Solution Midterm Exam 2 for Math 201 (073)

Date: August 13, 2008 Instructor: Dr. Muhammad Yousuf

Q.1: Identify the quadratic surface 42 + 6y? — 322 — 242 + 12y + 18z = 17. Find its intersections with the
coordinate planes (10 pts)

Sol:  4z? — 24z + 6y* + 12y — 322 + 182 = 17
4 (2% — 6x) +6 (y* +2y) — (322 —62) =17
4(z?—62+9)+6(y>+2y+1) —3(22—62+9) =17+36+6 — 27
4z -3 +6(y+1)°—3(z—3)> =32
The surface is hyperboloid of one sheet.
Intersection with xzy — plane : Put 2 =0, 4 (x — 3)2 +6(y+ 1)® = 27 4 32 = 59, an ellipse.
Intersection with zz — plane : Put y =0, 4 (z — 3)°> — 3(z — 3)> = 32 — 6 = 26, a hyperbola.
Intersection with yz — plane : Put z =0, 6 (y + 1)2 —-3(z— 3)2 = 32 — 36 = —4, a hyperbola.

1
Q.2: Find the directional derivative of the function f (z,y,z) = PP Y at the point (1,2,3) in the
direction v = (1,2,3). (10 pts)
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Q.3: Find a—z and a—z for the function tan (vyz) — 22%y + y?2 = 8. (10 pts)
T Y

Sol:  Let F (z,y, 2) = tan (vyz) — 22%y + y?2 — 8 = 0. Then
0z F,  yzsec? (zyz) — dxy

Sol:  Vf(z,y,2z) =<

'S

D.f(1,2,3) =Vf(1,2,3) u

or  F, xysec? (xyz) + y?
0z  F, xzsec® (xyz) — 227 4 2yz
oy  F. zysec? (wyz) +y2

Q.4: (a) Write equation of the hyperboloid z? — y? — 22 = 1 in spherical and cylindrical coordinates(3+3
pts)

Sol: For spherical coordinates, we shall use x = psin ¢ cosf, y = psin¢sinf, z = pcos ¢.
(psin ¢ cos 0)* — (psin ¢psin)® — (pcos @) = 1
p? (sin2 é cos? § — sin? psin? 6 — cos? gb) =1
p? (sin® ¢ cos 20 — cos? ¢) = 1.

For cylindrical coordinates, we shall use © = rcosf, y =rsinf, z = z.
r2cos?f —r2sin?0 — 22 =1 OR r?2cos20 — 22 =1
(b) Find spherical and cylindrical coordinates of the point whose rectangular coordinates are (0, 2V/3, —2)
(242 pts)
Spherical coordinates:
22+ 2 +22=/0+12+4=4, § =tan"! <2\0/§> = g, ¢ =cos™! <_42> = g’/T.

Cylindrical coordinates

2v/3
r=+/22 4142 =23, tan™! (:)[) = g, z2=2z.
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Q.5: Find the limit lim TSy

o 32 1o if exist or show that limit does not exist. (10 pts)
z,y)—(0,0 X Y

2 2 .2
1
Sol: Letz=0andy— 0, then lim rTAsmTy im Y _
(z.9)—(0,0) 322 4+2y%2  y—0 2y? 2
22 +sin’y L z? 1

Lety=0,andz =0, then = lim = m o7 =lmsz=73

Thus limit does not exist.
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Q.6: Explain why f (x,y) = tan~! (22 + 3y) is differentiable at the point P (0, 3) . Also find the lineariza-
tion L (z,y) of f (x,y) at the point P. (10 pts)
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Sol: f <0, 3) =tan~' (1) = A"
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Q.7: The length [, width w and height h of a box are changing with time. If [ is increasing at a rate of
3 m/s, w is decreasing at a rate of 2 m/s, and h is increasing at a rate of 1 m/s. Find the rate of change of
the volume of the box when [ = 10, w = 8, and h =5. (10 pts)
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Q.8: If z = f(z,y), where z = rcosf and y = rsin . Find — and — and show that [ — | + =

or a0 or r2 \ 90
92\ 2 92\ >
(&C) + <8y> (10 pts)
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Q.9: Find equation of tangent plane and normal line to the surface  — z = 4tan~! (yz) at the point
1

(3 +m, 3,3) . (10 pts)

Sol: Let F(z,y,2) =2 — 2z —4tan"! (yz) = 0.

—4 1
VF=<1l,—— —1-—Y > and VF <3+7r,,3) =(1,-6,—
1+ (y2) 1+ (y2) 3

1
Tangent plane 1(x7r3)6(y3)g(z3)x7r6yz+20.
Normal line

:vfﬂ'f?)iy_g _z—3

1 =6 -7

Q.10: Find local minimum and local maximum values and saddle points of the function f (z,y) = zy (1 —z —y).
(10 pts)

Sol: f(z,y) =2y — 2%y — 29?
fo=y—-2oy—9y*=y(l—-22-y)=0 =2y=0o0ry=1-2x
fy=z—2>—2zy=2(1-2y—2)=0 =>x=0o0raz=1-2y.
y=1-2z=1-2(1-2y)=1-2+4y

1
y = — and then z = —.

3 3 L1
Thus the critical points are (0,0), (0,1), (1,0), (3, 3> .
f:mc = —2y, fyy = -2z, fry =1-2z -2y,

D (:r,y) = fxzfyy - (fmy)z
D(0,0)=0—-1=-1<0, so (0,0) is a saddle point,
D(1,0)=0—-1=-1<0, so (1,0) is a saddle point,
D(0,1)=0—1=-1<0,s0 (0,1) is a saddle point,
11\ 4 4\* 1 —2 11
D (3, 3) =g~ <1 — 3) =3 >0, and f,, = 3 <0, so (3, 3) is a local minimum.



