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Q.1: Find area of the region that lies inside 7 = 1 — sin § and outside r = 1. (10 pts)

0.5

A= ((1-sing)’ —1)do = im+2

Q.2: Find equation of the plane that passes through the line of intersection of the planes x — z = 1 and
y + 2z = 3 and is perpendicular to the plane z +y — 2z = 1. (10 pts)

i j ok
ny = (1,0,—-1), no =(0,1,2y andny xno=| 1 0 -1 |=i—2j+k.
0 1 2
i j k
ng=(1,1,—-2) and (n; xn2) xnzg=|1 -2 1 |=3i+35+3k.
1 1 -2

A points on the line of intersection is (1,3, 0) and equation of the required plane is 3 (z — 1)+ 3 (y — 3) +
3(z—0)=3z+3y+32—12=0o0rx+y+2z=4.

Q.3: Let W (s,t) = F(u(s,t),v(s,t)), where F, u, and v are differentiable, v (1,0) = 2
-1, u; (1,0) = 6, v(lO)—3 vs (1,0) = 5, v (1, )—4F( )——1andF( ,3) = 10. Fin
and W; (1,0). (10 pts)

s (170) =
W (1v )

A

W (s,t) = Fy (u(s,t),v(s,t)) .us (s,t) + Fy (u(s,t),v(s,t)) .vs (s,t)
and W, (1,0) = F, (u(1,0),v (1,0)) u (1,0)+F, (u(1,0),v(1,0)) v, (1,0) = F, (2,3). (~1)+F, (2.3) 5
(=) (-1)+ 0(5)—51
Wi (s,t) = Fy (u(s,t),v(s,t)).u (s, t) + Fy (u(s,t),v(s,t)) v (s,1)
and W, (1,0) = F, (u(1,0), v (1,0)) us (1,0) + E, (u(1,0), 0 (1,0)) v, (1,0) = F, (2,3). (6) + F, (2,3) .4 =

(—1)(6) +10(4) = 34.

Q.4: Show that the sum of x—, y—, and z— intercepts of any tangent plane to the surface /z+,/y+v/2 = \/c
is a constant. (10 pts)

Let (2o, Yo, 20) be any point on tyhe surface. Then /T, + /Yy, + \/Z =./c.

\%i (1' Y,z ) <2\f7 3 /5 2\[> and n = Vf (xmymZO) = <2\/ﬁ’ NG 2\/2>
Equation of the tangent plane is 2\/@ (x —z,) + 2\/@ (y —yo) + ﬁ (z—2,)=0
Tt et =V Ve T VE = Ve

T —intercept : x = \/T,c, Yy —intercept : y = \/y,C, z —intercept : z = \/z,C

Sum is /ZoC + /ToC + /Tl = \/C (\/To + /Jo + /Z0) = /¢ =c.




Q.5: Find volume of the parallelepiped determined by the vectors a = (6,3, —1), b = (0,1,2) and ¢ =
4,-2,5). (10 pts)
6 3 -1
a(bxec)=|0 1 2 |=82.
4 -2 5
Q.6: Find linear approximation of the function f (z,y) = /20 — 722 — y? at the point (1,2) (10 pts)

— 4z - =2y
fo(zyy) = 220 Ter g and fy (z,y) 2/20— 722 —y2
2 (1,2) = 52 = 55, f, (1.2) = 54 = 2.

6
L(%o,Y0) = [ (To:Yo) + [z (To,Yo) (z — Zo) + fy (%0, Yo) (Y — Yo)
L(1,2)=3-I(z-1)-2@y—-2)=2-2y— Iz
Q.7: Find the point on the plane x — y + z = 4 that is closest to the point (1,2, 3). (10 pts)

Minimize d = (z —1)> + (y =2 + (2 =3 = (- 1)* + (y -2’ + (4 —z+y —3)> =222 — 2y —
22y — 4x + 2% + 6

Let f (z,y) = 222 — 2y — 2oy — 42+ 2y%> + 6

fz =4z — 2y — 4, andfy—4y 2z — 2.

fe=0and f, =0 gives v = 5 and y = ? Thus the only critical point is (% %) .
Forav—gandy—‘l7 z_4_7_|_, 4

5 4 11
So the point on the plane that is closest to (1,2,3) is (§7 3 g) .

Q.8: Use Lagrange Multipliers to find the points on the sphere 22 + 32 + 22 = 22 that are closest to and
farthest from the point (3,1, —1). (10 pts)

Minimize d = f(z,y,2) = (z—3)> 4+ (y —1)° + (24 1)® subject to the constraint g (z,y,2) =
22 4+ 9% + 2% = 22.

Vf=AVg =2(x—3)=2z\ 2(y—1)=2y\ 2(z+1) =22\

20(l=X)=6orx= similarly y =

1 - =L
T 7=

et ot g =2 > (-0 =4 :>)\_1i\[_1i

The corresponding points are (:t3ﬂ,j:\/§,:|:f). The points that is farthest from (3,1,-1) is
(73\@, -2, \@) and the points that is closest to the point (3,1, —1) is (3\/5, V2, f\@) .

3
I-X>

13
Q.9: Evaluate the integral [ [ coszv/1+ cos?z dzdy (Hint: Change order of integration). (10 pts)

[NE]

% sin 2
S/ f cosxV 1+ cos? x dydavffsmaccosm\/lJrcos2 d:rf%fu%du:%\/ﬁf%
0 1
Q:10: Sketch the region and use polar coordinates to combine the integrals into one integral and then
2 Va—z2
evaluate the integral / / zydydxr + //xydydx—l—/ / rydydzx. (12 pts)
1/f V1—z2 v2 0
2 VA—2z? T 2 2 I
/ / a:ydydx+//xydydx+/ / zydydr = //rcos Or sin Ordrdf = /r3dr/cosesin9d9 =
1/vV2 /122 0 01 1

a-HH-4



Q.11: Find volume of a tetrahedron enclosed by the planes x = 0, y = 0, z = 0, and 2z + 2y + z = 4.
(10 pts)

2 2—x4—-2x—-2y

/]

dzdydx = %.
0 0

0

Q.12: Use spherical coordinates to evaluate [[[ z?dV, where E is the solid region bounded by the hemi-
E
spheres = /9 — y2 — 22 and © = /36 — y? — z2and the yz — plane. (13 pts)

T oz 6 x . )
/g [ [ p? sin? (¢) cos? () p? sin (¢) dpddd = / cos? (0) df / (1— cos? (¢)) sin (6) do /p4 dp =

50221
5
0
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