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Q.1: Find area of the region that lies inside r = 1� sin � and outside r = 1: (10 pts)
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R 2�
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1
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(1� sin �)2 � 1

�
d� = 1

4� + 2

Q.2: Find equation of the plane that passes through the line of intersection of the planes x � z = 1 and
y + 2z = 3 and is perpendicular to the plane x+ y � 2z = 1. (10 pts)

n1 = h1; 0;�1i; n2 = h0; 1; 2i and n1 � n2 =

������
i j k
1 0 �1
0 1 2

������ = i� 2j + k:
n3 = h1; 1;�2i and (n1 � n2)� n3 =

������
i j k
1 �2 1
1 1 �2

������ = 3i+ 3j + 3k:
A points on the line of intersection is (1; 3; 0) and equation of the required plane is 3 (x� 1)+3 (y � 3)+

3 (z � 0) = 3x+ 3y + 3z � 12 = 0 or x+ y + z = 4:

Q.3: Let W (s; t) = F (u (s; t) ; v (s; t)) ; where F; u; and v are di¤erentiable, u (1; 0) = 2; us (1; 0) =
�1; ut (1; 0) = 6; v (1; 0) = 3; vs (1; 0) = 5; vt (1; 0) = 4; Fu (2; 3) = �1;and Fv (2; 3) = 10: Find Ws (1; 0)
and Wt (1; 0). (10 pts)

Ws (s; t) = Fu (u (s; t) ; v (s; t)) :us (s; t) + Fv (u (s; t) ; v (s; t)) :vs (s; t)
andWs (1; 0) = Fu (u (1; 0) ; v (1; 0))us (1; 0)+Fv (u (1; 0) ; v (1; 0)) vs (1; 0) = Fu (2; 3) : (�1)+Fv (2; 3) :5 =

(�1) (�1) + 10 (5) = 51:

Wt (s; t) = Fu (u (s; t) ; v (s; t)) :ut (s; t) + Fv (u (s; t) ; v (s; t)) :vt (s; t)
and Wt (1; 0) = Fu (u (1; 0) ; v (1; 0))ut (1; 0)+Fv (u (1; 0) ; v (1; 0)) vt (1; 0) = Fu (2; 3) : (6)+Fv (2; 3) :4 =

(�1) (6) + 10 (4) = 34:

Q.4: Show that the sum of x�; y�; and z� intercepts of any tangent plane to the surface
p
x+
p
y+
p
z =

p
c

is a constant. (10 pts)

Let (xo; yo; zo) be any point on tyhe surface. Then
p
xo +

p
yo +

p
zo =

p
c:
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i and n = rf (xo; yo; zo) = h 1
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p
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Equation of the tangent plane is 1
2
p
xo
(x� xo) + 1

2
p
xo
(y � yo) + 1

2
p
xo
(z � zo) = 0

xp
xo
+ yp

yo
+ zp

zo
=
p
xo +

p
yo +

p
zo =

p
c:

x� intercept : x = pxoc; y � intercept : y =
p
yoc; z � intercept : z =

p
zoc

Sum is
p
xoc+

p
xoc+

p
xoc =

p
c
�p
xo +

p
yo +

p
zo
�
=
p
c
p
c = c:
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Q.5: Find volume of the parallelepiped determined by the vectors a = h6; 3;�1i; b = h0; 1; 2i and c =
h4;�2; 5i: (10 pts)

a� (b� c)=

������
6 3 �1
0 1 2
4 �2 5

������ = 82:
Q.6: Find linear approximation of the function f (x; y) =

p
20� 7x2 � y2 at the point (1; 2) (10 pts)

fx (x; y) =
�14x

2
p
20�7x2�y2

and fy (x; y) =
�2y

2
p
20�7x2�y2

fx (1; 2) =
�14
6 = �7

3 ; fy (1; 2) =
�4
6 = �2

3 :
L (xo; yo) = f (xo; yo) + fx (xo; yo) (x� xo) + fy (xo; yo) (y � yo)
L (1; 2) = 3� 7

3 (x� 1)�
2
3 (y � 2) =

20
3 �

2
3y �

7
3x:

Q.7: Find the point on the plane x� y + z = 4 that is closest to the point (1; 2; 3) : (10 pts)

Minimize d = (x� 1)2 + (y � 2)2 + (z � 3)2 = (x� 1)2 + (y � 2)2 + (4� x+ y � 3)2 = 2x2 � 2y �
2xy � 4x+ 2y2 + 6

Let f (x; y) = 2x2 � 2y � 2xy � 4x+ 2y2 + 6
fx = 4x� 2y � 4; and fy = 4y � 2x� 2:
fx = 0 and fy = 0 gives x = 5

3 and y =
4
3 : Thus the only critical point is

�
5
3 ;

4
3

�
:

For x = 5
3 and y =

4
3 ; z = 4�

5
3 +

4
3 =

11
3

So the point on the plane that is closest to (1; 2; 3) is
�
5
3 ;

4
3 ;

11
3

�
:

Q.8: Use Lagrange Multipliers to �nd the points on the sphere x2 + y2 + z2 = 22 that are closest to and
farthest from the point (3; 1;�1) : (10 pts)

Minimize d = f (x; y; z) = (x� 3)2 + (y � 1)2 + (z + 1)2 subject to the constraint g (x; y; z) =
x2 + y2 + z2 = 22:

rf = �rg ) 2 (x� 3) = 2x�; 2 (y � 1) = 2y�; 2 (z + 1) = 2z�:
2x (1� �) = 6 or x = 3

1�� ; similarly y =
1

1�� ; z =
�1
1�� :

9
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1
(1��)2 = 22 ) (1� �)2 = 11

22 ) � = 1�
q

1
2 = 1�

1p
2
:

The corresponding points are
�
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p
2;�

p
2;�

p
2
�
: The points that is farthest from (3; 1;�1) is�

�3
p
2;�

p
2;
p
2
�
and the points that is closest to the point (3; 1;�1) is

�
3
p
2;
p
2;�

p
2
�
:

Q.9: Evaluate the integral
1R
0

�
2R

sin�1 y

cosx
p
1 + cos2 x dxdy (Hint: Change order of integration): (10 pts)

0 � y � 1; sin�1 y � x � �
2 :

�
2R
0

sin xR
0

cosx
p
1 + cos2 x dydx =

�
2R
0

sinx cosx
p
1 + cos2 xdx = 1

2

2R
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u
1
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3

p
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Q:10: Sketch the region and use polar coordinates to combine the integrals into one integral and then

evaluate the integral
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p
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xydydx: (12 pts)
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Q.11: Find volume of a tetrahedron enclosed by the planes x = 0; y = 0; z = 0; and 2x + 2y + z = 4:
(10 pts)

V =

2Z
0

2�xZ
0

4�2x�2yZ
0

dzdydx = 8
3 :

Q.12: Use spherical coordinates to evaluate
RRR
E

x2dV; where E is the solid region bounded by the hemi-

spheres x =
p
9� y2 � z2 and x =

p
36� y2 � z2and the yz � plane: (13 pts)
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