00
e Stepl: Let y = Z Cn x™  be series solution of the given ODE.
* Step2 y'= chnx ;and = ZCnn(n—l)xn 2
n=2
o Step2 The ODE becomes:
chn(n—l)xn 2 2chnx +82€n =
n=0
e Step3 Do the following in above expression:
e In first term: n-2=k=n=k+2
e In 2" term: n==k
e In 3" term: n=k
00 00 00 k
S cpaatk+2)(k+Dxk =23 cpkek 48 cpx™ =0
k=0 k=1 k=0
o Step4 Open summation in first and third term up to k=0 as below:

o0 o0 o0
2eg+ S cppalh+ 2k + Dk =23 cpkk +8¢p +8 Y cxxk =0
k=1 k=1 k=1

e Step5 Re-write above as:

o0
2¢p +8cq + Z(Ck+2(k +2)k+1)=2cpk + 8¢k )xk =
k=1

e Step6 Above gives:
2(k—4) cr
(k+1D)(k+2)

Ch+2— Vk=1,273---and

cp =—4cg



e Step7 From recursive relation write coefficients as:

‘k=1:>c3:_6—601=—cl

o k=2 C4= jcz =—%(—4CO)=%CO

12
-2 1 1
*k=3=c5= EC:S =—E(_Cl)zwcl

*k=4=c=0

Since all of ¢g =0, ¢ () etc will be expressed in terms of each other, they are all zero.
We therefore evaluate only the odd terms only.

.k:5:>C7:iCS :L(LCI):—I CICtC

42 21 10 210
e Step8 Writing solution
°* y=c +c1x+c2x2 +c3x3 +C4x4 +c5x5 + .-
2 3,4 4 1 5 1 7
®* y=cp+cix—4cox” —cyx” +—cox +—cix” +——cyx’ +--
y=c0 Tl 0 1 3 0 10 1 210 1
2.4 4 3.1 s 17
* y=co(l-4x"+—x")+cy(x—x"+—x"+—x +--
y=co( ;¥ )+l 10 310 )
e Step9 Use initial conditions

y(0)=3=cp=3
V' (0)=0=c1 =0
e Step10 The solution of the IVP is:

2

o« y=3(1-4x +§x4)



Q34 Use power series method to solve y"+e” y'—y = Oabout ordinary point x0 =0

Solution:
e Stepl: Let )= i -~ be series solution of the given ODE.
n=0
o0 o0
* Step2 y'= chnx”—l,and y'= Z:cnn(n—l)xn_2
e Step3 Write series expression of e’ about x0 =0
2 3
X =ltx+ it 4
2! 31
e Step4 Substitute above expressions in the ODE to write it as:
00 ) x2 x3 00 1 00
cyn(n—Dx" "% + 1+ x+—+—+-- cynx" T — cp,xt =0
2 cpn(n—1) ( ) en 2. ¢n
n=2 n=1 n=0
e Step5S Expand the above expression as:

2 3

3 +-)+ 1+ x+x7+%+ )ep + 2c2x+303x2 + )

(2¢p + 6c3x + 12C4x2 +20c5x

—(co +c1x+ czx2 + c3x3 +-)=0

e Step6 Re-write above as:

(2¢p +c] —cp) +(6c3 +2¢cp +c] —c1)x+(12¢cq4 +3c3 + 2¢) +%)x2 +--=0e

10



Step7 Compare and get:
2cy +c1—c9=0
=cp=(cp—c1)/2

3c3+cp =0
=c3=-cp/2=(co—c1)/4

12¢4 +3c3 + 2¢p +071=0
= c4 =—(c1/2 +2cp +3c3)/12

c] co , 1
> Cq4=—|—+cp—c¢ ——+—/12
4 {2 e 2}

= cy :—{%—cl}zcl -cqo/2
Step8 Substitute above values in

y=cy +clx+c2x2 +c3x3 +c4x4 + c5x5 + -

and re-arrange terms to get the answer.
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